A stabilized Chebyshev-Galerkin approach for the biharmonic operator

I. S. Pop

Dedicated to the 60^{th} anniversary of my beloved mother

Abstract We propose an efficient implementation of the Chebyshev Galerkin spectral method for the biharmonic operator. This discretization leads to banded matrices which, compared with other methods of the same type, are also better conditioned. The efficiency of the method is illustrated on the Orr-Sommerfeld eigenvalue problem, where an improved convergence can be observed and the spurious eigenvalues are removed.

1 Introduction

Because of being extremely accurate, spectral methods have been intensively studied in the past decades. Mainly three types of spectral methods can be identified, collocative, tau and Galerkin (see, e.g. [5]). The choice of the type of method depends essentially on the application. Collocation methods are suited to nonlinear problems or having complicated coefficients, while Galerkin methods have the advantage of a more convenient analysis and optimal error estimates. The tau method is appliable in the case of complicated (nonlinear) boundary conditions, where a Galerkin approach would be impossible and the collocation extremely tedious.

In any of the cases, the standard approach has significant disadvantages. First of all, the matrices resulting in the discretization process have an increased condition number, so computational roundoff errors deteriorate the expected theoretical exponential accuracy. Moreover, the discretization matrices are generally fully populated, so efficient algebraic solvers are difficult to apply.

These disadvantages are more obvious when solving fourth order problems, where stability and numerical accuracy are lost when applying a higher order approximation.

Several papers try to circumvent these inconvenients by modifying the standard approach. In this sense we mention [4], [6], [9] or [18] for the tau method, [8], [10], [11], [12] or [13] for the collocation variant or [21], [22], [3] for Galerkin schemes. All the above mentioned papers are dealing with Chebyshev methods.

We propose here a stable Chebyshev-Galerkin approach for the biharmonic operator, coupled with homogeneous boundary conditions. The main idea is to consider different shape and test functions, which are based on the Chebyshev polynomials but satisfy the boundary conditions a-priori (see also [20]). A similar approach for second order problems is considered in [19]. The resulting discretization matrices are sparse and better conditioned. After some preliminary considerations concerning Chebyshev spectral methods, the Galerkin approach is presented in Section 3. Some numerical results are given in Section 4, showing that our approach is effective.

2 Chebyshev methods

In what follows we denote by L^2_ω(−1, 1), H^k_ω(−1, 1), H^k_{ω,0}(−1, 1), (·, ·)_{k,ω} , ‖·‖_{k,ω}, | · |_{k,ω} the corresponding weighted Sobolev spaces, scalar products, norms and semi-norms on (−1, 1), where ω(x) = (1 − x^2)^{− 12} is the Chebyshev weight. Let

PN be the space of (real) polynomials of maximal order N and

T_k(x) = cos(k arccos(x)), k ∈ N (1)

be the k^{th} order Chebyshev polynomial of the first kind. These polynomials satisfy (see, e.g., [5]) T_{k+1}(x) = 2xT_k(x) − T_{k−1}(x), k > 0, T_k(x)T_p(x) =^1_2 (T_{k+p} + T_{|k−p|}),

T_k(±1) = (±1)^k, T^′_k(±1) = (±1)^kk^2,

(T_n, T_m)_{0,ω} =^π_2 c_nδ_{n,m}, (2)

where δ_{n,m} represents the Kronecker symbol and c_i :=

0, if i < 0 2, if i = 0 1, if i > 0 . The above properties are extremely useful for constructing a Chebyshev spectral discretization method for differential equations. Approximating the unknown function by means of a Chebyshev series, a differentiation rule is deduced from the first relation in (2). Thus, if u is expanded as u(x) = ∞∑ k=0 a_kT_k(x), (3)

its derivative becomes ([5])

u^′(x) = ∞∑ k=0 a^{(1)}_k T_k(x), (4)

where

a^{(1)}_k = 2 c_k ∞∑ p=k+1, p+k−odd pa_p. (5)

Other operators can be expressed in a similar manner. For example, the fourth order derivative reads

(u^N )^{(iv)} = ∞∑ k=0 a^{(4)}_k T_k (6)

with

a^{(4)}_k = 1 c_k ∞∑ p=k+4, p+k−even p[p^2(p^2 − 4)^2 − 3k^2p^4 + 3k^4p^2 − k^2(k^2 − 4)^2]a_p. (7)

For obtaining an algebraic finite dimensional problem, the initial spaces are projected onto finite dimensional ones. To do so, we consider truncated series up to an order N in (3), (4) and (6). In the resulting equations the expansion coefficients (a_k, k = 0, N) are the unknowns. Looking now at the discretization matrix produced by the formula in (7), it is easy to see that its upper triangular part is full. Moreover, it has a large condition number, O(N^8) (see, e.g., [5]). Therefore it is rather un-probably to obtain accurate results when working with a large number of expansion functions.

