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Chapter 1

Introduction

This thesis is concerned with the use of process algebras for verification and semantics. To
place this thesis in a broader perspective, we first give a brief account of the history of computer
science, thereby illuminating the topics of this thesis to the reader, unfamiliar with these topics.
Section 1.2 serves as an introduction toprocess languageswithout going into theoretical issues
and details. Finally, Section 1.3 provides a short introduction to each chapter of this thesis.

1.1 A Brief History of Computing and Computer Science

Without a doubt, the invention of the computer has had an impact on human civilisation, possibly
equal in proportion to the first fire ever lit intendedly by mankind. Even though the concepts for
modern-day computers have been around no longer than half a century, the path towards its
development was initiated several millennia earlier.

One of the earliest devices, aiding in conducting complex computations, is theabacus.
Records show that this instrument came into fashion as early as3000 B.C. and is still used to
this date in various cultures. Although the abacus itself only constitutes a register, and has no
means for mechanising parts of computations, schemes have been devised for performing vari-
ous mathematical operations, such as additions, subtractions, multiplications and divisions. Such
schemes can be considered crude forms of algorithms.

It took more than four millennia for the next notable inventions to start paving the way to
modern computers. Napier, best known for his invention of logarithms, devised a number of
mechanical aids for doing arithmetic. Napier’s rods (also known as “Napier’s bones”) supported
addition, multiplication and powers. Although the aid was well-known, it never became very
popular. Even so, Napier’s mechanical aids kick-started the development of mechanical ma-
chinery for conducting ever more complex computations. It is Schickard who is recognised for
pioneering the construction of a mechanical calculator in the17th century. He combined Napier’s
bones with a method for adding up the partial products that resulted from the use of Napier’s
bones, resulting in an automated process for performing multiplications.

More than a decade later, Pascal invented his own adding machine, known as thearithmetic
machine. The device could add up to999999.99 and was also able to subtract. Based on the
ideas of Pascal on for instance the mechanism for carrying out a carry, Leibnitz constructed
his mechanical multiplier. This device improved on Pascal’s arithmetic machine by performing
multiplication, division and calculating square roots.

1



2 Chapter 1. Introduction

The start of the19th century witnessed the development of the first memory device, invented
by Joseph-Marie Jacquard, in the form of perforated cards for a programmable loom. His ideas
were subsequently used by Babbage for programming his steam poweredanalytical engine. No
working model of this latter device was ever produced, but from the drawings he made (covering
over 100 square metres of paper), it can be deduced it was to be capable of performing basic
arithmetic functions for any mathematical problem. A summary of Babbage’s presentation on
his ideas concerning this analytical engine was published in French by the Italian Menebrea.
Ada Byron, Lady Lovelace, translated this summary and, on the suggestion of Babbage himself,
added many ideas of her own. She suggested to Babbage writing a plan for how the engine might
calculate Bernoulli numbers. This plan, is now regarded as the first “computer” program.

3000 B.C.

1600 A.D.

1800 A.D.

1900 A.D.

1950 A.D.
Zuse’s Z1, Z2, Z3 &
Z4, construction of the
ENIAC

1960 A.D.

Invention of the Abacus

Napier’s rods, Pascal’s
Adding Machine

Babbage’s Adding En-
gine, Analytic Engine

2000 A.D.

1990 A.D.

1995 A.D.

Automata Theory, For-
mal Languages Theory

Model-Checking Real-
Time Systems and
Hybrid Systems

1980 A.D. Model-Checking Reac-
tive Systems
Model-Checking 1020

States and Beyond

Figure 1.1: Milestones in history

Several noteworthy inventions passed, such as
Hollerith’s tabulating machine and Zuse’s com-
puting machines. Hollerith founded his own com-
pany at the end of the19th century. This com-
pany later became part of the International Busi-
ness Machine Corporation, also known asIBM.
Zuse is recognised for being the first person ever
to construct an automatically controlled calculat-
ing machine. He built four different types of com-
puting machines, i.e. the Z1, Z2, Z3 and the Z4.
He later formed his own company for the con-
struction and marketing of his designs, which, af-
ter a series of merges and takeovers finally ended
up as part of the computer division of Siemens.
Neither Zuse’s, nor Hollerith’s designs were all-
electronic computers. The first computer of this
kind was the ENIAC, devised in 1946.

It was the publication of John von Neumann’s
paper “Theory and Techniques of Electronic Dig-
ital Computers” that finally sparked the revolu-
tion in the development of the modern-day digital
computer.

However, it was not until1962 that computer
science came into its own as a discipline. From
then on, the science of computing rapidly made
progress. The ’60s saw the advent of automata
theory and the theory of formal languages and, in general, a mathematical basis for the analy-
sis of algorithms started to get some attention. In other words, a theoretical basis for computer
science was initiated. The ’70s saw the introduction of super computers, and major advances
in algorithms and computational complexity, firmly establishing a foundation for computer sci-
ence. By then, computers were used both for performing large calculations and for automating
simple tasks. Both applications required a different type of software. Programs designed for
calculations could, on an abstract level, often be specified using pre-and post conditions. Such
programs (known astransformationalprograms) basically converted a given input in such a way
that on termination of the computation, the output contained the desired information. Opposed



1.2. Process Languages 3

to this type of programs,reactive systems, used in automation, were meant to run indefinitely,
constantly responding to stimuli they received from their environment. It is the latter class of
programs this thesis is concerned with.

Reactive systems are omnipresent in nowadays society. The average person quickly has over a
dozen of devices that can be classified as such. Notable examples are mobile phones, televisions,
stereo equipment, micro-wave ovens, etc. However, reactive systems are also abundantly present
in hospital-equipment, aeroplanes, chemical and nuclear power plants, missiles, etc. These latter
examples are so-calledsafety-criticalsystems. Safety-critical systems must meet the strictest
requirements, guaranteeing the safe functioning of the system under all circumstances. The
literature documents a number of mortal incidents, as a result of the faulty programming of
safety-critical systems. A well-known example is the Therac-25 radiation machine.

Over the past decades, the awareness of our dependency on reactive and safety-critical sys-
tems has stimulated and directed research towards the development of methods and techniques,
enabling us to make more than a mere educated guess on a system’s properties. In the ’80s and
’90s, notable techniques, such as testing, theorem proving and model-checking have emerged,
allowing for the manual, automated or even automatic verification of properties of systems. Al-
ready, these techniques have been applied successfully in stages of the development of many
kinds of reactive systems. However, with the ever increasing complexity of these systems, new
techniques must be developed for dealing with this increase in complexity. This complexity in-
crease is not only the result of the increasing number of tasks that must be automated, but is also
caused by additional requirements, such as timeliness and data-dependency of the system. The
data-dependencies can easily cause an explosion in the number of states a system can be in. This
is readily illustrated by the “process” of ten persons counting, independently, up to a hundred:
the total number of “states” we can distinguish is already astronomical. The class of reactive
systems, studied in this thesis are time and data-dependent systems.

Systems with quantitative timing-requirements are generally known asreal-time systems. The
trend of manufacturing ever faster processors has opened up possibilities previously unimagin-
able. Current processors can take a decision in a split-second, making them suitable for time-
critical application areas, such as avionics, state-of-the-art communications protocols, etc. These
processors are increasingly used in situations where decisions have to be made on the basis of
continuously changing variables. For example, a controller for a bottle-filling system must de-
cide instantly to stop filling a bottle when it is full, and start transporting a new bottle to the filling
system. Such real-time systems, i.e. systems with one or more dependencies on continuous vari-
ables, are generally considered part of a class namedhybrid systems. This thesis is concerned
with both real-time systems and hybrid systems.

1.2 Process Languages

The previous section already hinted at our great dependency on computerised systems. Their cor-
rect and safe functioning is therefore a matter of utmost importance. As we already mentioned,
techniques have been developed for verifying important aspects of systems. Notwithstanding the
beauty of mathematics, used for describing the natural sciences, a different kind of mathematics
is needed for describing reactive systems. We refer to these languages asprocess languages.
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Unfortunately, today’s situation much resembles a post-tower-of-Babel situation: many dif-
ferent process languages have been proposed, but no single language ever surfaced astheprocess
language. Roughly, we can distinguish two types of languages: visually oriented and text ori-
ented. Visually oriented languages (e.g. SDL [71, 69] and MSC [70, 96]) allow for a non-linear,
spatial presentation of the important aspects of a system. They use graphical notations, often
consisting of boxes, arrows, circles and other meaningful objects, representing valuable informa-
tion. Text-oriented languages (see e.g. the language Promela [67], ACP [18] and most logics),
on the other hand, are much more linear, using words and symbols to represent system informa-
tion. For small systems, visual languages may hold the whip hand when it comes to intuition;
however, the larger a system gets, the harder it is to give an intuitive and concise description of
the important aspects of a system, regardless of the type of language. In this thesis, we mainly
focus on a text-oriented language.

Most process languages are designed to focus on specific aspects of a system. In this thesis,
we are most concerned with thedynamicaspects of a system, rather than thestatic aspects of
a system. This means, we are primarily interested in the behaviour exhibited by a system, i.e.
we can identify a notion ofstateand a notion ofevolution. The latter is often represented as a
transitionbetween states. Different process languages deal differently with these concepts, but
we can roughly distinguish two approaches: one approach focuses only onruns or tracesof a
system, whereas the other approach also considers the moments of choice of a system. Needless
to say, using the second approach, a much finer image of a system’s behaviour can be obtained.
This does not necessarily mean this is always advantageous, but most of the information obtained
using the former approach can also be obtained using the latter approach, yet not vice-versa. All
three process languages considered in this thesis, beingµCRLt [49, 108], Timed Automata [7, 8]
and Hybrid Automata [62], are interpreted according to the second approach.

The languageµCRLt is a text-oriented process language. Terms, expressible in this language,
can be related to other terms in the language via calculations using axiomatic laws. For example,
for a given system, its envisioned behaviour can be (should be) related to a real-life implemen-
tation of the system using the axiomatic laws. Process languages, allowing for such form of
reasoning are referred to asprocess algebras. The use of process algebras is not restricted to
such applications; often they are used to study the basics of a class of systems by studying the
axiom system and various interesting derived properties. The languages of Timed Automata and
Hybrid Automata are more visual-oriented, but are also equipped with a textual syntax. These
automata languages are considered easy to understand, and have been successfully used on var-
ious occasions. All three languages allow for the specification of real-time and time-dependent
systems. The relation betweenµCRLt and both types of automata languages is investigated in
this thesis.

1.3 Overview of this Thesis

The previous two sections marked several issues as points of attention of this thesis. In this sec-
tion, we give an outline of this thesis and provide a brief account of the content of each chapter.

The common denominator of this thesis is the process languageµCRLt. This language is
a real-time process algebra allowing for the specification of timedanduntimed data-dependent
processes. Since this thesis is most likely to be unreadable without some basic understanding of
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the syntax and semantics ofµCRLt, Chapter 2 aims at filling this gap for the unfamiliar reader.
Given the variety of axiom systems namedµCRL andµCRLt, we take two sources as our starting
point and repeat the syntax, semantics and some meta-theoretical results of the languagespCRL,
pCRLt andµCRLt. The relation between these languages is clarified in Chapter 2.

In Chapter 3, we address the issue of verification of data-dependent systems. We define an
expressive logic, extending the standard modalµ-calculus [75, 29] with first-order quantifiers.
This logic is then taken as our language for stating properties for verification of systems specified
using the untimed fragment ofµCRLt. Using a formalism, known asfixpoint equation systems,
we describe an algorithm for fully automatically verifying the satisfaction of properties of a given
system. The problem we deal with in this chapter is in general undecidable, hence, termination
of our algorithm is not guaranteed. However, we show several interesting examples, illustrating
the applicability of this type of verification in practice. This chapter is joint work with Jan Friso
Groote and is based on [59].

Chapter 4 is in some sense orthogonal to Chapter 3: rather than verifying a system’s proper-
tiesa posteriori, properties are imposed on a systema priori. In this chapter, we start out with
the basic idea of restricting the reachable states of a system by systematically allowing or disal-
lowing events to occur. Instead of considering only a single initial state of a system as a starting
point, as is done in the majority of the existing literature on similar subjects, we take the point of
view that anyallowedstate can be an initial state. As a result, such a system is easily replaced
with another, perhaps slightly different system, with similar characteristics. This perspective fits
in nicely with the methodology of component-oriented software design. We focus on several
conditions that allow us to establish non-deadlocking restrictions of a system’s behaviour more
easily.

The relations betweenµCRLt and timed automata and hybrid automata, mentioned already
at the end of the previous section, is subject of investigation in Chapters 5 and 6. We first take a
closer look at timed and hybrid automata in Chapter 5. There, we develop a semantics for both
languages, using a different model than is standardly employed. These semantics are in turn
related to the standard semantics of these languages. The results, obtained in this chapter reflect
the inherent differences and conformity between these languages andµCRLt. We subsequently
interpret (classes of) these languages inµCRLt and prove correctness of these interpretations.
The results, established in this chapter may in the near future add to the development of addi-
tional tool support forµCRLt, and provide an interesting perspective on the use ofµCRLt for
specifying hybrid systems. These two chapters are based on [125].

In Chapter 7, we study the applicability ofµCRLt. By investigating a relatively complex
system (in fact a hybrid system), we assess the current state of the art forµCRLt. By continuing
the analysis of this system beyond the capabilities of the current theory ofµCRLt, we arrive at a
general picture of its added value and, more importantly, its limitations. The case study appeared
in a slightly different form in [123, 124]. We wrap up this chapter with some pointers for future
research and directions for the further development ofµCRLt.

Each chapter itself is preceded by a short introduction, providing a motivation for the theory
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or applications it describes. The last chapter of this thesis contains an English summary and
directions for future research. We end with a Dutch summary of the preceding chapters.



Chapter 2

Data, Time and Process Algebras

In this chapter, we introduce a family of process algebras, viz.pCRL [52, 50, 84],pCRLt [49,
108] andµCRLt [49, 108]. All three process algebras can be used for the specification of data-
dependent processes, however, only the latter two process algebras allow for the specification of
time-dependent systems. Those, familiar with the above-mentioned process algebras may find
that we do not explicitly deal withµCRL [52, 53]. The reason for this is twofold: on the one
hand, the process algebraµCRLt supersedesµCRL. This means that anyµCRL expression is
immediately also aµCRLt expression with the same intended behaviour. Therefore, a treatment
of the theory ofµCRL could be considered unnecessary. On the other hand, we treat the above-
mentioned process algebras in a uniform way, as directed by [50, 84, 108]. Unfortunately,µCRL
itself has never been (re-)formulated in this fashion.

Historically, the languageµCRL (and its successorµCRLt) is rooted in another language,
calledCommon Representation Language, or CRL for short. CRL was designed in the Euro-
pean RACE project SPECS (Specification and Programming Environment for Communication
Software). The purpose of this project was to design a language containing many features of
(at that time) accepted specification languages. Then, by providing a sound translation of other
languages to CRL, tool support based on CRL would be sufficient for analysing other languages.
Unfortunately, these goals turned out to be too ambitious, and were never completely fulfilled.

The languageµCRL (and thusµCRLt) is a stripped down version of CRL, having far less
language features. The process specification part ofµCRL is closely related to the algebraic
theory of ACP [18], and PSF [95].

The outline of this chapter is as follows. Section 2.1 is a concise introduction into the data-
theory forpCRL, pCRLt andµCRLt. Subsequently, we discuss the theory ofpCRL in Sec-
tion 2.2, repeat several theoretical results and illustrate the use ofpCRL in several small exam-
ples. In Section 2.3, we extend the theory ofpCRL with quantitative timing information and in
Section 2.4, we extend the resulting theorypCRLt with parallelism. Finally, in Section 2.5, we
discuss a special format for writingpCRL, pCRLt andµCRLt expressions.

2.1 Data

Data plays a decisive role in many systems. Best-known examples are communications protocols,
but in general, any system capable of exchanging information with its environment uses data.
The presence of data in a system has an undeniable effect on the behaviour of a system. Hence,

7
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abstracting from the data in a specification is in many situations undesirable.
As mentioned in the prelude to this chapter, the process languagespCRL, pCRLt andµCRLt

are designed to support the specification of data-dependent systems. The data, and the data-
types, used in e.g.µCRLt-specifications are specified using the theoretically sound and flexible
(yet impractical) framework of(equational) abstract data-types. A data-type is specified as a
data-sort, using the reserved wordsort. To each sort, a number of constructors, (preceded by
the reserved wordfunc) and functions (preceded by the reserved wordmap) are associated. A
sort represents a non-empty set of data elements. Whenever a sortD is declared without any
constructors with target sortD, then it is assumed thatD may be arbitrarily large. The equa-
tions associated to a data-sort define which data expressions are assumed equal. Preceding these
equations is the keywordrew, and, possiblyvar, declaring the variables used in the equations.
Specification techniques, similar to the one sketched here, can be found in e.g. [95, 24].

Example 2.1.1. An example of a data-type is the set of natural numbers, on which we define ad-
dition and multiplication. The equations express elementary laws for addition and multiplication

sort Nat

func 0 : → Nat
s : Nat → Nat

map add : Nat× Nat → Nat
mult : Nat× Nat → Nat

var m,n : Nat
rew add(0, n) = n

add(s(n),m) = s(add(n,m))
mult(0, n) = 0
mult(s(n),m) = add(m,mult(n,m))

of natural numbers. Confusingly, the equations are preceded by the keywordrew, suggesting
some underlying rewrite strategy associated to the equations.

Given the rather involved nature of specifications for even the most elementary data-types, we
refrain from using abstract data-types in this thesis. Instead, we simply assume the existence
of an appropriate data signature. For the exhibition of the theory, discussed in this chapter, we
assume a data signature consists of a setS of sort symbols and a setF of function declarations.
We assume disjoint, infinite sets of variablesVs for the sort symbolss ∈ S. The collection of
all variables isV =

⋃
s∈S Vs. The set of terms of sorts is denotedTs. In particular, we assume

the existence of a sort symbolB for the booleans with function declarationst: → B andf: → B,
and the usual boolean connectives¬,∧ and∨. For each sort symbols, we assume a data algebra
with universeDs. The setDB has two elements, consisting of the interpretation oft and the
interpretation off.

For the languagespCRLt andµCRLt, we furthermore assume the existence of a sort symbol
T, consisting of time elements. We require that it is totally ordered, denoted≤, and contains a
least element, denoted0.
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Bibliographic notes

The process algebras, used in this thesis are not unique with respect to the ability to specify data-
dependent processes. Noteworthy other examples are LOTOS [24] and PSF [95].

The data language of the formal description technique LOTOS is based on the data language
ACT ONE [40, 41]. Its approach is based on an equational specification of data types, just as
the data language forµCRL. The semantics ofACT ONE is given in an initial algebra model,
whereas the language for the data part inµCRL is based on amodel class algebra. This means
there are fundamental differences between the data language ofµCRL andACT ONE. Most no-
tably, ACT ONE does not distinguish between constructor elements of a sort and non-constructor
elements of a sort, whereasµCRL does (note that the original definition ofµCRL did not make
this distinction). The distinction between constructor elements and non-constructor elements is
needed to circumvent several problems, identified in e.g. [49]. For instance, in an initial algebra
model, it is not possible to declare partial functions and a non-empty sortwithoutdefining any
constructor for this. Thus, using an initial algebra model, one cannot specify a sortMessageof
messages without describing all its messages, or specify an arbitrary large time domain (as is
done inµCRLt).

Remark that many tools, such as Cæsar Aldébaran [45, 46], operating on LOTOS specifica-
tions, have patched the official LOTOSsemantics, allowing them to distinguish between construc-
tors and non-constructors.

ACT ONE is slightly more extensive than the data language ofµCRL. For instance, it allows
for parameterised type specifications, type renaming and conditional equations. Such constructs
are not present in the data language ofµCRL, which basically has a very simple data language.

The semantics of the PSF data language is, likeACT ONE, based on an initial algebra model.
Many of the features we already mentioned forACT ONE are also present in the data language
for PSF. Apart from these, it also offers modularity and hiding mechanisms, and entire libraries
of data types have been developed. As such, the data language of PSF is much more complex
than that ofµCRL.

2.2 Syntax and Semantics ofpCRL

The languagepCRL (and its axiomatic theory) is tailored to dealing with sequential, concrete,
data-dependent processes. In fact,pCRL is an extension of BPAδ [18], adding data-quantification
and conditional operators. The building blocks ofpCRL consist of a constant, a set of atomic
actions, and several operators combining these to construct larger terms.

Definition 2.2.1(Signature of pCRL).
The signature of the theorypCRL consists of both a data signature and a process signature.
We restrict our attention to the process part ofpCRL. For a more detailed account of the data
signature, we refer to e.g. [52, 49]. The process signature consists of the sort symbolP and the
function declarations given below:

1. action declarationsa:s1 × · · · × sn → P for given sort symbolssi (i = 0, . . . , n) from the
data signature,
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2. inaction δ: → P. The constantδ is meant to represent situations in which progress is
blocked, due to a lack of alternatives for continuation,

3. alternative composition+:P × P → P. The process termp + q is intended as the non-
deterministic choice between the process termsp andq,

4. sequential composition·:P × P → P. The process termp · q represents a succession of
process termp by process termq,

5. conditional operator/ . :P×B×P → P. The process termp/b.q is intended to represent
process termp wheneverb is equal tot, and process termq whenb is equal tof.

6. alternative quantification
∑

v :P → P. The process term
∑

v p, wherev ∈ V , is intended
to represent the (possibly infinite) choice between the (possibly infinite number of) process
termsp[di/v] for any data termdi of the sort ofv.

The common terminology is to refer to the above function declarations asoperators. The set,
containing all action declarations is writtenAct. We distinguish process terms and action terms,
the latter being terms of the forma(d1, . . . , dn), for a given action declarationa:s1×· · ·×sn → P
and data termsdi of sort si (i = 1, . . . , n). Process terms are composed of action terms, data
terms, variables and the operators defined above. We denote the set of all action terms byAT ,
and writeATδ for the setAT ∪ {δ}. The set of all process terms is writtenTP. We assume an
infinite setVP of process variables, disjoint from the setV of data variables. The subset of process
terms possibly containing bound and free data variables, yet no process variables, is called the
set ofprocess-closed terms. We typically writep, q, etc. for process-closed terms. For arbitrary
process terms, we writex, y, etc.

The binding strength of the variouspCRL operators is given by Eqn. (2.1), where we use≥
to denote that the lefthand-side operator binds stronger than the righthand-side operator.

· ≥ / . ≥
∑
v

≥ + (2.1)

A process algebra typically characterises the intended effects of its operators by means of
equational laws, establishing identities between process terms that should be considered related.
Apart from the intuition on the operators these laws develop, equational reasoning can be used for
the rewriting of process terms to less complex process terms. We first list the axioms forpCRL,
and subsequently provide several illustrative examples of applications ofpCRL in practice.

Definition 2.2.2(The axiom system of pCRL).
The axioms ofpCRL are the axioms listed in Table 2.1.

Although we allow recursive equations of the formX(d1, . . . , dn) = p, whereX is a recursion
variable, parameterised by the data valuesd1, . . . , dn andp is a process term, possibly containing
the recursion variableX, recursion is not formalised in the exposition of this thesis.

The axioms ofpCRL require some explanation. Our remark thatpCRL builds on the theory
of BPAδ is justified by the existence of the axioms A1 through A7. From BPAδ, we know the
operator+ is commutative and associative, and the operator· is associative. This makes sense.
The choice to execute either a system, represented by process termp or a system, represented by
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A1 x+ y = y + x
A2 x+ (y + z) = (x+ y) + z
A3 x+ x = x
A4 (x+ y) · z = x · z + y · z
A5 (x · y) · z = x · (y · z)
A6 x+ δ = x
A7 δ · x = δ

PE p / eq(v, w) . δ = p[v/w] / eq(v, w) . δ

SUM1
∑

v x = x
SUM3

∑
v p =

∑
v p+ p

SUM4
∑

v(p+ q) =
∑

v p+
∑

v q
SUM5 (

∑
v p) · x =

∑
v(p · x)

SUM12 (
∑

v p) / b . δ =
∑

v p / b . δ

C1 x / t . y = x
C2 x / f . y = y
C3 x / b . y = x / b . δ + y / ¬b . δ
C4 (x / b1 . y) / b2 . y = x / b1 ∧ b2 . y
C5 x / b1 . δ + x / b2 . δ = x / (b1 ∨ b2) . δ
C6 (x / b . y) · z = x · z / b . y · z
C7 (x+ y) / b . z = x / b . z + y / b . z
SCA (x / b . δ) · (y / b . δ) = x · y / b . δ

Table 2.1: Axiom system forpCRL, where process-closedp, q ∈ TP, x, y, z ∈ VP, v, w ∈ V and
b, b1, b2 ∈ TB

process termq is not determined by the order in which the process terms are combined using the
+ operator. Hence, commutativity holds. Similar arguments immediately justify the associativity
of both · and+. From here on, we omit parentheses in the context of the operators· and+
wherever possible.

Remark 2.2.3. On many occasions, ACP and µCRL adepts follow the mathematical convention
of suppressing as many symbols as possible, resulting in the notation pq when actually p · q is
meant. In this thesis, we do not adopt this convention and favour the notation p · q.

Clearly, the axioms, defining the interplay of the inaction constant and sequential composition
and alternative composition (i.e. axioms A6 and A7), defineδ as the neutral element for al-
ternative composition and as a left-zero for sequential composition. Thus, inaction cannot be
chosenas an alternative, as, in the context of a viable alternative, inaction is redundant. The
more common namedeadlockfor the symbolδ is therefore slightly misleading, as it may lead
one to think that the process termδ + p, wherep 6= δ can deadlock non-deterministically. In
the context of sequential composition, however, the intended behaviour of inaction is essentially
indistinguishable from the intuition one has for deadlock.
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The added value ofpCRL over BPAδ lies in its ability to cope with data. The solution,
adopted inpCRL, is to introduce a binding operator

∑
and parameterised actions. The

∑
operator is generally referred to as thesum-operator. The sum-operator introduces a number of
difficulties, often associated with binding operators. The unintended binding of a data variablev
when substituting process-closed termsp (wherev ∈ FV (p)) for process variablesx is prevented
by adopting the convention ofα-conversion, known from e.g. the lambda calculus. Thus, before
such substitutions can occur, we assume all bound variables in the process-closed termp have
been replaced by fresh variables. Consequently, we consider process terms moduloα-conversion.

We briefly explain some of the axioms for the sum-operator. Axiom SUM1 concisely ex-
presses that we can eliminate redundant sum-operators, i.e. whenever a bound variable does not
occur (freely) in the process variable taken as an argument for the sum-operator, the quantifier
can be eliminated. SUM3 expresses that each process-closed term, taken as an argument for the
sum-operator is considered an alternative. Axiom SUM4 expresses that considering the choice
between (in)finitely many alternatives boils down to considering infinitely many alternatives of
choices. From the axioms SUM3, SUM4, and SUM5 we can understand that the sum-operator
generalises the+ operator of BPAδ.

Data variables are useful, only if on the basis of their values, decisions can be made. The
ternary conditional operator allows us to specify data-dependent process-terms. The language
pCRL is not restricted to the use of a binary boolean system, but allows for more exotic systems.
This explains the additional axioms C3 through SCA. Readingp/b.δ as the process termp only
if b equalst (i.e. if b thenp), the axioms for the conditional operator are self-explanatory.

Remark 2.2.4. In case the conditional operator has the form p / b . δ, we use the convention to
write [b] ::→p. The boolean b can be considered a guardfor process p.

Finally, from axiom PE, we can deduce a process term depends on the value of data variables,
rather than on the naming of these variables. The data operatoreq(v, w) for variablesv andw
is the built-in equality for the sort of variablesv andw (see also [84, 127]). Note that in [50], it
is shown that this axiom is needed to obtain relative completeness ofpCRL, but apart from this,
can be considered a technicality of the languagepCRL.

Remark 2.2.5. As we already mentioned in the introduction to this chapter, we here follow [50,
108] in our exposition of pCRL. Several other axiom systems for pCRL, µCRL and µCRLt have
been defined, see e.g. [52, 84, 49, 53]. The most apparent differences are in the treatment of the
sum-operator and the conditionals. The approach, outlined in this thesis, allows for more exotic
forms of logics to be used in conditionals and considers process terms modulo α-conversion.
Many of the other approaches allow only a two-valued logic and define axioms to cope with
situations that are easily solved with α-conversion.

The underlying logic used in addition to the axioms is an extension of the well-known equational
logic, and is referred to asgeneralised equational logic(see Table 2.2). This logic is first dis-
cussed in [50], and extends on the standard equational logic by defining appropriate rules for
substitution such that bound variables are never substituted for and free variables do not become
bound by the sum-operator. We illustrate the syntax ofpCRL using several small examples.

Example 2.2.6. Below, we illustrate the use of sequential and alternative composition in writing
specifications. We model a part of a gameshow in which a candidate is asked to pick one of three
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t = t′ for everyt = t′ ∈ E

t = t′

t[e/v] = t′[e/v]
for everyv ∈ Vs ande ∈ Ts

t1 = t′1 · · · tn = t′n

F (t1, . . . , tn) = F (t′1, . . . , t
′
n)

for everyF :s1 × · · · × sn → s′ ∈ Σ

t = t
t = t′

t′ = t

t1 = t2 t2 = t3

t1 = t3

t = t′∑
v t =

∑
v t

′

Table 2.2: Generalised Equational Logic

boxes. Only one of the boxes contains a prize, the other two do not. After choosing a box, the
gameshow host opens one of the remaining two boxes, not containing the prize and again offers
the candidate to choose. The candidate can either stick to his previous choice, or change his mind
and select the other box. A typicalpCRL specification of the game is found below.

proc Game= choose· remove· (change+ persist) · (win + loose) (2.2)

Now, one may wonder whether the alternative specification, provided below, also models the
same gameshow.

proc Game′ = choose· remove· (change· (win + loose) + persist· (win + loose)) (2.3)

A simple calculation learns that on the basis of axiom A4, both specifications are essentially the
same. However, a faulty model of the gameshow is the one, presented below.

proc Game′′ = choose· remove·
((change+ persist) · win) + ((change+ persist) · loose)

(2.4)

From this latter specification, we are able to deduce either two boxes contain a prize, or none
of the boxes contains a prize. This does not fit in with the description of the gameshow. The
law, using which we can relate the first and the last specifications is the left-distributivity law
x · (y + z) = x · y + x · z, which is complementary to axiom A4. This law is included in several
theories, however, it is not part of ACP-centred process algebras.

Example 2.2.7. The sum-operator is a useful and powerful, yet sometimes hard to understand
operator. As an example of the use of the sum-operator, we consider a toy-elevator system.
The elevator, operating in a ten-storey building, can move up and down on request. Once it is
occupied, it halts no sooner than the moment it has reached its destination. A specification of the
elevator is given by (2.5).

proc Elevator(s:N, b:B) =∑
n:N request(n) · Elevator(n, t) / (n < s ∨ s < n ≤ 9) ∧ ¬b . δ

+ open· Elevator(s, f) / b . δ
(2.5)
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In this case, the sum-operator is used to specify the elevator can take any natural number as the
requested destination. However, since the elevator operates in a ten-storey building, the only
viable options are numbers, less than ten and different from the current storey.

The axiom system can be used to obtain an intuition behind the operators ofpCRL; an operational
perspective to the operators is obtained by defining their characteristics using an operational
semantics. We define the semantics by associating aLabelled Transition System(LTS) to each
process term of the language. We use Plotkin-style rules [101] to define a transition relation→ of
the LTS. We introduce the unary predicate→

√
, denoting successful termination upon executing

a transition.
For most languages, we can define the semantics by mapping the language constructs imme-

diately onto the model. Unfortunately, this is tricky in the presence of (uninterpreted) data. We
therefore introduce an intermediate step, needed for interpreting the uninterpreted process terms.
The image is called the set ofprocessesand is denoted byP. Likewise, the set of interpreta-
tion of action terms is denotedA, and referred to as the set ofactions. The transition relation
→⊆ P × A × P is written asp

a−→ p′ for actionsa and processesp, p′, and stands for the
processp that can evolve to the processp′ upon executinga. Likewise, the termination predicate
→
√
⊆ P ×A, is written asp

a−→
√

for actionsa and processesp, and stands for the processp
that can successfully terminate upon executing actiona.

Definition 2.2.8(Semantics of pCRL).
We associate a labelled transition systemL = 〈P ,A,→,→

√
〉 to each expression in the theory

of pCRL. We first define the interpretation of action terms and process terms.

A = {a(d1, . . . , dn) | a:s1 × · · · × sn ∈ Act, di ∈ Dsi
} (2.6)

As a convention we writea ∈ A when we are not interested in the (possible) parametersa can
have. The setA ∪ {δ} is denotedAδ. We define the set of processes as the setP =

⋃ω
i=0P i,

wherePn is defined inductively by Eqn. (2.7).

P0 = Aδ

Pn+1 = Pn ∪ {p · q,
∑

P | p, q ∈ Pn, ∅ ⊂ P ⊆ Pn} (2.7)

Note that we write
∑

P, for P ⊆ Pn to denote the alternative composition of all elements in
P. This construct should not be confused with the construct

∑
v p for some process termp. The

notation
∑

P is first introduced in [50], and was subsequently adopted in [84, 108, 127]. For a
motivation for introducing this construct, we refer to [50, 84].
Let ν be a data valuation. Expressions ofpCRL are interpreted according to the interpretation
function defined in Eqn. (2.8).

[[a(d1, . . . , dn)]]
ν = a([[d1]]

ν , . . . , [[dn]]
ν)

[[δ]]ν = δ
[[p+ q]]ν =

∑
{[[p]]ν , [[q]]ν}

[[p · q]]ν = [[p]]ν ·[[q]]ν

[[
∑

v p]]
ν =

∑
{[[p]]ν

′
|ν(v′) = ν ′(v′) for all v′ 6= v}

[[p / b . q]]ν =

{
[[p]]ν if [[b]]ν is true
[[q]]ν if [[b]]ν is false

(2.8)
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a
a−→
√ p

a−→
√∑

(P ∪ {p}) a−→
√

Table 2.3: Successful termination forpCRL, wherea ∈ A, p ∈ P, P ⊆ P

p
a−→
√

p · q a−→ q

p
a−→ p′

p · q a−→ p′ · q
p

a−→ p′∑
(P ∪ {p}) a−→ p′

Table 2.4: Transition relation forpCRL, wherea ∈ A, p, q, p′ ∈ P, P ⊆ P

here,a:s1 × · · · × sn ∈ Act, p, q ∈ TP are process-closed terms,b ∈ TB anddi ∈ Tsi
. The

deduction rules for successful termination and the transition relation are given in Tables (2.3)
and (2.4).

The semantic equivalence we use in this thesis is induced by strong bisimulation. We first define
the notion of simulation.

Definition 2.2.9(Simulation Relation for pCRL).
A relationR ⊆ P × P on processes is a simulation relation iff for all processesp andq, the
following two properties are satisfied.

1. if pRq andp
a−→ p′ for somea ∈ A, then there exists a termq′, such thatq

a−→ q′ and
p′Rq′.

2. if pRq andp
a−→
√

for somea ∈ A, then alsoq
a−→
√

.

Definition 2.2.10(Strong Bisimulation for pCRL).
A symmetric simulation relationR ⊆ P × P on processes is called a strong bisimulation. Two
processesp andq are strongly bisimilar, denoted byp↔ q, iff there exists a strong bisimulation
relationR, such thatpRq.

Corollary 2.2.11 The union of all strong bisimulation relations induces an equivalence relation,
generally referred to asstrong bisimilarity.

Lemma 2.2.12. Strong bisimilarity is a congruence with respect to the operators defined onP.

Proof. See [50, 84]. 2

The interpretation ofpCRL terms into labelled transition systems forms, together with bisimi-
larity, a model for the theory ofpCRL. This model is referred to as thebisimulation modelof
pCRL.

Theorem 2.2.13(Soundness of pCRL).
The theorypCRL is sound with respect to strong bisimulation, i.e. for all closed termsp andq,
we have

If p = q then also for all data valuationsν: [[p]]ν ↔ [[q]]ν (2.9)
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Proof. See [84]. 2

The soundness result means that for all process terms we can prove equivalent using the axiom
system, a bisimulation relation exists. Notice that the converse does in general not hold for
all algebras. However, Groote and Luttik showed that forpCRL, we can claim the converse,
provided a number of requirements are fulfilled.

Theorem 2.2.14(Completeness of pCRL).
The theorypCRL is relatively complete with respect to the operational semantics modulo strong
bisimilarity, i.e. provided that the conditions below hold, then for all closed termsp andq, iden-
tity (2.10) holds.

1. The data algebra has anω-complete algebraic specification,

2. The data-algebra hasbuilt-in equality,

3. The data-algebra hasbuilt-in Skolem functions.

If for all data valuationsν we have[[p]]ν ↔ [[q]]ν then alsop = q (2.10)

Proof. See the proofs in e.g. [50, 84] 2

2.3 Syntax and Semantics ofpCRL t

The theory ofpCRL, introduced in the previous section, is a small, yet elegant theory. It has
been used as a vehicle for many case-studies, and is the subject of investigations into the theory
of data-dependent systems. In this section, we introduce an extension ofpCRL, adding primitives
for dealing with quantitative timing information to the language. The resulting theory is called
pCRLt. We first address some background information on its design.

The design of the languagepCRLt was guided by several desires. The three major consider-
ations are listed below (see also [108]):

1. Every pCRLt specification, not referencing time, should appear exactly the same as a
pCRL specification. Apart from their appearance, their intended behaviour should also
be strongly related. Technically, the languagepCRLt should be aconservative extension
of the languagepCRL. This implies the theory ofpCRLt supersedes the theory ofpCRL
and, rather than investigatingpCRL, we can studypCRLt,

2. The extensions with time should be natural and concise,

3. The definition of the theory ofpCRLt should be such that it supports the adaptation of
many of the existing proof techniques, developed forpCRL to the timed setting.

Unlike many other languages, inpCRLt, the time-domain is not fixed. However, as we already
mentioned in Section 2.1, the time-domain of choice should at least be equipped with a total
ordering≤ and a least element with respect to this ordering, here denoted0. Standard choices
for the time-domain, such as the natural numbersN, or the non-negative realsR≥0 can be used,
but more exotic time-domains such as the singular set{0} are also allowed. In this chapter, we
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postpone the choice for a time-domain and use an arbitrary time-domainT. The time-domain of
choice for the rest of this thesis isR≥0.

The mechanism by which timing requirements are enforced inpCRLt is so-calledtime-
stampingof processes. The building blocks ofpCRLt consist of the operators and constants
of pCRL, and two operators for expressing the timing requirements.

Definition 2.3.1(Signature of pCRLt).
The signature of the theorypCRLt consists of both a data signature (including the sortT) and a
process signature. We restrict our attention to the process part ofpCRLt. This part consists of
the sort symbolP, representing the set of process terms, the function declarations forpCRL, and
the below function declarations:

1. at operator↪:P×T → P. The process termp↪t is intended as the process termp, restricted
to the part ofp that can start exactly at timet, if possible,

2. initialisation operator� :T × P → P. The processt � p is intended as the part of the
process termp that can wait at least until timet.

Note thatpCRLt employs a notion ofabsolute timingrather thanrelative timing. This means
that time is measured from the start of the system, rather than from the moment the last action is
executed.

Remark 2.3.2. The choice for absolute timing in pCRLt is in some sense immaterial, since
relative and absolute notions of time can easily be converted to each other without loss of infor-
mation [14, 49, 15, 16]. Note that in [127], versions of pCRL with absolute timing and relative
timing are discussed and proved sound and complete. In general, there are reasons to prefer the
notion of absolute timing over relative timing: amongst others, absolute timing combines easier
with parallelism, as is explained in [49, 108]. Note that many specification languages use the
notion of relative timing, as it is in general easier to use; moreover, in a setting without addi-
tional features such as initialisation, timing inconsistencies will not arise with relative timing
(such inconsistencies can possibly arise in the case of absolute timing [17]). As we shall see
in Example 2.3.7, the absolute notion of time in pCRLt still permits us to mimic the notion of
relative timing.

Remark 2.3.3. The time-stamping operator ↪ is unique to pCRLt and µCRLt, as it works on
entire processes rather than on single actions as in e.g. [12, 15, 104]. The initialisation operator
can also be found in e.g. [13, 73, 15].

The extension ofpCRL with the above timing constructs, has several side effects. Firstly, the
constantδ no longer representsinaction, as it does allow for the passing of time. Hence, a more
suitable name islivelock. Secondly, the process termδ↪t stands for atime-lockat timet: idling
is allowed up to, and including timet, but no longer. Such a time-lock, occurring at time0, is
the timed counterpart of inaction in the untimed theory, as it represents no activity is possible
(i.e. not even idling beyond the starting time). Thirdly, not all of the axioms, listed in Table 2.1,
are valid anymore. For instance, a well-known consequence is the invalidation of the identity
x+ δ = x. And rightfully so, for if we substitute the termδ↪0 for x, this would time-lock at time
0, rather than livelock. Notice that for any untimedx, the identity still holds.
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We often omit parentheses and use the binding strength given by Eqn. (2.11), where we use
≥ to denote the lefthand-side operator binds stronger than the righthand-side operator.

↪ ≥ · ≥ � ≥ / . ≥
∑
v

≥ + (2.11)

We first list the axioms forpCRLt and subsequently provide some examplepCRLt specifica-
tions and a brief explanation of some of the axioms.

Definition 2.3.4(Axiomatisation of pCRLt).
The axioms forpCRLt are the axioms A1 through A5, A7, SUM1, SUM3 through SUM5, C1
through C4 and C6 and C7 ofpCRL, supplemented by the axioms listed in Table 2.5.

A6− a+ δ = a
A6’ x+ δ↪0 = x

PE’ p / eq(v, w) . δ↪0 = p[v/w] / eq(v, w) . δ↪0

AT1 x =
∑

t x↪t whent 6∈ FV (x)
AT2 a↪t · x = a↪t · (t� x)

ATA1 a↪t↪u = (a↪t / u ≤ t . δ↪t) / t ≤ u . δ↪u
ATA2 (x+ y)↪t = x↪t+ y↪t
ATA3 (x · y)↪t = x↪t · y
ATA4 (

∑
v p)↪t =

∑
v p↪t whenv 6∈ FV (t)

ATA5 (x / b . y)↪t = x↪t / b . y↪t

ATB1 t� a↪u = a↪u / t ≤ u . δ↪t
ATB2 t� (x+ y) = t� x+ t� y
ATB3 t� (x · y) = (t� x) · y
ATB4 t� (x / b . y) = (t� x) / b . (t� y)

C3’ x / b . y = x / b . δ↪0 + y / ¬b . δ↪0
C5’ x / b1 . δ↪0 + x / b2 . δ↪0 = x / b1 ∨ b2 . δ↪0
SCA’ (x / b . δ↪0) · (y / b . δ↪0) = x · y / b . δ↪0

SUM12’ (
∑

v p) / b . δ↪0 =
∑

v p / b . δ↪0 whenv 6∈ FV (b)

Table 2.5: Axioms forpCRLt, wherex, y, z ∈ VP, process-closedp, q ∈ TP, a ∈ ATδ, t, u ∈ VT,
b, b1, b2 ∈ VB andv, w ∈ V .

The axiom-system ofpCRLt is in most respects a straightforward extension ofpCRL. Most
notable changes are the replacements of the untimedδ of pCRL to its true timed counterpartδ↪0.
This is the case in e.g. the axioms C3’ and SUM12’, but the largest effect is the rephrased axiom
A6, yielding axioms A6’ and A6−.
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Remark 2.3.5. In case the conditional operator has the form p / b . δ↪0, we sometimes use
the convention to write [b] ::→p. Notice that we thereby overload the definition of ::→. From
the context in which it is used, however, it is clear whether the operator ::→ is used in a timed
setting or an untimed setting.

The embedding of the untimed theory into the timed theory is most apparent in the axioms AT1,
AT2 and ATA1. From axiom AT1, we can basically deduce that an arbitrary (timed or untimed)
process really is a process that can be executed atany time. It may be clear this can lead to
inconsistencies if we do not carefully specify what is meant by e.g. a single actiona that must
occur simultaneously at two (possibly different) moments of time. This situation is dealt with by
axiom ATA1. Axiom AT2 encodes the way we perceive the natural flow of time: unidirectional,
meaning that once an action at a specific time has been executed, successive actions cannot occur
before this moment in time. Notice that we can specify processes in which two successive actions
happen at the same moment in time, e.g.a↪3 · b↪3 means actiona is executed at time3, followed
by actionb at time3. This phenomenon is calledurgencyof actions.

The at-operator is applied to entire processes. Yet, from axioms ATA2 through ATA5 we can
deduce it propagates to the first actions of a process, and leaves the other parts of the process
virtually unaffected. It is in the combination of the at-operator, the sum-operator and the condi-
tionals that the theory ofpCRLt finds its strength. This allows us to specify arbitrary intervals,
sets, etc. as execution times for a process.

Example 2.3.6. Using the at-operator, the sum-operator and the conditionals, we can specify a
drifting clock, i.e. a clock that is accurate within a bounded interval[1− d, 1 + d] for d < 1.

proc Clock(t:T) =
∑
ε:T

tick↪(t+ ε) · Clock(t+ ε) / ε ∈ [1− d, 1 + d] . δ↪0 (2.12)

The languagepCRLt is based on the notion of absolute time. This means that in our time-stamps
we refer to absolute moments in time. In some instances, however, it is easier to express timing,
relative to the occurrence of some event, i.e. use relative time rather than absolute time. Again,
using the combination of the at-operator, the sum-operator and the conditionals, we can express
relative timing.

Example 2.3.7. We consider a time-critical application: a coffee-vending machine for high-
priced managers. The machine issues, upon the insertion of a coin, either espresso or cappuc-
cino, depending on the manager’s choice. The machine operates according to the credo “time=
money” and, hence, issues espresso within two seconds after its request and cappuccino within
three seconds after its request.

proc Machineidle(t:T) =
∑

u:T coin↪u ·Machinebusy(u)

proc Machinebusy(t:T) =∑
v:T (espresso↪v · (

∑
d:T issuee↪(v + d) ·Machineidle(v + d) / d ≤ 2 . δ↪0)

+ cappuccino↪v · (
∑

d:T issuec↪(v + d) ·Machineidle(v + d) / d ≤ 3 . δ↪0))

(2.13)

Using the sum-operator, we have thus specified a relative timing dependency on e.g. theissuee
action and the actionespresso. This feature makespCRLt a very flexible language.
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The semantics ofpCRLt is defined in much the same way as we defined the semantics forpCRL.
Obviously, ordinary labelled transition systems will not do in this situation, as this model does
not adequately capture timing information. Hence, we define an operational semantics for each
pCRLt expression by associating aTimed Labelled Transition Systemsto each expression. For
this, we use aTime-Stamped Labelled Transition System(TSLTS), see e.g. [73]. In a TSLTS,
we distinguish two concepts:timed action transitionsand adelay predicate. A timed action
transition is a transition relation to which timing information is added. The delay predicate
provides information on the maximal time a process, represented by a TSLTS, can stay in a
particular state. We again use Plotkin-style rules [101] to define the transition relation and the
delay predicate of the TSLTS.

Remark 2.3.8. Note that in [49], the semantics of pCRLt is defined in terms of a Two-Phase
Labelled Transition System(TPLTS). In a TPLTS, the passage of time is represented by a labelled
transition of one state to another state, where the label contains a (positive) number, representing
the amount of time that has passed in taking the transition. It has been shown that under certain
conditions, both transition systems can be converted to each other (see e.g. [73]). The paper [108]
we use to base our presentation of pCRLt on defines its semantics in terms of TSLTSs.

An intermediate interpretation is again needed to interpret data and timing variables. We
extend the set of processesP to incorporate the quantitative timing-dependencies. The set of
interpreted action terms is unaffected by the addition of time.

Definition 2.3.9(Semantics of pCRLt).
We associate a time-stamped labelled transition systemL = 〈P ,A,→,→

√
,U〉 to each expres-

sion in the theory ofpCRLt. We first redefine the set of processesP =
⋃ω
i=0 P i, wherePn is

defined inductively by Eqn. (2.14).

P0 = Aδ

Pn+1 = Pn ∪ {p · q,
∑

P, p↪t, t� p | p, q ∈ Pn, ∅ ⊂ P ⊆ Pn, t ∈ DT}
(2.14)

Expressions ofpCRLt are interpreted according to the interpretation function we defined in
Eqn (2.8), extended with the identities of (2.15), whereν is a valuation for the data and time
variables.

[[t� p]]ν = [[t]]ν�[[p]]ν

[[p↪t]]ν = [[p]]ν ↪[[t]]ν
(2.15)

here,p ∈ TP andt ∈ TT. The deduction rules for successful termination, the transition relation
and the ultimate delay are listed in Tables 2.6, 2.7 and 2.8.

a
a−→t

√ p
a−→t

√

p↪t
a−→t

√
p

a−→t

√∑
(P ∪ {p}) a−→t

√
p

a−→t

√
t′ ≤ t

t′ � p
a−→t

√

Table 2.6: Successful termination forpCRLt, wherea ∈ A, p ∈ P, t, t′ ∈ DT andP ⊆ P.
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p
a−→t p′

p↪t
a−→t p′

p
a−→t p′∑

(P ∪ {p}) a−→t p′
p

a−→t p′

p · q a−→t p′ · q

p
a−→t p′ t′ ≤ t

t′ � p
a−→t p′

p
a−→t

√

p · q a−→t t� q

Table 2.7: Transition relation forpCRLt, wherea ∈ A, p, q, p′ ∈ P, t, t′ ∈ DT andP ⊆ P.

Ut(a)
Ut(p)

Ut(p · q)

Ut(p)

Ut(
∑

(P ∪ {p}))
Ut(p) t ≤ t′

Ut(p↪t′)

Ut(p)

Ut(t′ � p)

t ≤ t′

Ut(t′ � p)

Table 2.8: Deduction rules for the delay relation forpCRLt, wherea ∈ A, p, q, p′ ∈ P, t, t′ ∈ DT
andP ⊆ P.

We adapt the notion of equality forpCRL to a timed setting in the usual manner. The timed
version of strong bisimulation is calledstrong timed bisimulation

Definition 2.3.10(Strong Timed Bisimulation for pCRLt).
A symmetric relationR ⊆ P×P on processes is a strong timed bisimulation iff for all processes
p andq, the following three properties are satisfied.

1. if pRq andp
a−→t p′ for somea ∈ A andt ∈ DT, then there exists a processq′, such that

q
a−→t q′ andp′Rq′ holds.

2. if pRq andp
a−→t

√
for somea ∈ A andt ∈ DT, then alsoq

a−→t

√
.

3. if pRq, thenUt(p) iff Ut(q) for all t ∈ DT.

Two pCRLt processesp andq are strong timed bisimilar, denoted byp ↔ tq, iff there exists a
strong timed bisimulation relationR, such thatpRq.

Corollary 2.3.11 The union of all strong timed bisimulation relations induces an equivalence
relation on timed processes, generally referred to asstrong timed bisimilarity.

Lemma 2.3.12. Strong timed bisimilarity is a congruence with respect to the operators defined
onP.

Proof. See [108]. 2

The interpretation ofpCRLt terms into timed labelled transition systems forms, together with
timed bisimilarity, a model for the theory ofpCRLt. This model is referred to as thestrong timed
bisimulation modelof pCRLt.
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Theorem 2.3.13(Soundness of pCRLt).
The theory ofpCRLt is sound with respect to strong timed bisimulation, i.e. for all closed terms
p andq and all data valuationsν, we have

If p = q then also for all data valuationsν: [[p]]ν ↔ t[[q]]
ν (2.16)

Proof. See [108]. 2

Theorem 2.3.14(Completeness of pCRLt).
The theorypCRLt is relatively complete with respect to the operational semantics modulo strong
timed bisimilarity, i.e. provided that the conditions, listed in Theorem 2.2.14 hold, then for all
closed termsp andq, identity (2.17) holds.

If for all data valuationsν, we have[[p]]ν ↔ t[[q]]
ν then alsop = q (2.17)

Proof. See [108] for an extensive treatment. 2

2.4 Syntax and Semantics ofµCRL t

The expressivity of the languagepCRLt is sufficient for describing most real-life systems up to
a minute accuracy. It moreover provides an elegant theory for the investigations of the interplay
of time, arbitrary data and discrete actions. However, the fact that we are restricted to the use
of sequential and alternative composition (or quantification), seriously limits the practical appli-
cability of the language. For this reason,pCRLt has been extended with constructs for dealing
with parallelism, yielding the languageµCRLt. Note thatµCRLt is a conservative extension of
µCRL.

Concurrency is dealt with by adding new operators to the languagepCRLt. The building
blocks ofµCRLt therefore consist of the operators and constants ofpCRLt, four operators for
capturing concurrent behaviour and two additional operators that are useful in the context of
concurrency.

Definition 2.4.1(Signature of µCRLt).
The signature of the theoryµCRLt consists of both a data signature (including the sortT) and
a process signature. We restrict our attention to the process part ofµCRLt. This part consists
of the sort symbolP, representing the set of process terms, the function declarations forpCRLt,
and the function declarations given below:

1. parallel operator‖:P × P → P. The process termp‖q is intended to represent the inter-
leavings of process termsp andq,

2. left-merge operator‖ :P × P → P. The process termp ‖ q is intended to represent the
interleavings of process termsp andq with the assumption that the first action originates
from process termp,

3. communication merge|:P × P → P. The process termp|q is intended to represent the
interleavings of process termsp andq with the assumption that the first action is a result
from a synchronisation between process termsp andq. The action resulting from such a
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communication is defined by the binary, commutative and associative functionγ which is
only defined onaction declarations. In order for a communication to occur between action
termsa(d), a′(e) ∈ AT , γ(a, a′) should be defined, and the data parametersd ande should
match,

4. before operator� :P × P → P. The process termp � q represents the process termp
restricted to the part ofp that can start before process termq gets definitely disabled.

5. encapsulation operator∂H :P → P. The process term∂H(p), whereH ⊆ Act, represents
the process termp in which all occurrences of actionsa ∈ H, have been renamed toδ.
This operator is useful in enforcing synchronisations, by blocking autonomous behaviour.

6. renaming operatorρR:P → P. The process termρR(p), whereR:Act → Act, represents
the process termp in which all occurrences of actionsa ∈ dom(R) have been renamed to
R(a).

Most of the above-listed operators (in fact, with the exception of thebeforeoperator,all of the
above-listed operators) are also part ofµCRL. The renaming operator is, strictly speaking, not
part of the theoryµCRLt as studied in e.g. [49, 108], however, it is part of the theoryµCRL.
Since the renaming operator is used on various occasions in this thesis, we have added it to the
theoryµCRLt as presented here.

The binding strength of theµCRLt operators is listed in Eqn. (2.18), where we use≥ to
denote that the lefthand-side operator(s) binds stronger than the righthand-side operator(s).

↪ ≥ {∂H , ρR} ≥ · ≥ {�,�} ≥ {/ ., ‖,‖ , |} ≥
∑
v

≥ + (2.18)

As can be gathered from the comments in the above definition, the formalismµCRLt is based
on the paradigm ofinterleavingsrather than ontrue concurrency. This choice originates from
the desire to have a theory that extends on the untimedµCRL theory, and at the same time,
suppresses the proliferation of the number ofconcurrentevents, ormulti-actionsin calculations.

Definition 2.4.2(Axiomatisation of µCRLt).
The axioms forµCRLt are the axioms ofpCRLt, supplemented by the axioms, listed in Tables 2.9
and 2.10.

A brief glance at the axioms learns that many of the axioms forµCRL carry over immediately
to the setting with time. The necessity of the (auxiliary) operator� may come as a surprise.
However, this operator is needed to express that two process termsp andq, in a parallel context,
can execute actions exactly as long as the other process can wait. For example, the process
(a↪2+ b↪4)‖c↪3 cannotchoose to execute actionb↪4 first, simply because the processc↪3 ceases to
“exist” at time 3.

One may wonder why the encapsulation operator is needed. This operator has come forth
from the desire to block unwanted actions. For instance, in a communication between two pro-
cesses, three scenarios are possible: two scenarios due to interleaving (i.e. no communication
has occurred!) and a scenario in which both parties agree on a communication. However, we
are often interested in the result of the communications only. An effective way of disabling the
redundant scenarios is by renaming their “starting action” to inaction.
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CM1 x‖y = x‖ y + y‖ x+ x|y
CM2 a↪t‖ x = (a↪t� x) · x
CM3 a↪t · x‖ y = (a↪t� y) · (t� x‖y)
CM4 (x+ y)‖ z = x‖ z + y‖ z
CM5 a · x|a′ = (a|a′) · x
CM6 a|a′ · x = (a|a′) · x
CM7 a · x|a′ · y = (a|a′) · (x‖y)
CM8 (x+ y)|z = x|z + y|z
CM9 x|(y + z) = x|y + x|z

H18 (x / b . y)‖ z = (x‖ z) / b . (y‖ z)

CF a(~d)|a′(~e) =

 γ(a, a′)(~d) / eq(~d,~e) . δ
if γ(a, a′) defined

δ otherwise

CD1 δ|a = δ
CD2 a|δ = δ

ATA7 (x|y)↪t = x↪t|y
ATA8 (x|y)↪t = x|y↪t

ATC1 x� a↪t =
∑

u x↪u / u ≤ t . x↪t
ATC2 x� (y + z) = x� y + x� z
ATC3 x� (y · z) = x� y
ATC4 x�

∑
v p =

∑
v x� p

ATC5 x� (y / b . z) = (x� y) / b . (x� z)

SUM6 (
∑

v p)‖ x =
∑

v(p‖ x)
SUM7 (

∑
v p)|x =

∑
v(p|x)

SUM7’ x|(
∑

v p) =
∑

v(x|p)

Table 2.9: Axioms forµCRLt, wherex, y, z ∈ VP, process-closedp ∈ TP, a, a′ ∈ ATδ, a, a′ ∈
Act, b ∈ TB andv ∈ V
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Example 2.4.3. An analogy between parallelism inµCRLt and a real-life situation is the fol-
lowing. Consider two lanes that gradually merge to become a single lane (see Fig. 2.1). Suppose
we have three observers (x, y andz) located at three different sections of the lanes. During a
given time-interval, observerx first signals a cara and then a carb, whereas observery only
signals a carc. The order in which observerz sees cars passing by, can then be specified as a
µCRLt expression. The observations ofx are given by the equationX, the observations ofy by

x

y
z

Figure 2.1: Traffic Lanes

X = a · b
Y = c
Z = X‖Y

(2.19)

equationY and the observations ofz byZ. A communication of two cars in reality corresponds
to a collision, hence, we defineγ(a, c) = γ(b, c) = †. The calculation below shows the possible
observationsz can make.

Z = a · b‖c
=

∑
t,u,v (a↪t · b↪u‖c↪v)

=
∑

t,u,v ((a↪t� c↪v) · (t� b↪u‖c↪v) + (c↪v � a↪t) · (v � a↪t · b↪u) + (†↪t · b↪u))
= a ·

∑
u,v ((b↪u� c↪v) · (u� c↪v) + (c↪v � b↪u) · (v � b↪u) + (†↪u))

+c · a · b+ † · b
= a · (b · c+ c · b+ †) + c · a · b+ † · b

(2.20)

If the observersx, y andz undertake the same activities, knowing there is a traffic-light regulation
system, ensuring the safe merging of cars, the above situation is not entirely correct. In fact,
observerz cannot see collisions. Hence, we change the equation forZ to Z = ∂{†}(X‖Y ). In
effect, the observations forz can now be represented by the expression below.

Z = a · (b · c+ c · b) + c · a · b (2.21)

In this example, we used the encapsulation operator to remove all scenarios preceded by a com-
munication (the collision). However, in most cases, it is the communication that is desired rather
than the interleavings.

The semantics ofµCRLt is again defined using the model of time-stamped labelled transition
systems. The process interpretations are extended with the new operators forµCRLt.

Definition 2.4.4(Semantics of µCRLt).
We associate a time-stamped labelled transition systemL = 〈P ,A,→,→

√
,U〉 to each expres-

sion in the theory ofµCRLt. We redefine the set of processesP =
⋃ω
i=0 P i, wherePn is defined

inductively by Eqn. (2.22).

P0 = Aδ

Pn+1 = Pn ∪ {p · q,
∑

P, p‖q, p‖ q, p|q, p↪t, t� p, p � q, ρR(p), ∂H(p) |
p, q ∈ Pn, ∅ ⊂ P ⊆ Pn, t ∈ DT, H ⊆ Act, R:Act→ Act}

(2.22)
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Expressions ofµCRLt are interpreted according to the interpretation function we defined in
Eqn. 2.15, extended with the identities of (2.23), whereν again is a valuation for the data and
time variables.

[[p‖q]]ν = [[p]]ν‖[[q]]ν
[[p‖ q]]ν = [[p]]ν ‖ [[q]]ν

[[p|q]]ν = [[p]]ν |[[q]]ν
[[p� q]]ν = [[p]]ν�[[q]]ν

[[∂H(p)]]ν = ∂H([[p]]ν)
[[ρR(p)]]ν = ρR([[p]]ν)

(2.23)

here,p, q ∈ TP are process-closed terms,H ⊆ Act is an encapsulation set andR:Act→ Act is a
relabelling. The deduction rules for successful timed termination, the transition relation and the
ultimate delay are the rules forpCRLt supplemented with the rules listed in Tables 2.11, 2.12
and 2.13.

The notion of equivalence, used forpCRLt, extends straightforwardly toµCRLt. We therefore
omit its definition, and refer to Def. 2.3.10.

Lemma 2.4.5. Strong timed bisimilarity is a congruence with respect to the operators defined
onP.

Proof. See [108]. 2

Theorem 2.4.6(Soundness of µCRLt). The theory ofµCRLt is sound with respect to strong
timed bisimulation, i.e. for all closed termsp andq, we have

If p = q then also for all data valuationsν: [[p]]ν ↔ t[[p]]
ν (2.24)

Proof. See [108]. 2

Theorem 2.4.7(Completeness of µCRLt).
The theoryµCRLt is relatively complete with respect to the operational semantics modulo timed
strong bisimilarity, i.e. provided that the conditions, listed in Theorem 2.2.14 hold, then for all
closed termsp andq, identity (2.25) holds.

If for all data valuationsν, we have[[p]]ν ↔ t[[q]]
ν then alsop = q (2.25)

Proof. We refer to [108] for an extensive proof. 2

2.5 Normal Forms

The proof techniques, developed forµCRL andµCRLt mostly operate on the assumption that
a process has been rewritten into a special format. This format is also used in the tool suite for
µCRL, i.e. theµCRL-toolbox [126]. In [119], it is proved all guardedµCRLt (and therefore also
µCRL) expressions can be rewritten to this special format.

The format, known asLinear Process Equation(LPE) [119], orLinear Process Operator
(LPO), relies very heavily on the use of data inµCRLt. It basically encodes the state space as a
µCRLt data type and defines functions on this state space that represent the transitions between
states. The format for an untimed LPE has the following appearance.
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DD ∂H(δ) = δ

D1 ∂H(a(~d)) = a(~d) if a 6∈ H
D2 ∂H(a(~d)) = δ if a ∈ H
D3 ∂H(x+ y) = ∂H(x) + ∂H(y)
D4 ∂H(x · y) = ∂H(x) · ∂H(y)
D5 ∂H(x / b . y) = ∂H(x) / b . ∂H(y)
D6 ∂H(

∑
v p) =

∑
v ∂H(p)

D7 ∂H(x↪t) = ∂H(x)↪t

RD ρR(δ) = δ

R1 ρR(a(~d)) = a(~d) if a 6∈ dom(R)

R2 ρR(a(~d)) = R(a)(~d) if a ∈ dom(R)
R3 ρR(x+ y) = ρR(x) + ρR(y)
R4 ρR(x · y) = ρR(x) · ρR(y)
R5 ρR(x / b . y) = ρR(x) / b . ρR(y)
R6 ρR(

∑
v p) =

∑
v ρR(p)

R7 ρR(x↪t) = ρR(x)↪t

Table 2.10: Axioms ofµCRLt, wherex, y ∈ VP, process-closedp ∈ TP, a ∈ Act, b ∈ TB, t ∈ TT,
v ∈ V ,H ⊆ ActandR:Act→ Act.

p
a(~d)−→t

√
q

b(~d)−→t

√
γ(a, b) = c

p‖q c(~d)−→t

√
p

a(~d)−→t

√
q

b(~d)−→t

√
γ(a, b) = c

p|q c(~d)−→t

√

p
a−→t

√
Ut(q)

p � q
a−→t

√
p

a−→t

√
a 6∈ H

∂H(p)
a−→t

√

p
a−→t

√
a 6∈ dom(R)

ρR(p)
a−→t

√
p

a−→t

√
a ∈ dom(R)

ρR(p)
R(a)−→t

√

Table 2.11: Successful termination forµCRLt, wherea ∈ A, a, b, c ∈ Act, ~d,~e ∈ Ds, p, q ∈ P,
H ⊆ Act,R:Act→ Actandt ∈ DT.
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p
a−→t

√
Ut(q)

p‖q a−→t t� q

q
a−→t

√
Ut(p)

p‖q a−→t t� p

p
a−→t

√
Ut(q)

p‖ q
a−→t t� q

p
a−→t p′ Ut(q)

p‖q a−→t p′‖t� q

q
a−→t q′ Ut(p)

p‖q a−→t t� p‖q′
p

a−→t p′ Ut(q)

p‖ q
a−→t p′‖t� q

p
a(~d)−→t p′ a 6∈ H

∂H(p)
a(~d)−→t ∂H(p′)

p
a(~d)−→t p′ a 6∈ dom(R)

ρR(p)
a(~d)−→t ρR(p′)

p
a(~d)−→t p′ a ∈ dom(R)

ρR(p)
R(a)(~d)−→ t ρR(p′)

p
a(~d)−→t

√
q

b(~d)−→t q′ γ(a, b) = c

p‖q c(~d)−→t q′

p
a(~d)−→t p′ q

b(~d)−→t

√
γ(a, b) = c

p‖q c(~d)−→t p′

p
a(~d)−→t p′ q

b(~d)−→t q′ γ(a, b) = c

p‖q c(~d)−→t p′‖q′
p

a(~d)−→t

√
q

b(~d)−→t q′ γ(a, b) = c

p|q c(~d)−→t q′

p
a(~d)−→t p′ q

b(~d)−→t

√
γ(a, b) = c

p|q c(~d)−→t p′

p
a(~d)−→t p′ q

b(~d)−→t q′ γ(a, b) = c

p|q c(~d)−→t p′‖q′

p
a−→t p′ Ut(q)

p � q
a−→t p′

Table 2.12: Transition relation forµCRLt, wherea ∈ A, a, b, c ∈ Act, p, q, p′, q′ ∈ P,H ⊆ Act,
R:Act→ Act, ~d,~e ∈ Ds andt ∈ TT.

Ut(p) Ut(q)

Ut(p‖q)

Ut(p) Ut(q)

Ut(p‖ q)

Ut(p) Ut(q)

Ut(p|q)

Ut(p) Ut(q)

Ut(p � q)

Ut(p)

Ut(∂H(p))

Ut(p)

Ut(ρR(p))

Table 2.13: Deduction rules for the delay relation forµCRLt, wherep, q ∈ P,H ⊆ Act,R:Act→
Actandt ∈ TT.
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Definition 2.5.1(Linear Process Equation).
A process equation is called aLinear Process Equationif it is of the form of Eqn. (2.26)

P (d:D) =
∑

i∈I
∑

ei:Di
[bi(d, ei)] ::→ai(fi(d, ei)) · P (gi(d, ei))+∑

j∈J
∑

ej :Dj
[bj(d, ej)] ::→aj(fj(d, ej))

(2.26)

where,I, J are finite sets of indices,an:Dsdom(fn)
→ P ∈ Act is an action declaration, forn ∈

I∪J , fn:D×Dn → Dsfn
is a function yielding an action parameter forn ∈ I∪J , gi:D×Di → D

is a function, yielding the next state andbn:D×Dn → B is a function, yielding a guard for action
an(fn(d, en)), for n ∈ I ∪ J .

In this thesis, we mostly restrict to representing non-successfully terminating processes. This
means that for the index setJ , all action declarations are equal to the constantδ. Using axiom
A7, we can then merge the setsI andJ in the definition of an LPE.

The timed version of an LPE is similar to the untimed version of an LPE, and is in this thesis
referred to as theTimed Linear Process Equation(TLPE).

Definition 2.5.2(Timed Linear Process Equation).
A process equation is called aTimed Linear Process Equationif it is of the form of Eqn. (2.27)

P (d:D) =
∑

i∈I
∑

ei:Di
[bi(d, ei)] ::→ai(fi(d, ei))↪(gi(d, ei)) · P (hi(d, ei))+∑

j∈J
∑

ej :Dj
[bj(d, ej)] ::→aj(fj(d, ej))↪(gj(d, ej))

(2.27)

where,I andJ are finite sets of indices,an:Dsdom(fn)
→ P ∈ Act is an action declaration, for

n ∈ I ∪ J , fn:D × Dn → Dsfn
is a function yielding an action parameter forn ∈ I ∪ J ,

gn:D × Dn → T is a function, yielding a moment in time forn ∈ I ∪ J , hi:D × Di → D is a
function, yielding the next state andbn:D × Dn → B is a function, yielding a guard for action
an(fn(d, en)), for n ∈ I ∪ J .
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The untimed and timed process algebras we discussed in this chapter are the result of several
years of research. Their definitions are influenced by the ideas that grew out of the concurrent
development of many other process algebras. In particular, the languageµCRL was heavily in-
fluenced by ACP and the ideas that came forth from the CRL project. In turn, the investigations
into timed extensions of ACP largely influenced the definition ofµCRLt. For a recent exposition
of the various possible extensions of ACP with timing, we refer to [17].

The definition ofµCRLt also benefitted a lot from the expertise that was obtained by inves-
tigations into timed extensions of other formalisms. Noteworthy is the international project that
aimed at defining E-LOTOS[68]. In defining E-LOTOS– which only recently became an interna-
tional standard – much effort was spent on improving on the standardised language LOTOS [24]
by defining e.g. new semantical models for the data language and including predefined and ex-
ternal data types. More importantly, in this project, a great deal of effort was spent in obtaining
a timed extension of LOTOS. To this end, several possibilities were studied, resulting in variants
of standard LOTOS. Here, we name but a few. Léonard and Leduc defined ET-LOTOS [82, 82],
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Leduc defined TLOTOS in [81] and LOTOSNT [47, 113] was defined by Garavel and Sighireanu.
The latter is based on an early version of E-LOTOS itself. The LOTOS NT variant was derived
amongst other reasons because of the complexity of E-LOTOS (see also [47]). In ET-LOTOS it
is, like in µCRLt, possible to use an unspecified time domain. Timing constraints are given by
means of anextended action prefix operator. In TLOTOS, a discrete time domain is used. Three
timing constructs can be identified, viz. astart delay operator, anexecution delay operatorand
anunbounded start delay. TLOTOS is closely related to ATP [99]. The latter is compared to ACP
with discrete timing in [120].

WhereasµCRLt aims at being applied in practice and being used for conducting theoret-
ical investigations such as expressiveness, completeness, etc. E-LOTOS is tailored, mainly to
deal with the former aspect: several exercises have been conducted using E-LOTOS, or some of
the above-mentioned versions of timed LOTOS, see e.g. [118, 114, 111]. ForµCRLt, only two
case-studies [58, 123], but a larger number of theoretical exercises, see e.g. [57, 108, 119] were
conducted.

Lastly, we mention several timed extensions of CCS [97] that have been developed. Chen [36]
describes a timed process algebra, called Timed CCS, that uses an unspecified time domain. Tim-
ing is introduced via anaction prefix operator. The Linear Timed CCS by Jeffrey [72] uses an
unspecified, totally ordered monoid as its time domain. The author shows that CCS and many
of its timed extensions can be mimicked by his process algebra. Moller and Tofts [98] intro-
duce Temporal CCS, which is basically plain CCS to which several discrete timing constructs
are added. Finally, Wang [121, 122] describes a timed extension of CCS, also called Timed CCS.
It allows for an unspecified time domain and has two main constructs for specifying the passage
of time.

The most apparent difference between the above-mentioned languages andµCRLt seems to
be the fact that time is dealt with as part of the data language ofµCRLt. The upshot of this is that
it is possible to translateµCRLt to plainµCRL (see [119, 108]), and thus,µCRLt is in a sense
not very different from plainµCRL. We are not aware of any other process algebra for which
similar results have been obtained; all other process algebras seem to really add constructs to the
basic language that cannot be eliminated.

For a more detailed overview of the above-mentioned and other languages, such as timed
extensions of CSP, we refer to [73, 120, 11].



Chapter 3

Verification of Data-Dependent Systems

Model checking has emerged as one of the most prominent techniques for automated reasoning
about formal models. Techniques for model checking have made major advances in the last
decade (see e.g. [33, 27]), and it has earned its medals in many application areas. The class
of systems that are amenable for model checking, however, is generally restricted to systems in
which data dependencies are absent or can be abstracted from. Notable exceptions are a few
classes of real-time and hybrid systems [7, 6]. Unfortunately, most data-dependent systems are
left without appropriate techniques for fully-automatic verification. This chapter bridges this gap
by introducing a technique for model checking data-dependent systems.

In its most straightforward case, verifying systems using model checking boils down to find-
ing a proof of satisfaction of a logical formula (representing a property) given a directed graph of
states and action labelled edges (representing a system). Constructing an explicit representation
of a system, however, is not always possible, and in general is quite impossible when dealing
with unbounded data types. For such systems,on the flygeneration of the underlying transition
system of the system is more appropriate, since only the states and edges that matter are com-
puted. Given the undecidability of the model checking problem of data-dependent systems in
general, we cannot hope our proposed solution can deal with all systems. However, our exper-
iments with a prototype implementation of our technique have shown the usefulness of model
checking data-dependent systems for many interesting problems.

The investigations into the automated verification of data-dependent systems have a short
history. A closely related topic is the automated verification of parameterised systems. Such
systems actually represent a class of systems, differing only in the values of global parameters.
Data-dependent systems can also depend on such parameters, however, on top of this, such sys-
tems also depend on internally communicated and used data values. The current state of the art
in the verification of parameterised systems includes e.g. [22, 110, 42].

This chapter is structured as follows. In Section 3.1, we introduce the logic in which we
express properties of a system. This logic is interpreted over a labelled transition system in-
duced by a Linear Process Equation (see Chapter 2). Section 3.2 then describes fixpoint equation
systems [88], tailored to dealing with data and quantifiers. This formalism is used as an inter-
mediate formalism in which the system under verification and a logical property are expressed.
Section 3.3 then provides an algorithm for computing a solution to these (extended) equation
systems. In Section 3.4 we discuss a prototype implementation of this algorithm, and describe
several results obtained by using this prototype implementation. Finally, Section 3.5 places the

31
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obtained results into perspective and discusses some related work.

3.1 First Order Modal µ-Calculus

The logic we consider is based upon the modalµ-calculus [75], extended with data variables,
quantifiers and parameterisation (see [51]). This logic allows us to express data dependent prop-
erties. We refer to this logic as thefirst order modalµ-calculus. The logic is interpreted over
a labelled transition system, induced by an LPE (see Def. 2.5.1). In this chapter, we focus on
processes that do not terminate successfully. For this reason, we here formulate the definition of
an LPE in a slightly different way.

Definition 3.1.1(Linear Process Equation).
A process equation is called aLinear Process Equationif it is of the form of Eqn. (3.1)

P (d:D) =
∑

i∈I
∑

ei:Di
[bi(d, ei)] ::→ai(fi(d, ei)) · P (gi(d, ei)) (3.1)

where,I is a finite set of indices,D andDi are data domains;d andei are data variables and
for i ∈ I, ai are actions with parameters of sortDai

; fi:D × Di → Dai
gi:D × Di → D and

bi:D ×Di → B are functions.

The operational semantics forµCRL can be found in Chapter 2. Since we restrict our discussion
to process expressions in LPE-form, we here provide a definition of the labelled transition system
as it is induced by a process in LPE-form

Definition 3.1.2(Transition System of an LPE).
Thelabelled transition systemof a Linear Process Equation as defined in Def. 3.1.1 is a quadruple
M = 〈S,Σ,→, s0〉, where

• S = {X(d) | d∈D} is the (possibly infinite) set ofstates;

• Σ = {ai(dai
) | i ∈ I ∧ ai ∈ Act∧ dai

∈ Dai
} is the (possibly infinite) set of labels;

• →= {(X(d), ai(d
′
a), X(d′)) | i ∈ I ∧ ai ∈ Act ∧ ∃ei∈Di

ci(d, ei) ∧ d′a = fi(d, ei) ∧
d′ = gi(d, ei)} is the transition relation. Rather than(X(d), a(e), X(d′)) ∈→, we write

X(d)
a(e)−→ X(d′);

• s0 = X(d0)∈S, for a givend0∈D, is theinitial state.

We proceed by defining the syntax and semantics of the first order modalµ-calculus.

Definition 3.1.3(Action Formulae).
An Action Formulais defined by the grammar, defined by Eqn. (3.2).

α ::= a(e) | t | f | ¬α1 | α1 ∧ α2 | α1 ∨ α2 | ∃d:D.α1 | ∀d:D.α1 (3.2)

Here,a is a parameterised action of setAct, d is a data variable of some set of data variables and
e is some data expression of the datatypeD.
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The action formulae are interpreted over a labelled transition systemM = 〈S,Σ,→, s0〉, which
is induced by an LPE (see Def. 3.1.1). The variables are interpreted in the context of anenviron-
ment.

Definition 3.1.4(Environment).
An environment is a mapping that assigns to each variable of a set of variables, a value of some
given type.

Notation 3.1.5. Throughout this chapter, we use the following notational convention. For an
environmentη, we writeη[v/d] for the environmentη′, defined asη′(d′) = η(d′) for all d′ 6≡ d
andη′(d) = v. In effect,η[v/d] stands for the environmentη where the value ofd has changed
to v. The interpretation of a variabled in an environmentη is written asη(d).

Action formulae are interpreted in the context of a data environmentε for data variables. For a
given data variabled, ε(d) yields a value of typeD.

Definition 3.1.6(Interpretation of Action Formulae).
Let ε be a data environment andα be an action formula. The interpretation ofα in the context of
data environmentε is denoted[[α]]ε, and is defined inductively in Eqn. (3.3).

[[t]]ε = Σ
[[f]]ε = ∅
[[a(e)]]ε = {a(ε(e))}
[[¬α]]ε = Σ \ [[α]]ε
[[α1 ∧ α2]]ε = [[α1]]ε ∩ [[α2]]ε
[[α1 ∨ α2]]ε = [[α1]]ε ∪ [[α2]]ε
[[∃d:D.α]]ε =

⋃
v∈D [[α]]ε[v/d]

[[∀d:D.α]]ε =
⋂
v∈D [[α]]ε[v/d]

(3.3)

Hence, we can uset to denote an arbitrary (parameterised) action. This is useful for expressing
e.g. progress conditions. We subsequently define the set ofstate formulae. We present these in
Positive Normal Form. This means that negation only occurs on the level of atomic propositions
and, in addition, all bound variables are distinct.

Definition 3.1.7(State Formulae).
A State Formulais given by the grammar, defined in Eqn. (3.4).

ϕ ::= b | Y (e) | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | [α]ϕ1 | 〈α〉ϕ1 |
∃d:D.ϕ | ∀d:D.ϕ | (µZ(d:D).ϕ)(e) | (νZ(d:D).ϕ)(e)

(3.4)

whereb is an expression of the domainB, d is a data variable,e is some data expression,α is
an action formula andY is a propositional variable. We assume all names in(σX(d:D).ϕ)(e),
whereσ∈{µ, ν} is a fixpoint operator, are unique, i.e. each variable is bound only once by a
fixpoint operator or quantifier.

State formulae are again interpreted over a labelled transition systemM , induced by an LPE, ac-
cording to Def. 3.1.1. We interpret state formulae in the context of a propositional environmentρ
for propositional variables and a data environmentε for data variables. For a given propositional
variableX, ρ(X) yields a mapping of typeD → 2S.
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Definition 3.1.8(Interpretation of State Formulae).
Let ε be a data environment,ρ a propositional environment and letϕ be a state formula. The in-
terpretation ofϕ in the context of data environmentε and propositional environmentρ is denoted
[[ϕ]]ρε, and is defined inductively in Eqn. (3.5):

[[b]]ρε =

{
S if [[b]]ε
∅ otherwise

[[X(e)]]ρε = (ρ(X))(ε(e))
[[ϕ1 ∧ ϕ2]]ρε = [[ϕ1]]ρε ∩ [[ϕ2]]ρε
[[ϕ1 ∨ ϕ2]]ρε = [[ϕ1]]ρε ∪ [[ϕ2]]ρε
[[[α]ϕ]]ρε = {X(v)∈S | ∀v′∈D ∀a∈Act∀va∈Da

(X(v)
a(va)−→ X(v′) ∧ a(va)∈[[α]]ε) → X(v′)∈[[ϕ]]ρε}

[[〈α〉ϕ]]ρε = {X(v)∈S | ∃v′∈D ∃a∈Act∃va∈Da

(X(v)
a(va)−→ X(v′) ∧ a(va)∈[[α]]ε ∧X(v′)∈[[ϕ]]ρε)}

[[∀d:D.ϕ]]ρε =
⋂
v′∈D [[ϕ]]ρ(ε[v′/d])

[[∃d:D.ϕ]]ρε =
⋃
v′∈D [[ϕ]]ρ(ε[v′/d])

[[(µZ(d:D).ϕ)(e)]]ρε = (
⋂
{X:D → 2S | [[ϕ]](ρ[X/Z])ε⊆̇X})(ε(e))

[[(νZ(d:D).ϕ)(e)]]ρε = (
⋃
{X:D → 2S | X⊆̇[[ϕ]](ρ[X/Z])ε})(ε(e))

(3.5)

Note: forX:2D→2S
andd∈D, we writeX(d) for the set of elements{x(d)|x∈X}.

Here, we define the orderinġ⊆ on the setD → 2S asX⊆̇Y iff for all d:D we haveX(d) ⊆ Y (d).
The set(D → 2S, ⊆̇) forms a complete lattice. From Lemma 3.1.9, stated below, the existence
and uniqueness of fixpoints in state formulae immediately follows.