3 A stable Galerkin approach for the biharmonic operator

Here we are interested in differential operators of 4^{th} order, together with homogeneous boundary conditions. Concretely, we look at { u^{(iv)}(x) + L.O.T. = f(x), x ∈ (−1, 1) u(±1) = u^′(±1) = 0, (8) where L.O.T. stands for lower order terms.

For a Chebyshev-Galerkin approximation of the above problem we have to consider the following set

H^2_{ω,0} = { u/u(±1) = u^′(±1) = 0,

∫_1 −1 ω(x) ( u^{(k)}(x)

)_2 dx < ∞, k = 0, 2 } , which, endowed with the scalar product (u, v)_{2,ω} = 2∑ k=0 ∫_1 −1 ω(x)u^{(k)}(x)v^{(k)}(x)dx forms a Hilbert space. To construct the Chebyshev-Galerkin numerical solution we have to approximate H^2_{ω,0} by polynomials in V_N ≡ P_{N+4} ∩ H^2_{ω,0}.

After a variational reformulation of the problem in (8), existence, uniqueness and convergence of a Chebyshev-Galerkin approximation is guaranteed by the (nonlinear) Lax-Milgram lemma (see, e.g., [23]) due to the continuity and ellipticity on H^2_{ω,0} of the resulting forms (see [1], [2], [15]). It is worth here to notice that, by means of the trace theorem in weighted Sobolev spaces ([2]), boundary conditions make sense also in the variational framework.

Our aim here is to describe an efficient implementation of the Chebyshev- Galerkin method. Even though the error estimates do not depend on the choice of the basis functions - as long as these span V_N , this choice is important from practical point of view. Several possibilities are proposed in the literature. in [12] V_N is generated by

Ψ_k(x) = (1 − x^2)^2T_k(x), k = 0, N, (9)

whereas Chebyshev polynomials are used as test functions. Another possibility is considered in [21],

Φ_k(x) = T_k(x) −

2(k + 2) (k + 3)

T_{k+2}(x) +

(k + 1) (k + 3)

T_{k+4}(x)k = 0, N. (10)

In both cases the condition number of the 4^{th} order differentiation matrix is reduced to O(N^4), but the differentiation matrices still remain fully populated in the upper diagonal part.

Here we use the polynomials in (9) as shape functions and the ones in (10) as test basis. This approach leads to banded matrices, as resulting from the lemma below.

Lemma 3.1 For Ψ_k and Φ_k defined as above we have (Φ_i, Ψ^{(k)}_j )_2 =^2_π a^k_{ij} , where

a^4_{ij} = c_i(i + 1)(i + 2)(i + 3)(i + 4), if j = i, −2i(i + 1)(i + 2)(i + 4), if j = i + 2, i(i + 1)^2(i + 2), if j = i + 4, 0, otherwise, (11)

a^2_{ij} = c_{i−2}(i + 1)(i + 2) 4 , if j = i − 2, − 2i(i + 3) + 4c_i − 3(c_{i−1} − d_{i−1}) 2 , if j = i, 3(i + 2)(i + 1) 2 + δ_{i0} 2 , if j = i + 2, −(i + 1)(i + 2), if j = i + 4, (i + 1)(i + 2) 4 , if j = i + 6, 0, otherwise,

(12)

N cond(A^4) cond(A^4)/N^4 cond(P A^4) cond(P A^4)/N^2 16 3.85 · 10^3 0.059 2.12 · 10^1 0.083 32 6.35 · 10^4 0.060 7.67 · 10^1 0.075 64 1.10 · 10^6 0.065 2.88 · 10^2 0.070 128 1.89 · 10^7 0.070 1.11 · 10^3 0.068 256 3.19 · 10^8 0.074 4.35 · 10^3 0.066 512 5.30 · 10^9 0.077 1.72 · 10^4 0.066