Lemma 3.1.9. The operatorΨ:(D → 2S) → (D → 2S) that is associated to state formula
(σZ(d:D).ψ)(e), and defined asΨ = λX:D → 2S.λv:D.[[ψ]](ρ[X/Z])(ε[v/d]) for data environ-
mentε and propositional environmentρ is monotonic over the complete lattice(D → 2S, ⊆̇).

Proof. Follows from the fact that the state formulae are presented in Positive Normal Form.2

The modalµ-calculus is quite expressive, but also renowned for its incomprehensibility. An
enlightening explanation of the modalµ-calculus can be found in e.g. [29]. We here provide
two examples, one of which uses the first order extensions of the modalµ-calculus, to illustrate
typical formulae and we explain their meaning.

Example 3.1.10. An example of a modalµ-calculus formula is one that identifies processes for
which progress is ensured. The expressionνX.([t]X ∧ 〈t〉t) expresses that we can “infinitely
often” perform at least a single step. Thus, this expression must be interpreted as freedom of
deadlock. Notice that every modalµ-calculus formula is indeed also a first order modalµ-
calculus formula.

Example 3.1.11.Assume a process with at least the statess0, s1 ands2, the labelsa(t) anda(f)
and the state formulaϕ (see Fig. 3.1). We writes |= ϕ to denote thatϕ is satisfied in states, and,
likewise, we writes 6|= ϕ to denote thatϕ is not satisfied in states. We illustrate the difference
in data-quantification in action formulae and data-quantification in state formulae. Then, we can
formulate two properties, showing the distinction between data-quantification in action formulae
and in state formulae:
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1. The state formula(∃b:B. [a(b)]ϕ) holds in states0. Basically, this expression states there
exists a data-parameterb, such that after executing an actiona(b), we end up in a state
satisfyingϕ.

2. The state formula([∃b:B.a(b)]ϕ) does not hold in states0. This expression states that,
whatever the value of the parameter of the actiona is, we end up in a state satisfyingϕ,
which, obviously, is not true.

���������1

PPPPPPPPPq

s
s

s
s0

s1 |= ϕ

s2 6|= ϕ

a(t)

a(f)

Figure 3.1: Example of a simple transition system.

Notice that data-quantification in action formulae can be used for abstracting from the actual
values for parameterised actions.

There are several identities between action formulae and state formulae (see Lemma 3.1.12 be-
low). Using these identities, we can rephrase the second state formula of the last example to the
equivalent state formula∀b:B.[a(b)]ϕ, which makes the difference between both state formulae
in that particular example more obvious.

Lemma 3.1.12. Let ϕ be a state formula, such thatd 6∈ FV (ϕ), and letα be an action formula.
Then, we have the following identities:

• 〈∃d:D.α〉ϕ⇔ ∃d:D.〈α〉ϕ,

• [∃d:D.α]ϕ⇔ ∀d:D.[α]ϕ,

• ∃d:D.[α]ϕ⇒ [∀d:D.α]ϕ,

• 〈∀d:D.α〉ϕ⇒ ∀d:D.〈α〉ϕ

Note: here we use implication as an abbreviation for⊆ and bi-implication as an abbreviation for
= on the interpretations of the state formulae.

Proof. Follows immediately from the definition of the interpretations of action formulae and
state formulae. 2

Notice that the converse of the latter two identities is in general not true. For this, we consider
the following example.

Example 3.1.13. Assume again a process with at least the statess0, s1 ands2, the labelsa(t)
anda(f) and the state formulaϕ. Consider the part of this process visualised by Fig. 3.2. We
show that the converse of the latter two identities in Lemma 3.1.12 does not hold.
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1. The state formula∀b:B.〈a(b)〉ϕ obviously holds in states0: since the universal quantifier
ranges over a finite domain, we can write this formula as〈a(t)〉ϕ ∧ 〈a(f)〉ϕ. However, the
state formula〈∀b:B.a(b)〉ϕ does not hold in states0: we can write this formula as〈f〉ϕ,
which actually holds in no state.

2. Similarly, we can prove that state formula[∀b:B.a(b)]¬ϕ holds in states0. However, state
formula∃b:B.[a(b)]¬ϕ does not hold in states0, since both transitiona(t) anda(f) lead to
a state whereϕ holds, contradicting the requirement thatϕ should not hold.

���������1

PPPPPPPPPq

s
s

s
s0

s1 |= ϕ

s2 |= ϕ

a(t)

a(f)

Figure 3.2: Example of another transition system.

This last example shows that the quantifiers inside action formulae in general cannot be removed
in favour of the quantifiers in state formulae. Thus, if we compare the fragment of the first order
modalµ-calculus that disallows the use of quantifiers inside action formulae with the whole first
order modalµ-calculus, we observe that the quantifiers inside action formulae indeed add to the
expressivity of the whole first order modalµ-calculus.

3.2 Equation Systems

We aim at verifying first order modalµ-calculus expressions on processes, specified as Linear
Process Equations. For this, we follow the approach, outlined in e.g. [88]. In essence, we use
an extension of the formalism ofboolean equation systemsas an intermediate formalism that
allows us to combine a Linear Process Equation with a first order modalµ-calculus expression.
Verification of the process then occurs on the level of these equation systems.

Definition 3.2.1(First Order Boolean Expression).
A first order boolean expressionis a formulaϕ in positive form, defined by the grammar given
in Eqn. (3.6).

ϕ ::= b | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | X(e) | ∀d:D.ϕ | ∃d:D.ϕ (3.6)

whereb is an expression of datatypeB, X is a propositional variable of a setX of propositional
variables,d is a data variable ande is a term of data-typeD.

We define the orderinġ⇒ on the setD → B asϕ⇒̇ψ iff for all d:D, we haveϕ(d) ⇒ ψ(d).
The set of first order boolean expressions(D → B, ⇒̇) forms a complete lattice and is in fact
isomorphic to the powerset of the setD, where set inclusion is used as the ordering.

The propositional variablesX∈X , occurring as free variables in first order boolean expres-
sions are bound infirst order boolean equation systems, used in the sequel. The interpretation
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of the variablesX is given by an environmentθ for propositional variables, assigning functions
of typeD → B to the variables in the setX . We use the notational conventions (defined on
page 33) for environments.

We define the ordering≤ on the setX → D → B asθ1 ≤ θ2 iff for all X∈X , we have
θ1(X)⇒̇θ2(X). The set(X → D → B,≤) is (for fixed setsX andD), a complete lattice.

Definition 3.2.2(Interpretation of First Order Boolean Expression).
Let θ be a propositional environment andη be a data environment. Theinterpretationof a first
order boolean expressionϕ in the context of environmentsθ andη, written as[[ϕ]]θη is either true
or false, determined by the induction, given in Eqn. (3.7).

[[b]]θη = [[b]]η
[[ϕ1 ∧ ϕ2]]θη = [[ϕ1]]θη ∧ [[ϕ2]]θη
[[ϕ1 ∨ ϕ2]]θη = [[ϕ1]]θη ∨ [[ϕ2]]θη
[[X(e)]]θη = θ(X)([[e]]η)

[[∀d:D.ϕ]]θη =

{
true, if for all v:D it holds that[[ϕ]]θ(η[v/d])
false, otherwise

[[∃d:D.ϕ]]θη =

{
true, if there exists anv:D such that[[ϕ]]θ(η[v/d])
false, otherwise

(3.7)

Definition 3.2.3(First Order Boolean Equation System).
A first order boolean equation systemE is a finite sequence of equations of the formσX(d:D) =
ϕ. Here,σ represents either the greatest or least fixed pointsν or µ, andϕ:D → B is a first order
boolean expression. We use the convention of denoting the empty sequence of equations byε,
and we require that all bound variables in a first order boolean equation system are distinct.

In the sequel, we refer to first order boolean equation systems asequation systems. The equation
systemE ′ that is obtained by applying an environmentθ to an equation systemE is the equation
system in which every free variableX∈X is assigned the valueθ(X).

Definition 3.2.4(Solution to an Equation System).
Given a propositional environmentθ, and an equation systemE . The solutionEθ to the equa-
tion systemE is an environment that is defined inductively by Eqn. (3.8) (see also e.g. [88],
Definition 3.3), whereσ is either the greatest fixpoint or the least fixpointν or µ.

[ε]θ = θ
[(σX(d:D) = ϕ)E ]θ = [E ](θ[σX.ϕ([E ]θ)/X])

(3.8)

where

µX.ϕ([E ]θ) =
∧
{ψ:D → B | ϕ([E ]θ[ψ/X])⇒̇ψ}

νX.ϕ([E ]θ) =
∨
{ψ:D → B | ψ⇒̇ϕ([E ]θ[ψ/X])}

The operators
∧

and
∨

resp. denote thegreatest lower boundand theleast upper boundof the
complete lattice(D → B, ⇒̇).

Lemma 3.2.5(Monotonicity of First Order Boolean Expressions).
LetX(d:D) = ϕ be an equation, letθ be a propositional environment andη a data environment.
For an equationX(d:D) = ϕ, we define an operatorΦ:(D → B) → (D → B) as Φ =
λF :D → B.λv:D.[[ϕ]](θ[F/X])(η[v/d]). The operatorΦ is monotonic over the complete lattice
(D → B, ⇒̇).
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Proof. Assume we are given an equationX(d:D) = ϕ, a propositional environmentθ and a data
environmentη, and assume we have first order boolean expressionsψ1, ψ2:D → B, for which
we requireψ1⇒̇ψ2. We proceed by induction on the structure ofϕ.

• Supposeϕ ≡ b. Then,Φ(ψ1) equalsλv:D.[[b]](θ[ψ1/X])(η[v/d]). As there is no occur-
rence ofX in b, this is equivalent toλv:D.[[b]](η[v/d]). Using the same steps in reverse
order, we find this is equivalent toλv:D.[[b]](θ[ψ2/X])(η[v/d]) and thereforeΦ(ψ2).

• Supposeϕ ≡ Y (e). Then,Φ(ψ1) is equivalent toλv:D.ψ1([[e]])(η[v/d])
(∗), given that

Y ≡ X (if not, then we are done immediately). Sinceψ1⇒̇ψ2, we therefore also have that
(∗) is at mostλv:D.ψ2([[e]])(η[v/d]), which is equivalent toΦ(ψ2).

• Supposeϕ ≡ ϕ1 ∧ ϕ2. Assume for first order boolean expressionsϕ1 andϕ2, we already
haveΦ1(ψ1)⇒̇Φ1(ψ1) andΦ2(ψ1)⇒̇Φ2(ψ2). Then,Φ(ψ1) is equal to the conjunction of
the functionalsλv:D.[[ϕ1]](θ[ψ1/X])(η[v/d]) and λv:D.[[ϕ2]](θ[ψ1/X])(η[v/d]). By in-
duction, we know this is at most the conjunction ofλv:D.[[ϕ1]](θ[ψ2/X])(η[v/d]) and
λv:D.[[ϕ2]](θ[ψ2/X])(η[v/d]), from which we can deduceΦ(ψ2). Similarly, we prove
Φ(ψ1)⇒̇Φ(ψ2) in the case ofϕ ≡ ϕ1 ∨ ϕ2.

• Supposeϕ ≡ ∀e:D.ϕe. Assume for first order boolean expressionsϕe, we already have
Φe(ψ1)⇒̇Φe(ψ2) for all e:D. Then,Φ(ψ1) is equal toλv:D.[[ϕe]](θ[ψ1/X])(η[v/d][x/e])
for all x:D. By induction, this is at mostλv:D.[[ϕe]](θ[ψ2/X])(η[v/d][x/e]) for all x:D,
which is equal toΦ(ψ2). Similarly, we proveΦ(ψ1)⇒̇Φ(ψ2) in the case ofϕ ≡ ∃e:D.ϕe.

2

Lemma 3.2.6. Let θ, θ′ be propositional environments and letE be an equation system. Then, if
θ ≤ θ′ we also have[E ]θ ≤ [E ]θ′.

Proof. We use induction on the length of the equation system. Letθ ≤ θ′ be propositional
environments.

• supposeE = ε. Then,[ε]θ = [ε]θ′.

• SupposeE is of the form(σX(d:D) = ϕ)E ′. Assume we have[E ′]θ ≤ [E ′]θ′.
Now, [(σX(d:D) = ϕ)E ′]θ ≤ [(σX(d:D) = ϕ)E ′]θ′ follows from

[E ′](θ[σX(d:D).ϕ([E ′]θ)/X]) ≤ [E ′](θ′[σX(d:D).ϕ([E ′]θ′)/X]) (see Def. 3.2.4).

By induction, this holds, asθ[σX(d:D).ϕ([E ′]θ)/X] ≤ θ′[σX(d:D).ϕ([E ′]θ′)/X], follows
from θ ≤ θ′ and Lemma 3.2.5.

2

We next discuss how to use the formalism of equation systems as an intermediate formalism
for solving the model-checking problem for processes with data. We define a translation that
takes a Linear Process Equation and a first order modalµ-calculus formula and yields an equa-
tion system. Then, verifying a first order modalµ-calculus formula on an LPE is equivalent to
calculating the solution to the equation system that takes the LPE and the expression as its input.
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Definition 3.2.7. Let ϕ be a first orderµ-calculus expression, such thatϕ is of the form
(σX(d:D).Φ)(e), and letY (dp:Dp) =

∑
i:I

∑
ei:Di

[ci(d, ei)] ::→ai(fi(d, ei)) · Y (gi(d, ei)) be
a Linear Process Equation, wheredp:Dp is the parameter of the processY andai for i:I is an
action.
The equation systemE that corresponds to the expressionϕ for the LPEY , is given byE[](ϕ),
where [] denotes the empty list of parameters. The translation functionE~dl: ~Dl

is defined by
structural induction in Table 3.1, and action satisfaction, denoted byα |= α′ is defined using
structural induction in Table 3.2 and assumes the processY as given.

E~dl: ~Dl
(b)

def
= ε

E~dl: ~Dl
(X(df :Df ))

def
= ε

E~dl: ~Dl
(Φ1 ∧ Φ2)

def
= E~dl: ~Dl

(Φ1)E~dl: ~Dl
(Φ2)

E~dl: ~Dl
(Φ1 ∨ Φ2)

def
= E~dl: ~Dl

(Φ1)E~dl: ~Dl
(Φ2)

E~dl: ~Dl
([α]Φ)

def
= E~dl: ~Dl

(Φ)

E~dl: ~Dl
(〈α〉Φ)

def
= E~dl: ~Dl

(Φ)

E~dl: ~Dl
(∀d:D.Φ)

def
= E~dl: ~Dl;d:D

(Φ)

E~dl: ~Dl
(∃d:D.Φ)

def
= E~dl: ~Dl;d:D

(Φ)

E~dl: ~Dl
((σX(df :Df ).Φ)(d))

def
= (σX̃(df :Df , dp:Dp, ~dl: ~Dl) = Ẽ~dl: ~Dl

(Φ) ) E~dl: ~Dl
(Φ)

Ẽ~dl: ~Dl
(b)

def
= b

Ẽ~dl: ~Dl
(X(d))

def
= X̃(d, dp, ~dl)

Ẽ~dl: ~Dl
(Φ1 ∧ Φ2)

def
= Ẽ~dl: ~Dl

(Φ1) ∧ Ẽ~dl: ~Dl
(Φ2)

Ẽ~dl: ~Dl
(Φ1 ∨ Φ2)

def
= Ẽ~dl: ~Dl

(Φ1) ∨ Ẽ~dl: ~Dl
(Φ2)

Ẽ~dl: ~Dl
([α]Φ)

def
=

∧
i:I ∀ei:Di

(ai(fi(d, ei)) |= α ∧ ci(d, ei)) →
Ẽ~dl: ~Dl

(Φ)[gi(d, ei)/dp]

Ẽ~dl: ~Dl
(〈α〉Φ)

def
=

∨
i:I ∃ei:Di

(ai(fi(d, ei)) |= α ∧ ci(d, ei)∧
Ẽ~dl: ~Dl

(Φ)[gi(d, ei)/dp])

Ẽ~dl: ~Dl
(∀d:D.Φ)

def
= ∀d:D.Ẽ~dl: ~Dl;d:D

(Φ)

Ẽ~dl: ~Dl
(∃d:D.Φ)

def
= ∃d:D.Ẽ~dl: ~Dl;d:D

(Φ)

Ẽ~dl: ~Dl
((σX(df :Df ).Φ)(d))

def
= X̃(d, dp, ~dl)

Table 3.1: Translation of first order modalµ-calculus formula and LPE to an equation system.
The propositional variablẽX is a fresh variable, associated to a propositional variableX occur-
ring in a first order modalµ-calculus formula.

The translation functionE breaks down theµ-calculus expression given as an argument into
several equations. The left-hand side of each equation is defined by the functionE, whereas its
right-hand side is given by the functioñE. Below, we illustrate the translation by means of a
small example.
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a(d) |= a′(d′)
def
= a = a′ ∧ d = d′

a(d) |= t
def
= true

a(d) |= ¬α def
= ¬(a(d) |= α)

a(d) |= α1 ∧ α2
def
= (a(d) |= α1) ∧ (a(d) |= α2)

a(d) |= α1 ∨ α2
def
= (a(d) |= α1) ∨ (a(d) |= α2)

a(d) |= ∃d′:D.α def
= ∃d′:D.(a(d) |= α)

a(d) |= ∀d′:D.α def
= ∀d′:D.(a(d) |= α)

Table 3.2: Action Satisfaction

Example 3.2.8. Consider a coffee-vending machine that produces either cappuccino or espresso
on the insertion of a special coin. The coffee-vending machine is clever enough to notice when
it can no longer dispense a type of coffee; it accepts coins as long as there is at least one type of
coffee that can still be dispensed. If the machine has run out of a type of coffee, it signals this
type must be replaced (which is assumed to be done immediately after the signal).

proc M(b:B, c, e:N) = [b ∧ c > 0] ::→ cappuccino·M(¬b, c− 1, e)
+ [b ∧ e > 0] ::→ espresso·M(¬b, c, e− 1)
+ [¬b ∧ c+ e > 0] ::→ coin ·M(¬b, c, e)
+ [¬b ∧ c = 0] ::→ refillcappuccino·M(b, C, e)
+ [¬b ∧ e = 0] ::→ refillespresso·M(b, c, E)

(3.9)

Here, the booleanb indicates whether a coin has been inserted or not; the variablec, resp.e
registers the number of servings of cappuccino, reps. espresso are left in the coffee-vending ma-
chine. Now, consider the first order modalµ-calculus expression that expresses that if cappuc-
cino is the only beverage that is ordered, then eventually, cappuccino is refilled, i.e.µZ.[coin∨
cappuccino]Z ∨ 〈refillcappuccino〉t, Following the translation of Def. 3.2.7, we obtain the equation
system (consisting of a single equation only) given in Eqn. (3.10).

µZ̃(b:B, c, e:N) = ((¬b ∧ c+ e > 0) → Z̃(¬b, c, e))∨
((b ∧ c > 0) → Z̃(¬b, c− 1, e))∨
(¬b ∧ c = 0)

(3.10)

Notice that, even though the first order modalµ-calculus expression did not use parameterised
variables, the resulting equation system consists of an equation carrying the parameters of the
Linear Process Equation.

We continue by establishing two results that allow us to define an algorithm for computing a
solution to an equation system. The first lemma states that for an arbitrary equation system, we
may replace an occurrence of an equation variable with its first order boolean expression in all
equations prior to its defining equation. Note that, since all bound variables are distinct, there is
in fact at most one defining equation for each variable.
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Lemma 3.2.9. Let E1, E2 andE3 be equation systems and letσ1X1(d:D) = ϕ andσ2X2(e:D) =
ψ be equations. Then, the identity of Eqn. (3.11) holds.

[[E1(σ1X1(d:D) = ϕ)E2(σ2X2(e:D) = ψ)E3]]θ
=

[[E1(σ1X1(d:D) = ϕ[ψ/X2])E2(σ2X2(e:D) = ψ)E3]]θ
(3.11)

Proof. The proof is analogous to the proof of Lemma 6.3 in [88]. 2

If we have the solution to a single equation in an equation system, then we can remove this
equation from the equation system and update the environment to store the solution to this single
equation. This means that if we can successively solve all single equations, the solution of the
entire equation system follows.

Lemma 3.2.10. Let E , E ′ be equation systems and letσX(d:D) = ψ be an equation, where
X 6∈ FV (ψ). Let θ be an arbitrary propositional environment. Then[E(σX(d:D) = ψ)E ′]θ =
[EE ′]θ[ψ/X].

Proof. The proof proceeds by induction on the size of the equation systemE .

• [(σX(d:D) = ψ)E ′]θ is by definition equivalent to[E ′](θ[σX(d:D).ψ/X]), which in turn
is equivalent to[E ′](θ[ψ/X]), as sinceX 6∈ FV (ψ), σX(d:D).ψ is ψ.

• SupposeE is of the form(σ′Y (d:D) = ϕ)E0, and assume[E0(σX(d:D) = ψ)E ′]θ =
[E0E ′]θ[ψ/X] for all environmentsθ. Then,[E(σX(d:D) = ψ)E ′]θ is by definition equiv-
alent to[E0(σX(d:D) = ψ)E ′](θ[σ′Y (d:D).ϕ/Y ]), which is by induction equivalent to
[E0E ′](θ[σ′Y (d:D).ϕ/Y ])[ψ/X]). Again, by definition, this is equivalent to[EE ′]θ[ψ/X].

2

Due to Lemma 3.2.5 and the fact that the lattice(D → B, ⇒̇) is also a complete lattice, we know,
by Tarski’s theorem [116], that the least and greatest fixed points exist. These fixed points can be
found by means ofapproximation.

Definition 3.2.11(Approximant Terms).
Let (D → B, ⇒̇) be our complete lattice of first order boolean expressions, and letΦ:(D →
B) → (D → B) be the operator that is associated to a first order boolean expression. Then
σαX.Φ is an approximant term, whereα is an ordinal. We define the approximant terms by
means of transfinite induction in Eqn. (3.12).

µ0X.Φ(X) = f
ν0X.Φ(X) = t
σα+1X.Φ(X) = Φ(σαX.Φ(X))
µλX.Φ(X) =

∨
α<λ µ

αX.Φ(X)
νλX.Φ(X) =

∧
α<λ ν

αX.Φ(X)

(3.12)
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3.3 Algorithm

Mader [88] describes an algorithm for solving boolean equation systems. The method she uses
resembles the well-known Gauß elimination algorithm for solving linear equation systems, and
is therefore also referred to as Gauß elimination. The algorithm we use (see Table 3.3) is an ex-
tension of the Gauß elimination algorithm of [88]. The essential difference is the addition of an
extra loop for calculating a stable point in the approximation for each first order boolean equation.

The reduction of a first order boolean equation system proceeds in two separate steps. First,
a stabilisation step is issued, in which a first order boolean equationσiXi(d:D) = ϕi is reduced
to a stable equationσiXi(d:D) = ϕ′i, whereϕ′i is an expression containing no occurrences ofXi.
Second, we substitute each occurrence ofXi by ϕ′i in the rest of the equations of the first order
boolean equation system. Since there are no more occurrences ofXi in the right-hand side of
the equations, it suffices to reduce a smaller first order boolean equation system. The algorithm
terminates iff the approximation step terminates for each first order boolean equation.

Input: (σ1X1(d1:D1) = ϕ1) . . . (σnXn(dn:Dn) = ϕn).

1. i := n;
2. while not i = 0
3. do
4. j := 0;ψ0 := σbi;
5. repeat
6. ψj+1 := ϕi[Xi := ψj];
7. j := j + 1
8. until (ψj ≡ ψj−1)
9. ϕi := ψj;
10. for k = 1 to i− 1 do ϕk := ϕk[Xi := ϕi] od ;
11. i := i− 1
12. od

Remark:σbi is t if σi = ν, elsef

Table 3.3: Algorithm for computing the solution of an equation system

Theorem 3.3.1(Soundness).
On termination of the algorithm in Table 3.3, the solution of the given equation system has been
computed.

Proof. The technique to solve a single equation is based on well-known approximation tech-
niques [29, 88, 80], see Def. 3.2.11. Termination of this approximation means we have computed
a stable solution to a single equation, which is also a least or greatest fixpoint resp. due to mono-
tonicity of the first order boolean equations, see Lemma 3.2.5. Note that termination implies
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termination in a finite number of steps. The obtained solution can then be substituted in the lexi-
cographically smaller equations of the equation system, as a result of Lemmas 3.2.9 and 3.2.10.
Termination of the algorithm, therefore means we have correctly computed the solution to all
equations in the equation system. 2

Note that as it is undecidable whether a first order boolean equation system has a solution, the
possible non-termination of our algorithm is unavoidable. Below, we provide three small exam-
ples, showing the application of the algorithm and its possible non-termination on systems that
use data.

Example 3.3.2. Consider a counter that counts up to nine, starting from zero, and at nine cycles
back to zero. Each time the counter increases, aninc event is issued. Upon reaching nine, the
counter issues aresetevent, signalling the counter has been reset to zero. A process algebraic
description (in LPE form) of such a process is provided in Eqn. (3.13).

proc C(n:N) = [n ≥ 9] ::→ reset· C(0)
+ [n < 9] ::→ inc · C(n+ 1)

(3.13)

Our goal is to verify whether it is possible to always execute aresetaction. To this end, we specify
the formulaµY.[t]Y ∨ 〈reset〉t. This basically expresses that on all infinite paths, eventually a
resetaction is executed. The first order boolean equation system for this expression is (after
reduction)µZ(n:N) = (n ≥ 9 ∨ Z(n+ 1)).

Following the algorithm, we first computeψ0 andψ1, being resp.f andn ≥ 9. Then, we
iterate until we end up with a formulaψ10 = 0 ≤ n, which is equivalent toψ11. Since this is a
stable solution of the equation, we can assess the truth of the equation system by substitutingψ10

for Z in our equation, thereby obtainingµZ(n:N) = t.

Example 3.3.3. As an example of a system with an infinite state-space, we consider a process
that counts from zero to infinity, and reports its current state via an actioncurrent. A process
algebraic description in LPE form is provided in Eqn. (3.14).

proc C(n:N) = current(n) · C(n+ 1) (3.14)

Given the simplicity of this process, it is unfortunate to find that with most current technologies,
we cannot even automatically prove absence of deadlock for processC. Using our algorithm,
this boils down to verifyingνX.〈t〉t∧[t]X on the processC. Following the translation, we derive
the associated equation systemνZ(n:N) = Z(n+1)∧t. Substitutingt for Z(n+1) immediately
leads to the stable solutiont.

Example 3.3.4. Consider a processC representing a counter that counts down from a randomly
chosen natural number to zero and then randomly selects a new natural number, see Eqn. (3.15).

proc C(n:N) =
∑

m:N [n = 0] ::→ reset· C(m)
+ [n > 0] ::→ dec· C(n− 1)

(3.15)

Our goal is again to verify whether it is possible to always execute aresetaction. This is again
expressed as follows:µY.[t]Y ∨ 〈reset〉t. The equation system for this expression isµZ(n:N) =
n = 0 ∨ Z(n− 1).

The algorithm prescribes computing a stable solution for this equation. However, this com-
putation does not terminate, as we end up with approximationsψk, whereψk = n ≤ k. This
means, we cannot find aψj, such thatψj = ψj+1, and therefore, the algorithm does not terminate.
However, it is straightforward to see that the minimal solution for this equation isµZ(n:N) = t.
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3.4 Verification of Data-Dependent Systems in Practice

Based on our algorithm, described in the previous section, we have implemented a prototype of
a tool. In this section, we briefly sketch this implementation, without going into too much detail.
To test the applicability of the prototype, we have applied it on a large number of protocols. For
brevity, we here report on the findings of only two smaller protocols with infinite state-spaces.

3.4.1 Implementation

The prototype implementation of our algorithm employsEquational Binary Decision Diagrams
(EQ-BDDs) [56] for representing first order boolean expressions. These EQ-BDDs extend on
standard BDDs [30] by explicitly allowing equality on nodes. We first define the grammar for
EQ-BDDs.

Definition 3.4.1(Grammar for EQ-BDDs).
We assume a setP of propositions and a setV of variables. The formulae we consider are given
according to the grammar, given in Eqn. (3.16)

Φ ::= 0 | 1 | ITE(V = V,Φ,Φ) | ITE(P,Φ,Φ) (3.16)

The constants0 and1 representfalseandtrue. An expression of the form ITE(ϕ, ψ, ξ) must be
read as anif-then-elseconstruct, i.e.(ϕ∧ψ)∨ (¬ϕ∧ ξ), or, alternatively,(ϕ⇒ ψ)∧ (¬ϕ⇒ ξ).
For data variablesd ande, andϕ of the formd = e, the extension to EQ-BDDs is used, i.e.
we explicitly use ITE(d = e, ψ, ξ) in such cases. Using the standard BDD and EQ-BDD en-
codings [30, 56], we can then represent all quantifier-free first order boolean expressions. The
representation of expressions that contain quantifiers over finite domains is done in a straightfor-
ward manner, i.e. we construct explicit encodings for each distinct element in the domain. Ex-
pressions containing quantifiers over infinite domains are in general problematic when it comes
to representation and calculations. The following theorem, however, identifies a number of cases
in which we can deal with these.

Theorem 3.4.2Quantification over data-types can be eliminated in the following cases: Suppose
d does not occur inψ. By abuse of notation, we writed = e, where we mean that the variabled
takes on the value for variablee. We find:

• ∃d:D.ITE(d = e, ϕ, ψ) = ϕ[e/d]∨ψ providedD contains at least two (distinct) elements.

• ∀d:D.ITE(d = e, ϕ, ψ) = ϕ[e/d]∧ψ providedD contains at least two (distinct) elements.

• ∃d:D.ITE(d = e1, ϕ1, ITE(d = e2, ϕ2, . . . , ITE(d = en, ϕn, ψ) . . .)) =
∨

1≤i≤n((
∧

1≤j<i
ej 6= ei) ∧ ϕi[ei/d]) ∨ ψ providedD contains at least one element not in{ei|1 ≤ i ≤ n}.

• ∀d:D.ITE(d = e1, ϕ1, ITE(d = e2, ϕ2, . . . , ITE(d = en, ϕn, ψ) . . .)) =
∧

1≤i≤n((
∨

1≤j<i
ej = ei) ∨ ϕi[ei/d]) ∧ ψ providedD contains at least one element not in{ei|1 ≤ i ≤ n}.

Proof. The identities follow directly from the observations that

• ∃d:D.ITE(d = e, ϕ, ψ) = ϕ[e/d] ∨ ∃d:D(d 6= e ∧ ψ).
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• ∀d:D.ITE(d = e, ϕ, ψ) = ϕ[e/d] ∧ ∀d:D(d = e ∨ ψ).

2

Note that the last two items of the theorem above actually say that ifd only occurs in equa-
tions within a formulaϕ and the domain ofD is sufficiently large, quantification overd can be
removed, because each such formula can be brought into the form given above.

Even though Theorem 3.4.2 applies to a restricted class of first order boolean expressions, we
find that in practice, it adds considerably to the verification power of the prototype implementa-
tion.

3.4.2 Example Verifications

We have used the prototype on several applications, including many communications protocols,
such as the IEEE-1394 firewire, the sliding window protocol, the bounded retransmission pro-
tocol, etc. As an example of the capabilities, we here report on the use of our prototype on
two small systems, viz. Lamport’s Bakery Protocol [107], and the Alternating Bit Protocol [18].
Both systems have infinite state-spaces due to the use of infinite data domains, and the properties
we are interested in are both liveness and safety properties. We first briefly introduce the two
systems, and the properties we study.

Bakery Protocol The first example we consider is Lamport’s Bakery protocol. AµCRL speci-
fication of this protocol is given in Table 3.4. The data-types are given as abstract data-types, but
are omitted in this presentation. The bakery protocol we consider is restricted to two processes.

commget, send= c

init ∂{get, send}(P(t)‖P(f))

proc P(b:B) = request(b) · P0(b, 0) + send(b, 0) · P(b)

proc P0(b:B, n:N) =
∑

m:N get(¬b,m) · P1(b,m+ 1) + send(b, n) · P0(b, n)

proc P1(b:B, n:N) =∑
m:N get(¬b,m) · (C1(b, n) / n < m ∨m = 0 . P1(b, n)) + send(b, n) · P1(b, n)

proc C1(b:B, n:N) = enter(b) · C2(b, n) + send(b, n) · C1(b, n)

proc C2(b:B, n:N) = leave(b) · P(b) + send(b, n) · C2(b, n)

Table 3.4: Lamport’s Bakery Protocol

An informal explanation of the protocol is as follows. A process, waiting to enter its critical
section can choose a number, larger than any other number already chosen. Then, the process
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with the lower number is allowed to enter the critical section before the process with the larger
number.

Given the unbounded growth of the numbers that can be chosen, the protocol clearly has an
infinite state-space. Hence, verification of the bakery protocol is usually performed on an altered
version, abstracting in some way from these numbers. Our techniques, however, are immediately
applicable. Below, we list a number of key properties we verify for the bakery protocol.

1. No deadlock can occur, i.e. in every reachable state of the protocol, an action is enabled,

2. All processes requesting a number can eventually enter the critical section,

3. All processes requesting a number inevitably enter the critical section.

The results for the verification of these properties are listed in Table 3.5. The second and third
property deserve some extra attention, as their difference is quite subtle; it is best compared to
the difference between “may” and “must”. The second property states that if a process requests a
number, there is a path leading towards a state in which a process may gain access to the critical
section. The third property states that if a process requests a number, all paths inevitably lead
to states in which the process must gain access to the critical section. Note that requesting a
number (using actionrequest) is not a sufficient condition for entering the critical section, as
this is only guaranteed when the process has also received its number (using actionget). This
explains why the third property does not hold: it can be the case that the request of the number
is not followed by the receiving of a number, in which case the other process can infinitely often
access the critical section.

Nr. Formal Property Satisfied Time

1. νX.([t]X ∧ 〈t〉t) yes 2sec
2. νX.([t]X ∧ ∀b:B.[request(b)]µY.〈t〉Y ∨ 〈enter(b)〉t) yes 60sec
3. νX.([t]X ∧ ∀b:B.[request(b)]µY.(([t]Y ∧ 〈t〉t) ∨

〈enter(b)〉t))
no 5sec

Table 3.5: Verification results of the Bakery protocol. All computations were performed on a
1 GHz Intel Pentium III processor with512Mb main memory running Linux version 2.4. The
field “Time” states the amount of computation time needed to perform the verification.

Alternating Bit Protocol The Alternating Bit Protocol(ABP, see e.g. [18]) is a basic com-
munications protocol utilising two channels. A sender sends a message, tagged with a bit, via
an unreliable channel. It repeatedly resends this message (including the bit), until it receives an
acknowledgement (with the right bit) from the receiver, via the other channel. It then starts the
entire procedure again with a new message, and inverts the bit it sends along with the message.

The ABP is a famous communications protocol, and is often used to illustrate that a formal-
ism or technique is capable of dealing with real systems of small to medium size. When applying
well-established, fully-automatic techniques, the data that is transmitted in this (and other) com-
munications protocols, has to be fixed. Here, we show that, with the use of our prototype, no
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alterations to the ABP are necessary, and the messages we transmit are indeed arbitrarily chosen
from an infinite set of messages. Communications protocols usually have an external behaviour,

comm r2, s2 = c2
r3, s3 = c3
r5, s5 = c5
r6, s6 = c6

init ∂{r2,r3,r5,r6,s2,s3,s5,s6}(S‖K‖L‖R)

proc S = S(0) · S(1) · S

proc S(n:bit) =
∑

d:D r1(d) · S(d, n)

proc S(d:D,n:bit) = s2(d, n) · ((r6(invert(n)) + r6(e)) · S(d, n) + r6(n))

proc R = R(1) ·R(0) ·R

proc R(n:bit) =
(r3(e) +

∑
d:D r3(d, n)) · s5(n) ·R(n) +

∑
d:D r3(d, invert(n)) · s4(d) · s5(invert(n))

proc K =
∑

d:D

∑
n:bit r2(d, n) · (i · s3(d, n) + i · s3(e)) ·K

proc L =
∑

n:bit r5(n) · (i · s6(n) + i · s6(e)) · L

Table 3.6: Alternating Bit Protocol

similar to the behaviour of a buffer, i.e. messages sent at one end are eventually received at the
other end. The ABP is no exception to this rule. The properties we verified for ABP are listed
below.

1. No deadlock can occur,

2. A message that is sent always eventually is received,

3. The protocol does not create messages,

4. The protocol does not duplicate messages.

The two latter properties state that the protocol does not allow for any miracles to happen. The
results of the verification of these properties are listed in Table 3.7.

3.5 Closing Remarks

Related Work In this thesis, we focused on the automatic verification of large and infinite
state, data-dependent systems. In the fully automatic verification of systems, we can distinguish
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Nr. Formal Property Satisfied Time

1. νX.([t]X ∧ 〈t〉t) yes 2sec
2. νX.([t]X ∧ ∀d:D.[r1(d)]µY.〈t〉Y ∨ 〈s4(d)〉t) yes 15sec
3. νX.(∀d:D.([¬r1(d)]X ∧ [s4(d)]f)) yes 60sec
4. νX.([t]X ∧ ∀d:D.[r1(d)]νY.([¬r1(d) ∨ s4(d)]Y ∧

[r1(d)]f))
yes 5sec

Table 3.7: Verification results of the Alternating Bit Protocol. All computations were performed
on a1 GHz Intel Pentium III processor with512Mb main memory running Linux version 2.4.
The field “Time” states the amount of time needed to perform the verification.

between three different approaches.
The first approach is to develop dedicated techniques to deal with specialised classes of sys-

tems. Such classes contain communication protocols (e.g. regular expressions [1], queue rep-
resentations [23]) process networks (e.g. Presburger arithmetic [32]) and parameterised systems
(e.g. counter abstraction [103]). This clearly contrasts to our work, as we do not restrict the class
of systems we consider upfront.

The second approach is to deal with a restricted class of properties that can be verified. A
promising techniques in this direction is theCounter arithmetic with Lambda expressions and
Uninterpreted functions(CLU) by Bryantet al [31]. CLU is very general in that it can be used
to model both data and control, and in [31], it is shown to be decidable. The tool, based on CLU
– UCLID – is restricted to dealing with safety properties only. Our approach is more general,
as it allows safety, liveness and fairness properties to be verified automatically. Moreover, CLU
is restricted to the quantifier-free fragment of first order logic, whereas the logic we use in our
approach employs the full first order logic.

The third approach does in general not lay any restrictions on the class of systems, or on
the class of properties that can be examined. This is in line with the approach we follow. Ma-
teescu [93, 92] defines the language XTL, which is the name for a specification language and
a model-checker. XTL is a quite involved functional programming language that allows for the
specification of temporal logic properties over states and transitions and involves data values.
Other temporal logics, such as CTL, ACTL and theµ-calculus have been implemented in XTL.
Since the tool works on an explicit representation of the state-space, there is a restriction that the
data types cannot be infinite. As such, the approach we followed in this chapter is more liberal
than this approach.

The tool EVALUATOR 3.0, developed by Mateescu and Sighireanu [94, 91] is an on-the-fly
model checker for the regular alternation-freeµ-calculus [92]. The machinery of EVALUATOR

3.0 is based onboolean equation systems, and is comparable to our approach. Although the
regular alternation-freeµ-calculus allows temporal logic properties involving data, the current
version of the tool does not support the data-based version of this language. It is well imaginable
that this tool can be extended with our techniques.

The technique by Bultanet al. [32] seems to be able to produce results that are comparable
to ours. Their techniques, however, are entirely different from ours. In fact, their approach is
similar to the approach used by Aluret al. [6] for hybrid systems. It uses affine constraints on
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integer variables, logical connectives and quantifiers to symbolically encode transition relations
and sets of states. The logic, used to specify the properties is a CTL-style logic. In order to guar-
antee termination, they introduce conservative approximation techniques that may yield “false
negatives”, which always converges.

Discussion We developed a technique for model checking systems that depend on (possibly
infinite) data-types. The techniques and algorithm we used, are based upon the techniques and
algorithm, described by e.g. Mader [88]. We utilise equation systems as an intermediate formal-
ism to which we translate both our system description (given inµCRL) and a property description
(given in a first order modalµ-calculus). Given that the problem in general is not decidable, we
have assessed the applicability of our solution on a large number of cases, both finite and infinite
state systems. In Section 3.4, we have reported on the results obtained for two small systems
with infinite state-spaces, showing that the tool indeed functions as expected.

The experiences we obtained by verifying properties in the other systems (e.g. the Bounded
Retransmission Protocol) show that the tool indeed sometimes fails to terminate, but in general,
termination is achieved in an acceptable run-time. Indeed, in several instances, we have been able
to use our prototype in situations where existing, well-established, tool-sets failed to produce the
result. Slightly surprising is one such instance, viz. a subsystem of theEUV Wafer Stepper
Machine[90, 2] of ASML, for which we had two different specifications. Using our prototype,
we were able to verify properties of the specification given in [90] where the generalµCRL
tool-suite [21] (using the Cæsar-Aldébaran [45, 46] front-end) failed to even build an internal
representation of the state-space. The specification, given in [2] was no problem for the general
µCRL tool-suite, yet proved troublesome for our prototype.

We conclude that the prototype tool we have developed is a welcome addition to theµCRL
tool-suite. However, we feel it is not suited for inclusion yet. At present, the prototype im-
plementation builds an internal representation of an equation system and immediately tries to
calculate its solution. We envision the development of a compiler that combines aµCRL process
and a first order modalµ-calculus formula into an equation system. It is our intention to then
introduce new tools that operate on first order boolean equation systems, including a tool that,
when fed an equation system, computes its solution.

Summary Summarising, we find that the verifications take in many cases an acceptable run-
time, even though for systems with finite state spaces, our prototype is often outperformed by
most well-established tool-suites. However, we expect some improvements can still be made
on the prototype. More importantly, as we have demonstrated in Section 3.4, we are able to
automatically verify properties of systems with infinite state-spaces in a reasonable time. Also,
we have successfully applied our prototype on a system with an extremely large state-space, for
which established techniques failed to calculate the exact state-space. Since this is where the
current state-of-the-art technology breaks down, our technique is clearly an improvement on the
current technology.

The prototype implementation, however, also revealed a number of new issues to be resolved.
We were not able to prove absence of deadlock of the Bounded Retransmission Protocol [55],
with arbitrary bound on the number of retransmissions. As it turns out, the current rewrite strat-
egy, used for rewriting the abstract data types is not particularly well-suited for dealing with this
case. The possible solutions to this problem may lie in considering e.g.Associative-Commutative
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rewriting (see e.g. [39]).
Still, several other issues remain to be investigated. First, in [51], Groote and Mateescu pro-

vide four deduction rules for manually establishing the truth or falsity of a formula on an infinite
state-space. It is interesting to see if some, or parts of these proof rules can be automated, thereby
solving problems that our algorithm cannot deal with. Second, techniques, such as developed by
Pnueliet al [103], and Bryantet al [31, 115] may be incorporated to increase the success rate of
the algorithm we proposed. Third, the prototype has only limited diagnostic features. It requires
additional research to obtain more meaningful diagnostics, such as failure traces, to increase the
usability of the prototype.



Chapter 4

Process-Behaviour Restriction

The possibility of verifying (models of) systems has silently become one of the most prominent
reasons for applying formal methods in computer science. Techniques for verification are applied
a posteriori, giving additional insight in a system, on top of the confidence obtained by proving
required properties of the system holds. Opposed to verification, synthesis is a technique that
is applieda priori. Unfortunately, existing techniques for synthesising are often of far greater
complexity than verification techniques, leaving their applicability somewhat debatable. In this
chapter, we discuss a synthesis technique that is arguably still useful in practice and relieves de-
signers of complex systems of some of the burdens of carefully bookkeeping and administration.

The synthesis technique discussed in this chapter, hereafter referred to asprocess-behaviour
restriction, deals with the restriction of theuninitialisedsystem’s behaviour such that it satisfies
properties that can be specified as predicates on the system’s state space. By uninitialised, we
mean that the initial state of the system is not pre-determined but can potentially be any value in
some domain satisfying all required properties. Thus, an uninitialised system is a parameterised
system where the initial state is not yet fixed. This has a definite advantage, since it allows us
to deal with systems that are used in a wide range of environments, each requiring the system
to start in different initial states. Noteworthy examples of such systems are plug and playcom-
ponents, or processes that have to be fault tolerant, and should operate reliable under any given
circumstance. Note that many popular modelling languages, such as timed automata [8] and
hybrid automata [62] also allow systems with multiple initial states.

Rather than studying the multi-step control problem (studied in e.g. [60, 105, 117]), we here
address the single-step control problem (studied in [3, 4]) in this chapter. The multi-step problem
is often solved by iteratively solving the single-step control problem. It turns out that the single-
step control problem in the presence of multiple initial states is already quite challenging.

Using invariants [20] for verification purposes is a well-established technique with different
types of application (see e.g. Chapter 7 and the use of invariants in the Cones and Foci tech-
nique [54]). In this chapter, invariants arise as a result of the restrictions applied to a process.
The properties that are expressed by these invariants are restricted to safety properties; liveness
properties are sometimes obtained as a side-effect, but in general cannot be expressed by an in-
variant. However, studying a process that has been restricted to satisfy an invariant, using e.g.
the techniques developed in the previous chapter, may very well reveal a clash between the (sat-
isfied) safety properties and the (desired) liveness property. Hence, it pays to study the states of
a process that are considered safe in isolation.

51
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Restriction of a system’s behaviour is possible by specifying the conditions under which the
execution of an action is allowed. Not all actions can be restricted in this sense, so a natural
distinction we can make is to distinguishcontrollablefrom uncontrollableactions. This termi-
nology is used also in e.g. [105, 106]. We first study the process-behaviour restriction problem
for a class of processes for which actions are not parameterised with data. We then turn to the
class of processes that can also communicate data with its environment, thereby increasing the
complexity. In Section 4.3, we investigate under which conditions we can guarantee absence of
deadlock for the restricted process.

4.1 Restriction for Basic Processes

Basic processes are untimed processes that have unparameterised actions. The number of sys-
tems that can adequately be described is rather restricted, however, non-determinism in itself
already is sufficient for non-trivial solutions to the process-behaviour restriction problem.

The basic processes we consider can all be represented by means ofBasic Linear Process
Equations(BLPE). The form of a BLPE is in essence a restriction of an LPE, already discussed
in Chapter 2. We focus on processes that can run indefinitely, or terminate unsuccessfully by
deadlocking.

Definition 4.1.1(Basic Linear Process Equation).
A process equation is called aBasic Linear Process Equationif it is of the form of Eqn. (4.1).

P (d:D) =
∑
i∈I

∑
ei:Di

[bi(d, ei)] ::→ai · P (gi(d, ei))) (4.1)

Here, the functiongi encodes thenext-staterelation. The enabledness of actionai is governed
by a predicatebi.

The parameter-space (orstate-space) of a (Basic) Linear Process EquationP :D → P, is given
by the setD. Dependent on the initial values for the processP , either a proper subset ofD, or
the entire setD is the reachable parameter-space of the processP . Invariants express properties
over the reachable parameter-space of a BPLE, or, seen from a different perspective, invariants
characterisethe reachable parameter-space. Formally, an invariant of a (B)LPEP :D → P is a
predicateι:D → B, such that for alli andei, ι(d)∧ bi(d, ei) it follows thatι(gi(d, ei)) holds. The
property setIι is then the subset ofD, satisfyingι, i.e. for all d ∈ D, we haved ∈ Iι iff ι(d)
holds. For a given parameterd ∈ D, we writeP (d) |= ι iff ι(d) holds andι is an invariant of
processP . If there can be no confusion, we omit the propertyι when referring to the property
set, and writeI rather thanIι.

Remark 4.1.2. The definition of an invariant was taken from [20], where invariants are used in
the context of process algebras with data, and in fact, introduced in µCRL. It turns out that these
types of invariants are also known as inductive invariantsin the literature.

In this chapter, we investigate the restricting of a process’ behaviour by defining which states
of a process may be reached. For this, we use invariants. By means of synchronising on a set of
actions, we can allow or disallow possible next states. The actions on which synchronisation is
allowed are referred to ascontrollable actions. Similarly, the actions that we cannot prevent from
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happening, or observe as having occurred, areuncontrollable actions. The constantδ, represent-
ing inaction, is neither controllable, nor uncontrollable. Note that for controllable actions, we are
allowed to define the communications functionγ (see Chapter 2), whereas the communications
function is undefined for uncontrollable actions. From here-on, actions (different fromδ) are
either controllable or uncontrollable.

As we mentioned, the process-behaviour restriction, considered in this chapter, is achieved
by controlling the enabledness of controllable actions. Uncontrollable actions are transparent
to process-behaviour restriction, and thus should be taken into account when controlling the
enabledness of controllable actions. We define two relations, viz.autonomous reachabilityand
controllable autonomous reachability.

Definition 4.1.3(Autonomous Reachability, Controllable Autonomous Reachability).
The autonomous reachabilityrelationΩA:2D → 2D relates a set of states to the set of states
that are reachable from these states via the execution of zero or more actions from the setA
(not containingδ). The relationΩA =

⋃ω
i=0 Ωi

A, defined inductively by Eqn. (4.2), can be used
to capture the uncontrollability of actions by merging states that can be reached via enabled
uncontrollable actions.

Ω0
A(d̂) = ∅

Ωn+1
A (d̂) = d̂ ∪ Ωn

A({gi(d, ei) ∈ D|i ∈ I ∧ ai ∈ A ∧ ei:Di ∧ d ∈ d̂ ∧ bi(d, ei)})
(4.2)

Controllable Autonomous ReachabilityΩc,A:2D → 2D relates a set of states to the set of states
that are reachable autonomously from these states by first executing an actionc and then zero or
more actions from the setA. The actionc typically is a controllable action, whereas the setA
usually is taken to be the set of uncontrollable actions, not containingδ.

Ωc,A(d̂) = ΩA({gi(d, ei) ∈ D|i ∈ I ∧ ai = c ∧ d ∈ d̂ ∧ ei:Di ∧ bi(d, ei)}) (4.3)

Property 4.1.4 For arbitrary setsA, d̂ andê, and (controllable) actionsc, we have

1. ΩA(d̂ ∪ ê) = ΩA(d̂) ∪ ΩA(ê),

2. d̂ ⊆ ê then alsoΩA(d̂) ⊆ ΩA(ê),

3. d̂ ⊆ ê then alsoΩc,A(d̂) ⊆ Ωc,A(ê).

Proof. The proof of Property 4.1.4 proceeds by induction on the approximation ofΩA. We first
prove that for alln ∈ N, Ωn

A(d̂ ∪ ê) = Ωn
A(d̂) ∪ Ωn

A(ê).

1. We haveΩ0
A(d̂ ∪ ê) = ∅ = Ω0

A(d̂) ∪ Ω0
A(ê),

2. SupposeΩn
A(d̂ ∪ ê) = Ωn

A(d̂) ∪ Ωn
A(ê). By definition, we haveΩn+1

A (d̂ ∪ ê) is equivalent
to (d̂ ∪ ê) ∪ Ωn

A({gi(d, ei) ∈ D|i ∈ I ∧ ai ∈ A ∧ ei:Di ∧ d ∈ (d̂ ∪ ê) ∧ bi(d, ei)}). Using
induction, this is easily seen to be equivalent toΩn+1

A (d̂) ∪ Ωn+1
A (ê).

Now, suppose we havêd ⊆ ê, then there exists âf , such that̂e = d̂ ∪ f̂ . We then know that
ΩA(ê) = ΩA(d̂ ∪ f̂) = ΩA(d̂) ∪ ΩA(f̂) ⊇ ΩA(d̂), which proves the second property. The third
property follows immediately from the second property. 2
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The actual process-behaviour restriction of a process is obtained by synchronising this process
with a ι-controller, whereι represents the property that must be ensured. The actual definition
of a ι-controller is based on the process and the predicateι. We sometimes omit theι if it the
property is immaterial or arbitrarily chosen and use the wordcontroller to denote a possible
ι-controller.

Definition 4.1.5(ι-Controller).
Let P :D → P be a process with controllable action setAc and uncontrollable action setAu; let
ι:D → B a predicate. A processC:D′ → P, with action setAc is aι-controller iff there exists a
functionf :D → D′, aninitial safe-setS ⊆ D andι′:D ×D′ → B, whereι′(d, d′) = ι(d) for all
d′ (i.e. ι is the projection ofι′), such that for alld ∈ S, relation (4.4) holds.

∂Ac∪Ac
(P (d)‖C(f(d))) |= ι′ (4.4)

Notation 4.1.6. We use the setAc to denote the set of co-controllable actions, used to signal
whether the execution of a controllable action is allowed, i.e.Ac = {a | a ∈ Ac}. Communication
between a controllable action and a co-controllable action is defined byγ(a, a) = a for all
a ∈ Ac, a ∈ Ac.

In the remainder of this chapter, we use a specificι-controller, which is referred to as the
ι-restrictor for a given process and propertyι. Before arriving at the definition of theι-restrictor,
we define the notion ofι-admissible states, capturing the set of states that are guaranteed to
satisfy a predicate, regardless of the uncontrollable activity that is possible from these states.

Definition 4.1.7(ι-Admissible States).
Let P :D → P be a process with uncontrollable action setAu, and letι:D → B be a predicate
(with associated property setI). A stated ∈ D is said to be admissible iffΩAu({d}) ⊆ I.

Definition 4.1.8(ι-Restrictor).
Let P :D → P be a Basic Linear Process Equation with controllable action setAc and uncon-
trollable action setAu, denoting a system’s behaviour. Letι:D → B be a predicate on the
parameter-space ofP , representing a desired property of the system. Define the initial safe-set
S ⊆ D as the set{d ∈ I|ΩAu({d}) ⊆ I}. Theι-restrictorC:2D → P for this system is defined
by Eqn. (4.5).

C(d̂:2D) =
∑
a∈Ac

[Ωa,Au(d̂) ⊆ I] ::→a · C(Ωa,Au(d̂)) (4.5)

Operationally, theι-restrictor checks if the execution of a controllable action, say actiona, is an
allowed behaviour when a process is in one of the states ind̂. If so, the actiona is enabled. If
the actiona is not at all possible (i.e.Ωa,Au(d̂) = ∅), the ι-restrictor allows all occurrences of
actiona (being none). Alternatively, we could in this case “disallow” the actiona by requiring
the condition∅ ⊂ Ωa,Au(d̂) ⊆ I rather thanΩa,Au(d̂) ⊆ I. Using this latter condition, or the one
used in Eqn. (4.5) has no consequences for the envisioned use ofι-restrictors.

Provided that theι-restrictor for a processP is instantiated with the right parameters, the
synchronous product of theι-restrictor and the processP can be shown to enforce process-
behaviour restriction. This is formalised as follows.
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Lemma 4.1.9.
LetP :D → P be a process,ι:D → B be a predicate, andC:2D → P be theι-restrictor as defined
in Def. 4.1.8. DefinePC(d, d̂) = ∂Ac∪Ac

(P (d)‖C(d̂)). Define the communication functionγ as
γ(a, a) = a for all a ∈ Ac. Then, processPC:D × 2D → P satisfies the following invariants,
provided they are satisfied in the initial states:

1. ΩAu({d}) ⊆ d̂ ∧ d ∈ d̂,

2. d̂ ⊆ I.

Proof. Let processPC:D × 2D → P be as defined by Lemma 4.1.9.

1. AssumeΩAu({d}) ⊆ d̂ ∧ d ∈ d̂, and assume processPC executes an actiona′. We
distinguish the two types of actions, viz. controllable and uncontrollable actions.

(a) Suppose actiona is due to the communication of a controllable actiona′ and a co-
controllable actiona′. Then, we need to prove thatΩAu({gi(d, ei)}) ⊆ Ωa′,Au(d̂) and
gi(d, ei) ∈ Ωa′,Au(d̂) hold for allei:Di, such thatbi(d, ei) for all i ∈ I for whichai =

a′, givenΩa′,Au(d̂) ⊆ I. The first part is trivial, sinceΩa′,Au(d̂) = ΩAu({gi(d, e′i)|i ∈
I ∧ ai = a′ ∧ d ∈ d̂ ∧ e′i:Di ∧ bi(d, e′i)}) ⊇ ΩAu({gi(d, ei)}) for d ∈ d̂ andi ∈ I
such thatai = a′ (see Property 4.1.4). Similarly, the second part holds because
gi(d, ei) ∈ ΩAu({gi(d, e′i)|i ∈ I ∧ ai = a′ ∧ d ∈ d̂ ∧ e′i:Di ∧ bi(d, e′i)}) andd ∈ d̂.

(b) Suppose actiona is due to an uncontrollable actiona of processP . Then, we must
prove thatΩAu({gi(d, ei)}) ⊆ d̂ andgi(d, ei) ∈ d̂ for all i ∈ I such thatai = a. Since
we know that for alli ∈ I for which ai = a, ΩAu({gi(d, ei)}) ⊆ ΩAu({d}), we also
know the desiredΩAu({gi(d, ei)}) ⊆ d̂ for all i ∈ I such thatai = a. Moreover,
gi(d, ei) ∈ d̂ follows fromgi(d, ei) ∈ ΩAu({gi(d, ei)}) ⊆ d̂.

2. Assumed̂ ⊆ I, and assume processPC:D × 2D → P executes an action.

(a) Suppose this action is due to a communication of a controllable actiona′ and a co-
controllable actiona′. Then, apparentlyΩa′,Au(d̂) ⊆ I holds, otherwise the action
could not have been executed.

(b) Suppose actiona is an uncontrollable action. Then, this action has no effect on the
value ford̂, and thus, we still knoŵd ⊆ I afterwards.

2

Lemma 4.1.9 provides the basis for the proof that theι-restrictor as defined in Def. 4.1.8 is indeed
a ι-controller.

Theorem 4.1.10(A ι-Restrictor is a ι-Controller).
LetP :D → P be a process,ι:D → B be a predicate, andC:2D → P be theι-restrictor as defined
in Def. 4.1.8. Then, for alld ∈ I, for whichΩAu({d}) ⊆ I, identity (4.6) holds.

∂Ac∪Ac
(P (d)‖C(ΩAu({d}))) |= ι′ (4.6)
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Proof. Let d ∈ I, such thatΩAu({d}) ⊆ I holds. By Lemma 4.1.9, we know thatd ∈ d̂ and
d̂ ⊆ I, and therefore, we also know thatd ∈ I is an invariant for the processPC:D × 2D → P,
thusι′ (and thereforeι) is satisfied as a property of processPC. 2

Theι-restrictor as defined by Def. 4.1.8 is not the onlyι-controller, as we can prove that, e.g. the
processδ is aι-controller for arbitrary properties and processes. However, theι-controller defined
by Def. 4.1.8 is the least restrictive of allι-controllers, in the sense that it allows behaviours other
ι-controllers do not allow. We formalise the notion of restrictiveness and in Theorem 4.1.12 we
show that theι-restrictor of Def. 4.1.8 satisfies this definition.

Definition 4.1.11(Restrictiveness).
Let P :D → P be given by a Basic Linear Process Equation and letι:D → B be a predicate. Let
C ′:D′ → P andC ′′:D′′ → P be arbitraryι-controllers for processP , with initial safe-setsS ′ and
S ′′ and functionsf ′:D → D′ andf ′′:D → D′′. Then,ι-controllerC ′ is less restrictivethanC ′′

iff there exists a simulation relationR (recall Def. 2.2.9), such that identity (4.7) holds.

∂Ac∪Ac
(P (d)‖C ′(f ′(d)))R ∂Ac∪Ac

(P (d)‖C ′′(f ′′(d))) (4.7)

A ι-controllerC is called aleast restrictiveι-controller iff for all ι-controllersC ′, C is less
restrictive thanC ′.

Theorem 4.1.12(The ι-Restrictor is a Least Restrictive ι-Controller).
LetP :D → P be a Basic Linear Process Equation and letι:D → B be a predicate. LetC:2D → P
be theι-restrictor as defined in Def. 4.1.8. Then,C is a least restrictiveι-controller.

Proof. Eqn. (4.8) provides the simulation relationR for an initial stated0 ∈ S; we subsequently
proveR is indeed a simulation relation.

R = {(∂Ac∪Ac
(P (d)‖C ′(d′)), ∂Ac∪Ac

(P (d)‖C(d̂)))

| ∃σ∈(Ac∪Au)∗ ∂Ac∪Ac
(P (d0)‖C ′(f(d0)))

σ−→→ ∂Ac∪Ac
(P (d)‖C ′(d′))∧

∂Ac∪Ac
(P (d0)‖C(ΩAu({d0})))

σ−→→ ∂Ac∪Ac
(P (d)‖C(d̂))}

(4.8)

ForR to be a simulation relation, we must relate initial states and provide single-step simulation.

1. Let d0 ∈ S, then also∂Ac∪Ac
(P (d0)‖C ′(f(d0)))R∂Ac∪Ac

(P (d0)‖C(ΩAu({d0}))). Sup-
pose this is not true, then this meansΩAu({d0}) 6⊆ I, meaning thatP (d0) can execute
a sequence of uncontrollable actions leading to a stateP (d1) violating ι. If this is the
case, then controllerC ′ has no means of preventing this sequence and henceC ′ is not a
controller, which is a contradiction.

2. Suppose∂Ac∪Ac
(P (d)‖C ′(d′))R∂Ac∪Ac

(P (d)‖C(d̂)). Furthermore, assume we also have
∂Ac∪Ac

(P (d)‖C ′(d′))
a−→ ∂Ac∪Ac

(P (e)‖C ′(e′)). Then, for somêe ∈ 2D, we also have
∂Ac∪Ac

(P (d)‖C(d̂))
a−→ ∂Ac∪Ac

(P (e)‖C(ê)). Suppose this is not the case. We now can
distinguish two cases: either actiona is controllable or actiona is uncontrollable. We deal
with these cases separately.

• Suppose actiona is uncontrollable. Then, by construction of theι-restrictor, we
havee ∈ d̂, sinceΩAu({d}) ⊆ d̂ (see Lemma 4.1.9). Therefore, actiona cannot be
uncontrollable.
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• Suppose actiona is controllable. Then, the only situation for theι-restrictor to disal-
low the actiona is wheneverΩa,Au(d̂) 6⊆ I. This, means there is a traceσa that leads
to a situation in which the invariantι is violated. But if that is the case, then con-
trollerC ′ also has no means of preventing this trace, and therefore is not a controller.
Therefore, actiona cannot be controllable.

Both cases lead to a contradiction; thence∂Ac∪Ac
(P (d)‖C(d̂))

a−→ ∂Ac∪Ac
(P (e)‖C(ê)),

and, moreover,∂Ac∪Ac
(P (e)‖C ′(e′))R∂Ac∪Ac

(P (e)‖C(ê)).

2

4.2 Restriction for Full Processes

Absence of parameterised actions makes basic processes, as dealt with in Section 4.1, unsuitable
for many applications. Often, parameterised actions are used in a context where data plays a
decisive role in the behaviour of a process, e.g. communications protocols.

In this section, we extend the theory of process-behaviour restriction to deal with processes
with untimed but parameterised actions. Parameterised actions are a source of additional non-
determinism in a system’s behaviour. Managing this additional complexity shows in the solutions
presented here.

The form of the Basic Linear Process Equation (BLPE) of Section 4.1, is adapted to incorpo-
rate parameterised actions. This newly obtained form is referred to as aLinear Process Equation
(see also Chapter 2), and extends the definition of the BLPE. Notice that it again deals with
processes that can run indefinitely, or terminate unsuccessfully.

Definition 4.2.1(Linear Process Equation).
A process equation is called aLinear Process Equationif it is of the form of Eqn. (4.9).

P (d:D) =
∑
i∈I

∑
ei:Di

[bi(d, ei)] ::→ai(fi(d, ei)) · P (gi(d, ei)) (4.9)

The functionfi encodes the dependency of the parameter of an actionai on the current stated
and the values from the domainDi. The effect of executing actionai is coded in the functiongi.
Enabledness of an actionai with parameterfi(d, ei) is governed by the boolean functionbi.

The effect of executing a (parameterised) uncontrollable action on the system’s state can still
be calculated by theautonomous reachabilityrelation ΩA, defined in Def. 4.1.3. Care must
be taken, however, to cover the consequences of the parameters that accompany the execution
of a controllable action. To this end, we extend the definition of thecontrollable autonomous
reachabilityrelation.

Definition 4.2.2(Controllable Autonomous Reachability).
Thecontrollable autonomous reachabilityrelationΩc(f),A:2D → 2D represents the set of states
that can be reached autonomously by the systemafter executing the parameterised actionc(f).
Since the valuef that is passed along with the execution of actionc needs not uniquely determine



58 Chapter 4. Process-Behaviour Restriction

a state in the parameter-spaceD, we must accept that it could have originated from more than
one state in the parameter-spaceD, leading to a set of reachable states.

Ωc(f),A = ΩA({gi(d, ei) ∈ D | i ∈ I ∧ ai = c ∧ d ∈ d̂∧
ei:Di ∧ f = fi(d, ei) ∧ bi(d, ei)})

(4.10)

The slight alteration of the definition of the controllable autonomous reachability relation calls for
a change in the definition of aι-restrictor, since it must be able to synchronise on parameterised
actions.

Definition 4.2.3(ι-Restrictor).
Let P :D → P be a Linear Process Equation with controllable action setAc and uncontrollable
action setAu, denoting a system’s behaviour. Letι:D → B be a predicate on the parameter-space
of P , representing a desired property of the system. The initial safe-setS ⊆ D is as defined for
the ι-restrictor for BLPE-processes (see Def. 4.1.8). Theι-restrictorC:2D → P for this system
is defined by Eqn. (4.11)

C(d̂:2D) =
∑
a∈Ac

∑
f :

⋃
{f ′∈ran(fi)|ai=a}

a(f) · C(Ωa(f),Au(d̂)) / Ωa(f),Au(d̂) ⊆ I . δ (4.11)

Showing that the above definedι-restrictor for processes with parameterised actions is aι-
controller requires a straightforward adaptation of the proofs of Lemma 4.1.9 and Theorem 4.1.10.
Given the close correspondence, we omit the results and proofs thereof in this section. Instead,
we provide two small examples, to which the theory is applied.

Example 4.2.4. Assume a simple lottery game can be played, in which a random number is
drawn, which can subsequently be shown on a screen (if it is decided to do so); the screen is
represented by a list of natural numbers. For simplicity, assume the system can run indefinitely.
A µCRL representation of this game is found in Table 4.1. Suppose a crook has gained access

proc Lottery(i:N, l:[N]) =

show(i) · Lottery(i, i ` l)
+

∑
j:N random· Lottery(j, l)

Table 4.1: Simple Lottery Game. Here,[N] stands for a list of natural numbers,i ` l represents
the list [i]à l, where[i] is a list consisting of the elementi andà is list concatenation

to the control panel of the lottery system, thereby obtaining the control over the numbers that
are shown on a screen. Furthermore, assume the villain bought several tickets, and his objective
is to win the lottery using one of the tickets he has. A safe strategy for him is dictated by the
processCrookof Table 4.2, which is actually aι-controller for the propertyl ∈ pref(Z), whereZ
represents the set of lottery-tickets owned by the villain. Note that there is still some redundancy
in the parameters of theCrookprocess, as the crook only needs to retain information concerning
the history of the numbers that have been shown up till now.
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proc Crook(d̂:2N×[N]) =∑
n:N show(n) · Crook({(j, n ` l)|(i, l) ∈ d̂ ∧ j ∈ N}) / ∀(i,l)∈d̂ n ` l ∈ pref(Z) . δ

Table 4.2: Villain Controlling Outcome of Lottery

Example 4.2.5. A more useful example in the setting of communications protocols is to con-
sider the example of an unreliable communications channel that has unbounded capacity. The
unreliability of the channel is tightly coupled to the current number of messages in the channel
(greater or smaller than a certain thresholdL). A specification for this channel can be found
in Table 4.3. Assume the controllable actions areread and send, whereas the uncontrollable
action islose. Using the threshold information about the channel, we can formulate a desired

proc Channel(q:[D]) =∑
d:D read(d) · Channel(d ` q)

+
∑

d:D,q′:[D] send(d) · Channel(q′) / q = q′à [d] . δ

+
∑

d:D,q′,q′′:[D] lose(d) · Channel(q′à q′′) / q = q′à [d] à q′′ ∧ L < |q| . δ

Table 4.3: Unreliable Channel

property, such that we are sure that the channel always behaves reliably. Defineι:[D] → B as
ι(q) = |q| ≤ L. Theι-restrictor we obtain (after simplifications) isLimit:N → P, and is shown
in Table 4.4.

proc Limit(n:N) =∑
d:D read(d) · Limit(n+ 1) / n+ 1 ≤ L . δ

+
∑

d:D send(d) · Limit(n− 1) / 0 ≤ n− 1 . δ

Table 4.4: Restrictor to Guarantee Reliable use of the Unreliable Channel

4.3 Safety and Controllability

The theory developed in the previous Sections deals with restricting behaviour of processes in
such a way that their executions guarantee no desired properties are violated. However, in some
cases, brute force is needed (halting the system’s executions) to provide these guarantees. In
the next two sections, we investigate systems that do not have to resort to these methods. In
Section 4.3.1 we define the notion of safety and strong safety, and in Section 4.3.2 we investigate
a notion of controllability and strong controllability.
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4.3.1 Safety and Strong Safety

In this section, we investigate the notions ofsafetyandcontrollability. We restrict our attention
to processes that can be written in the LPE format of Section 4.2. First, we define what it means
for a process to besafeandstrongly safewith respect to a property. Recall Def. 4.1.7, defining
the notion ofι-admissible states. Let for a given propertyι, Γ be the set ofι-admissible states.

Definition 4.3.1(Safe, Strongly Safe).
Let P :D → P be a process andι:D → B be a predicate, representing a property. ProcessP is
calledsafewith respect to propertyι iff there is at least one admissible state, i.e.Γ 6= ∅. Process
P is calledstrongly safewith respect to propertyι iff processP is safe and all states satisfying
propertyι are admissible, i.e.Γ = I.

For processes that are (strongly) safe with respect to some predicateι, we know there exists
a ι-restrictor that ensures the predicate is also an invariant of these processes. In other words, we
can find parameters, satisfying the invariant, such that the restricted process does not immediately
deadlock. Safety alone, however, not always suffices. In many cases, absence of deadlock, in
combination with some safety objectives, is studied. If, given a process, property and restrictor,
the synchronous product of the process and the restrictor (i.e. the process that is obtained by
blocking individual controllable and co-controllable actions whilst allowing the result of their
communication) is free of deadlock, we refer to the restrictor as asupervisor.

4.3.2 Controllability and Strong Controllability

The additional requirements of absence of deadlock, on top of (strong) safety is referred to as
(strong) controllability. We start by defining what we mean by the notionscontrollable and
strongly controllable.

Definition 4.3.2(Controllable, Strongly Controllable).
LetP :D → P be a process,ι:D → B be a predicate andC:2D → P be theι-restrictor as defined
in Def. 4.2.3. Then, processP is controllablewith respect toι iff processP is safe and there
exists an admissible stated ∈ Γ, for which the synchronous product of the processP (d) and the
ι-restrictorC(ΩAu({d})) is free of deadlock. ProcessP is strongly controllableiff processP is
controllable for all admissible states.

Checking whether an initialised process is controllable with respect to a given property has the
complexity of checking for deadlock of a particular instantiation of the process and its restric-
tor. In this chapter, our main interest is in maintaining invariance of a property for all allowed
instantiations of a process’ parameters. The notion of strong safety in combination with strong
controllability is therefore closer to our intentions than mere safety and controllability. Depen-
dent on the size of the admissible state setΓ, naively checking whether a process is strongly
controllable can be massively complex. Its worst case complexity is dependent on the number of
elements in2Γ.

In this section, we investigate two classes of systems for which the question of strong con-
trollability can be answered more readily. The first class we consider is the class of processes
for which the restrictor can decide to allow a controllable action by checking whether this action
is allowed if the restrictor has no information about the state the process actually is in. In other
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words, the restrictor has exactly the information it would have when it thinks the process can
be in all allowed states. We refer to this class of processes asstrict processes. Notice that we
here somewhat smuggle, since it is actually the combination of the process and a property that
determines whether a process is strict or not.

Definition 4.3.3(Strict Processes).
Let P :D → P be a process,ι:D → B a predicate,C:2D → P be theι-restrictor andΓ ⊆ D be
the admissible state set of processP . ProcessP is calledstrict, iff Eqn. (4.12) is satisfied.

π1(
∑
d∈Γ

C(ΩAu({d}))) = π1(C(Γ)) (4.12)

The projection functionπn:P → P is as defined in [18], and extended topCRL operators, defined
by Eqn. (4.13).

π1(a · x) = a
πn(a) = a
πn+1(a · x) = a · πn(x)
πn(x+ y) = πn(x) + πn(y)
πn(x / b . y) = πn(x) / b . πn(y)
πn(

∑
d x) =

∑
d πn(x)

(4.13)

here,a represents an atomic action or the constantδ, b is a boolean expression andx andy are
process variables. In effect, by applying the functionπ1, the initial actions are made explicit.

In fact, a very restricted class of processes is strict. Before arriving at sufficient conditions that
enable us to establish the (strong) controllability of a strict process, we first observe that the
restrictedstrict processes can in fact be rewritten to less complex processes, as the restriction can
be achieved statically.

Theorem 4.3.4(Static Restriction).
Let P :D → P be a strict process and letΓ be the admissible states set. Then, processP can
be statically restricted, i.e. there exists a setB of actions, such that for all admissible statesd
relation (4.14) holds.

∂Ac∪Ac
(P (d)‖C(ΩAu({d}))) ↔ ρR (∂B P (d)) (4.14)

Communication and renaming are defined for alla ∈ Ac by γ andR, whereγ(a, a) = a and
R(a) = a.

Proof. Let P :D → P be a process with controllable action setAc, ι:D → B be a predicate and
C:2D → P be theι-restrictor. LetΓ be the admissible states set. We start by constructing the set
of controllable actionsB that need to be encapsulated.

B = {a ∈ Ac|a 6⊆ π1(C(Γ))} (4.15)

wherex ⊆ y is true iff x + y = y. Let processPC:D × 2D → P be the synchronous product
of the processP and theι-restrictorC, i.e.PC(d, d̂) = ∂Ac∪Ac

(P (d)‖C(d̂)). It suffices to show
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there exists a bisimulation relationR between processPC(d,ΩAu({d})) andρR(∂BP (d)) for all
admissibled. LetR be defined by Eqn. (4.16).

R = {(PC(d, d̂), ρR(∂BP (d)))|d ∈ d̂ ∧ d̂ = ΩAu(d̂)} (4.16)

We proceed by showing thatR is a bisimulation relation, relating processPC(d,ΩAu({d})) and
processρR(∂BP (d)). AssumePC(d, d̂) andρR(∂BP (d)) are related viaR.

• Assume processPC(d, d̂)
a(f)−→ PC(d0, d̂0). There are two cases we need to investigate.

1. Suppose actiona is an uncontrollable action. ThenρR(∂BP (d))
a(f)−→ ρR(∂BP (d0)),

and by default, processesPC(d0, d̂0) andρR(∂BP (d0)) are related viaR.

2. Suppose actiona is due to a communication between a controllable actiona′ and

a co-controllable actiona′, such thatP (d)
a′(f)−→ P (d0) andC(d̂)

a′(f)−→ C(d̂0). Since
processP is strict, we know that if a controllable action is permitted in a small control
set d̂, then it is also permitted in the largest possible control setΓ. Therefore,a′ ⊆
π1(C(Γ)), i.e. a′ ∈ B. ThusρR(∂BP (d))

a(f)−→ ρR(∂BP (d0)). Again, by default,
processesPC(d0, d̂0) andρR(∂BP (d0)) are related viaR.

• Assume processρR(∂BP (d))
a(f)−→ ρR(∂BP (d0)). Again, we have two cases we need to

investigate.

1. Suppose actiona is an uncontrollable action. It follows thatP (d)
a(f)−→ P (d0). Since

a is uncontrollable, we also have in any contextd̂ for which d̂ = ΩAu(d̂) andd ∈ d̂,

thatPC(d, d̂)
a(f)−→ PC(d0, d̂). By definition,d0 ∈ d̂, and therefore, we have that

processesρR(∂BP (d0)) andPC(d0, d̂) are related viaR.

2. Suppose actiona is due to a renaming of a controllable actiona′. Then, it follows

that P (d)
a′(f)−→ P (d0), sincea′ ∈ Ac is obviously not inB. Therefore, we know

a′ ⊆ π1(C(Γ)). Thus, we know actiona′ is enabled in stated and, since processP is
strict, we know that actiona′ is enabled in any control set̂d = ΩAu(d̂) containing state

d. Therefore, alsoC(d̂)
a′(f)−→ C(d̂0) for d̂0 = Ωa′(f),Au(d̂), such thatd0 ∈ d̂0. Thus,

alsoPC(d, d̂)
a′(f)−→ PC(d0, d̂0). Obviously,d0 ∈ d̂0, and therefore, by definition, we

knowρR(∂BP (d0)) andPC(d0, d̂0) are related viaR.

2

Proving a strict process is strongly controllable is obviously less of a challenge than for processes
in general. As already remarked, one of the major complexity issues in proving a process strongly
controllable is the size of the set of control states (the parameter-space) of the restrictor. Since
for strict processes, the restrictor can be eliminated, the entire question of strong controllability
depends on the strict process itself. In fact, if we take a closer look at the definition of strong
controllability, there is the observation that a process can only deadlock in states where there
is no possible uncontrollable activity. We refer to such states asexits. For any non-exit, the
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process itself can always execute non-controllable actions, but for exit states, the process must
be authorised by the controller to execute a controllable action (if such an action is possible to
begin with). Notice that exits do not depend on the desired propertyι, but on the partitioning of
the set of actions into controllable actions and uncontrollable actions.

Definition 4.3.5(Exits).
Let P :D → P be a process,ι:D → B be a predicate and letΓ be the set of admissible states,
induced byι. LetAu be the uncontrollable actions ofP . A stated ∈ Γ is referred to as anexitof
P iff ΩAu({d}) = {d}.

We return to the question of strong controllability for strict processes. The observation that a
process can only deadlock at exits yields the following sufficient condition for proving that a
strict process is strongly controllable.

Theorem 4.3.6(Strong Controllability of Strict Processes).
Let P :D → P be a strict process, letι:D → B be a predicate and letΓ be the set of admissible
states, induced byι. LetC:2D → P be theι-restrictor. Then,P is strongly controllable iffP is
safe and for all exitsd ∈ Γ Eqn. (4.17) holds.

π1(ρR(P (d))) ∩ π1(C({d})) 6= δ (4.17)

Here, we define∩:P×P → P asx∩ y =
∑

z:P z / z ⊆ x∧ z ⊆ y . δ. The mappingR:Ac → Ac
is defined in the obvious way asR(a) = a for all a ∈ Ac.

Proof. Let P :D → P be a safe and strict process. Then, it is obvious that ifP is strongly
controllable, then processP is controllable for all admissible statesd ∈ Γ, hence,P is also
controllable for a subset ofΓ.
Suppose for all exitsd ∈ Γ, we haveπ1(ρR(P (d))) ∩ π1(C({d})) 6= δ. Let d0 be an admissible
state and suppose processP (e) is reachable from processP (d0) and deadlocks. This means,
processP (e) cannot perform an uncontrollable action, i.e. statee must be an exit. However,
according to our assumption, exits have at least one enabled controllable action. Thus, process
P (d) cannot deadlock and therefore processP is strongly controllable. 2

In fact, for general processes, we can also formulate a constraint on the allowed behaviour at the
exits of these processes, such that we can safely conclude strong controllability. The requirement,
however, is still rather severe, but the class of strongly controllable processes that is identified
here is larger than the class of strict processes.

Theorem 4.3.7(Strong Controllability of General Processes).
Let P :D → P be an arbitrary safe process, letι:D → B be a predicate and letΓ ⊆ D be the set
of admissible states, induced byι. LetC:2D → P be theι-restrictor. Then, processP is strongly
controllable iff for all exitsd of P , Eqn. (4.18) holds.

π1(ρRP (d)) ∩ π1(C(Γ)) 6= δ (4.18)

where the mappingR:Ac → Ac is defined asR(a) = a for all a ∈ Ac.
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Proof. Let processP :D → P be a safe process, for which all exitsd satisfyπ1(ρRP (d)) ∩
π1(C(Γ)) 6= δ. We proceed by showing that processPC(d, d̂) = ∂Ac∪Ac

(P (d)‖C(d̂)) cannot
deadlock for arbitrary initial stated′ ∈ Γ.
Assume that after a number of steps (possibly zero), processPC(d′,ΩAu({d′})) reaches process
PC(e0, ê0) and deadlocks. There are two possible scenarios; either statee0 is an exit, or statee0
is not an exit.

• Suppose statee0 is not an exit. Then, this means processP can perform an uncontrollable
action, not requiring the cooperation of processC and therefore processPC(e0, ê0) cannot
deadlock.

• Suppose statee0 is an exit. According to our assumption, we now knowπ1(ρRP (e0)) ∩
π1(C(Γ)) 6= δ. This meansπ1(P (e0)) 6= δ. In fact, there is an actiona ⊆ π1(ρRP (e0)) ∩
π1(C(Γ)), and, sincee0 ∈ ê0, alsoa ∈ π1(ρRP (e0))∩π1(C(ê0)). Thus, we know an action
is enabled, so processPC(e0, ê0) cannot deadlock.

2

The above conditions for proving strong controllability for processes (either strict processes or
more general processes) are based on the intuition that for every exit a process can perform at
least one controllable action that is not disallowed in any context. In a way, this means that some
or all local decisions can always be resolved at a global level.

In the remainder of this section, we investigate a more liberal class of processes. The com-
plexity of proving strong controllability of processes that are part of this class is reduced by
employing the structure of the parameter-space of the restrictor. To this end, the concept of an
environmentis introduced.

Definition 4.3.8(Environment).
Let P :D → P be a safe process with uncontrollable action setAu and letΓ ⊆ D be the set of
admissible states. AnenvironmentΠd of an admissible stated ∈ Γ is a subset ofΓ, defined by
Eqn. (4.19).

Πd =
⋃
d′∈Γ

{ΩAu({d′}) | ΩAu({d′}) ∩ ΩAu({d}) 6= ∅} (4.19)

An environment is a cluster of admissible states such that all states inside this environment are
linked via uncontrollable actions only. Environments satisfy some intuitive properties.