Table 1: Condition number for the A^4 discretization matrix in (11).

a^0_{ij} = c_{i−4} 16 , if j = i − 4, − c_{i−2}(3i + 8) − 3(c_{i−3} − d_{i−3}) 8(i + 3) , if j = i − 2, 15i + 35c_i − 22(c_{i−1} − d_{i−1}) + 5(c_{i−2} − d_{i−2}) 16(i + 3) , if j = i, − 5i + 6 + 4c_i − c_{i−1} + d_{i−1} 4(i + 3)

, if j = i + 2, 15i + 22 + 3c_i 16(i + 3)

, if j = i + 4, − 3i + 4 8(i + 3)

, if j = i + 6, i + 1 16(i + 3)

, if j = i + 8, 0, otherwise,

(13)

with c_i defined in (2) and d_i := { 0, if i < 0 1, if i ≥ 0 .

Proof. These formulae and similar ones for other operators can be obtained by direct computation, using the properties mentioned in (2). �

4 Numerical results

In this section we give some numerical results for showing the efficiency of the proposed approach. First we look at the condition number of the 4^{th} order differentiation matrix. As resulting from Table 1, this is O(N^4) (similar to the one provided by a finite element discretization). Compared with the results in [21], the condition number here is almost halved. Even the simplest preconditioner - the diagonal one (denoted by P ) - is effective, reducing the conditioning of the problem to O(N^2). Similar results are obtained when considering other operators of 4^{th} order.

The accuracy and stability of the method is tested on the Orr-Sommerfeld

N Re(λ) Im(λ) log_{10}|λ − λ_{ex}| 16 0.23 27015601471970 0.00 20071352336258 -2.29 24 0.237 7416510772222 0.003 8390544140477 -3.62 32 0.23752 59345883960 0.00373 31827776226 -5.19 48 0.23752648 75498026 0.0037396 696859990 -8.80 64 0.2375264888204 568 0.00373967062 18966 -11.97 96 0.2375264888204 710 0.0037396706229 786 -14.36 128 0.2375264888204 703 0.0037396706229 756 -14.91 196 0.2375264888204 726 0.0037396706229 762 -14.49 256 0.2375264888204 703 0.0037396706229 711 -14.47 512 0.2375264888204 699 0.0037396706229 751 -15.22 768 0.2375264888204 718 0.0037396706229 809 -14.17 1024 0.2375264888204 691 0.0037396706229 745 *

Table 2: Most unstable mode, α = 1.00, R = 10000, λ_{ex} = .

equation

Φ^{(iv)}(x) − 2α^2Φ^{′′}(x) + α^4Φ(x) = iαRe[(U(x) − λ)(Φ^{′′}(x) − α^2Φ(x)) − U^{′′}(x)Φ(x)], x ∈ (−1, 1) Φ(±1) = Φ^′(±1) = 0.

(14)

This eigenvalue problem occurs in the (linear) stability analysis of shear flows (see, e.g., [7]). Here α stands for the wave number, i = √ −1, Re denotes the Reynolds number and the eigenvalues λ are the growth rates. Φ denotes the amplitude of the stream function, while for the basic profile we take U(x) = 1 − x^2, corresponding to the Poiseuille flow. As pointed out in [17] (see also [6] for a careful analysis of computational aspects), the Chebyshev-tau method generates spurious eigenvalues due to the way the boundary conditions are imposed. Moreover, stability problems may occur when doing computations with a large number of polynomials, resulting in an eventual loss of accuracy.

Several approaches are proposed to alleviate these problems (see [6] and the references therein for spectral methods of Chebyshev type, or [14], [16] for a Galerkin-Legendre approach). Applying the discretization proposed in Lemma 3.1, we have computed the most unstable mode for α = 1 at Re = 10^4. It is to notice that no spurious eigenvalues have been encountered. As we can see in Table 2, due to the reduced condition number, this approach is stable. A discretization of order N = 64 achieves an 10^{−12} accuracy. Moreover, increasing N does not lead to a loss in accuracy, computations until N = 1024 yielding errors close to the machine precision (with results for N = 1024 as reference values). It is worth here to notice that these computations are in good agreement with the results reported in the cited literature.

Acknowledgements. This work was mainly done at the Interdisciplinary Center for Scientific Computing (IWR) of the University of Heidelberg and was supported by the DAAD organisation. The author wish to thank Dr. C. I.