Property 4.3.9 LetP :D → P be a safe process with uncontrollable action setAu and letΓ ⊆ D
be the set of admissible states. Then, for alld, e ∈ Γ, we have

• If Πd ∩ Πe = ∅, thend 6= e,

• d ∈ Πd,

• Πd = Πe iff Πd ∩ Πe 6= ∅,

•
⋃
d∈Γ Πd = Γ,

• ΩAu(Πd) = Πd.
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Proof. The proof follows immediately from Property 4.1.4. 2

The environments are artificial structures on the set of admissible states. However, we can use
this structure to characterise a class of processes that are less exotic in their behaviour. In general,
one of the major hurdles in proving a process is strongly controllable is the difficulty in bringing
order into the states (control set) the restrictor thinks a process can be in.

If, however, this control set always is (part of) a uniquely identifiable environment, the proof
suddenly gets less complex. An obvious structure to study is based ondeterminism. Determinism
is based on atomic actions reaching individual states. Rather than taking these individual states,
we study a notion of determinism using environments. This notion of determinism is called
meta-determinism.

Definition 4.3.10(Meta-Determinism).
LetP :D → P be a process andι:D → P be a desired property. LetE ⊆ Γ be a smallest set such
that

⋃
d∈E Πd = Γ. Then, processP is meta-deterministiciff condition (4.20) is satisfied.

∀e∈E,a∈Ac,f∈
⋃
{f ′∈ran(fi)|ai=a}∃e′∈E ∀d∈Πe Ωa(f),Au({d}) ⊆ I ⇒ Ωa(f),Au({d}) ⊆ Πe′ (4.20)

Lemma 4.3.11.
Let P :D → P be a meta-deterministic process,ι:D → B be a predicate, andC:2D → P be the
ι-restrictor. DefinePC(d, d̂) = ∂Ac∪Ac

(P (d)‖C(d̂)). Then, processPC:D × 2D → P satisfies
the invariantd̂ ⊆ Πd.

Proof. Let processPC:D × 2D → P be as defined by Lemma 4.3.11. Assumed̂ ⊆ Πd

and assume processPC executes an actiona. We distinguish the two types of actions, viz.
controllable and uncontrollable actions.

1. Suppose actiona is due to the communication of a controllable action and a co-controllable

action. Suppose we have a transitionPC(d, d̂)
a(f)−→ PC(gi(d, ei),Ωa(f),Au(d̂)), for giveni

andei. Since processP is meta-deterministic, we know there is an environmente, such that
for all d′ ∈ Πd, we haveΩa(f),Au({d′}) ⊆ Πe, and therefore also

⋃
d′∈Πd

Ωa(f),Au({d′}) ⊆
Πe. Since we start from the assumption thatd̂ ⊆ Πd, we also know

⋃
d′∈d̂ Ωa(f),Au({d′}) ⊆⋃

d′∈Πd
Ωa(f),Au({d′}) ⊆ Πe. From Property 4.1.4 we can derive that alsoΩa(f),Au(d̂) ⊆

Πe. From Lemma 4.1.9, it immediately follows thatgi(d, ei) ∈ Πe. Property 4.3.9 then
allows us to derive thatΩa(f),Au(d̂) ⊆ Πgi(d,ei).

2. Suppose actiona is due to an uncontrollable action of processP . Suppose we have a

transitionPC(d, d̂)
a(f)−→ PC(gi(d, ei), d̂), for given i andei. Because of Lemma 4.1.9,

we havegi(d, ei) ∈ d̂. We work under the assumption thatd̂ ⊆ Πd. Therefore, also
gi(d, ei) ∈ Πd, and from Property 4.3.9 we can deduce thatΠd = Πgi(d,ei). Thus, also
d̂ ⊆ Πgi(d,ei).

2

The above Lemma justifies the argument that the notion of meta-determinism assures the restric-
tor has an accurate picture of the current state of a process. A meta-deterministic process behaves
like a deterministic process if we consider the environments as atomic states (however, not all
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deterministic processes are also meta-deterministic processes). Note that this also does not imply
the process itself is necessarily deterministic, as there can be some non-deterministic behaviour
that takes the process to only one single environment, yet two different states in this environment.
However, the class of meta-deterministic processes does not contain non-deterministic processes
that have no uncontrollable actions. In Fig. 4.1, (an abstraction of) a meta-deterministic pro-
cess is portrayed. To prove a meta-deterministic process is strongly controllable, we can adapt

b c

c

a

ba
a

Figure 4.1: Environments and Meta-Deterministic Processes

Theorem 4.3.7 such that it is slightly more liberal. The basic idea is that for meta-deterministic
processes, the restrictor always knows in which environment the process resides. Then, dead-
locks only occur when an exit of the environment has no allowed action that can be executed.

Theorem 4.3.12(Strong Controllability and Meta-Deterministic Processes).
Let P :D → P be a safe and meta-deterministic process, then processP is strongly controllable
iff for all environmentsΠe and all exitsd ∈ Πe, the Eqn. (4.21) holds.

π1(ρRP (d)) ∩ π1(C(Πe)) 6= δ (4.21)

whereR:Ac → Ac is again defined in the obvious way, i.e.R(a) = a for all a ∈ Ac.

Proof. AssumeP :D → P is a meta-deterministic process, such that for all environmentsΠe

and all exitsd, π1(ρRP (d))∩ π1(C(Πe)) 6= δ. Let processPC(d, d̂) = ∂Ac∪Ac
(P (d)‖C(d̂)). We

proceed by showing that processPC cannot deadlock for arbitrary initial stated′ ∈ Γ.
Assume that after a number of steps (possibly zero), processPC(d′,ΩAu({d′})) reaches process
PC(e0, ê0) and deadlocks. There are two possible scenarios; either statee0 is an exit, or statee0
is not an exit.

1. Suppose statee0 is not an exit. Then, processP (e0) can perform an uncontrollable action,
and hence processPC(e0, ê0) cannot deadlock.

2. Suppose statee0 is an exit. According to our assumption, we now knowπ1(ρRP (e0)) ∩
π1(C(Πe0)) 6= δ. This means thatπ1(ρRP (e0)) 6= δ and therefore, alsoP (e0) 6= δ. In fact,
there is an actiona ⊆ π1(ρRP (e0))∩ π1(C(Πe0)). By Lemmas 4.1.9 and 4.3.11, we know
e0 ∈ ê0 andê0 ⊆ Πe0 . Therefore, alsoa ⊆ π1(ρRP (e0)) ∩ π1(C(ê0)). Thus, we know that
processC(ê0) can execute an action that is co-controllable for processP (e0), so process
PC(e0, ê0) cannot deadlock.
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Thus, for both cases we can prove the processPC cannot reach a deadlock situation. 2

Given a set of admissible statesΓ (induced by some propertyι, expressed over a processP ), the
number of different environments is, for a fixed set ofAu andAc, at most|Γ|. This is easy to see:
the smallest environment is a singleton environment, and therefore, the partition ofΓ, consisting
of singleton environments only, is of size|Γ|.

4.4 Case-study

In this section, we apply the theory of the preceding sections to a case-study, described in [26].
The case study deals with a turntable, which is a simple machine that can perform various actions.
In particular, products can be removed from and placed on the turntable machine by means of
resp. aremoveand anaddaction, both of which are controllable. Added products are detected by
means of a sensor reporting a controllable actiontt1. The completion of a removal of a product is
detected by a sensor, reporting a controllable actiontt0. Rotating the turntable is initiated by the
controllable actionturn. The completion of the90o rotation is registered by a sensor reporting a
controllable actiontt2. The processTT registers whether there are products on the positions one
through four, using parametersp0, p1, p2 andp3. TheturnTT parameter registers whether the table
is turning,addTT registers whether a new product is being added andremTT registers whether a
product is being removed. Note that for booleansb, we abbreviate conditionsb = tt to b. The

proc TT(p0, p1, p2, p3, turnTT, addTT, remTT:B) =

turn · TT(p0, p1, p2, p3, tt, addTT, remTT) / turnTT = ff . δ
+tt2 · TT(p3, p0, p1, p2,ff, addTT, remTT) / turnTT . δ
+add· TT(p0, p1, p2, p3, turnTT, tt, remTT) / addTT = ff . δ
+tt1 · TT(tt, p1, p2, p3, turnTT,ff, remTT) / addTT∧ p0 = ff . δ
+remove(p3) · TT(p0, p1, p2, p3, turnTT, addTT, tt) / remTT = ff . δ
+tt0 · TT(p0, p1, p2,ff, turnTT, addTT,ff) / remTT . δ

products to be drilled have to be kept in place by means of a clamp. The clamp is controlled
by means of a controllable actionclampon/off, which either locks or unlocks the clamp. A con-
trollable sensorc2 denotes that the product is locked and a controllable sensorc1 senses that the
product is unlocked again. The parameteractC of processC registers whether the clamp is active
and the parameterlockC registers whether the lock is active. An important part of the turntable

proc C(actC, lockC:B) =

clampon/off · C(¬actC, lockC) / actC = lockC . δ

+c2 · C(actC, tt) / actC ∧ lockC = ff . δ
+c1 · C(actC,ff) / actC = ff ∧ lockC . δ

system consists of the drill. The drill can be operated in several ways. Switching the drill on or
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off can be controlled by means of the controllable actiondrill on/off. Applying the drill to a product
and removing it from the product is done by means of the controllable actiondrill up/down. The
controllable sensord2 reports when the drill has reached its down position, whereas the control-
lable sensord1 reports when the drill has reached its up position. The parameteractD registers
whether the drill is active or not, whereas the parameters movD andposD registers whether the
drill is moving down resp. whether the drill has reached its down position. Finally, drilled prod-

proc D(actD, movD, posD:B) =

drill on/off · D(¬actD, movD, posD)
+drill up/down· D(actD,¬movD, posD) / movD = posD . δ
+d2 · D(actD, movD, tt) / movD ∧ posD = ff . δ
+d1 · D(actD, movD,ff) / movD = ff ∧ posD . δ

ucts can be flawed. To this end, the products must be tested. The testing device is switched on
by means of the controllable actiontesterup/down. The outcome of the test is determined by the
uncontrollable actionsgoodandpoor. The outcome is communicated to the environment via
an uncontrollable actiont2. The controllable sensort1 denotes the tester has been switched off
successfully. The tester registers the activity of the tester in parameteractT; the parametertT reg-
isters whether the product has been tested and the parametertT registers whether the test results
have been reported to the environment or not. The overall conditions that must be ensured are

proc T(actT, tT , r:B)

testerup/down· T(¬actT, tT , r) / actT = r . δ
+good· T(actT, tt, r) / actT ∧ r = ff ∧ tT = ff . δ
+poor · T(actT, tt, r) / actT ∧ r = ff ∧ tT = ff . δ
+t2 · T(actT,ff, tt) / actT ∧ r = ff ∧ tT . δ
+t1 · T(actT, tT ,ff) / actT = ff ∧ r . δ

the following:

1. No operations on products are permitted while the turntable is turning
(turnTT ⇒ ¬(actC ∨ lockC ∨ addTT ∨ remTT ∨ actD ∨movD ∨ posD ∨ actT ∨ r)),

2. Products can only be added to the table if the first slot is empty
(addTT ⇒ ¬p0)

3. No turning is allowed while there is a product ready to be removed from the table
(turnTT ⇒ ¬p3),

4. Only products that are actually there can be removed
(remTT ⇒ p3),
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5. The clamp may only be used when there is a product in the right position
(actC ⇒ p1 andlockC ⇒ p1)

6. The drill may only be used when there is a product in the right position
(actD ⇒ p1)

7. The drill must be switched on before and during drilling the product
(movD ⇒ actD andposD ⇒ actD),

8. Before drilling, products must be locked
(actD ⇒ (lockC ∧ actC) andmovD ⇒ (lockC ∧ actC) andposD ⇒ (lockC ∧ actC)),

9. The tester can only be used if there is a product to be tested
(actT ⇒ p2 andr ⇒ p2)

Define the collection of all requirements as our desired propertyι. Following the recipe of
Def. 4.1.8 for constructing aι-restrictor, we arrive at a processMC:2B15 → P. Based on cal-
culations using the axiom system ofµCRL, we can further reduce this process to the process
MC:B14 → P, shown below. Using a brute-force approach we can calculate the number of states
that satisfy the propertyι to be826 out of the total number of states215. This means that by en-
forcing the propertyι, it is sufficient to reason about approx.100∗ 826

215 ≈ 2.5% of the state-space.
The property space, consisting of826 states, is uniquely partitioned in583 environments of size
1 and81 environments of size3.

Given that the turntable model is deterministic, we know that each environment of size1
satisfies the meta-determinism property; for environments of size3, the verification of the meta-
determinism property is slightly more elaborate, and is not further explained.

Since each environment of size3 has a single exit, it suffices to check whether from this
exit, always a controllable action is possible. It turns out that actiontesterup/down is in these
cases always enabled; for singular environments, it can be verified that in each case at least
either the turntable is starting or ending a turn, a product is added or a product is removed.
Using Theorem 4.3.12, the turntable is therefore proved strongly controllable with respect to the
propertyι.

Using additional verification, we can establish that the restricted process still allows for the
turning of the table, and the adding, removing, drilling and testing of products. Thus, several
intuitive liveness requirements are not in conflict with the (enforced) safety requirements.

4.5 Closing Remarks

Related Work The problem we considered in this chapter is a single-step control problem for
uninitialised systems. The single-step control problem has received relatively little attention, the
only noteworthy papers being [3, 4]. Whereas we study the problem in the setting of a process
algebra with data, in [3, 4] the problem is studied in a setting of statically and dynamically
typedmodules, and mainly focuses on the complexity and decidability of the problem in a purely
synchronous setting. Obviously, this is different from what we studied in this chapter.

The multi-step control problem, on the other hand, is studied more extensively. This problem
can be seen as a generalisation of the single-step problem, and its solution is often found by iter-
atively solving the single-step solution. Early accounts are by Ramadge and Wonham [106, 109],



70 Chapter 4. Process-Behaviour Restriction

proc MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC , lockC , actD, movD, posD, actT , r:B) =

turn ·MC(p0, p1, p2, p3, tt, addTT , remTT , actC , lockC , actD, movD, posD, actT , r)
/¬(actT ∨ actD ∨ actC ∨ lockC ∨ addTT ∨ remTT ∨ p3 ∨ posD ∨movD ∨ r) . δ

+add·MC(p0, p1, p2, p3, turnTT , tt, remTT , actC , lockC , actD, movD, posD, actT , r)
/¬turnTT ∧ ¬p0 . δ

+rem·MC(p0, p1, p2, p3, turnTT , addTT , tt, actC , lockC , actD, movD, posD, actT , r)
/¬turnTT ) ∧ p3 . δ

+clampon/off ·MC(p0, p1, p2, p3, turnTT , addTT , remTT ,¬actC , lockC , actD, movD, posD, actT , r)
/(¬actC ⇒ (turnTT ∧ p1)) ∧ ((actD ∨movD ∨ posD) ⇒ (lockC ∧ ¬actC)) . δ

+drill on/off ·MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC , lockC ,¬actD, movD, posD, actT , r)
/¬actD ⇒ ((lockC ∨ actC) ∧ ¬turnTT ∧ p1) ∧ ((movD ∨ posD) ⇒ ¬actD) . δ

+drill up/down·MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC , lockC , actD,¬movD, posD, actT , r)
/¬movD ⇒ (¬turnTT ∧ actD ∧ lockC ∧ actC) . δ

+testerup/down·MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC , lockC , actD, movD, posD,¬actT , r)
/¬actT ⇒ (¬turnTT ∧ p2) . δ

+tt0 ·MC(p0, p1, p2,ff, turnTT , addTT ,ff, actC , lockC , actD, movD, posD, actT , r)
+tt1 ·MC(tt, p1, p2, p3, turnTT ,ff, remTT , actC , lockC , actD, movD, posD, actT , r)
+tt2 ·MC(p3, p0, p1, p2,ff, addTT , remTT , actC , lockC , actD, movD, posD, actT , r)
+c1 ·MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC ,ff, actD, movD, posD, actT , r)

/¬(turnTT ∨ actD ∨movD ∨ posD) . δ
+c2 ·MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC , tt, actD, movD, posD, actT , r)
+d1 ·MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC , lockC , actD, movD,ff, actT , r)
+d2 ·MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC , lockC , actD, movD, tt, actT , r)

/actD . δ
+t1 ·MC(p0, p1, p2, p3, turnTT , addTT , remTT , actC , lockC , actD, movD, posD, actT , tt)

Table 4.5: Restrictor for the Turntable Model

who based their work ondiscrete event systems. In their work, they restrict to deterministic pro-
cesses (often calledplants) that start from a single initial state and produce finite words (strings)
in some alphabet. Their aim is to find a controller that restricts a plant in such a way that it
produces a subset of the entire language of the plant. Their approach differs very much from the
approach followed in this chapter, as it is based on language equivalence and finite words; we
work in a bisimulation setting with non-deterministic, infinite process behaviours and multiple
initial states.

In [76], Kupfermanet al study the controller synthesis problem in a setting of the branching
temporal logics CTL and CTL∗. Unlike our processes, the plants the authors study are restricted
to having a finite number of states and a single initial state. In their paper, the authors prove that
the supervisory control problems for CTL and CTL∗ are 2EXPTIME-hard and 3EXPTIME-hard
in the size of the specification respectively. Their results hold in a setting with complete infor-
mation, i.e. the plant (resp., its environment) is able to observe all the signals generated by the
environment (resp., the plant). They do not study the synthesis problem in a setting with incom-
plete information, but research suggests that the effects of including incomplete information can
range from having no impact [77] to causing undecidability [102]. In [78], Kupferman and Vardi
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study a similar problem for theµ-calculus in the setting with incomplete information.
Finally, we mention work by Madhusudan and Thiagarajan [89]. They consider the con-

troller synthesis problem in a distributed setting, where a process at a givensite can evolve
asynchronously with respect to processes at other sites. The processes they consider are again
deterministic and have a single initial state, which is different from our setting. The authors
show that three conditions (one on the processes and two on the controllers) are necessary for the
decidability of the distributed controller synthesis problem in an arbitraryarchitecture(i.e. the
topology of the communication network between the sites). Since we work in a setting where we
have aglobalprocess, our results are difficult to compare with the results obtained by Madhusu-
dan and Thiagarajan. It is likely that some of our results for the single-step control problem can
be adapted to a distributed setting.

Summary In this chapter, we discussed a simple way for restricting the behaviour of unini-
tialised processes by turning a desired property into an invariant of the process. For this, we use
a single-step controller, guaranteeing safety by inspecting the effects of taking a single transition.
An obvious extension of the techniques, developed in this chapter, is the multi-step controller.
Multi-step controllers have already been studied in the context of initialised systems. For such
systems, synthesising multi-step controllers often have a greater complexity than synthesising
single-step controllers. Most likely, this also holds for uninitialised systems.

The invariants we obtain by restricting a process’ behaviour can be interpreted as thesafety
requirementsof the process. Designing a controller by hand to enforce such requirements is quite
challenging. Therefore, the techniques, described in this chapter are quite useful in the design
trajectory. Of course, the safety requirements are only part of the set of desired properties of a
system. The first approximation of the controller, obtained by process-behaviour restriction can
be helpful in the further design of the controller. Moreover, it is useful to spot potential conflicts
between safety requirements and liveness requirements.

Since we are often interested in the non-blocking behaviour of (uninitialised) processes, we
further investigated two types of processes for which we can establish the absence of deadlock
more efficiently than for arbitrary (uninitialised) processes. We find that for certain systems it
suffices to block a subset of all controllable actions. For a second class of systems, we found
that the controller based its decisions on single environments of a process. For both classes of
processes, we found simple sufficient conditions for guaranteeing absence of deadlock in the
restricted process.

The results, described in this chapter were put to use in a small case study, describing a
turntable system (see Section 4.4). In this case-study, we show that using our techniques, we end
up with a first approximation of the turntable system that contains only2.5% of the number of
states of the uncontrolled turntable system.



72 Chapter 4. Process-Behaviour Restriction



Chapter 5

Timed and Hybrid Automata

With the seminal publication [7, 8], the field of real-time process theories had finally reached
maturity. The popular description technique ofTimed Automata, first introduced in [7], allows
for the description of systems in which the interplay between discrete events and the passage
of time plays a pivotal role for the system’s correctness. Even though a multitude of existing
description techniques had already been equipped with real-time extensions, it was not until the
introduction of timed automata that a full-grown analysis technique for real-time systems became
available. Extensions of timed automata, capable of describing combinations between discrete
events and even more exotic (from a computer scientist’s point of view) behaviours, followed
suit. One such extensions was dubbedHybrid Automata[6, 62], which allowed to combine
discrete and continuous behaviours, in other words,hybrid systems. Various results pertaining to
the decidability of automated verification of (classes of) such systems have been obtained in the
years following.

From a practical point of view, the frameworks of timed and hybrid automata are of great
importance; they provide a pragmatic way that allows us to investigate complex systems. The
results obtained by such investigations are often of utmost importance. On the other hand, nei-
ther timed, nor hybrid automata have thus far provided deeper insight into the more fundamental
questions concerning the rôle and essence of time in real-time and hybrid systems. Such theoret-
ical issues are the key issue in real-time process algebras.

Chapters 5 and 6 define a bridge between the more practically oriented frameworks of timed
and hybrid automata and the theoretically oriented framework ofµCRLt. We do so, by provid-
ing a sound interpretation of timed and (a class of) hybrid automata inµCRLt, and we address
questions of expressiveness in all frameworks. Some of the results are traced back to the char-
acteristics of time that can differ, dependent on the framework we work in. This chapter serves
as a bridge between timed and hybrid automata on the one hand, andµCRLt on the other hand.
It does so by investigating two different ways of providing a semantics for timed and hybrid
automata and it clarifies conceptual differences and conformity. An obvious difference between
timed and hybrid automata on the one hand andµCRLt on the other hand is the different notion
of time that is employed: timed and hybrid automata userelative time, whereasµCRLt is based
onabsolutetime. We choose the path of least resistance and embed the relative time setting into
an absolute time setting. Other possibilities are well possible, but most likely require more effort.

73
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5.1 Timed Automata

In section 5.1.1, we introduce the syntax of timed automata; section 5.1.2 subsequently formu-
lates an absolute time version of the standard semantics of a timed automaton, whereas sec-
tion 5.1.3 introduces an alternative to this standard semantics. The relation between both seman-
tics is investigated in section 5.1.4.

5.1.1 Syntax

Timed Automata were first introduced by Alur and Dill in [7, 8]. They provided a simple and
general way for annotating state-transition graphs with timing constraints using finitely many
real-valuedclock variables. Their automata, however, did not have the means to enforce progress.
In the course of years, various extensions of timed automata have been defined. Noteworthy
extensions introducedeadlines(see [25]) and invariants (see e.g. [5]). This latter extension seems
to have become thede factostandard, which also is the one we investigate in this thesis.

In a timed automaton, timing constraints are typically modelled usingclocks. The timing
constraints that can be expressed are restricted to simple predicates over these clocks, and are
henceforth calledclock constraints.

Definition 5.1.1(Clocks).
A clock is a variable that can assume values in the set of non-negative real numbers, represented
by the setR≥0. Henceforth, we will assume an infinite set of clocksC. Typical clock variables
arec, c1, c2, etc.

Definition 5.1.2(Clock Valuation).
A valuation, or interpretation of clocks assigns a non-negative real value to the clocks, i.e. a
valuation is a mappingϑ:C → R≥0, such that for every clockc ∈ C, we haveϑ(c) ∈ R≥0.
The set of all valuations is denotedV, and the (singleton) setV0 denotes the set with thenull-
valuationϑ(c) = 0 for all c ∈ C as its sole element. Since we often are interested in partial
valuations, we introduce the notationsVC andV0

C for a setC ⊆ C, to denote resp. the set of all
valuationsϑ:C → R≥0, and and the set with the null-valuationϑ(c) = 0 for all c ∈ C.

Definition 5.1.3(Clock Constraint).
A clock constraint is a conjunction of atomic constraints; each of these atomic constraints com-
pares clock values with time constants. Clock constraints are thus timing constraints on one or
more clocks. Formally, the setΦ(C)∗ consists ofclock constraintsϕ, which are defined by the
grammar, given by Eqn. (5.1).

ϕ ::= c ∼ v | (c1 − c2) ∼ v | (c1 + c2) ∼ v | ϕ1 ∧ ϕ2 (5.1)

Here,c1, c2 are clocks in the setC, v is a constant inR≥0 and∼∈ {<,≤, >,≥}.

The interpretation[[ϕ]]ϑ of a clock constraintϕ in a valuationϑ is defined inductively by (5.2).
Here, we define[[v]]ϑ = v and[[c]]ϑ = ϑ(c).

[[c ∼ v]]ϑ = [[c]]ϑ ∼ [[v]]ϑ

[[(c1 − c2) ∼ v]]ϑ = ([[c1]]
ϑ − [[c2]]

ϑ) ∼ [[v]]ϑ

[[(c1 + c2) ∼ v]]ϑ = ([[c1]]
ϑ + [[c2]]

ϑ) ∼ [[v]]ϑ

[[ϕ1 ∧ ϕ2]]
ϑ = [[ϕ1]]

ϑ ∧ [[ϕ2]]
ϑ

(5.2)
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Satisfaction of a clock constraintϕ in a valuationϑ, denoted byϑ |= ϕ means that the closed
formula[[ϕ]]ϑ is evaluated to true. The set ofsatisfiableclock constraintsΦ(C) is the set of clock
constraintsϕ ∈ Φ(C)∗ for which there exists a valuationϑ, such thatϑ |= ϕ. In short,Φ(C) is
the subset of clock constraints not containing conjunctives with atomic constraints of the form
x < 0. In the remainder of this thesis, we restrict ourselves to using satisfiable clock constraints.

Notation 5.1.4. We allow ourselves to writeϑ, χ |= ϕ, for arbitrary clock valuationsϑ, χ and
clock constraintϕ, when we mean bothϑ |= ϕ andχ |= ϕ. The notationϑ[λ := 0] for a set
λ ⊆ C is a short-hand for the valuationϑ′, defined asϑ′(c) = 0 for all c ∈ λ andϑ′(c) = ϑ(c)
for all c ∈ C \ λ.

The constants to which clocks are compared are often restricted to constants from the set of non-
negative rationals. This restriction is necessary for obtaining the decidability results that allow
for the automated verification of timed automata such as is offered by tools (e.g. UPPAAL [79]).
When decidability is not the issue, restrictions are not necessary. Since we are not primarily
interested in decidability in this chapter, we henceforth assume clocks can be compared with any
element in the set of non-negative real numbers.

Notation 5.1.5. We often shall consider constants as functions; hence, the addition in e.g.ϑ+ d
is the addition as defined for functions, i.e. for all clocksc ∈ C and delaysd ∈ R≥0, we have
(ϑ+ d)(c) = ϑ(c) + d.

A property of clock constraints that is used on various occasions is theinterpolationproperty.

Property 5.1.6(Interpolation).
For all valuationsϑ for clocks inC, all clock constraintsϕ in Φ(C) and all delaysd ∈ R≥0,
implication (5.3) holds.

ϑ, (ϑ+ d) |= ϕ⇒ ∀d′∈[0,d] (ϑ+ d′) |= ϕ (5.3)

Proof.
Let ϑ ∈ V, andϕ ∈ Φ(C). Assumed ∈ R≥0, and supposeϑ, (ϑ + d) |= ϕ. Let d′ ∈ [0, d]. By
structural induction, we show that also(ϑ+ d′) |= ϕ.

Let∼ be an arbitrary relation in{<,≤,≥, >}.

1. For clock constraints of the formc ∼ v, we have bothϑ(c) ∼ v andϑ(c) ∼ v − d. Now,
general rules of calculus automatically yieldϑ(c) ∼ v − d′ for all relations∼.

2. Suppose the clock constraintϕ is of the formc1 − c2 ∼ v. Then, it follows thatϑ(c1) −
ϑ(c2) = (ϑ+ d′)(c1)− (ϑ+ d′)(c2) for arbitraryd′.

3. Thirdly, suppose the clock constraintϕ is of the formc1 + c2 ∼ v. We already know
ϑ(c1) + ϑ(c2) ∼ v andϑ(c1) + ϑ(c2) ∼ v − 2d. Again, general rules of calculus yield
ϑ(c1) + ϑ(c2) ∼ v − 2d′ for all relations∼.

4. For clock constraints of the formϕ1 ∧ ϕ2, it clearly holds if we assume it holds forϕ1 and
ϕ2, given the definition of(ϑ+ d′) |= (ϕ1 ∧ ϕ2).
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Thus, we know that(ϑ+ d′) |= ϕ holds for arbitrary clock constraintsϕ. 2

Timed Automata are usually associated with a graphical syntax, consisting of nodes, edges and
textual decorations on both nodes and edges. This graphical syntax is, for small systems, often
favourable over a textual description. In proofs and larger examples, however, the graphical
denotation of a timed automaton is rather clumsy and the textual notation is used. Typically, a
timed automaton is defined by several sets and relations (see Def. 5.1.7).

Definition 5.1.7(Timed Automaton).
Formally, a timed automatonX is a tuple〈L,L0,Σ, C, ι, E〉,where

• L is a finite set oflocations,

• ∅ ⊂ L0 ⊆ L is a set ofinitial locations,

• Σ is a finite set of labels,

• C ⊆ C is a finite set of clocks,

• ι:L → Φ(C) is a mapping, calledinvariant, that labels each locationl in L with some
clock constraint inΦ(C); we require that for all initial locationsl ∈ L0, ϑ0 |= ι(l) for
ϑ0 ∈ V0

C ,

• E ⊆ L× Σ× Φ(C)× 2C × L is a set ofswitches.

We writel
σ,ϕ,λ−−−→ l′ for (l, σ, ϕ, λ, l′) ∈ E.

Remark 5.1.8. Restricting the invariants for initial locations to invariants that are satisfied by the
null-valuation is not very common but ensures we disallow deadlockedtimed automata. Since
for all practical purposes, these types of automata are never interesting, we exclude them from
our set of valid automata. For an investigation of timed automata with the possibility of arriving
in a deadlocked state, refer to [125].

In its graphical notation, a timed automaton is a directed graph, where nodes represent the loca-
tions and edges represent the switches. Edges are decorated with the information that is available
from the set of switches; nodes contain the information pertaining to the invariant of the associ-
ated location. Before we arrive at a formal exposition of the semantics of a Timed Automaton, we
briefly explain the intended meaning of a timed automaton, and provide an instructive example.

At all times, we have a notion of “being” in one of the nodes; the invariant, associated to the
node describes the circumstances under which we can actually be in a given node. We can leave
a node by travelling along a suitable edge. Determining whether an edge is suitable, is decided
by the information found along-side an edge. This information represents anactionσ, aguardϕ
and thereset-setλ. Whenever the guardϕ, consisting of a clock constraint, is satisfied, the edge
is “suitable” for leaving the node, and the actionσ is enabled. Upon execution ofσ, the clocks
in the setλ are simultaneously reset to zero.
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Researching

d ≤ 42

t > 1 ⇒
research,t := 0

d ≤ 48

Writing

Defence

d = 48 ⇒
defend

t = 7 ⇒
teach,t := 0

d, t = 0
d ≥ 36 ⇒ write

d < 42 ⇒ research

t ≤ 2

Teaching

d = 48

Figure 5.1: Life-Cycle of a Ph.D. Student

Example 5.1.9. We consider the life-cycle of an average Ph.D. student. The life-span of a
Ph.D. student is fixed at48 months. Most of his/her time is spent on research activities, which can
involve anything from creating art to publishing papers to organising conferences. Periodically,
courses have to be taught, taking up at least a month of precious research time. The defence
is, optimistically, planned in the very last month of the Ph.D. contract. A timed automaton,
modelling the manufacturing of Ph.D.’s is depicted in Fig. 5.1. The automaton can serve as input
to e.g. UPPAAL which in turn can be used to verify properties of the model such as deadlock and
reachability. Desirable properties are e.g. “the stateDefenceis reachable” and “teaching activities
do not lead to deadlocks”. Of course, an in-depth analysis requires a thorough understanding of
the semantics of a timed automaton, so we do not go into the validity (or falsity) of the above
properties.

Modelling real-time systems is a difficult and often error-prone task, which depends highly on
the size of the system measured in e.g. number of locations, switches and clocks. The means
for giving a compositional description is likely to assist the modelling of more complex sys-
tems. Moreover, it is not uncommon for systems to be composed of smallersub-systems(also
components) that exchange information via communications or synchronisations. For the above-
mentioned reasons, timed automata can be constructed compositionally, using the‖s operator,
modelling a specific type of parallel composition. Timed Automata described as the composition
of a number of other timed automata are so-namedsynchronising timed automata. Synchronising
Timed Automata can be rewritten to timed automata using the set of rules given below.

Definition 5.1.10(Synchronising Timed Automata).
Let X1 = 〈L1, L

0
1,Σ1, C1, ι1, E1〉 andX2 = 〈L2, L

0
2,Σ2, C2, ι2, E2〉 be timed automata, for

which their sets of clocks are disjoint, i.e.C1 ∩ C2 = ∅. The parallel composition ofX1 and
X2, denoted byX1‖sX2 is the timed automaton〈L1 × L2, L

0
1 × L0

2,Σ1 ∪ Σ2, C1 ∪ C2, ι, E〉,
whereι(l, s) = ι1(l) ∧ ι2(s) and the set of switchesE is defined as the least relation satisfying
the rules of Table 5.1.
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l
σ,ϕ,λ−−−→ l′ s

σ,ψ,κ−−−→ s′

(l, s)
σ,ϕ∧ψ,λ∪κ−−−−−→ (l′, s′)

l
σ,ϕ,λ−−−→ l′ σ ∈ Σ1 \ Σ2

(l, s)
σ,ϕ,λ−−−→ (l′, s)

s
σ,ψ,κ−−−→ s′ σ ∈ Σ2 \ Σ1

(l, s)
σ,ψ,κ−−−→ (l, s′)

Table 5.1: Deduction Rules for Synchronisation

The operator‖s modelsblocking synchronisation on shared labels, i.e. for all labelsσ shared by
other component(s), a component can execute actionσ iff the other component(s) can also do
so. The operator‖s is, in terms of the operators ofµCRLt, a derived operator. To provide an
intuition behind the use of synchronising timed automata, we consider the following example.

Example 5.1.11.We explore the activities of a Ph.D. student a bit further. A mandatory activity
for every Ph.D. student is to participate in a number of courses. Grouped together, these courses
take approx. one month to complete. Teaching, writing and research activities are postponed
until the end of the course. The synchronising timed automata of Fig. 5.1 and 5.2 yield a new

teach,
write,

research

w, c = 0
w = 9 ⇒ course,c := 0

c = 1 ⇒ work, w := 0

Working

c ≤ 1

Consuming

w ≤ 9

Figure 5.2: Mandatory Research Activity

automaton, depicted in Fig. 5.3. This automaton is the result of applications of the rules in
Def. 5.1.10. We observe that the complexity of the composite automaton already obscures much
of the information that it contains. For instance, not all locations of the composite automaton are
reachable from the initial location, but it requires substantial effort to find out which.

5.1.2 Semantics — Standard

A common practice in defining the semantics of a formalism is by defining a translation of the
formalism into another well-understood formalism, also referred to asmodel. Generally,Timed
Labelled Transition Systems(TLTSs) are used as the underlying model for timed formalisms.
Perhaps the most widespread TLTS is the (in this thesis referred to as the)Two-Phase Labelled
Transition System(TPLTS), separating timed transitions (labelled with elements of the alpha-
bet R≥0) and action transitions; the less popular TLTS (here referred to as the)Time-Stamped
Labelled Transition System(TSLTS), was already introduced in chapter 2. Formalisms that are
based on TPLTSs include timed automata [8], hybrid automata [62], various extensions of ACP
with timing (e.g. [17]) and ATP [99]. As mentioned earlier, the TSLTS model is less popular,
and seems to be used mainly in ACP related areas.
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t = 7 ⇒
teach,t := 0

d = 48 ⇒
defend

d = 48 ⇒
defend

t > 1 ⇒
research,t := 0

d ≥ 36 ⇒ write

d < 42 ⇒ research

R×C

d ≤ 42, c ≤ 1

t ≤ 2, c ≤ 1

T×C

t ≤ 2, w ≤ 9

T×W

R×W

d ≤ 42, w ≤ 9 d ≤ 48, w ≤ 9

W×W

d ≤ 48, c ≤ 1

W×C

D×W D×C

d = 48, w ≤ 9 d = 48, c ≤ 1

c = 1 ⇒ work, w := 0

c = 1 ⇒ work, w := 0

w = 9 ⇒ course,c := 0

w = 9 ⇒ course,c := 0

c, d, t, w = 0

w = 9 ⇒ course,c := 0

c = 1 ⇒ work, w := 0

w = 9 ⇒ course,c := 0 c = 1 ⇒ work, w := 0

Figure 5.3: Fitting mandatory research activities into the Ph.D. Life-Cycle

Remark 5.1.12. The correspondence between TPLTSs and TSLTSs is suggested in e.g. [73, 38].
An informal explanation is as follows. Under the condition of time-additivity (i.e. waiting for d
time units and then immediately waiting for another d′ time units cannot be distinguished from
waiting d + d′ time units at once), we have the following intuition. A time-stamped transition
s

σ−→t s
′ in a TSLTS corresponds to a combination of an appropriate delay transition s t7−→ s′′

to a certain state s′′, followed by an action transition s′′ σ−→ s′ in a TPLTS. The delay predicate
Ut(s) in a TSLTS, meaning that a process can idle until absolute point of time t while in state s,
corresponds to the existence of a state s′ in a TPLTS, for which we have s t7−→ s′.

In this section, we define the semantics of a timed automaton using the underlying model of
TPLTSs. We deviate slightly from the standard definition of the semantics for a timed automaton
by working in absolute time rather than relative time. The embedding of relative time into abso-
lute time, however, is straightforward. On the level of a timed automaton, we can think of “now”
in absolute time as the value of a redundant clockt, i.e. a clock that is never reset nor referred to
in any of the automaton’s clock constraints.

Definition 5.1.13(Semantics of a Timed Automaton (TPLTS)).
Let X = 〈L,L0,Σ, C, ι, E〉 be a timed automaton. The TPLTSXs, associated to the timed
automatonX isXs = 〈L× V× R≥0, L

0 × V0
C × {0},Σ,→, 7→〉. The action transitions→ and

the timed transitions7→ are defined as the least relations satisfying the rules of Table 5.2.
The state-space ofXs consists of the set of states that can be reached from the initial states.

Remark 5.1.14. The interpretation given here allows for multiple events in zero time (so-named
urgent actions). Not all interpretations allow for these urgent actions. Most notably, the original
definition of Alur and Dill [8] requires the passage of (non-zero) time between two successive
action transitions.
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ϑ, (ϑ+ d) |= ι(l) 0 ≤ d

(l, ϑ, t)
t+d7−→ (l, ϑ+ d, t+ d)

l
σ,ϕ,λ−−−→ l′ ϑ |= ϕ ϑ |= ι(l) ϑ′ = ϑ[λ := 0] ϑ′ |= ι(l′)

(l, ϑ, t)
σ−→ (l′, ϑ′, t)

Table 5.2: Deduction Rules for Passage of Time and Single-step Evolution

We distinguish timed automata on the basis of their behaviour, using a timed bisimulation. We
use bisimulation, as it is the strongest equivalence that differentiates the behaviour of two systems
on the basis of their behaviour, rather than on their syntax. Moreover, any results, obtained under
the assumption of using timed bisimulation immediately apply to weaker notions of equivalence.
For an overview of other equivalences, see [48] for a discussion on equivalence for general
specification formalisms, and [38] for equivalences tailored to the framework of timed automata.

Definition 5.1.15(Timed Bisimulation for Timed Automata (TPLTS)).
LetX1 andX2 be two timed automata, and letXs

1 andXs
2 be the interpretations of resp.X1 and

X2 in terms of TPLTSs.
A relationR ⊆ (L1 ×VC1 ×R≥0)× (L2 ×VC2 ×R≥0) is a timed bisimulation iff for all states
(l1, ϑ, t) and(l2, χ, u), the following properties are satisfied.

1. if (l1, ϑ, t)R(l2, χ, u) and(l1, ϑ, t)
σ−→ (l′1, ϑ

′, t) for someσ ∈ Σ1, then there exists a state
(l′2, χ

′, u), such that(l2, χ, u)
σ−→ (l′2, χ

′, u) and(l′1, ϑ
′, t)R(l′2, χ

′, u). Similarly for each
action transition of automatonX2.

2. if (l1, ϑ, t)R(l2, χ, u) and(l1, ϑ, t)
t+d7−→ (l1, ϑ

′, t+ d) for somed ∈ R≥0, then there exists a

state(l2, χ′, u+d), such that(l2, χ, u)
u+d7−→ (l2, χ

′, u+d) and(l1, ϑ
′, t+d)R(l2, χ

′, u+d).
Similarly for each delay transition of automatonX2.

3. For each state(l1, ϑ0,0) with l1 ∈ L0
1 andϑ0 ∈ V0

C1
, there exists a state(l2, χ0,0), such

that l2 ∈ L0
2, χ0 ∈ V0

C2
and(l1, ϑ0,0)R(l2, χ0,0), and similarly for each initial state of

X2.

If there exists a relationR, relating all states betweenXs
1 andXs

2 according to the above-
listed criteria, then we say the two timed automataX1 andX2 are timed bisimilar, denoted
byR:X1 ↔ ι

tX2.

As a result of this definition, two timed bisimilar timed automata agree on their elapsed time for
all reachable and timed bisimilar states (see Lemma 5.1.16).

Lemma 5.1.16. Let X1 andX2 be two timed bisimilar timed automata andR be a relation
relatingX1 andX2 , i.e.R:X1 ↔ ι

tX2. Then, for all states(l, ϑ, t) of Xs
1 and(s, χ, u) of Xs

2 ,
reachable from the initial states ofX1 andX2, implication (5.4) holds.

(l, ϑ, t)R(s, χ, u) ⇒ u = t (5.4)
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Proof. Let R be a timed bisimulation relation, relating the timed automataX1 andX2. We
proceed by induction on the number of transitions taken from an initial state.
Clearly, implication (5.4) holds for initial states of the systems. Suppose we have the reachable
states(l, ϑ, t) and(s, χ, u), such that(l, ϑ, t)R(s, χ, u) andu = t. Now, we can distinguish four
cases, two of which we investigate below. The remaining two cases are symmetric to the below
discussed cases and are therefore omitted.

1. Suppose(l, ϑ, t)
σ−→ (l′, ϑ′, t). SinceR is a timed bisimulation relation, relatingX1 and

X2, we also have(s, χ, u)
σ−→ (s′, χ′, u) and(l′, ϑ′, t)R(s′, χ′, u) for some state(s′, χ′, u).

We still haveu = t, and therefore, implication (5.4) holds.

2. Suppose(l, ϑ, t)
t+d7−→ (l, ϑ′, t+d). Again, sinceR is a timed bisimulation relation, we also

have(s, χ, u)
u+d7−→ (s, χ′, u+d) and(l, ϑ′, t+d)R(s, χ′, u+d) for some state(s, χ′, u+d).

Since we haveu = t, we also knowu+ d = t+ d, confirming implication (5.4).

2

Lemma 5.1.17. LetX = 〈L,L0,Σ, C, ι, E〉 be a timed automaton. Then, for all states(l, ϑ, t)
of Xs, reachable from an initial state ofX, ϑ |= ι(l) holds.

Proof. We again provide a proof by means of induction on the number of transitions taken from
an initial state.
By definition, Lemma 5.1.17 holds for initial states, since initial states have invariants satisfied
by the null-valuation. Suppose we have a reachable state(l, ϑ, t), such thatϑ |= ι(l). Then, there
are two options.

1. Let (l, ϑ, t)
t+d7−→ (l, ϑ + d, t + d) for somed ≥ 0. Then, by definition, we must have

ϑ, ϑ+ d |= ι(l) and therefore surely alsoϑ+ d |= ι(l).

2. Let (l, ϑ, t)
σ−→ (l′, ϑ′, t). By definition, this is possible, only whenϑ′ |= ι(l′).

Both options agree with Lemma 5.1.17. 2

Apart from a semantics for a timed automaton, we also provide a semantics for the parallel
operator‖s. This shows the compositionality of the operator.

Definition 5.1.18(Semantics of Synchronising Timed Automata (TPLTS)).
Let X1 = 〈L1, L

0
1,Σ1, C1, ι1, E1〉 andX2 = 〈L2, L

0
2,Σ2, C2, ι2, E2〉 be timed automata. The

semantics ofX1‖sX2 is given by the TPLTS(X1)
s‖s(X2)

s = 〈(L1×VC1 ×R≥0)× (L2×VC2 ×
R≥0), (L

0
1×V0

C1
×{0})× (L0

2×V0
C2
×{0}),Σ1∪Σ2,→, 7→〉, where for all states(l, ϑ, t) ∈ Xs

1

and (s, χ, u) ∈ Xs
2 , the set of action and delay transitions→ and 7→ are defined as the least

relations satisfying the rules of Table 5.3.

The rules for constructing a new timed automaton, based on the parallel composition of two
timed automata, described in Def. 5.1.10 are in accordance with the semantical interpretation
presented in Def. 5.1.18 (see the next Lemma).
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(l, ϑ, t)
t+d7−→ (l, ϑ+ d, t+ d) (s, χ, t)

t+d7−→ (s, χ+ d, t+ d)

(l, ϑ, t)‖s(s, χ, t)
t+d7−→ (l, ϑ+ d, t+ d)‖s(s, χ+ d, t+ d)

(l, ϑ, t)
σ−→ (l′, ϑ′, t) (s, χ, t)

t7−→ (s, χ, t) σ ∈ Σ1 \ Σ2

(l, ϑ, t)‖s(s, χ, t)
σ−→ (l′, ϑ′, t)‖s(s, χ, t)

(s, χ, u)
σ−→ (s′, χ′, u) (l, ϑ, u)

u7−→ (l, ϑ, u) σ ∈ Σ2 \ Σ1

(l, ϑ, u)‖s(s, χ, u)
σ−→ (l, ϑ, u)‖s(s′, χ′, u)

(l, ϑ, t)
σ−→ (l′, ϑ′, t) (s, χ, t)

σ−→ (s′, χ′, t) σ ∈ Σ1 ∩ Σ2

(l, ϑ, t)‖s(s, χ, t)
σ−→ (l′, ϑ′, t)‖s(s′, χ′, t)

Table 5.3: Rules for the Synchronisation Operator

�
�

�
��

	�
�

�
���

............................................................................

...............................................................................................................X1 ‖s X2

(X1)
s ‖s (X2)

s

(X1 ‖s X2)
s

t
ι

Figure 5.4: Soundness of Synchronising Timed Automata
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Lemma 5.1.19. Let X1 andX2 be two timed automata, and letXs
1 andXs

2 be the TPLTS
associated toX1 andX2, then there exists a timed bisimulation relationR, such that (5.5) holds
(see also Fig. 5.4).

R:Xs
1‖sXs

2 ↔ ι
t (X1‖sX2)

s (5.5)

Proof. LetX1 andX2 be two timed automata. We define a relationR and make it plausible that
this relation is a timed bisimulation relation relatingXs

1‖sXs
2 and(X1‖sX2)

s.

R = {〈 (l, ϑ, t)‖s(s, χ, t), ((l, s), ϑ∪χ, t) 〉 | l ∈ L1, s ∈ L2, ϑ ∈ VC1 , ϑ ∈ VC2 , t ∈ R≥0} (5.6)

ForR to be a timed bisimulation relation, the requirements of Def. 5.1.15 have to be checked.
The requirement concerning initial states is satisfied, which is not hard to see. We therefore focus
on the delay transitions and the action transitions.

1. Assume(l, ϑ, t)‖s(s, χ, t)R((l, s), ϑ∪χ, t), and suppose(l, ϑ, t)‖s(s, χ, t)
t+d7−→ (l, ϑ+d, t+

d)‖s(s, χ+d, t+d). Then, also(l, ϑ, t)
t+d7−→ (l, ϑ+d, t+d) and(s, χ, t)

t+d7−→ (s, χ+d, t+d).
Hence, alsoϑ, (ϑ + d) |= ι1(l) andχ, (χ + d) |= ι2(s). Since clocks inX1 andX2 are
disjoint, we can deriveϑ ∪ χ, ((ϑ ∪ χ) + d) |= ι(l, s), which is sufficient for obtaining

((l, s), ϑ∪χ, t) t+d7−→ ((l, s), (ϑ∪χ) + d, t+ d). By construction of the relationR, we have
(l, ϑ+d, t+d)‖s(s, χ+d, t+d)R((l, s), (ϑ∪χ)+d, t+d). By following the above steps

in reverse it follows that from((l, s), ϑ∪χ, t) t+d7−→ ((l, s), (ϑ∪χ)+d, t+d) we can derive

(l, ϑ, t)‖s(s, χ, t)
t+d7−→ (l, ϑ+ d, t+ d)‖s(s, χ+ d, t+ d).

2. Suppose(l, ϑ, t)‖s(s, χ, t)R((l, s), ϑ ∪ χ, t); assumeσ ∈ Σ1 ∩ Σ2 and suppose we have
(l, ϑ, t)‖s(s, χ, t)

σ−→ (l′, ϑ′, t)‖s(s′, χ′, t). Therefore, also(l, ϑ, t)
σ−→ (l′, ϑ′, t) and

(s, χ, t)
σ−→ (s′, χ′, t). This means we haveϑ |= ι1(l), χ |= ι2(s), ϑ′ |= ι1(l

′) and

χ′ |= ι2(s
′), and, moreover, there are switchesl

σ,ϕ,λ−−−→ l′ ands
σ,ψ,κ−−−→ s′, such thatϑ |= ϕ,

χ |= ψ, ϑ′ = ϑ[λ := 0] andχ′ = χ[κ := 0]. Given the assumptionC1 ∩ C2 = ∅, we can

then identify a switch(l, s)
σ,ϕ∧ψ,λ∪κ−−−−−→ (l′, s′), such thatϑ∪χ |= ι(l, s), ϑ′∪χ′ |= ι(l′, s′) and,

finally, ϑ′∪χ′ = (ϑ∪χ)[λ∪κ := 0]. Therefore, also((l, s), ϑ∪χ, t) σ−→ ((l′, s′), ϑ′∪χ′, t)
and by construction, we have(l′, ϑ′, t)‖s(s′, χ′, t)R((l′, s′), ϑ′ ∪ χ′, t). The above steps in
reverse lead to the symmetric case where((l, s), ϑ ∪ χ, t) σ−→ ((l′, s′), ϑ′ ∪ χ′, t) leads to
(l, ϑ, t)‖s(s, χ, t)R((l, s), ϑ ∪ χ, t).

3. Suppose(l, ϑ, t)‖s(s, χ, t)R((l, s), ϑ ∪ χ, t); assumeσ ∈ Σ1 \ Σ2 and suppose we have
(l, ϑ, t)‖s(s, χ, t)

σ−→ (l′, ϑ′, t)‖s(s, χ, t). Therefore, we also have(l, ϑ, t)
σ−→ (l′, ϑ′, t)

and(s, χ, t)
t7−→ (s, χ, t). We therefore haveϑ |= ι1(l), ϑ′ |= ι1(l

′) andχ |= ι2(s), and,

moreover, there is a switchl
σ,ϕ,λ−−−→ l′ such thatϑ |= ϕ andϑ′ = ϑ[λ := 0]. Combining

this, we can identify a switch(l, s)
σ,ϕ,λ−−−→ (l′, s), such thatϑ∪χ |= ι(l, s), ϑ′∪χ |= ι(l′, s),

ϑ∪ χ |= ϕ andϑ′ ∪ χ = (ϑ∪χ)[λ := 0], leading to((l, s), ϑ∪ χ, t) σ−→ ((l′, s), ϑ′ ∪ χ, t)
and by construction(l′, ϑ′, t)‖s(s, χ, t)R((l′, s), ϑ′ ∪ χ, t). For the symmetric case and the
case whereσ ∈ Σ2 \ Σ1, similar arguments hold.

2
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5.1.3 Semantics — Alternative

The previous section dealt with the semantics of timed automata based on the model of TPLTSs.
Focusing on the framework ofµCRLt, an alternative semantics, based onTime-Stamped Labelled
Transition Systems(TSLTSs) is preferable. The semantics we define in this section uses the
underlying model of TSLTSs. For an intuition behind the correspondence between the TSLTS
model and the TPLTS model, refer to Remark 5.1.12.

Definition 5.1.20(Semantics of a Timed Automaton (TSLTS)).
Let X = 〈L,L0,Σ, C, ι, E〉 be a timed automaton. The semantics ofX is given by the TSLTS
Xs = 〈L × V × R≥0, L

0 × V0
C × {0},Σ,→,U〉. The time-stamped action transition→ and

the delay predicateU are defined as the least relations satisfying the rules of Table 5.4. The

Uu(l, ϑ, t) u′ ≤ u

Uu′(l, ϑ, t)
ϑ, (ϑ+ d) |= ι(l) 0 ≤ d

Ut+d(l, ϑ, t)

l
σ,ϕ,λ−−−→ l′ ϑ′ = (ϑ+ d)[λ := 0] 0 ≤ d

ϑ, (ϑ+ d) |= ι(l) (ϑ+ d) |= ϕ ϑ′ |= ι(l′)

(l, ϑ, t)
σ−→t+d (l′, ϑ′, t+ d)

Table 5.4: Deduction Rules for Single-Step Evolution and Idling Behaviour

state-space ofXs consists of the set of states that can be reached from the initial states.

Remark 5.1.21. Whenever we refer to the time-stamped semantics of a timed automaton X , we
will write Xs.

The delay predicateU is defined using two distinct rules; the downward delay-closure rule is
needed to ensure delaying is a time-convex activity. The presence of this rule also has an impact
on the length of proofs, as we need to explicitly make a distinction between the two cases. The
following Lemma states that, whenever we restrict our reasoning toreachablestates, it suffices
to prove only one case rather than both cases, as for reachable states, the downward delay-closure
always holds.

Lemma 5.1.22. Let X be a timed automaton. Then, for each state(l, ϑ, t), reachable from an
initial state,Uu(l, ϑ, t) holds for allu ≤ t.

Proof. Clearly, for the initial states, the statement holds; suppose state(l, ϑ, t) is reachable from
an initial state and we haveUu(l, ϑ, t) for all u ≤ t. Suppose(l, ϑ, t)

σ−→u′ (l′, ϑ′, u′). Clearly,
then at least the conditionϑ′ |= ι(l′) must have been met. This condition, however, is sufficient
for provingUu′(l′, ϑ′, u′). Using the downward delay-closure rule, we then immediately have
Ut′(l′, ϑ′, u′) for all t′ ≤ u′. 2

Definition 5.1.23(Timed Bisimulation for Timed Automata (TSLTS)).
LetX1 andX2 be two timed automata and letXs

1 andXs
2 be the interpretations ofX1 andX2 in

terms of TSLTSs.
A relationR ⊆ (L1 ×VC1 ×R≥0)× (L2 ×VC2 ×R≥0) is a timed bisimulation iff for all states
(l1, ϑ, t) and(l2, χ, u), the following requirements are fulfilled.
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1. if (l1, ϑ, t)R(l2, χ, u) and(l1, ϑ, t)
σ−→r (l′1, ϑ

′, r) for someσ ∈ Σ1 andr ∈ R≥0, then
there exists a state(l′2, χ

′, u), such that(l2, χ, u)
σ−→r (l′2, χ

′, r) and(l′1, ϑ
′, r)R(l′2, χ

′, r).
Similarly for each action transition of automatonX2.

2. if (l1, ϑ, t)R(l2, χ, u) andUr(l1, ϑ, t) for somer ∈ R≥0, then alsoUr(l2, χ, u).

3. For each state(l1, ϑ0,0) with l1 ∈ L0
1 andϑ0 ∈ V0

C1
, there exists a state(l2, χ0,0), such

that l2 ∈ L0
2, χ0 ∈ V0

C2
and(l1, ϑ0,0)R(l2, χ0,0), and similarly for each initial state of

X2.

If there exists a relationR, relating all states betweenXs
1 andXs

2 according to the above-
listed criteria, then we say the two timed automataX1 andX2 are timed bisimilar, denoted
byR:X1 ↔ tX2. When we are not particularly interested in the witnessing relationR, we often
omit it and writeX1 ↔ tX2.

As a result of this definition, two timed bisimilar timed automata synchronise on their elapsed
time for all their reachable and bisimilar states (see Lemma 5.1.24).

Lemma 5.1.24. Let X1 andX2 be two timed bisimilar timed automata andR be a relation
relatingX1 andX2 , i.e. R:X1 ↔ tX2. Then, for all states(l, ϑ, t) of Xs

1 and (s, χ, u) of
Xs

2 , reachable from the initial states ofX1 andX2 by means of a series of time-stamped action
transitions, implication (5.7) holds.

(l, ϑ, t)R(s, χ, u) ⇒ u = t (5.7)

Proof. The proof proceeds according to the lines of the proof of Lemma 5.1.16. 2

Definition 5.1.25(Semantics of Synchronising Timed Automata (TSLTS)).
Let X1 = 〈L1, L

0
1,Σ1, C1, ι1, E1〉 andX2 = 〈L2, L

0
2,Σ2, C2, ι2, E2〉 be timed automata. The

semantics ofX1‖sX2 is given by the TSLTS(X1)
s‖s(X2)

s = 〈(L1×VC1 ×R≥0)× (L2×VC2 ×
R≥0), (L

0
1×V0

C1
×{0})× (L0

2×V0
C2
×{0}),Σ1 ∪Σ2,→,U〉, where for all states(l, ϑ, t) ∈ Xs

1

and(s, χ, u) ∈ Xs
2 , the set of time-stamped action transitions→ and the delay predicateU are

defined as the least relations satisfying the rules of Table 5.5.

Lemma 5.1.22 carries over straightforwardly to the setting of synchronising timed automata.

Lemma 5.1.26. LetX andY be timed automata. Then, for each state(l, ϑ, t)‖s(s, χ, u), reach-
able from an initial state,Uu′((l, ϑ, t)‖s(s, χ, u)) holds for allu′ ≤ tmaxu.

Proof. For the initial states, the above Lemma obviously holds. Suppose state(l, ϑ, t)‖s(s, χ, u)
is reachable from an initial state and we have, for allr ≤ tmaxu, Ur((l, ϑ, t)‖s(s, χ, u)). We
make a distinction between two cases.
Suppose we can reach, via a non-shared time-stamped action transition, state(l′, ϑ′, t′)‖s(s, χ, u).
Then, we knowu ≤ t′, t ≤ t′ andUt′(s, χ, u). Moreover,(l, ϑ, t)

σ−→t′ (l′, ϑ′, t′) is possible.
This must be a reachable state, so alsoUt′(l′, ϑ′, t′). But then alsoUt′((l′, ϑ′, t′)‖s(s, χ, u)). We
then also haveUu′((l′, ϑ′, t′)‖s(s, χ, u)) for all u′ ≤ t′ maxu.
Suppose we can reach the state(l′, ϑ′, t′)‖s(s′, χ′, t′) via a shared time-stamped action transi-
tion. Then, we know(l, ϑ, t)

σ−→t′ (l′, ϑ′, t′) and(s, χ, t)
σ−→t′ (s′, χ′, t′). These states must

be reachable from the initial states, so alsoUt′(l′, ϑ′, t′) and Ut′(s′, χ′, t′) and therefore also
Uu′((l′, ϑ′, t′)‖s(s′, χ′, t′)) for all u′ ≤ t′ max t′. 2
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Ur(l, ϑ, t) Ur(s, χ, u)
Ur((l, ϑ, t)‖s(s, χ, u))

(l, ϑ, t)
σ−→r (l′, ϑ′, r) Ur(s, χ, u) σ ∈ Σ1 \ Σ2 u ≤ r

(l, ϑ, t)‖s(s, χ, u)
σ−→r (l′, ϑ′, r)‖s(s, χ, u)

(s, χ, u)
σ−→r (s′, χ′, r) Ur(l, ϑ, t) σ ∈ Σ2 \ Σ1 t ≤ r

(l, ϑ, t)‖s(s, χ, u)
σ−→r (l, ϑ, t)‖s(s′, χ′, r)

(l, ϑ, t)
σ−→r (l′, ϑ′, r) (s, χ, u)

σ−→r (s′, χ′, r) σ ∈ Σ1 ∩ Σ2

(l, ϑ, t)‖s(s, χ, u)
σ−→r (l′, ϑ′, r)‖s(s′, χ′, r)

Table 5.5: Rules for the Synchronisation Operator

The rules for constructing a new timed automaton, based on the parallel composition of two timed
automata, described in Def. 5.1.10 are in accordance with the semantic interpretation presented
in Def. 5.1.25.

Lemma 5.1.27. Let X1 andX2 be two timed automata, and letXs
1 andXs

2 be the TSLTS
associated toX1 andX2, then there exists a timed bisimulation relationR, such that (5.8) holds
(see also Fig. 5.5).

R : Xs
1‖sXs

2 ↔ t (X1‖sX2)
s (5.8)

�
�

�
��

	�
�

�
���

............................................................................

...............................................................................................................X1 ‖s X2

(X1)
s ‖s (X2)

s

(X1 ‖s X2)
s

t

Figure 5.5: Soundness of Synchronising Timed Automata

Proof. The proof is essentially similar to the proof for Lemma 5.1.19. LetX1 andX2 be two
timed automata. We define a relationR′ and prove that its reachable subset satisfies the definition
of a timed bisimulation relation.

R′ = {〈(l, ϑ, t)‖s(s, χ, u) , ((l, s), ϑ ∪ (χ+ t− u), t)〉 |u ≤ t}
∪ {〈(l, ϑ, t)‖s(s, χ, u) , ((l, s), (ϑ+ u− t) ∪ χ, u)〉 |t ≤ u} (5.9)

We defineR = R′ ∩ ((RX1 × RX2) × RX1‖sX2), whereRY represents the set of reachable
states of automatonY . The proof thatR is indeed a timed bisimulation relation proceeds as
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follows. Again, for initial states, it is straightforward to verify the conditions forR to be a timed
bisimulation relation are met. Suppose we have(l, ϑ, t)‖s(s, χ, u)R((l, s), ϑ∪ (χ+ t−u), t) and
u ≤ t. We distinguish three cases:

1. Assume we knowUu′((l, ϑ, t)‖s(s, χ, u)) for givenu′ ∈ R≥0. By definition, we then have
Uu′(l, ϑ, t) andUu′(s, χ, u). Based on the semantics of a timed automaton, we thus know
thatϑ, (ϑ+ u′ − t) |= ι1(l) andχ, (χ+ u′ − u) |= ι2(s). Given thatu ≤ t, we can use the
interpolation property 5.1.6 to obtain(χ + t − u), ((χ + t − u) + u′ − t) |= ι2(s). This
allows us to derive that alsoUu′((l, s), ϑ ∪ (χ+ t− u), t) must hold.

Conversely, assume we knowUu′((l, s), ϑ∪(χ+t−u), t) for givenu′ ∈ R≥0. By definition,
we then haveϑ∪(χ+t−u), ((ϑ∪(χ+t−u))+u′−t) |= ι(l, s). Hence, we can also derive
ϑ, (ϑ + u′ − t) |= ι1(l) andχ + t − u, χ + u′ − u |= ι2(s). Now, we use the assumption
that (l, ϑ, t)‖s(s, χ, u)R((l, s), ϑ ∪ (χ + t − u), t), meaning that state(l, ϑ, t)‖s(s, χ, u)
is a reachable state. Using Lemma 5.1.26, we thus obtain thatUt((l, ϑ, t)‖s(s, χ, u)), and
therefore, we can derive thatχ, (χ + t − u) |= ι2(s) must hold. Combining this with
(χ + t − u), (χ + u′ − u) |= ι2(s) allows us to derive that alsoχ, (χ + u′ − u) |= ι2(s).
In combination withϑ, (ϑ+ u′ − t) |= ι1(l), we thus haveUu′(l, ϑ, t) andUu′(s, χ, u), and
therefore also the requiredUu′((l, ϑ, t)‖s(s, χ, u)).

2. Assume we have a transition(l, ϑ, t)‖s(s, χ, u)
σ−→t′ (l′, ϑ′, t′)‖s(s, χ, u) for someσ ∈

Σ1 \ Σ2 and t′ ≥ t. By definition, we must then also have(l, ϑ, t)
σ−→t′ (l′, ϑ′, t′) and

Ut′(s, χ, u). Hence, we know there exists a switchl
σ,ϕ,λ−−−→ l′, such thatϑ, (ϑ + t′ − t) |=

ι1(l), ϑ′ = (ϑ + t′ − t)[λ := 0], ϑ′ |= ι1(l
′), (ϑ + t′ − t) |= ϕ, andχ, (χ + t′ − u) |=

ι2(s). The latter clause implies(χ + t − u), ((χ + t − u) + t′ − t) |= ι2(s) using the
interpolation property 5.1.6. Thus, it immediately follows that we also have a transition
((l, s), ϑ ∪ (χ + t − u), t)

σ−→t′ ((l′, s), ϑ′ ∪ (χ + t′ − u), t′). By definition, we have
(l′, ϑ′, t′)‖s(s, χ, u)R((l′, s), ϑ′∪(χ+t′−u), t′), ast′ ≥ t ≥ u. The case whereσ ∈ Σ2\Σ1

is similar to the above case.

Conversely, assume we have a transition((l, s), ϑ∪(χ+t−u), t) σ−→t′ ((l′, s), ϑ′∪(χ+t′−
u), t′) for someσ ∈ Σ1 \ Σ2 andt′ ≥ t. This means there is a switch(l, s)

σ,ϕ,λ−−−→ (l′, s),
for which we haveϑ ∪ (χ + t − u), ((ϑ ∪ (χ + t − u)) + t′ − t) |= ι(l, s), ϑ′ ∪ (χ +
t′ − u) = ((ϑ ∪ (χ + t − u)) + t′ − t)[λ := 0], ((ϑ ∪ (χ + t − u)) + t′ − t) |= ϕ
andϑ′ ∪ (χ + t′ − u) |= ι(l′, s). We again use the assumption that(l, ϑ, t)‖s(s, χ, u) is a
reachable state, allowing us to use Lemma 5.1.26 to derive thatχ, (χ + u′ − t) |= ι2(s).
Combining this with the above derived clauses, we can deduce that there must be a switch

l
σ,ϕ,λ−−−→ l′, such thatϑ, (ϑ + t′ − t) |= ι1(l), ϑ′ = (ϑ + t′ − t)[λ := 0], ϑ′ |= ι1(l),

(ϑ + t′ − t) |= ϕ andχ, (χ + t′ − u) |= ι2(s). Thus, we also have(l, ϑ, t)
σ−→t′ (l′, ϑ′, t′)

andUt′(s, χ, u), which is sufficient to derive(l, ϑ, t)‖s(s, χ, u)
σ−→t′ (l′, ϑ′, t′)‖s(s, χ, u).

Obviously, we also have(l′, ϑ′, t′)‖s(s, χ, u)R((l′, s), ϑ′ ∪ (χ+ t′ − u), t′), ast′ ≥ t ≥ u.
The case whereσ ∈ Σ2 \ Σ1 is again similar to the above case.

3. Assume we have a transition(l, ϑ, t)‖s(s, χ, u)
σ−→t′ (l′, ϑ′, t′)‖s(s′, χ′, t′) for someσ ∈

Σ1 ∩ Σ2. By definition, we must then also have(l, ϑ, t)
σ−→t′ (l′, ϑ′, t′) and(s, χ, u)

σ−→t′

(s′, χ′, t′). Thus, there must exist switchesl
σ,ϕ,λ−−−→ l′ ands

σ,ψ,κ−−−→ s′, such thatϑ, (ϑ+ t′−
t) |= ι1(l), χ, (χ + t′ − u) |= ι2(s), ϑ′ = (ϑ + t′ − t)[λ := 0], χ′ = (χ + t′ − u)[κ := 0],
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ϑ′ |= ι1(l), χ′ |= ι2(s), (ϑ + t′ − t) |= ϕ and(χ + t′ − u) |= ψ. Using the interpolation

property 5.1.6, we thus arrive at the existence of a switch(l, s)
σ,ϕ∧ψ,λ∪κ−−−→ (l′, s′), such that

ϑ∪(χ+t−u), ((ϑ∪(χ+t−u))+t′−t) |= ι(l, s), ϑ′∪χ′ = ((ϑ∪(χ+t−u))+t′−t)[λ∪κ :=
0], ϑ′ ∪ χ′ |= ι(l′, s′) and((ϑ ∪ (χ + t − u)) + t′ − t) |= (ϕ ∧ ψ), and therefore we have
a transition((l, s), ϑ ∪ (χ + t − u), t)

σ−→t′ ((l′, s′), ϑ′ ∪ χ′, t′). By definition, we have
(l′, ϑ′, t′)‖s(s′, χ′, t′)R((l′, s′), ϑ′ ∪ χ′, t′).

The converse follows the same steps in reverse order and again employs the fact that
(l, ϑ, t)‖s(s, χ, u) is a reachable state.

The proof of the case where(l, ϑ, t)‖s(s, χ, u)R((l, s), (ϑ + u − t) ∪ χ, u) andu ≥ t is fully
symmetric to the above discussed cases. 2

5.1.4 Semantics — Unity

The motivation for introducing the alternative semantics in the first place, is to allow for a
straightforward interpretation of timed automata inµCRLt. Defining a semantics of a timed
automaton using the underlying model of TSLTSs significantly reduces the complexity of this
task, as it allows us to focus on the matters of relevance.

Of course, doing this intermediate interpretation only pays-off if by doing so, no information
is lost. This implies that the two defined semantics must be tightly related. This relation is subject
of investigation in this Section.

We first establish a connection between the delay predicate of the alternative semantics of a
timed automaton and the delay transitions of the standard semantics of a timed automaton. In
Lemma 5.1.29, we show the correspondence between a time-stamped transition of the alterna-
tive semantics and the combination of a delay transitions and action transition of the standard
semantics.

Lemma 5.1.28. For all timed automataX and delaysd ≥ 0, Eqn. (5.10) holds.

Ut+d(l, ϑ, t) ⇔ (l, ϑ, t)
t+d7−→ (l, ϑ+ d, t+ d) (5.10)

Proof. Givend ≥ 0 andUt+d(l, ϑ, t), we knowϑ, (ϑ + d) |= ι(l). This immediately allows us

to derive the required transition(l, ϑ, t)
t+d7−→ (l, ϑ + d, t + d). Analogously, the converse can be

proved. 2

Lemma 5.1.29. For all timed automataX, actionsσ ∈ Σ and delaysd ≥ 0, Eqn. (5.11) holds.

(l, ϑ, t)
σ−→t+d (l′, ϑ′, t+ d) ⇔ (l, ϑ, t)

t+d7−→ (l, ϑ+ d, t+ d)
σ−→ (l′, ϑ′, t+ d) (5.11)

Proof. Observe that ford ≥ 0, (l, ϑ, t)
σ−→t+d (l′, ϑ′, t + d) implies Ut+d(l, ϑ, t), thus we

immediately have the delay transition(l, ϑ, t)
t+d7−→ (l, ϑ+d, t+d). It then is easily verified that in

order to execute the time-stamped transition, all requirements for executing an action transition
according to the standard semantics must be fulfilled. Vice versa, these latter requirements,
together withUt+d(l, ϑ, t) are sufficient to prove the required time-stamped transition. 2



5.1. Timed Automata 89

The above lemmata are then the basis for the main result, showing that both semantics are essen-
tially identical and differentiate equal sets of automata. Hence, the choice for either semantics is
immaterial.

Theorem 5.1.30For all timed automataX1 andX2, Eqn. (5.12) holds.

X1 ↔ ι
tX2 ⇔ X1 ↔ tX2 (5.12)

Proof. If R:X1 ↔ ι
tX2, then alsoR:X1 ↔ tX2: for R to be a bisimulation, the conditions

with respect to the initial states must be met. Obviously, this is true, sinceR already is a timed
bisimulation relation forX1 ↔ ι

tX2. We proceed by proving the following cases.

1. Suppose(l, ϑ, t)R(s, χ, t) and supposeUt′(l, ϑ, t). If t′ < t, then there must be at′′ ≥
t such thatUt′′(l, ϑ, t); hence, it suffices to verify the case wheret′ ≥ t. Then, using

Lemma 5.1.28, we know(l, ϑ, t)
t′7−→ (l, ϑ+ t′− t, t′) and sinceR is a timed bisimulation

relation, we also have(s, χ, t)
t′7−→ (s, χ + t′ − t, t′). Moreover, we also have(l, ϑ + t′ −

t, t′)R(s, χ+ t′ − t, t′).

2. Suppose(l, ϑ, t)R(s, χ, t) and suppose(l, ϑ, t)
σ−→t′ (l′, ϑ′, t′). By Lemma 5.1.29, we

then have(l, ϑ, t)
t′7−→ (l, ϑ+ t′− t, t′) and(l, ϑ+ t′− t, t′) σ−→ (l′, ϑ′, t′). Since we know

R is a timed bisimulation, relatingX1 andX2 under TPLTS semantics, we know there

exist states(s, χ + t′ − t, t′) and(s′, χ′, t′), such that(s, χ, t)
t′7−→ (s, χ + t′ − t, t′) and

(s, χ+t′−t, t′) σ−→ (s′, χ′, t′). Using Lemma 5.1.29 again yields(s, χ, t)
σ−→t′ (s′, χ′, t′).

Moreover, we have(l′, χ′, t′)R(s′, χ′, t′) and therefore, also(l′, χ′, t′)R′(s′, χ′, t′).

Conversely, suppose we have a relationR, such thatR:X1 ↔ tX2; then we can define a relation
R′, such thatR′:X1 ↔ ι

tX2. LetR′ be as defined by Eqn. (5.13).

R′ = R∪{〈(l, ϑ+d, t+d), (s, χ+d, t+d)〉|(l, ϑ, t)R(s, χ, t)∧Ut+d(l, ϑ, t)∧0 ≤ d} (5.13)

Again, for the initial states, it is not hard to seeR′ satisfies the requirements of timed bisimilarity.
We distinguish the following two cases.

1. Suppose(l, ϑ, t)R′(s, χ, t) and assume(l, ϑ, t)
t+d7−→ (l, ϑ + d, t + d). By Lemma 5.1.28,

we then haveUt+d(l, ϑ, t). SinceR is a timed bisimulation relation, we haveUt+d(s, χ, t)
as well. Therefore, also(s, χ, t)

t+d7−→ (s, χ + d, t + d). By construction, we then have
(l, ϑ+ d, t+ d)R′(s, χ+ d, t+ d).

2. Suppose(l, ϑ, t)R′(s, χ, t) and assume(l, ϑ, t)
σ−→ (l′, ϑ′, t). By Lemma 5.1.29, we

then have(l, ϑ, t)
σ−→t (l′, ϑ′, t). SinceR is a timed bisimulation relation, we have

(s, χ, t)
σ−→t (s′, χ′, t), and, moreover,(l′, ϑ′, t)R(s′, χ′, t). Thus,(s, χ, t)

σ−→ (s′, χ, t)
and(l′, ϑ′, t)R′(s′, χ′, t)

2
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5.2 Hybrid Automata

Hybrid Automata have first been proposed in [6]. By many computer scientists, they are judged
as the answer to many of the gnawing questions that are raised in the complex field of hybrid
systems. Hybrid Systems are characterised by the mixture, and interplay, of two types of events,
viz. discrete events and continuous events. There is an abundance of theory describing how to
deal with systems harbouring only one of these types of events. It is, however, in their combined
presence that questions remain largely unanswered. Typical examples of hybrid systems are e.g.
digital controllers for analog components or plants.

A hybrid automaton is a formal model for such a mixed discrete-continuous system. Hybrid
Automata can be seen as a generalisation of timed automata: the real-time clocks of a timed
automaton are constrained to progress at a fixed rate; in hybrid automata more complex progres-
sions are allowed.

In section 5.2.1, we introduce the syntax of hybrid automata. Section 5.2.2 then introduces
(an absolute time version of) the standard semantics of a hybrid automaton. An alternative to this
semantics is provided in section 5.2.3. Section 5.2.4 finally investigates the relation between the
standard semantics and the proposed alternative semantics.

5.2.1 Syntax

Similar to discrete systems, where an alphabet of distinct symbols is used to model discrete
events, continuous systems are modelled using an alphabet of distinct symbols, modellingcon-
tinuous events. We often refer to a symbol representing a continuous event as acontinuous
variable. These continuous variables capture (or should capture) the essential dynamics of the
system by means of constraints on the values these variables (and their derivatives) can obtain,
e.g. by means of inequalities between constants and variables.

Definition 5.2.1(Continuous Variables).
A continuous variable is a variable that can assume any value in the set of real numbers and is
thought to change continuously in time. Henceforth, we will assume an infinite set of continuous
variablesV. Typical continuous variables arex, x1, x2, etc. To each variablex in V, we associate
a first derivativeẋ. The setV̇ = {ẋ | x ∈ V}, consists of these first derivatives. Finally, the set
V ′ is defined as the set{x′ | x ∈ V}, and is used to denote the set of continuous variables after
substitution according to a given predicate.

Definition 5.2.2(Snapshot Valuation, Valuation).
A snapshot valuation of continuous variables assigns a real value to the continuous variables,
i.e. a snapshot valuation is a mappingϑ:V ∪ V̇ → R⊥, such that for every variablex ∈ V ∪
V̇, ϑ(x) ∈ R if it is defined andϑ(x) = ⊥ otherwise. The set of all snapshot valuations is
denoted byV. Since we are often interested only in a (finite) subset of continuous variables,
we introduce the notation ofVV for a setV ⊆ V, denoting the set of all snapshot valuations
ϑ:V ∪ V̇ → R⊥. Similarly, we have snapshot valuations for variables of the setV ′. The set of all
snapshot valuationsϑ′:V ′ → R⊥ is denotedV′, whereas the setV′

V denotes the set of all snapshot
valuationsϑ′:V ′ → R⊥ for all subsetsV ⊆ V.
A valuation of continuous variables is a (partial) mappingf of elements of the time-lineR≥0

to the set of snapshot valuationsV, i.e. f :R≥0 → V. The set of all valuations is denoted byF.
Likewise, we useFV to denote the set of all valuationsf :R≥0 → VV .
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Definition 5.2.3(Constraint).
The relation between continuous variables, their derivatives and constants is expressed as acon-
straint. The grammar, defined in Eqn. (5.14) specifies the syntax of the constraints.

γ ::= t | f | r(χ1, . . . , χn) | ¬γ | γ1 ∧ γ2 | γ1 ∨ γ2 (5.14)

Here,r:Rn → B is a relation and the expressionsχ1, . . . , χn represent elements of the real num-
bers. The data-grammar specifying the allowed expressionsχi depends on the type of constraint
and is discussed elsewhere in this section. The interpretation[[γ]]ϑ of a constraintγ under a
snapshot valuationϑ is defined inductively by (5.15).

[[t]]ϑ = t

[[f]]ϑ = f

[[¬γ]]ϑ = ¬[[γ]]ϑ

[[γ1 ∧ γ2]]
ϑ = [[γ1]]

ϑ ∧ [[γ2]]
ϑ

[[γ1 ∨ γ2]]
ϑ = [[γ1]]

ϑ ∨ [[γ2]]
ϑ

[[r(χ1, . . . , χn)]]
ϑ = r([[χ1]]

ϑ, . . . , [[χn]]
ϑ)

(5.15)

Definition 5.2.4(Variable Constraints).
A variable constraint is a relation between a set of continuous variables and the real numbers.
For the setV of continuous variables, the set of variable constraintsΦ(V) is the set of constraints,
generated by the grammar (5.14) where the data-grammar is defined by (5.16).

χ ::= c | x | F (χ1, . . . , χn) (5.16)

Here,c ∈ R, x ∈ V andF :Rn → R.

The interpretation[[ϕ]]ϑ of a variable constraintϕ ∈ Φ(V) under a snapshot valuationϑ is defined
by Eqn. (5.15), where the interpretation of the data-grammar is defined in Eqn. (5.17).

[[F (χ1, . . . , χn)]]
ϑ = F ([[χ1]]

ϑ, . . . , [[χn]]
ϑ) (5.17)

Note that for constantsc we define[[c]]ϑ = c and for continuous variablesx we define[[x]]ϑ =
ϑ(x). Satisfaction of a variable constraintϕ in a snapshot valuationϑ, denoted byϑ |= ϕ means
that the closed formula[[ϕ]]ϑ holds. If a variable constraintϕ is not satisfied under snapshot
valuationϕ, we writeϑ 6|= ϕ. We say a variable constraintϕ is satisfiableiff there exists a
valuationϑ, such thatϑ |= ϕ. The interpretation of a variable constraintϕ ∈ Φ(V) under a
valuationf is defined as the function[[ϕ]]f = λε:dom(f). [[ϕ]]f(ε). Satisfaction of a variable
constraintϕ in a valuationf , denoted byf |= ϕ means that the closed formula∀ε:dom(f) [[ϕ]]f(ε)

holds.Whenever a variable constraintϕ is not satisfied under valuationf , we writef 6|= ϕ.

Definition 5.2.5(Flow Constraint).
A flow constraint is a constraint on the set of continuous variables and their derivatives. For
the setV ∪ V̇ of continuous variables and their first-derivatives, the setΘ(V ∪ V̇) is the set of
constraints, generated by the grammar (5.14) where the data-grammar is defined by (5.18).

χ ::= c | x | ẋ | F (χ1, . . . , χn) (5.18)
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Here,c ∈ R, x ∈ V, ẋ ∈ V̇ andF :Rn → R.

The interpretation of a flow constraintθ ∈ Θ(V ∪ V̇) under a snapshot valuationϑ is defined
inductively by Eqn. (5.15), where the data-grammar is interpreted in Eqn. (5.19).

[[F (χ1, . . . , χn)]]
ϑ = F ([[χ1]]

ϑ, . . . , [[χn]]
ϑ) (5.19)

Note that for constantsc, we define[[c]]ϑ = c and for continuous variablesxwith their first deriva-
tives ẋ, we define[[x]]ϑ = ϑ(x) and [[ẋ]]ϑ = ϑ(ẋ). The interpretation[[θ]]ϑ of a flow constraint
θ ∈ Θ(V ∪ V̇) under a valuationf is defined as the function[[θ]]f = λε:dom(f). [[θ]]fε. Satis-
faction of a flow constraintθ in a valuationf , denoted byf |= θ means that the closed formula
∀ε:dom(f) [[θ]]f(ε) holds. Whenever a flow constraintθ is not satisfied under a valuationf , we write
f 6|= θ. Note that, by definition, for allf , such thatdom(f) = ∅, and allθ we havef |= θ.