Gheorghiu (Institute of Academy, Cluj Napoca) for many useful discussions and suggestions.

References

[1] C. Bernardi & Y. Maday, Properties of some weighted Sobolev spaces and application to spectral approximations, SIAM J. Numer. Anal. 26 (1989), 769–829.

[2] C. Bernardi & Y. Maday, Some spectral approximations of one-dimensional fourth-order problems, in Progress in Approximation Theory, P. Nevai and A. Pinkus (eds.), Academic Press, Boston, MA, 1989, 43–116.

[3] P. E. Bjoerstad & B. P. Tjoestheim, Efficient algorithms for solving a fourth-order equation with the spectral-Galerkin method, SIAM J. Sci. Stat. Comput. 18 (1997), 621–632.

[4] Ch. Cabos, A preconditioning of the tau operator for ordinary differential equations, ZAMM 74 (1994), 521–532.

[5] C. Canuto, M. Y. Hussaini, A. Qarteroni, T. A. Zang, Spectral methods in fluid dynamics, Springer-Verlag, Berlin, Heidelberg, New-York, 1988.

[6] J. J. Dongarra & B. Straughan & D. W. Walker, Chebyshev tau-QZ algorithm methods for calculating spectra of hydrodynamic stability problems, Appl. Numer. Math. 22 (1996), 399–434.

[7] P. G. Drazin & W. H. Reid, Hydrodynamic stability, Cambridge University Press, Cambridge, 1981.

[8] D. Funaro, W. Heinrichs, Some results about the pseudospectral approximation of one-dimensional fourth-order problems, Numer. Math. 58 (1990), 399–418.

[9] M. Hiegemann, Chebyshev matrix operator method for the solution of integrated forms of linear ordinary differential equations, Acta Mech. 122 (1997), 231–242.

[10] W. Heinrichs, Improved condition number for spectral methods, Math.

Comput. 53 (1989), 103–109.

[11] W. Heinrichs, Stabilization techniques for spectral methods, J. Sci. Comp.

6 (1991), 1–19.

[12] W. Heinrichs, A stabilized treatment of the biharmonic operator with spectral methods, SIAM J. Sci. Stat. Comput. 12 (1991), 1162–1172.

[13] W. Huang & D. M. Sloan, The pseudospectral method for solving differential eigenvalue problems, J. Comput. Phys. 111 (1994), 399–409.

[14] N. P. Kirchner, Computational aspects of the spectral Galerkin FEM for the Orr-Sommerfeld equation, Int. J. Numer. Methods Fluids 32 (2000), 119–137.

[15] Y. Maday, Analysis of spectral projectors in one-dimensional domains, Math. Comput. 55 (1990), 537–562.

[16] J. M. Melenk & N. P. Kirchner & C. Schwab, Spectral Galerkin discretization for hydrodynamic stability problems, Computing 65 (2000), 97–118.

[17] S. A. Orszag, Accurate solution of the Orr-Sommerfeld stability equation, J. Fluid Mech. 50 (1971), 689–703.

[18] I. S. Pop, A stabilized approach for the Chebyshev-tau method, Studia Univ. “Babeş-Bolyai”, Mathematica, 42 (1997), 67–79.

[19] I. S. Pop, Numerical approximation of differential equations using spectral methods, “Babeş-Bolyai” University Cluj-Napoca, Faculty of Mathematics, Report, (1995).

[20] I. S. Pop & C. I. Gheorghiu, A Chebyshev-Galerkin method for fourth order problems, in Approximation and Optimization, Proceedings of the International Conference on Approximation and Optimization, D. D. Stancu et al. (eds.), Transilvania Press, Cluj-Napoca, vol. II, 1997, 217–220.

[21] J. Shen, Efficient spectral-Galerkin method II. Direct solvers of second and fourth order equations by using Chebyshev polynomials, SIAM J. Sci. Stat. Comput. 16 (1995), 74–87.

[22] J. Shen, Effcient Chebyshev-Legendre Galerkin methods for elliptic problems, Proceedings of ICOSAHOM’95, Houston J. Math. (1996) 233–239.

[23] E. Zeidler, Applied Functional Analysis, Vols. I, II, Applied Mathematical Sciences 108, 109, Springer Verlag, New York, 1995.

Iuliu Sorin Pop, Department of Mathematics and Computing Science, Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, The Netherlands, email: i.pop@tue.nl