Definition 5.2.6(Reset Constraints).
A reset constraint is a constraint on the set of continuous variables and their updated counterparts.
The set of reset constraintsR(V ∪ V ′) is the set of constraints, generated by the grammar (5.14),
where the data-grammar is defined by (5.20).

χ ::= c | x | x′ | F (χ1, . . . , χn) (5.20)

Here,c ∈ R, x ∈ V, x′ ∈ V ′ andF :Rn → R.

The interpretation[[ρ]]ϑ,ϑ
′
of a reset constraintρ ∈ R(V ∪V ′) under snapshot valuationsϑ andϑ′,

whereϑ:V → R⊥ andϑ′:V ′ → R⊥ is defined inductively by Eqn. (5.15), where the interpretation
of the data-grammar is defined by Eqn. (5.21).

[[F (χ1, . . . , χn)]]
ϑ,ϑ′ = F ([[χ1]]

ϑ,ϑ′ , . . . , [[χn]]
ϑ,ϑ′) (5.21)

Note that for constantsc we define[[c]]ϑ,ϑ
′
= c and for continuous variablesx and their counter-

partsx′, we define[[x]]ϑ,ϑ
′

= ϑ(x) and [[x′]]ϑ,ϑ
′

= ϑ′(x′). Satisfaction of a reset constraintρ in
snapshot valuationsϑ, ϑ′, denoted byϑ′ |= ρ[ϑ] means that the closed formula[[ρ]]ϑ,ϑ

′
holds. If a

reset constraintρ is not satisfied under snapshot valuationsϑ andϑ′, we writeϑ′ 6|= ρ[ϑ].

Example 5.2.7. Let x, y be continuous variables. The type of constraints we can specify are e.g.

• variable constraints:x ≤ y ∧ 4 ≤ x2,

• flow constraints:ẋ = y ∧ ẏ = 10,

• reset constraints:0 ≤ x′ ≤ 5 ∧ y′ = y.

The flow constraint example shows we can use higher order derivatives of continuous variables,
since we can also derivëx = 10.

We next present the textual syntax of a hybrid automaton. Like timed automata, hybrid automata
can also be depicted graphically; we shall, however, not go into the formal definition of its
graphical syntax, but limit its explanation to an informal exposition.
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Definition 5.2.8(Hybrid Automaton).
Formally, a hybrid automatonX is a tuple〈M,M0,Σ, V, ι, θ, I, E〉,where

• M is a finite set ofcontrol modes,

• ∅ ⊂M0 ⊆M is a set ofinitial control modes,

• Σ is a finite set of labels,

• V ⊆ V is a finite set of continuous variables,

• ι:M → Φ(V ) is a mapping that labels each locationm in M with some variable constraint
in Φ(V ),

• θ:M → Θ(V ∪ V̇ ) is the flow condition function,

• I:M0 → Φ(V ) is a mapping that assigns to each initial control mode an initialisation
constraint inΦ(V ). We require that for all initial modesm and snapshot valuationsϑ,
[[I(m)]]ϑ ⇒ [[ι(m)]]ϑ,

• E ⊆M × Σ× Φ(V )×R(V ∪ V ′)×M is a set ofswitches.

We writem
σ,ϕ,ρ−−−→ m′ rather than(m,σ, ϕ, ρ,m′) ∈ E.

Remark 5.2.9. Restricting the initialisation constraint I to constraints that are satisfiable in con-
junction with the control mode invariant is needed for ensuring the hybrid automaton can at least
be initialised; the requirement is comparable to the one for timed automata (see Remark 5.1.8).

A graphical notation for hybrid automata, consists of a directed graph, connecting nodes via
edges. Like timed automata, the graph is annotated with additional information. The nodes,
representing the control modes of the automaton, carry the information contained in the invariant
and the flow condition functions. The edges, representing the switches, are annotated with the
action, a guard and a reset constraint.

Example 5.2.10. A typical example of a hybrid system is a controller for a tank containing
water. The controller ensures the water level in the tank remains betweenB andT (B < T )
litres, in the presence of a continuous drain ofD litres per second. It does this by opening (resp.
closing) a faucet, which causes water atI litres per second to flow into the tank (I ≥ D). The
model for the controller is depicted in Fig. 5.6.

Using a parallel composition operator‖s, hybrid automata allow for the compositional mod-
elling of complex hybrid systems. The composition mechanism is essentially the same as for
timed automata. Note that there exist variations on the concept of hybrid automata that allow for
other communications primitives, e.g.Hybrid I/O Automata[85], which can also use communi-
cation over shared continuous variables. Here, we restrict our attention tosynchronising hybrid
automata, consisting of the parallel composition of hybrid automata using the operator‖s.
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Closed Open

x = B ⇒, openx = T

B ≤ x ≤ T B ≤ x ≤ T

ẋ = −D ẋ = I −D

x = T ⇒, close

Figure 5.6: Water-Level Controller

Definition 5.2.11(Synchronising Hybrid Automata).
Let X1 = 〈M1,M

0
1 ,Σ1, V1, ι1, θ1, I1, E1〉 andX2 = 〈M2,M

0
2 ,Σ2, V2, ι2, θ2, I2, E2〉 be hybrid

automata, for which their sets of continuous variables are disjoint, i.e.V1 ∩ V2 = ∅. The parallel
composition ofX1 andX2, denoted byX1‖sX2 is the hybrid automaton, defined by the tuple
〈M1 ×M2,M

0
1 ×M0

2 ,Σ1 ∪ Σ2, V1 ∪ V2, ι, θ, I, E〉, where the variable constraintsι andI are
defined asι(m,n) = ι1(m) ∧ ι2(n) andI(m,n) = I1(m) ∧ I2(n), and the flow constraintθ is
defined asθ(m,n) = θ1(m) ∧ θ2(n). The set of switchesE of the composite automaton is the
least set defined according to the rules of Table 5.6.

m
σ,ϕ,ρ−−−→ m′ n

σ,ψ,π−−−→ n′

(m,n)
σ,ϕ∧ψ,ρ∧π−−−−−→ (m′, n′)

m
σ,ϕ,ρ−−−→ m′ σ ∈ Σ1 \ Σ2

(m,n)
σ,ϕ,ρ−−−→ (m′, n)

n
σ,ψ,π−−−→ n′ σ ∈ Σ2 \ Σ1

(m,n)
σ,ψ,π−−−→ (m,n′)

Table 5.6: Deduction Rules for Synchronisation

5.2.2 Semantics — Standard

The standard interpretation, or semantics, of a hybrid automaton is defined using the underlying
model of a TPLTS. In this section, we repeat the standard semantics based on absolute time
rather than relative time, as we also did for timed automata. Before we define the semantics, we
introduce additional notation.

Notation 5.2.12. We writefeR for the restriction of functionf to the domain off coinciding
with R, i.e. dom(feR) = dom(f) ∩ R and∀ε∈dom(feR) (feR)ε = fε. For a given valuation
f ∈ F, we writediff(f) if f is strictly differentiable on its domain and we writecont(f) if f is
strictly continuous on its domain.

Definition 5.2.13(Semantics of a Hybrid Automaton (TPLTS)).
Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 be a hybrid automaton. The semantics ofX is given by the
TPLTSXs = 〈M × VV × R≥0, (M

0 × VV × {0})I ,Σ,→, 7→〉. Note that we use the notation
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(M0×VV ×{0})I to denote the set of elements(m,ϑ,0) ∈M0×VV ×{0} satisfyingϑ |= I(m)
form ∈M0. The action transition→ and the delay transition7→ are defined as the least relations
satisfying the rules of Table 5.7.

m
σ,ϕ,ρ−−−→ m′ ϑ |= ι(m) ϑ |= ϕ ϑ′ |= ρ[ϑ] ϑ′ |= ι(m′)

(m,ϑ, t)
σ−→ (m′, ϑ′, t)

f :[0, d] → VV f(0) = ϑ f(d) = ϑ′ cont(f)
diff(fe(0, d)) f |= ι(m) fe(0, d) |= θ(m) 0 ≤ d

(m,ϑ, t)
t+d7−→ (m,ϑ′, t+ d)

Table 5.7: Rules for the Two-Phase Semantics

The state-space ofXs consists of the set of states that can be reached from the initial states

Remark 5.2.14. The existence of a continuous, differentiable function (often referred to as a
witness) is sufficient for delaying a certain amount of time. The witness, however, is not part
of the states or transitions of the resulting two-phase transition system. Moreover, there is no
requirement on the uniqueness of the witness for a transition. In some sense, the semantics of a
hybrid automaton abstracts from the continuous behaviour, and therefore might not adequately
model hybrid systems. Notice that in Hybrid I/O Automata [85, 86, 87], the witness is part of the
transition relation.

Definition 5.2.15(Timed Bisimulation for Hybrid Automata (TPLTS)).
LetX1 andX2 be two hybrid automata, and letXs

1 andXs
2 be the interpretations ofX1 andX2 in

terms of TPLTSs. A relationR ⊆ (M1×VV1×R≥0)×(M2×VV2×R≥0) is a timed bisimulation
iff for all states(m1, ϑ, t) and(m2, χ, u), the following properties are satisfied.

1. if (m1, ϑ, t)R(m2, χ, u) and(m1, ϑ, t)
σ−→ (m′

1, ϑ
′, t) for someσ ∈ Σ1, then there ex-

ists a state(m′
2, χ

′, u), such that(m2, χ, u)
σ−→ (m′

2, χ
′, u) and(m′

1, ϑ
′, t)R(m′

2, χ
′, u).

Similarly for each action transition of automatonX2.

2. if (m1, ϑ, t)R(m2, χ, u) and(m1, ϑ, t)
t+d7−→ (m1, ϑ

′, t + d) for somed ∈ R≥0, then there

exists a state(m2, χ
′, u + d), such that(m2, χ, u)

u+d7−→ (m2, χ
′, u + d) and (m1, ϑ

′, t +
d)R(m2, χ

′, u+ d). Similarly for each delay transition of automatonX2.

3. For each state(m1, ϑ,0) ∈ (M0
1 ×VV1 ×{0})I1 a state(m2, χ,0) ∈ (M0

2 ×VV2 ×{0})I2

can be identified, such that(m1, ϑ,0)R(m2, χ,0), and conversely for each initial state of
X2 a related state ofX1 can be identified.

If there exists a relationR, relating all (reachable) states betweenXs
1 andXs

2 according to the
above-listed criteria, we say the two hybrid automataX1 andX2 are timed bisimilar, denoted by
X1 ↔ ι

tX2.
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Remark 5.2.16. Hybrid Automata allowing Zeno behaviour are generally considered flawed
models of reality. However, Zeno behaviour can easily arise as a side-effect of abstracting from
uninteresting details; moreover in disciplines, other than computer science, Zeno behaviour is
dealt with in one way or the other. In [37], Cuijpers and Reniers argued that timed bisimulation is
a too weak equivalence for comparing hybrid systems, as it cannot equate behaviour of systems
beyond zeno-points. To mend this flaw, Cuijpers and Reniers introduce a novel bisimulation
relation, called topological bisimulation. Even though it may turn out to be desirable to use
topological bisimulation as the equivalence for hybrid automata, we refrain from doing so in
this thesis. This choice is mainly influenced by our chief interest in the relation between µCRLt
and hybrid automata (studied in the next chapter). Since the equivalence of µCRLt is based on
timed bisimulation, it is only natural to use compare µCRLt and hybrid automata on this level.
In any event, adopting topological bisimulation as the underlying equivalence relation in µCRLt
would require a vast amount of new research, as, for example, recursive specifications such as
X = a ·X · b, would no longer have the by now generally accepted solution aω.

Lemma 5.2.17.
LetX1 andX2 be two timed bisimilar hybrid automata andR be a relation relatingX1 andX2,
i.e.R:X1 ↔ ι

tX2. Then, for all states(m,ϑ, t) of Xs
1 and(n, χ, u) of Xs

2 , reachable from the
initial states ofX1 andX2, implication (5.22) holds.

(m,ϑ, t)R(n, χ, u) ⇒ u = t (5.22)

Proof. See the proof of Lemma 5.1.16. 2

For a semantics of synchronising hybrid automata, we adapt the semantics of synchronising
timed automata, as defined by Def. 5.1.18.

Definition 5.2.18(Semantics of Synchronising Hybrid Automata (TPLTS)).
Let X1 = 〈M1,M

0
1 ,Σ1, V1, ι1, θ1, I1, E1〉 andX2 = 〈M2,M

0
2 ,Σ2, V2, ι2, θ2, I2, E2〉 be hybrid

automata. The semantics ofX1‖sX2 is given by the TPLTS(X1)
s‖s(X2)

s, defined as〈(M1 ×
VV1 ×R≥0)× (M2×VV2 ×R≥0), (M

0
1 ×VV1 ×{0})I1 × (M0

2 ×VV2 ×{0})I2 ,Σ1∪Σ2,→, 7→〉,
where for all states(m,ϑ, t) ∈ Xs

1 and(n, χ, u) ∈ Xs
2 , the set of action and delay transitions→

and 7→ are defined as the least relations satisfying the rules of Table 5.8.

The rules for constructing a new hybrid automaton, based on the parallel composition of two
hybrid automata, described in Def. 5.2.11 are in accordance with the semantic interpretation
presented in Def. 5.2.18.

Lemma 5.2.19. Let X1 andX2 be two hybrid automata, and letXs
1 andXs

2 be the TPLTS
associated toX1 andX2, then there exists a timed bisimulation relationR, such that (5.23) holds
(see also Fig. 5.7).

R : Xs
1‖sXs

2 ↔ ι
t (X1‖sX2)

s (5.23)

Proof. The same line of reasoning applies as for Lemma 5.1.19. 2
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(m,ϑ, t)
t+d7−→ (m,ϑ′, t+ d) (n, χ, t)

t+d7−→ (n, χ′, t+ d)

(m,ϑ, t)‖s(n, χ, t)
t+d7−→ (m,ϑ′, t+ d)‖s(n, χ′, t+ d)

(m,ϑ, t)
σ−→ (m′, ϑ′, t) (n, χ, t)

t7−→ (n, χ, t) σ ∈ Σ1 \ Σ2

(m,ϑ, t)‖s(n, χ, t)
σ−→ (m′, ϑ′, t)‖s(n, χ, t)

(n, χ, u)
σ−→ (n′, χ′, u) (m,ϑ, u)

u7−→ (m,ϑ, u) σ ∈ Σ2 \ Σ1

(m,ϑ, u)‖s(n, χ, u)
σ−→ (m,ϑ, u)‖s(n′, χ′, u)

(m,ϑ, t)
σ−→ (m′, ϑ′, t) (n, χ, t)

σ−→ (n′, χ′, t) σ ∈ Σ1 ∩ Σ2

(m,ϑ, t)‖s(n, χ, t)
σ−→ (m′, ϑ′, t)‖s(n′, χ′, t)

Table 5.8: Rules for the Synchronisation Operator
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Figure 5.7: Soundness of Synchronising Hybrid Automata
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5.2.3 Semantics — Alternative

In this section, we develop an alternative semantics for a hybrid automaton. This alternative
semantics is based on the underlying model of a TSLTS.

Judging the definition of the alternative semantics for a timed automaton, the similarity be-
tween the standard semantics and the alternative semantics is both striking and intuitive. For
hybrid automata, however, this is too much to hope for. The basis for the difficulties to be
discussed is the requirements that classify a function as a witness of a delay transition (recall
Remark 5.2.14). We first present an example that clearly illustrates the fundamental difficulties
we are faced with in defining the alternative semantics.

Example 5.2.20. We consider the behaviour of a thermostat located in a small room. The
thermostat switches off if the temperature in the room exceeds20◦ Celsius. The temperature rise

On Off

x = 20, offx = 10

x ≤ 20 17 ≤ x

ẋ ∈

x = 17, on

{−x + 17,−x + 25} ẋ = −2x + 12

Figure 5.8: Thermostat
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20
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Time(h) →

x

↑

Figure 5.9: Temperature

is non-uniform due to an unpredictable draught, that every now-and-then causes a decrease of
the temperature in the room. If the draught persists for some time, it causes the maximal room
temperature to fall back to a mere17◦ Celsius. The process is modelled by the hybrid automaton
depicted in Fig. 5.8.

As an effect of the draught, the temperature fluctuates essentially unpredictably when time
passes. Figure 5.9, shows only a possible evolution of the temperature in the room. If we zoom
in on Fig. 5.9 —see e.g. Fig. 5.10— it is obvious that this particular evolution itself cannot be
represented by a single differentiable function, but is necessarily composed of the witnesses of at
least three delay transitions in the standard semantics. This means that the eventoff can only be
executed in this particular evolution after the automaton has delayed at least three times, visiting
intermediate states at time0.5 and1.0.

The difficulty that is identified in Example 5.2.20 can be rephrased to the analytic argument that
the composition of two continuous and differentiable functions does not necessarily yield a new
differentiable function, even if this function is continuous. Hence, the requirement in the delay
transition that the witness should be strictly differentiable on its (open) domain is a too strong
requirement for a semantics based on a TSLTS, as the delay predicateU of such a semantics
abstracts from intermediate states.

A straightforward transformation of the standard semantics to a semantics based on TSLTSs
seems unlikely. The solution is to allow witnesses that are differentiablealmost everywhere. We
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Figure 5.10: Detailed glance at Fig. 5.9

use the Lebesgue measure to define this notion of differentiability. Since we need to borrow a
number of definitions and results from measure theory, we first repeat a fraction thereof (for a
more in-depth overview see e.g. [61]).

Definition 5.2.21(Measure).
Let X be a set andA an algebra onX (i.e. for allA,B ∈ A we haveA ∪ B ∈ A and for all
A ∈ A,Ac ∈ A, i.e. the complement ofA is also in the algebra). A functionµ:A → R≥0 ∪ {∞}
is called a measure if the following properties are satisfied.

1. µ(∅) = 0,

2. µ(A) ≥ 0 for all A ∈ A,

3. for all infinite sets of piecewise disjoint setsAi ∈ A, 1 ≤ i, such that∪∞i=1 ∈ A, µ satisfies
µ(∪∞i=1 Ai) =

∑∞
i=1 µ(Ai).

The latter property is calledcountable additivityof the measureµ.

For the purpose of our solution, we are interested in theLebesguemeasure. This measure is
based on the length of (both open and closed) intervals. Intuitively, the length of an (open or
closed) interval[(a, b)] is b − a. Before arriving at a definition for the Lebesgue measure, we
introduce a number of additional concepts.

Definition 5.2.22(Sequential Covering Class).
A classΛ of subsets (containing∅) of the real lineR is asequential covering classif for every
E ⊆ R there is a sequence(En)∞n=0 of sets fromΛ for which Eqn. (5.24) holds.

E ⊆ ∪∞n=1En (5.24)

Whenever Eqn. (5.24) holds for a setE and a sequence of sets(En)
∞
n=1, we say(En)∞n=1 covers

E.

Henceforth, let the familyΓ denote all countable collections of open intervals. For an arbi-
trary subsetE of R, we define the subfamilyC(E) of Γ containing the covers ofE as the set
{γ ∈ Γ | γ coversE}.
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Definition 5.2.23(Lebesgue Outer Measure).
The functionµ∗:2R → R≥0∪{∞}, defined by Eqn. (5.25), is called theLebesgue outer measure.

µ∗(E) =
⊔
{λ∗(γ) | γ ∈ C(E)} (5.25)

whereλ∗(γ) =
∑

I∈γ λ(I) is the length of a countable collection of open intervals,λ(I) = b− a
for all intervalsI with endpointsa ≤ b (both open and closed intervals), is the length of an
interval, andtE is the least upper bound of the setE.

Note that the Lebesgue outer measureµ∗ extends the interval length functionλ, i.e. for every
intervalI, we haveµ∗(I) = λ(I). Hence, we haveµ∗(∅) = 0. Moreover, sinceλ(I) ≥ 0 for all
I, we also haveµ∗(E) ≥ 0 for all E ∈ 2R.

Definition 5.2.24(Lebesgue Measurable).
A subsetE of R is calledLebesgue measurableif for all setsX ⊆ R, Eqn. (5.26) is satisfied.

µ∗(X) = µ∗(X ∩ E) + µ∗(X \ E) (5.26)

Let M represent the class of all measurable subsets of the real lineR. The function obtained
by restricting the domain of the Lebesgue outer measure to Lebesgue measurable sets is count-
ably additive. Since we already established the Lebesgue outer measure satisfied the first two
conditions of Def. 5.2.21, the restriction defines a measure.

Definition 5.2.25(Lebesgue Measure).
The functionµ:M → R≥0 ∪ {∞}, defined by Eqn. (5.27), is called theLebesgue measure.

µ(E) = µ∗(E) (5.27)

The Lebesgue measure is often used in conjunction with integration of functions that are not con-
tinuous everywhere. We employ the measure in conjunction with the differentiation of functions
that are not differentiable everywhere. To be more precise, we first define what it means for a
predicate to holdalmost everywhere.

Definition 5.2.26(Almost Everywhere).
Let P be a predicate on a domainX. The predicateP is said to holdalmost everywhere, if it
holds on a setE ⊆ X, such thatµ(X \ E) = 0. In other words,P holds if it holds everywhere
except for on a set with Lebesgue measure zero.

Remark 5.2.27. Note that Lebesgue-measurable sets with measure zero are not necessarily sets
with countably many elements, e.g. the Cantor set has measure zero (this is the subset of the
closed interval [0, 1] from which the middle third is removed, repeating this process with the two
remaining third pieces ad infinitum).

Definition 5.2.28(Differentiable almost everywhere).
A function f is said to be differentiable almost everywhere, denoted bydiff(f) a.e., whenever
the set of elementsA ⊆ dom(f) for whichf is not differentiable has Lebesgue measure zero.
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Now recall Example 5.2.20. Even though the witness, portrayed in Fig. 5.9 is not differentiable
in the strictest sense, there is only a single point (t = 0.5) in the (open) interval(0, 2) for
which this witness is not differentiable. By definition, we haveµ({0.5}) = 0, and therefore,
the witness of Fig. 5.9 is differentiable almost everywhere. In general, a sequence of piecewise
differentiable functions which are not differentiable on their perimeters can be characterised by
a single differentiable almost everywhere function.

Notation 5.2.29. We use the setDD
d , d ≥ 0, to denote the set, consisting of all continuous

functionsf :[0, d] → D that are differentiable almost everywhere on their domain. For any
functionf ∈ DD

d , the setωf ⊆ (0, d) is the set of elements for whicḣf exists. When, from the
context, it is clear which range we use, we writeDd rather thanDD

d .

In conclusion of this intermezzo, we present a semantics of a hybrid automaton in terms of a
TSLTS.

Definition 5.2.30(Semantics of a Hybrid Automaton (TSLTS)).
Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 be a hybrid automaton. The semantics ofX is given by the
TSLTSXs = 〈M ×V×R≥0, (M

0×VV ×{0})I ,Σ,→,U〉. The time-stamped action transition
→ and the delay predicateU are defined as the least relations satisfying the rules of Table 5.9.

Uu(m,ϑ, t) u′ ≤ u

Uu′(m,ϑ, t)
f ∈ DVV

d f(0) = ϑ f |= ι(m) feωf |= θ(m) 0 ≤ d

Ut+d(m,ϑ, t)

f ∈ DVV
d f(0) = ϑ f |= ι(m) feωf |= θ(m)

m
σ,ϕ,ρ−−−→ m′ f(d) |= ϕ ϑ′ |= ρ[f(d)] ϑ′ |= ι(m′) 0 ≤ d

(m,ϑ, t)
σ−→t+d (m′, ϑ′, t+ d)

Table 5.9: Deduction Rules for Single-Step Evolution and Idling Behaviour

The state-space ofXs consists of the states that can be reached from the initial states

Definition 5.2.31(Timed Bisimulation for Hybrid Automata (TSLTS)).
LetX1 andX2 be two hybrid automata, and letXs

1 andXs
2 be the interpretations ofX1 andX2

in terms of Time-Stamped Labelled Transition Systems. A relationR ⊆ (M1 × VV1 × R≥0) ×
(M2×VV2×R≥0) is a timed bisimulation iff for all states(m1, ϑ, t) and(m2, χ, u), the following
requirements are fulfilled.

1. if (m1, ϑ, t)R(m2, χ, u) and(m1, ϑ, t)
σ−→r (m′

1, ϑ
′, r) for someσ ∈ Σ1 andr ∈ R≥0,

then there exists a state(m′
2, χ

′, u), such that(m2, χ, u)
σ−→r (m′

2, χ
′, r) and, moreover,

(m′
1, ϑ

′, r)R(m′
2, χ

′, r). Similarly for each action transition of automatonX2.

2. if (m1, ϑ, t)R(m2, χ, u) andUr(m1, ϑ, t) for somer ∈ R≥0, then alsoUr(m2, χ, u).

3. For each state(m1, ϑ,0) ∈ (M0
1 × VV1 × {0})I1 , we can identify a state(m2, χ,0) ∈

(M0
2 × VV2 × {0})I2 , such that(m1, ϑ,0)R(m2, χ,0), and, conversely, for each initial

state ofX2 we can identify anR-related initial state ofX1.
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If there exists a relationR, relating all states betweenXs
1 andXs

2 according to the above-
listed criteria, then we say the two hybrid automataX1 andX2 are timed bisimilar, denoted
byX1 ↔ tX2.

For all reachable and bisimilar states, two timed bisimilar hybrid automata synchronise on their
elapsed time.

Lemma 5.2.32. Let X1 andX2 be two timed bisimilar timed automata andR be a relation
relatingX1 andX2 , i.e.R:X1 ↔ tX2. Then, for all states(l, ϑ, t) of Xs

1 and(s, χ, u) of Xs
2 ,

reachable from an initial state ofX1 andX2, implication (5.28) holds.

(l, ϑ, t)R(s, χ, u) ⇒ u = t (5.28)

Proof. The proof follows the same line of reasoning held for Lemma 5.1.16. 2

Lemma 5.2.33. LetX be a hybrid automaton. Then, for all states(m,ϑ, t), reachable from an
initial state, we knowUu(m,ϑ, t) holds for allu ≤ t.

Proof. See the proof of Lemma 5.1.22. 2

Definition 5.2.34(Semantics of Synchronising Hybrid Automata (TSLTS)).
Let X1 = 〈M1,M

0
1 ,Σ1, V1, θ1, ι1, I1, E1〉 andX2 = 〈M2,M

0
2 ,Σ2, V2, θ2, ι2, I2, E2〉 be two hy-

brid automata. The semantics ofX1 ‖s X2 is given by the TSLTS(X1)
s ‖s (X2)

s = 〈(M1 ×
VV1 ×R≥0)× (M2×VV2 ×R≥0), (M

0
1 ×VV1 ×{0})I1 × (M0

2 ×VV2 ×{0})I2 ,Σ1 ∪Σ2,→,U〉.
For all states(m,ϑ, t) ∈ Xs

1 and(n, χ, u) ∈ Xs
2 , the set of time-stamped action transitions→

and the delay predicateU are defined as the least relations satisfying the rules in Table 5.10.

Ur(m,ϑ, t) Ur(n, χ, u)
Ur((m,ϑ, t)‖s(n, χ, u))

(m,ϑ, t)
σ−→r (m′, ϑ′, r) Ur(n, χ, u) σ ∈ Σ1 \ Σ2 u ≤ r

(m,ϑ, t)‖s(n, χ, u)
σ−→r (m′, ϑ′, r)‖s(n, χ, u)

(n, χ, u)
σ−→r (n′, χ′, r) Ur(m,ϑ, t) σ ∈ Σ2 \ Σ1 t ≤ r

(m,ϑ, t)‖s(n, χ, u)
σ−→r (m,ϑ, t)‖s(n′, χ′, r)

(m,ϑ, t)
σ−→r (m′, ϑ′, r) (n, χ, u)

σ−→r (n′, χ′, r) σ ∈ Σ1 ∩ Σ2

(m,ϑ, t)‖s(n, χ, u)
σ−→r (m′, ϑ′, r)‖s(n′, χ′, r)

Table 5.10: Rules for the Synchronisation Operator

Lemma 5.2.35. Let X1 andX2 be two hybrid automata, and letXs
1 andXs

2 be the TSLTS
associated toX1 andX2, then there exists a timed bisimulation relationR, such that (5.29)
holds.

R:Xs
1‖sXs

2 ↔ t(X1‖sX2)
s (5.29)
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Proof. The proof is not too difficult (and not much fun either) and follows the exact same
lines of the proof of Lemma 5.1.27. The witnessing timed bisimulation relation is defined as
R = R′ ∩ ((RX1 ×RX2)×RX1‖sX2), whereR′ is defined in Eqn. (5.30), andRY represents the
set of reachable states of automatonY .

R = {〈(m,ϑ, t)‖s(n, χ, u) , ((m,n), ϑ ∪ χ′, t)〉 |u ≤ t∧
∃f∈Dt−u(feωf |= θ2(n) ∧ f |= ι2(n) ∧ f(0) = χ ∧ f(t− u) = χ′)}

∪ {〈(m,ϑ, t)‖s(n, χ, u) , ((m,n), ϑ′ ∪ χ, u)〉 |t ≤ u∧
∃f∈Du−t(feωf |= θ1(m) ∧ f |= ι1(m) ∧ f(0) = ϑ ∧ f(u− t) = ϑ′)}

(5.30)

2

5.2.4 Semantics — Unity and Discord

In this section, we set out to investigate the correspondences between the standard semantics
and the alternative semantics of hybrid automata. More importantly, we identify a discomforting
dissimilarity between the standard semantics and the alternative semantics. An investigation of
this problem automatically leads to a classification of the family of hybrid automata for which
the two types of semantics agree.

Recall Example 5.2.20. This thermostat example was used to show that the flow condition
associated to a control mode of a Hybrid Automaton can specify piecewise differentiable wit-
nesses that, combined together as a single function do not yield a new differentiable function.
Therefore, requiring the existence of at least a single differentiable function when idling is a too
severe restriction. In our alternative semantics, this is solved by allowing witnesses that are dif-
ferentiable almost everywhere. Unfortunately, there is a catch to this solution; this is illustrated
below.

Example 5.2.36. LetX be the hybrid automaton depicted in Fig. 5.8, modelling the thermostat
and letY be the hybrid automaton, depicted in Fig. 5.11. AutomatonY represents a thermostat
that is a variation on the thermostat modelled by automatonX, in which the draught in the room is
assumed to have a gradual, rather than sudden effect on the temperature in the room. The effect of
the draught is experienced as a continuous change, bounded by the flow conditions for draughty
and non-draughty in automatonX. From the perspective of the standard semantics, automaton
X andY are different. This is illustrated nicely by Fig. 5.12: the witness drawn in a continuous
line in Fig. 5.12 represents a course of temperature, only possible in automatonY , whereas the
witness, drawn in a dotted line in Fig. 5.12 represents a course of temperature possible in both
automataX andY . In fact, this latter witness is composed of two witnesses, i.e. during the
interval[0, 0.2] there is apparently no draught in the room, and in the interval[0.2, 1] the draught
is present. It must be noted, though, that each witness of automatonY can be approximated by a
sequence of witnesses of automatonX, and therefore, the set of reachable states are equivalent.
We formalise this at the end of this chapter.

In short, automatonX andY do not agree on each others delay transitions in the standard
semantics. Quite the reverse can be said for the alternative semantics, which readily equates
automataX andY . In short, this is because the set of states, reachable by differentiable almost
everywhere functions for automatonX is the same as the set of states, reachable by differentiable
almost everywhere functions for automatonY .
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Figure 5.12: Witnesses forX andY

From the effect described by the previous example, it follows that hybrid automata, interpreted
in their standard semantics, do not satisfytime additivity, i.e. it is not guaranteed that by suc-
cessively delaying a total ofd time units, the system could have reached the same state as when
delayingd time units at once. Note that the reverse, viz.time-interpolationdoes hold for the
standard semantics: when delayingd time units at once, we end up in a state that could also have
been reached by successively delaying a total ofd time units. Finally, both the standard and the
alternative semantics do not necessarily guarantee time-determinism.

In conclusion, the results from the above example and discussion are summarised by Theo-
rem 5.2.37.

Theorem 5.2.37 The TPLTS semantics of a hybrid automaton does in general not guaran-
tee time-additivity; the TSLTS semantics of a hybrid automaton necessarily guarantees time-
additivity.

Remark 5.2.38. The statement of Theorem 5.2.37 explicitly does not claim that time-additivity
never is guaranteed by the TPLTS semantics of a hybrid automaton. For instance, timed au-
tomata, which can be (bi)simulated by hybrid automata, do satisfy time-additivity.

The remainder of this section is devoted to relating the two semantics. Notice that there is no
possibility of adapting the TSLTS semantics of a hybrid automaton to coincide with the TPLTS
semantics. Hence, we are left to pursue the following options:

1. Coarsen the timed bisimulation relation for the TPLTS semantics of a hybrid automaton,

2. Classify a family of hybrid automata for which both the TPLTS semantics and the TSLTS
semantics coincide.

Additive Timed Bisimilarity

Following [125], we introduce a new bisimulation relation that is coarser than timed bisimulation
for the TPLTS semantics. The new bisimulation, hereafter referred to as theadditive timed bisim-
ulation, considers the reflexive-transitive closure of delay transitions of a TPLTS. Using additive
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timed bisimulation ensures time-additivity is the only obstacle preventing the identification of
the TPLTS semantics with the TSLTS semantics.

Notation 5.2.39. We use
t7−→

∗
to denote a sequence of delay transitions, the last of which occurs

at (absolute) point of timet.

Definition 5.2.40(Additive Timed Bisimulation for Hybrid Automata).
LetX1 andX2 be two hybrid automata, and letXs

1 andXs
2 be the interpretations ofX1 andX2

in terms of TPLTSs. A relationR ⊆ (M1×VV1 ×R≥0)× (M2×VV2 ×R≥0) is a additive timed
bisimulation iff for all states(m1, ϑ, t) and(m2, χ, u), the following requirements are satisfied.

1. if (m1, ϑ, t)R(m2, χ, u) and(m1, ϑ, t)
σ−→ (m′

1, ϑ
′, t) for someσ ∈ Σ1, then there exists a

state(m′
2, χ

′, u), such that(m2, χ, u)
σ−→ (m′

2, χ
′, u) and(m′

1, ϑ
′, t)R(m′

2, χ
′, u). Similar

for each action transition of automatonX2.

2. if (m1, ϑ, t)R(m2, χ, u) and(m1, ϑ, t)
t+d7−→ (m1, ϑ

′, t + d) for somed ∈ R≥0, then there

exists a state(m2, χ
′, u + d), such that(m2, χ, u)

u+d7−→
∗

(m2, χ
′, u + d) and, moreover,

(m1, ϑ
′, t+ d)R(m2, χ

′, u+ d). Similarly for each delay transition of automatonX2.

3. For each state(m1, ϑ,0) ∈ (M1 × VV1 × {0})I1, we can identify a related initial state
(m2, χ,0) ∈ (M2 × VV2 × {0})I2 such that(m1, ϑ,0)R(m2, χ,0). Likewise for each
initial state ofX2.

Whenever there exists a relationR, satisfying the above requirements, we say the two hybrid
automataX1 andX2 are additive timed bisimilar, denoted byR:X1 ↔ ∗

tX2.

Corollary 5.2.41 For all hybrid automataX1 andX2, yielding TPLTSs satisfying time additivity,
and all relationsR, Eqn. (5.31) holds.

R:X1 ↔ ι
tX2 ⇔ R:X1 ↔ ∗

tX2 (5.31)

Proof. Follows immediately from the definition of time additivity and additive timed bisimula-
tion. 2

The standard semantics and the alternative semantics are related via the following two lemmata.

Lemma 5.2.42. For all hybrid automataX and delaysd, Eqn. (5.32) holds.

Ut+d(m,ϑ, t) ⇔ ∃ϑ′(m,ϑ, t)
t+d7−→

∗
(m,ϑ′, t+ d) (5.32)

Proof. SupposeUt+d(m,ϑ, t) holds. This means we can find a functionf ∈ Dd, such that
f(0) = ϑ, f |= ι(m) andfeωf |= θ(m). Let ωf = [0, d] \ ωf . Note, that by definition ofωf ,
we have{0, d} ⊆ ωf . Let [ωf ]n denote thenth element ofωf when ordered according to≤, i.e.
[ωf ]1 = 0. Define the functionsFn:[[ωf ]n, [ωf ]n+1] → VV for all n < |ωf |, asFn(ε) = f(ε). By

construction, we now have(Fn)
|ωf−1|
n=1 = f . We knowf is continuous on[0, d]; therefore, also all

functionsFn are continuous on their domain. Moreover,f is differentiable almost everywhere.
More concretely, we knowf is differentiable onωf . This means thatf is strictly differentiable
on the open interval([ωf ]n, [ωf ]n+1) for all n < |ωf |. Hence,Fn is differentiable on its domain,
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except for the begin and end-points of its interval. Lastly, sincef |= ι(m), we also know
Fn |= ι(m) for all n < |ωf |. Summarising, we know there exists a delay transition delaying to

time tn+1 = t + [ωf ]n+1, i.e. (m,ϑ, t)
tn+17−→ (m,Fn[ωf ]n+1, t + [ωf ]n+1) for all n < |ωf |. Note

thatt+ d = t[ωf ]|ωf |
, which proves the implication of (5.32).

Conversely, assume∃ϑ′(m,ϑ, t)
t+d7−→

∗
(m,ϑ′, t+ d). For each transition, we know there exists a

witness. Letfn:[0, dn] → VV denote the witness of thenth delay transition in the above sequence
and letfN be the witness for the last delay transition in this sequence. We then know thatdiff(fn),
cont(fn), f1(0) = ϑ, fn+1(0) = fn(dn), fN(d) = ϑ′, fn |= ι(m) andfne(0, dn) |= θ(m). Define
gn+1:[

∑n
i=1 di,

∑n+1
i=1 di] → VV as gn+1((

∑n
i=1 di) + ε) = fn+1(ε) for all 0 ≤ n < N , i.e.

g1 = f1 andgn(
∑n

i=1 di) = gn+1(
∑n

i=1 di). Define the functionF :[0, d] → VV asF = (gn)
N
n=1.

By construction,F is continuous. Now supposeF is not differentiable almost everywhere. That
means there is an interval[(b, e)] ⊆ [0, d], for whichF is not differentiable, andµ([(b, e)]) > 0.
This means that we can identify a functiongn such thatµ([(b, e)] ∩ dom(gn)) > 0 that is not
differentiable. But since allgn are differentiable on their open domains, this cannot be the case.
Hence, such an interval does not exist and therefore,F is differentiable almost everywhere.
Moreover,F (0) = ϑ andF (d) = ϑ′, F |= ι(m) andF eωF |= θ(m). Hence, alsoUt+d(m,ϑ, t).
2

Lemma 5.2.43. For all hybrid automataX and delaysd, Eqn. (5.33) holds.

(m,ϑ, t)
σ−→t+d (m′, ϑ′, t+d) ⇔ ∃ϑ′′(m,ϑ, t)

t+d7−→
∗

(m,ϑ′′, t+d)
σ−→ (m′, ϑ′, t+d) (5.33)

Proof. Suppose(m,ϑ, t)
σ−→t+d (m′, ϑ′, t + d). Let f :[0, d] → VV be the witness for the

time-stamped action transition, i.e. we havef |= ι(m). Then, we know there exists a switch
m

σ,ϕ,ρ−−−→ m′, such thatUt+d(m,ϑ, t), f(d) |= ϕ, ϑ′ |= ρ[f(d)] andϑ′ |= ι(m′). Moreover, if we

re-examine the proof of Lemma 5.2.42, we know in fact that(m,ϑ, t)
t+d7−→

∗
(m, f(d), t+d). But

then we can also derive(m, f(d), t+ d)
σ−→ (m′, ϑ′, t+ d).

Conversely, assume there exists a valuationϑ′′, such that(m,ϑ, t)
t+d7−→

∗
(m,ϑ′′, t + d)

σ−→
(m′, ϑ′, t + d). Then we know there is a switchm

σ,ϕ,ρ−−−→ m′, such thatϑ′′ |= ϕ, ϑ′ |= ρ[ϑ′′]
andϑ′ |= ι(m′). From Lemma 5.2.42, we also knowUt+d(m,ϑ, t) holds, and in fact, there is
a witnessF :[0, d] → VV , such thatF (d) = ϑ′′. Hence, we also know a time-stamped action
transition(m,ϑ, t)

σ−→t+d (m′, ϑ′, t+ d) is possible. 2

Theorem 5.2.44For all hybrid automataX1 andX2, Eqn. (5.34) holds.

X1 ↔ ∗
tX2 ⇔ X1 ↔ tX2 (5.34)

Proof. SupposeR:X1 ↔ ∗
tX2; using Lemmata 5.2.42 and 5.2.43, the proof proceeds according

to the lines of the proof for Theorem 5.1.30 showing that alsoR:X1 ↔ tX2.
Conversely, letR∗ be the union of all timed bisimulation relationsRi:X1 ↔ tX2. Then, also
R∗:X1 ↔ tX2. Moreover, alsoR∗:X1 ↔ ∗

tX2. For the initial states, this statement holds by
definition. Hence, it suffices to examine the delay and action transitions.

1. Let (m,ϑ, t)R∗(n, χ, t) and suppose(m,ϑ, t)
t+d7−→ (m,ϑ′, t+d). Using Lemma 5.2.42, we

knowUt+d(m,ϑ, t) and, sinceR∗ is a timed bisimulation relation, alsoUt+d(n, χ, t). Since
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state(m,ϑ′, t + d) is reachable, we know(m,ϑ′, t + d)
t+d7−→ (m,ϑ′, t + d) and, therefore

Ut+d(m,ϑ′, t+d). This means there exists a state(n, χ′, t+d), such thatUt+d(n, χ′, t+d)
and(m,ϑ′, t+d)R∗(n, χ′, t+d). By Lemma 5.2.42, we know there exists a state(n, χ′′, t+

d), such that(n, χ, t)
t+d7−→

∗
(n, χ′′, t+ d). Now, either also(m,ϑ′, t+ d)R∗(n, χ′′, t+ d),

and we are done, or(m,ϑ′, t + d) 6R∗(n, χ′′, t + d). But this latter option is not possible,
since that would mean that state(n, χ, t) has other characteristics than(m,ϑ, t) and is never
related via any of the timed bisimulation relationsRi. Thus, also(m,ϑ′, t+d)R∗(n, χ′′, t+
d). Similarly for a timed transition forX2.

2. Let (m,ϑ, t)R∗(n, χ, t) and suppose(m,ϑ, t)
σ−→ (m′, ϑ′, t). Then, also(m,ϑ, t)

t7−→
(m,ϑ, t) and thus by Lemma 5.2.43 also(m,ϑ, t)

σ−→t (m′, ϑ′, t). But then we also
have (n, χ, t)

σ−→t (n′, χ′, t) for some(n′, χ′, t) such that(m′, ϑ′, t)R∗(n′, χ′, t). By
Lemma 5.2.43, we then also have(n, χ, t)

σ−→ (n′, χ′, t).

2

We thus have proved that timed bisimilarity modulo time additivity for the TPLTS semantics
of a hybrid automaton coincides with timed bisimilarity for the TSLTS semantics of a hybrid
automaton. This means that, apart from the time additivity there is no real semantical difference
between the standard semantics and the alternative semantics.

Approximable Convex Flow Constraints

The previous section established that time additivity is the only property that prevents us from
identifying the standard semantics with the alternative semantics. As we have already seen, there
is a class of hybrid automata for which their TPLTSs do guarantee time additivity (e.g. hybrid
automata with constant flows, such as timed automata). In this section, we narrow down the
conditions under which the TPLTS semantics of a hybrid automaton is necessarily time additive.

The problem with the time additivity property is rooted in the flow constraint of a control
mode in a hybrid automaton: this constraint determines the shape and characteristics of the wit-
nesses. Problems only arise when the composition of two witnesses can reach valuations a single
witness can never reach, as illustrated by Example 5.2.36. This is formalised in Lemma 5.2.46.

Definition 5.2.45(Approximability of Flow Constraints).
Let θ be a flow constraint. Then,θ is approximable, iff for all functionsf ∈ DVV

d , such that
fe(0, d) |= θ, a functionF :[0, d] → VV with F (0) = f(0) andF (d) = f(d) exists satisfying
cont(F ), diff(F e(0, d)) andF e(0, d) |= θ.

Lemma 5.2.46. LetX be a hybrid automaton. Then the TPLTS ofX guarantees time additivity
iff all for all m ∈M θ(m) is approximable.

Proof. Let X be a hybrid automaton and letm be a control mode ofX. Suppose the TPLTS
of X guarantees time additivity. Letd ≥ 0, f ∈ Dd and ϑ ∈ VV , such thatf(0) = ϑ,
f |= ι(m) andfe(0, d) |= θ(m). The deduction rules for the alternative semantics then give
Ut+d(m,ϑ, t), and using Lemma 5.2.42, we also know there is a sequence of delay transitions

that leads to the state(m, f(d), t + d). In other words, we have(m,ϑ, t)
t+d7−→

∗
(m, f(d), t + d).
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Since the transition system guarantees time additivity, we therefore also know there is a single

transition(m,ϑ, t)
t+d7−→ (m, f(d), t+ d). This, however, gives rise to the existence of a function

F , satisfyingF0 = ϑ, cont(F ), diff(F e(0, d)), F |= ι(m) andF e(0, d) |= θ(m).
Conversely, suppose that for alld ≥ 0, f ∈ Dd andϑ ∈ VV , such thatf0 = ϑ, f |= ι(m)
and fe(0, d) |= θ(m), there is a functionF :[0, d] → VV satisfyingF (0) = ϑ, cont(F ),

diff(F e(0, d)), F |= ι(m), F e(0, d) |= θ(m) andF (d) = f(d). Let (m,ϑ, t)
t+d7−→

∗
(m,ϑ′, t+d).

Using Lemma 5.2.42, we then knowUt+d(m,ϑ, t) holds. But that means there is a witness
g ∈ Dd, such thatg(0) = ϑ, g |= ι(m) andge(0, d) |= θ(m). Moreover, following the con-
struction of the witness as is done in the proof of Lemma 5.2.42, we know thatg(d) = ϑ′. Now,
according to our assumptions, this means there is a functionF :[0, d] → VV , witnessing the

transition(m,ϑ, t)
t+d7−→ (m,ϑ′, t + d). But this is exactly what is necessary for time additivity.

2

Definition 5.2.47(Approximable Hybrid Automata).
The hybrid automatonX is approximable iff all reachable control modesm have flow conditions
θ(m) that are approximable.

Examples of approximable hybrid automata are e.g.linear hybrid automata[9] andrectangular
automata[63], but also of course, timed automata [8]. Finding more general sufficient and
necessary conditions that allow us to derive, based on the appearance of the flow conditions,
whether a hybrid automaton is an approximable hybrid automaton is still an open problem.

Theorem 5.2.48For all approximable hybrid automataX1 andX2, Eqn (5.35) holds.

X1 ↔ ∗
tX2 ⇔ X1 ↔ ι

tX2 ⇔ X1 ↔ tX2 (5.35)

Proof. Follows immediately from Theorem 5.2.44 and Corollary 5.2.41. 2

One may argue that approximable hybrid automata might not occur in practice, and thence, The-
orem 5.2.48 is in some sense void. However, all acceptable hybrid automata, such as linear hy-
brid automata and rectangular automata fall into the category of approximable hybrid automata.
These automata are frequently used in practice; this means that approximable hybrid automata
encompass not just another theoretical classification of systems, but can actually be used in prac-
tice.



Chapter 6

Interpretations of Automata

In this chapter, we investigate the relation between timed automata and hybrid automata on the
one hand andµCRLt on the other hand. The results of this investigation provide an insight in the
expressivity of timed automata, hybrid automata andµCRLt.

The relation between timed automata and other formalisms has received prior attention.
Fokkink [43], for instance, suggests a translation from strongly regular ACPrI processes to
timed automata and vice versa. In [44], Fokkink provides an outline for an interpretation of
timed automata into ACP with prefix integration and shows the latter is strictly more expressive.
The timed automata he considers, however, are the original timed automata proposed by Alur
and Dill [7, 8]. These automata do not allow for the execution of two successive actions at the
same point in time, nor do they incorporate invariants to restrict the time that can be spent in a
location. As such, the relations established in [43] and [44] do not carry over to our setting.

D’Argenio [38], studies timed automata by describing a dedicated process algebra for a vari-
ant of timed (safety) automata [65]. The semantics of this process algebra is defined in terms of
timed automata. Soundness questions are addressed, but no completeness. A similar approach is
undertaken by [83], where a sound and complete axiomatisation of timed automata with invari-
ants is described.

As far as we can tell, no prior attempt has been made in comparing hybrid automata to other
formalisms. Since we are only slowly progressing towards a deeper understanding of hybrid
systems, such investigations are important, both from a theoretical and practical point of view.
For instance, time as an entity, plays a pivotal rôle in both real-time discrete systems and purely
continuous systems. It is, however, not entirely clear whether the properties we appertain to time
in real-time discrete systems match those that are understood for purely continuous systems.

Apart from the insight we can gain into the formalisms, the practical aspects are that any
relation between timed automata andµCRLt has implications for the development of tool support
for µCRLt. For instance, the relation we establish in this chapter suggests that, for a class of
(timed) µCRLt expressions, model checking is viable, even for a class ofµCRLt expressions
representing hybrid systems.

This chapter is divided in two parts. We first extensively discuss the interpretations of timed
automata inµCRLt and the soundness of these interpretations, and then repeat the exercise for
hybrid automata in slightly less detail.

109
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6.1 Interpreting Timed Automata

Section 6.1.1 introduces a schema for translating timed automata and synchronising timed au-
tomata toµCRLt. The correctness of this translation is investigated in Section 6.1.2. Sec-
tion 6.1.3 then summarises the results and implications for the preceding sections.

6.1.1 Interpretation Functions

A timed automaton is often visualised as a directed graph, where the nodes and edges represent
the locations and the switches. This representation is usually preferred over the textual represen-
tation, as the graphical representation is closer to human intuition. Intuition, however, is easily
misled, as Example 6.1.1 demonstrates. Observe that, in this particular example, the reason for
the misconception is likely to be due to the semantics of timed automata, rather than the graphical
representation.

Example 6.1.1. Consider the following process as part of a larger specification of a real-time
safety critical system. On start-up, the subsystem can start executing a task within5 time-units,
and, upon completion, return to the initial state. This routine can be overridden by another
subsystem, using an interrupt, after which the subsystem can return control to our subsystem
under investigation. However, if the control to the subsystem is not returned within50 time-units
(measured from the start of the system), the subsystem hangs. The unaware reader might, on the
basis of this explanation, agree Fig. 6.1 captures the essence of this subsystem. However, the

int

y ≤ 50

InterruptedRunning

end,x := 0

y ≤ 50

Interrupted

ret ret,x := 0

Idling

x ≤ 5

run int

x, y = 0

Figure 6.1: Incorrect Model for Real-Time SubsystemX

semantics associated to a timed automaton disagrees with this modelling. In fact, on the basis
of this semantics, we can derive the temporal formula2(int ⇒ �ret), since the interrupt cannot
occur at any (global) time greater than50. Hence, the model of Fig. 6.2 is the right model for our
subsystem.

Errors in models, such as the one in Example 6.1.1 may be rather uncommon (although no data is
available to either refute or support this); this does not, however, imply the semantics of a timed
automaton is clear.

Before we define a translation from timed automata toµCRLt, we introduce shorthand-
notations for frequently used entities.

Notation 6.1.2. For a timed automatonX = 〈L,L0,Σ, C, ι, E〉, we writeEl for the set of
switches originating from locationl. If e is a switch inEl, then byϕe we mean the guard ofe, by
σe we mean the action associated to switche, by λe we mean the resets ofe and byle, we mean
the target location ofe.
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run

y ≤ 50

Interrupted

y > 50 ⇒
int, x := 0

y > 50 ⇒
int, x := 0

Running

end,x := 0

y ≤ 50

Interrupted

ret ret,x := 0

y ≤ 50 ⇒ int y ≤ 50 ⇒ int

x ≤ 0

Interrupted

Idling

x ≤ 5

x, y = 0

Figure 6.2: Correct Model for Real-Time SubsystemX

The translation of a timed automaton to aµCRLt process is fairly straightforward, and amenable
for automation. This would allow one to analyse a timed automaton usingµCRL tools.

Definition 6.1.3(µCRLt-Interpretation of a Timed Automaton, Location Interpretation).
Let X = 〈L,L0,Σ, C, ι, E〉 be a timed automaton. Define[[X]]:P as[[X]] =

∑
l∈L0 Xl(0, ϑ0),

whereϑ0 ∈ V0
C andXl for all l ∈ L is defined by Eqn. (6.1).

Xl = λt:R≥0.λϑ:VC . (t�
∑

d:R≥0
[ϑ, (ϑ+ d) |= ι(l)] ::→∑

e∈El
(σe ·Xle(t+ d, (ϑ+ d)[λe := 0])

/ϑ+ d |= ϕe ∧ (ϑ+ d)[λe := 0] |= ι(le) . δ )↪(t+ d))

(6.1)

The process[[X]] is called theµCRLt-interpretation of automatonX. For a timed automatonX
and a locationl of this automatonX, the processXl is called thelocation interpretation.

As an example of a translation, we use the timed automaton model of Example 6.1.1 as a source.

Example 6.1.4. LetX be the timed automaton depicted in Fig. 6.1. ItsµCRLt-interpretation is
provided in Eqn. (6.2).

[[X]] = XIdling(0,0)
XIdling(x, y:R≥0) = y �

∑
d:R≥0

[x, x+ d ≤ 5] ::→
(run ·XRunning(x+ d, y + d)+
int ·XInterruptedi(x+ d, y + d) / y + d ≤ 50 . δ)↪(y + d)

XRunning(x, y:R≥0) = y �
∑

d:R≥0

(end·XIdling(0, y + d)+
int ·XInterruptedr(x+ d, y + d) / y + d ≤ 50 . δ)↪(y + d)

XInterruptedi(x, y:R≥0) = y �
∑

d:R≥0
[y + d ≤ 50] ::→

ret↪(y + d) ·XIdling(0, y + d)
XInterruptedr(x, y:R≥0) = y �

∑
d:R≥0

[y + d ≤ 50] ::→
ret↪(y + d) ·XRunning(x+ d, y + d)

(6.2)
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The above depictedµCRLt-interpretation immediately reveals the modelling error: actionint is
(in all location-interpretations) guarded by the conditiony + d ≤ 50. This effectively disallows
any occurrences of actionint after (in this case) absolute point in time50.

Timed Automata can be composed using the operator‖s only. The resulting synchronising timed
automaton can again be written as a timed automaton. This means that we have an indirect
means of interpreting synchronising timed automata. A direct translation of a synchronising
timed automaton, can also be defined. Of course, the two different translations should yield the
same result. Soundness of these translations is discussed in Section 6.1.2.

Definition 6.1.5(µCRLt-Interpretation of a Synchronising Timed Automaton).
Let X1 = 〈L1, L

0
1,Σ1, C1, ι1, E1〉 andX2 = 〈L2, L

0
2,Σ2, C2, ι2, E2〉 be timed automata. The

µCRLt-interpretation of the synchronising timed automatonX1‖sX2 is defined by Eqn. (6.3).

[[X1‖sX2]] = ρR( ∂Σ1∩Σ2 ([[X1]] ‖ [[X2]])) (6.3)

Here, we define the setΣ1 ∩ Σ2 = {σ | σ ∈ Σ1 ∩ Σ2} and we define the functionR:Σ1 ∩ Σ2 →
(Σ1 ∩Σ2) asR(σ) = σ. Communication is defined by the functionγ(σ, σ) = σ andδ otherwise.

We illustrate the translation by extending Example 6.1.1.

Example 6.1.6. Suppose a subsystem, interrupting the subsystem of Example 6.1.1, executes
a single task for which it needs exactly5 time-units. After these5 time-units, control is again
returned to the subsystem. A timed automatonY , modelling this subsystem, is given in Fig. 6.3.

Interrupting

z = 5 ⇒ ret

z = 0

Idling

int, z := 0

z ≤ 5

Figure 6.3: Interrupt

TheµCRLt-interpretation of the timed automatonY is given by Eqn. (6.4).

[[Y ]] = YIdling(0,0)
XIdling(t, z:R≥0) = t�

∑
d:R≥0

(int · YInterrupting(t+ d,0) / 0 ≤ 5 . δ)↪(t+ d)

XInterrupting(t, z:R≥0) = t�
∑

d:R≥0
[z ≤ 5 ∧ z + d ≤ 5] ::→

(ret · YIdling(t+ d,0) / z + d = 5 . δ)↪(t+ d)

(6.4)

In a straightforward calculation, we can reduce the complexity of Eqn. (6.4), yielding an equiva-
lentµCRLt-interpretation of the same automaton (see Eqn. (6.5)).

[[Y ]] = YIdling(0)
XIdling(t:R≥0) =

∑
d:R≥0

(int · YInterrupting(t+ d))↪(t+ d)

XInterrupting(t:R≥0) = (ret · YIdling(t+ 5))↪(t+ 5)

(6.5)
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The subsystem, obtained by the parallel composition of the timed automataX andY is the syn-
chronising timed automatonX‖sY . TheµCRLt-interpretation ofX‖sY is the process specified
in Eqn. (6.6).

[[X‖sY ]] = ρR∂{int, ret}(XIdling(0,0)‖YIdling(0)) (6.6)

The above defined process can be analysed using techniques, developed forµCRLt. For instance,
it is possible to analyse the system for deadlocks that may be introduced due to required synchro-
nisations, etc. The interested reader can try linearising the above process, using the expansion
and encapsulation theorems ofµCRLt (see e.g. [57]).

6.1.2 Soundness of Interpretation Functions

The translations of Section 6.1.1 are based on a thorough understanding of both timed automata
andµCRLt. This, unfortunately, does not guarantee the translations are correct. In other words,
the translations might allow us to derive equationally that two timed automata are equivalent in
µCRLt where their original semantics would distinguish their behaviours. In this section, we
show the translations preserve the characteristics of a timed automaton.

We start by establishing a relation between the delays and time-stamped executions of actions
of a timed automaton and itsµCRLt-interpretation. Afterwards, we formulate the soundness
result of the interpretations of a timed automaton. Note that we use the results obtained in
Chapter 5 allowing us to use the TSLTS semantics of timed automata rather than its TPLTS
semantics.

Lemma 6.1.7. LetX = 〈L,L0,Σ, C, ι, E〉 be a timed automaton. Then, for all states(l, ϑ, t) ∈
L× VC × R≥0, reachable from an initial state ofX, Eqn. (6.7) holds.

Uu(l, ϑ, t) ⇔ Uu(Xl(t, ϑ)) (6.7)

Proof. Let (l, ϑ, t) be a reachable state of timed automatonX. We distinguish two cases, viz.
u ≤ t andu > t. Supposeu ≤ t. Then, an application of Lemma 5.1.22 yieldsUt(l, ϑ, t).
Likewise, from the semantics ofµCRLt, we obtainUu(Xl(t, ϑ)). The interesting case, therefore
is u > t. Supposeu = t + d′ for somed′ > 0. AssumeUt+d′(l, ϑ, t) holds. FromUt+d′(l, ϑ, t)
it follows that we haveϑ, ϑ + d′ |= ι(l). Let ν be a valuation for the variabled (found in the
interpretation function), such thatν(d) coincides with the value ford′. This allows us to derive
ϑ, (ϑ+ d′) |= ι(l) is true. This is sufficient to deriveUt+d′(Xl(t, ϑ)).
Conversely, assumeUt+d′(Xl(t, ϑ)) holds. Hence, there is a valuationν for variabled, such that
ν(d) equals the value ford′, ϑ, (ϑ + d′) |= ι(l) is true, and0 < d′. Therefore, alsoUt+d′(l, ϑ, t).
2

Lemma 6.1.8. LetX = 〈L,L0,Σ, C, ι, E〉 be a timed automaton. Then, for all states(l, ϑ, t) ∈
L × VC × R≥0, reachable from an initial state ofX, and alld′ ∈ R≥0 andσ ∈ Σ, Eqn. (6.8)
holds.

(l, ϑ, t)
σ−→t+d′ (l′, ϑ′, t+ d′) ⇔ Xl(t, ϑ)

σ−→t+d′ Xl′(t+ d′, ϑ′) (6.8)
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Proof. Let (l, ϑ, t) be a reachable state of the automatonX. Assume(l, ϑ, t)
σ−→t+d′ (l′, ϑ′, t+

d′). Then, there must be a switchl
σ,ϕ,λ−−−→ l′, such thatϑ, (ϑ + d′) |= ι(l), (ϑ + d′) |= ϕ,

ϑ′ = (ϑ + d′)[λ := 0] andϑ′ |= ι(l′). Let ν be a valuation for the variables occurring in the

location interpretationXl, such thatν(e) coincides withl
σ,ϕ,λ−−−→ l′ andν(d) coincides withd′.

Then, immediatelyXl(t, ϑ)
σ−→t+d′ Xl′(t+ d′, ϑ′) follows.

Conversely, fromXl(t, ϑ)
σ−→t+d′ Xl′(t+d′, ϑ′) it follows there is a valuationν for the variables

occurring in the location interpretationXl, such thatν(e) is assigned some switchl
σ,ϕ,λ−−−→ l′, and

ν(d) coincides withd′, for whichϑ, (ϑ + d′) |= ι(l), (ϑ + d′) |= ϕ, ϑ′ = (ϑ + d′)[λ := 0] and
ϑ′ |= ι(l′). From this, we immediately have(l, ϑ, t)

σ−→t+d′ (l′, ϑ′, t+ d′) 2

Theorem 6.1.9(Soundness of Interpretation).
LetX = 〈L,L0,Σ, C, ι, E〉 andY = 〈L′, L′0,Σ′, C ′, ι′, E ′〉 be timed automata. Then, Eqn. (6.9)
holds.

X↔ tY ⇔ [[X]]↔ t[[Y ]] (6.9)

Proof. We provide witnesses for the timed bisimulation relations and prove these are indeed
timed bisimulation relations. SupposeRr:X ↔ tY , whereRr is a bisimulation relation relating
reachable states ofX andY only. Equation (6.10) defines a relationR′.

R′ = {(Xl(t, ϑ), Ys(u, χ)) | (l, ϑ, t)Rr(s, χ, u), (l, ϑ, t) ∈ L× VC × R≥0,
(s, χ, u) ∈ L′ × VC′ × R≥0}

(6.10)

Then, relationR′ defines a timed bisimulation relation, such thatR′:[[X]]↔ t[[Y ]].

1. LetXl(ϑ, t)R′Ys(u, χ). From this, we have(l, ϑ, t)Rr(s, χ, u). SinceRr is a timed bisim-
ulation relation, relating reachable states, we haveUr(l, ϑ, t) iff Ur(s, χ, u). An application
of Lemma 6.1.7, yieldsUr(Xl(t, ϑ)) iff Ur(Yl(u, χ)).

2. Let Xl(ϑ, t)R′Ys(u, χ). From this, we have(l, ϑ, t)Rr(s, χ, u). SinceRr is a timed
bisimulation, relating the reachable states ofX and Y , we can derive that if we have
(l, ϑ, t)

σ−→r (l′, ϑ′, r), then also(s, χ, u)
σ−→r (s′, χ′, r) for somel′ ∈ L, s′ ∈ L′,

andϑ′, χ′ ∈ VC∪C′ such that(l′, ϑ′, r)Rr(s
′, χ′, r). Applying Lemma 6.1.8, then from

Xl(t, ϑ)
σ−→r Xl′(r, ϑ

′) we can deriveYs(u, χ)
σ−→r Ys′(r, χ

′) for somel′ ∈ L, s′ ∈ L′,
andϑ′, χ′ ∈ VC∪C′ such that,Xl′(r, ϑ

′)R′Ys′(r, χ
′). The case where we have a transition

from state(s, χ, u) is fully symmetric.

Conversely, supposeR:[[X]]↔ t[[Y ]]. Equation (6.11) defines a relationR′′.

R′′ = {((l, ϑ, t), (s, χ, u)) |Xl(t, ϑ)RYs(u, χ), l ∈ L, s ∈ L′, ϑ, χ ∈ VC∪C′ , t, u ∈ R≥0} (6.11)

Define relationR′ = R′′ ∩ (RX × RY ), whereRZ denotes the set of states reachable from an
initial state of automatonZ. Then,R′ is a timed bisimulation relation relating timed automata
X andY . Let (l, ϑ, t) and(s, χ, u) denote reachable states ofX resp.Y .

1. Let (l, ϑ, t)R′(s, χ, u). Then alsoXl(t, ϑ)RYs(u, χ). SinceR is a timed bisimulation, we
have, ifXl(t, ϑ)

σ−→r Xl′(r, ϑ
′) alsoYs(u, χ)

σ−→r Ys′(r, χ
′) for somel′ ∈ L, s′ ∈ L′, and

ϑ′, χ′ ∈ VC∪C′ such thatXl′(r, ϑ
′)RYs′(r, χ′). Since(l, ϑ, t) and(s, χ, u) are reachable

states ofX andY , we can apply Lemma 6.1.8, and thus we know that if(l, ϑ, t)
σ−→r

(l′, ϑ′, r) then also(s, χ, u)
σ−→r (s′, χ′, r) and(l′, ϑ′, r)R′(s′, χ′, r). The case where we

have a transition from processYs(u, χ) is fully symmetric.
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2. Let (l, ϑ, t)R′(s, χ, u). Then alsoXl(t, ϑ)RYs(u, χ). RelationR is a timed bisimulation,
henceUr(Xl(t, ϑ)) iff Ur(Ys(u, χ)) for r ∈ R≥0. Since both(l, ϑ, t) and (s, χ, u) are
reachable states, applying Lemma 6.1.7, yieldsUr(l, ϑ, t) iff Ur(s, χ, u).

3. Let l ∈ L0. We have[[X]] ↔ t[[Y ]], and therefore
∑

l∈L0 Xl(0, ϑ0)R
∑

s∈L′0 Yl(0, χ0)
for ϑ0 ∈ V0

C andχ0 ∈ V0
C′. From this, it follows that also(l, ϑ0,0)R′(s, χ0,0) for some

s ∈ L′0. Analogously fors ∈ L′0.

2

Theorem 6.1.9 establishes a firm relation between the theory of timed automata and the theory
of µCRLt. We continue with an investigation of the translation of synchronising timed automata
to µCRLt. For this, we first introduce a newµCRLt operator, abbreviating a standardµCRLt
expression.

Definition 6.1.10. We introduce a binary operator�0 :R≥0 × P → P. This operator, is defined
by the following equality:t�0 p =

∑
u p↪u / u ≥ t . δ↪0, wherep is a process andt is a point in

time.

Property 6.1.11 Let t be a point in time andp be a process. Then, we have the following
identities:

1. t�0 t� p = t�0 p,

2. t�0 (p‖q) = (t�0 p)‖(t�0 q).

Proof. We first prove the first property. We can rewritet�0 t� p, to the equivalent expression∑
u (

∑
v p↪v / v ≥ t . δ↪t)↪u / u ≥ t . δ↪0, using the definition of�0 and axioms AT1 and

ATB1 through ATB4. The time-stamping operator↪ distributes over all other operators. Axiom
C4 allows for a further reduction to

∑
u (

∑
v p↪v↪u / v ≥ t ∧ u ≥ t . δ↪t↪u) / u ≥ t . δ↪0. Using

axiom ATA1, this expression is simplified to
∑

u p↪u / u ≥ t . δ↪0, which, by definition is equal
to t�0 p.
For the second property, we observe thatt�0 (p‖q) can be rewritten to the equivalent expression∑

u (p‖q)↪u / u ≥ t . δ↪0. Using structural induction, we can prove distributivity of a con-
ditional over parallelism. In combination with the distributivity of↪ over allµCRLt operators,
this expression is equivalent to

∑
u ((p↪u / u ≥ t . δ↪0)‖(q↪u / u ≥ t . δ↪0)). This expression

can be rewritten to
∑

u ((p↪u / u ≥ t . δ↪0)‖
∑

v (q↪v / v ≥ t . δ↪0)) using axioms AT1 and
ATA1. Repeatedly applying axioms CM1, SUM4, SUM6 and SUM7, yields the equivalent ex-
pression

∑
u (p↪u / u ≥ t . δ↪0)‖

∑
v (q↪v / v ≥ t . δ↪0), which, by definition is equivalent to

(t�0 p)‖(t�0 q). 2

Lemma 6.1.12.
Let X = 〈L,L0,Σ, C, ι, E〉 andY = 〈L′, L′0,Σ′, C ′, ι′, E ′〉 be timed automata and letΣs =
Σ ∩ Σ′. Then, for all reachable states(l, ϑ, t)‖s(s, χ, u) of the synchronising timed automaton
X‖sY , Eqn.(6.12) holds.

Ut′((l, ϑ, t)‖s(s, χ, u)) ⇔ Ut′(ρR∂Σs(tmaxu�0 (Xl(t, ϑ)‖Ys(u, χ)))) (6.12)
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Proof. Let (l, ϑ, t)‖s(s, χ, u) be a reachable state of the synchronising timed automatonX‖sY .
SupposeUt′((l, ϑ, t)‖s(s, χ, u)). Then, alsoUt′(l, ϑ, t) andUt′(s, χ, u). Since(l, ϑ, t)‖s(s, χ, u)
is reachable, also the constituent states(l, ϑ, t) and (s, χ, u) are reachable. An application of
Lemma 6.1.7, then also givesUt′(Xl(t, ϑ)) andUt′(Ys(u, χ)). Therefore, we can also derive
Ut′(Xl(t, ϑ)‖Ys(u, χ)). This is sufficient to deriveUt′(ρR∂Σs(tmaxu�0 (Xl(t, ϑ)‖Ys(u, χ)))).
For t′ > tmaxu, a proof of the converse is obtained by following the preceding steps in reverse
order; fort ≤ tmaxu, Lemma 5.1.26 immediately yields the desired result. 2

Lemma 6.1.13.
Let X = 〈L,L0,Σ, C, ι, E〉 andY = 〈L′, L′0,Σ′, C ′, ι′, E ′〉 be timed automata. Then for all
reachable states(l, ϑ, t)‖s(s, χ, u) of the synchronising timed automatonX‖sY , and allt′ ∈ R≥0,
andσ ∈ Σ ∩ Σ′ = Σs, Eqn.(6.13) holds.

(l, ϑ, t)‖s(s, χ, u)
σ−→t′ (l′, ϑ′, t′)‖s(s′, χ′, t′)

⇔
ρR∂Σs(tmaxu�0 (Xl(t, ϑ)‖Ys(u, χ)))

σ−→t′ ρR∂Σs(t
′�0 (Xl′(t

′, ϑ′)‖Ys′(t′, χ′)))
(6.13)

Proof. We use abbreviations for states and location interpretations, e.g. we writel for state
(l, ϑ, t) andXl for location interpretationXl(t, ϑ) of statel, etc.

Assumel‖ss
σ−→t′ l′‖ss′. We then havel

σ−→t′ l′, s
σ−→t′ s′ and t′ ≥ tmaxu. Apply-

ing Lemma 6.1.8 immediately yieldsXl
σ−→t′ Xl′ andYs

σ−→t′ Ys′. Since bothUt′(Ys′) and
Ut′(Xl′), we haveYs′ ↔ tt

′�0 Ys′ andXl′ ↔ tt
′�0 Xl′. Thence, alsoXl

σ−→t′ t
′�0 Xl′ and

Ys
σ−→t′ t′�0 Ys′. SinceUtmaxu(Xl‖Ys), also (Xl‖Ys)↔ t tmaxu�0 (Xl‖Ys), and hence

tmaxu�0 (Xl‖Ys)
σ−→t′ t

′�0 (Xl‖Ys). SinceR(σ) = σ, we then immediately also have
ρR∂Σs(tmaxu�0 (Xl‖Ys))

σ−→t′ ρR∂Σs(t
′�0 (Xl‖Ys)).

Conversely, letρR∂Σs(tmaxu�0 (Xl‖Ys))
σ−→t′ ρR∂Σs(t

′�0 (Xl‖Ys)). Following the above

steps in reverse, we can deducetmaxu�0 (Xl‖Ys)
σ−→t′ t

′�0 (Xl‖Ys) andtmaxu ≤ t′ and
Xl

σ−→t′ Xl′ andYs
σ−→t′ Ys′. Using Lemma 6.1.8, we then also havel

σ−→t′ l′ ands
σ−→t′ s′

and thus alsol‖ss
σ−→t′ l′‖ss′. 2

Lemma 6.1.14.
Let X = 〈L,L0,Σ, C, ι, E〉 andY = 〈L′, L′0,Σ′, C ′, ι′, E ′〉 be arbitrary timed automata and
let Σs = Σ ∩ Σ′. Then for all reachable states(l, ϑ, t)‖s(s, χ, u) of the synchronising timed
automatonX‖sY , and allt′ ∈ T, andσ ∈ Σ \ Σ′, Eqn.(6.14) holds.

(l, ϑ, t)‖s(s, χ, u)
σ−→t′ (l′, ϑ′, t′)‖s(s, χ, u)

⇔
ρR∂Σs(tmaxu�0 (Xl(t, ϑ)‖Ys(u, χ)))

σ−→t′ ρR∂Σs(t
′�0 Xl′(t

′, ϑ′)‖Ys(u, χ))

(6.14)

Proof. We use the convention of abbreviating states and location interpretations as is done in
the proof of Lemma 6.1.13.

Assumel‖ss
σ−→t′ l′‖ss. Then, we also havel

σ−→t′ l′, Ut′(s) andu ≤ t′. Applying Lemma 6.1.8
immediately yieldsXl

σ−→t′ Xl′, and Lemma 6.1.7 yieldsUt′(Ys). Thus, we haveXl‖Ys
σ−→t′

Xl′‖(t′ � Ys). SinceUtmaxu(Xl‖Ys), we obtainXl‖Ys ↔ ttmaxu�0 (Xl‖Ys). Second, since
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Ut′(Xl′‖(t′ � Ys)), we haveXl′‖(t′ � Ys) ↔ tt
′�0 (Xl′‖(t′ � Ys)) ↔ tt

′�0 (Xl′‖Ys).
Therefore,tmaxu�0 (Xl‖Ys)

σ−→t′ t
′�0 (Xl′‖Ys). Thus,ρR∂Σs(tmaxu�0 (Xl‖Ys))

σ−→t′

ρR∂Σs(t
′�0 (Xl′‖Ys)).

The converse follows from applying the above steps in reverse order. 2

Theorem 6.1.15(Soundness of Interpretation).
Let X = 〈L,L0,Σ, C, ι, E〉, Y = 〈L′, L′0,Σ′, C ′, ι′, E ′〉 andZ = 〈L′′, L′′0,Σ ∪ Σ′, C ′′, ι′′, E ′′〉
be timed automata, then Eqn. (6.15) holds.

X‖sY ↔ tZ ⇔ [[X‖sY ]]↔ t[[Z]] (6.15)

Proof. We again provide witnesses for the bisimulation relations. LetΣs = Σ ∩ Σ′. Suppose
Rr:X‖sY ↔ tZ be a timed bisimulation relation, relating only the reachable states ofX‖sY to
Z and vice versa. Equation (6.16) defines a relationR′.

R′ = {(ρR∂Σs(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ)), Zq(v, ζ)) | (l, ϑ, t)‖s(s, χ, u)Rr(q, ζ, v),
ϑ, χ, ζ ∈ VC∪C′∪C′′ , t, u, v ∈ R≥0, l ∈ L, s ∈ L′, q ∈ L′′}

(6.16)

Then, relationR′ is a timed bisimulation up to↔ t, relating[[X‖sY ]] to [[Z]].

1. Suppose we haveρR∂Σs(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ))R′Zq(v, ζ). From this, we obtain
(l, ϑ, t)‖s(s, χ, u)Rr(q, ζ, v). Hence, we have, for arbitraryt′, Ut′((l, ϑ, t)‖s(s, χ, u)) iff
Ut′(q, ζ, v). Applying Lemmas 6.1.12 and 6.1.7, givesUt′(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ))
iff Ut′(Zq(v, ζ)).

2. Let ρR∂Σs(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ))R′Zq(v, ζ), and assumeσ ∈ Σs. We again have
(l, ϑ, t)‖s(s, χ, u)Rr(q, ζ, v). Since relationRr is a timed bisimulation up to↔ t, we
know when(l, ϑ, t)‖s(s, χ, u)

σ−→t′ (l′, ϑ′, t′)‖s(s′, χ′, t′) then also(q, ζ, v)
σ−→t′ (q′, ζ ′, t′)

and again(l′, ϑ′, t′)‖s(s′, χ′, t′)Rr(q
′, ζ ′, t′). By Lemmas 6.1.13 and 6.1.8, we then obtain

if ρR∂Σs(tmaxu�0 (Xl(t, ϑ)‖Ys(u, χ)))
σ−→t′ ρR∂Σs(t

′�0 (Xl′(t
′, ϑ′)‖Ys′(t′, χ′))) then

alsoZq(v, ζ)
σ−→t′ Zq′(t

′, ζ ′) andρR∂Σs(t
′�0 (Xl′(t

′, ϑ′)‖Ys′(t′, χ′)))R′Zq′(t
′, ζ ′). The

case where we have a transition from state(q, ζ, v) is symmetric.

Assumeσ ∈ Σ \ Σ′. Again, we have(l, ϑ, t)‖s(s, χ, u)Rr(q, ζ, v), and sinceRr is a
timed bisimulation up to↔ t, we have if(l, ϑ, t)‖s(s, χ, u)

σ−→t′ (l′, ϑ′, t′)‖s(s, χ, u) then
also(q, ζ, v)

σ−→t′ (q′, ζ ′, t′) and again(l′, ϑ′, t′)‖s(s, χ, u)Rr(q
′, ζ ′, t′). Hence, we also

have if ρR∂Σs(tmaxu�0 (Xl(t, ϑ)‖Ys(u, χ)))
σ−→t′ ρR∂Σs(t

′�0 (Xl′(t
′, ϑ′)‖Ys(u, χ)))

then alsoZq(v, ζ)
σ−→t′ Zq′(t

′, ζ ′) andρR∂Σs(t
′�0 (Xl′(t

′, ϑ′)‖Ys(u, χ)))R′Zq′(t
′, ζ ′) by

Lemmas 6.1.14 and 6.1.8. Similarly, when we have a transition from state(q, ζ, v), and
when we have an actionσ ∈ Σ′ \ Σ.

Conversely, letR:[[X‖sY ]]↔ t[[Z]]. Equation (6.17) defines the relationR′′.

R′′ = {((l, ϑ, t)‖s(s, χ, u), (q, ζ, v)) | ρR∂Σs(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ))RZq(v, ζ),
ϑ, χ, ζ ∈ VC∪C′∪C′′ , t, u, v ∈ R≥0, l ∈ L, s ∈ L′, q ∈ L′′}

(6.17)

RelationR′ = R′′ ∩ (RX‖sY × RZ) is a timed bisimulation up to↔ t, relatingX‖sY andZ;
hereRV is the set of all reachable states of automatonV .
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1. Suppose(l, ϑ, t)‖s(s, χ, u)R′(q, ζ, v). Thence, we can immediately infer the relation be-
tween the location interpretations, i.e.ρR∂Σs(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ))RZq(v, ζ), and
sinceR is a bisimulation up to↔ t, also ifUt′(ρR∂Σs(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ))) then
Ut′(Zq(v, ζ)). By Lemmas 6.1.12 and 6.1.7, we then also have ifUt′((l, ϑ, t)‖s(s, χ, u))
thenUt′(q, ζ, v). The case where we have a transition from processZq(v, ζ) is symmetric.

2. Suppose(l, ϑ, t)‖s(s, χ, u)R′(q, ζ, v), and supposeσ ∈ Σs. Via relationR′, we again ob-
tain ρR∂Σs(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ))RZq(v, ζ), and sinceR is a timed bisimulation,
we have ifρR∂Σs(tmaxu�0 Xl(t, ϑ)‖Ys(u, χ))

σ−→t′ ρR∂Σs(t
′�0 Xl′(t

′, ϑ′)‖Ys′(t′, χ′))
then alsoZq(v, ζ)

σ−→t′ Zq′(t
′, ζ ′) andρR∂Σs(t

′�0 Xl′(t
′, ϑ′)‖Ys′(t′, χ′))RZq′(t′, ζ ′). Ap-

plying Lemmas 6.1.13 and 6.1.8, yields if(l, ϑ, t)‖s(s, χ, u)
σ−→t′ (l′, ϑ′, t′)‖s(s′, χ′, t′)

then also(q, ζ, v)
σ−→t′ (q′, ζ ′, t′) such that(l′, ϑ′, t′)‖s(s′, χ′, t′)R′(q′, ζ ′, t′). Similarly,

Lemmas 6.1.14 and 6.1.8 yield the required results in case of actionsσ ∈ (Σ\Σ′)∪(Σ′\Σ).
The case where we have a transition from the processZq(v, ζ) is symmetric.

3. Let l ∈ L0 ands ∈ L′0. Since we already knowR:[[X‖sY ]] ↔ t[[Z]], we must surely
have∂RρΣs((

∑
l∈L0 Xl(0, ϑ0))‖(

∑
s∈L′0 Ys(0, χ0)))R(

∑
q∈L′′0 Zq(0, ζ0)), for ϑ0 ∈ V0

C ,
χ0 ∈ V0

C′ andζ0 ∈ V0
C′′. Hence, it also follows that(l, ϑ0,0)‖s(s, χ0,0)R′(q, ζ0,0) for

someq ∈ L′′0. Analogously forq ∈ L′′0.

2

6.1.3 Summary

Summarising, the interpretations of timed automata and synchronising timed automata, defined
in Section 6.1.1 are sound. Consequently, we can employ the equational theory ofµCRLt to rea-
son about timed automata. This can, for example, be useful to construct smallerµCRLt models
using rewrite techniques also employed forµCRL andµCRLt.

Several remarks are in order. In Chapter 5, we considered the subclass of timed automata
that are “sensible”, in the sense that their initial locations can indeed function as a starting state
of the system, without causing the timed automaton to havedeadlocked. The above results
therefore apply to sensible timed automata only. Timed automata that are not sensible, cannot
be translated toµCRLt, mainly because of the absence of a process representing adeadlocked

situation. In [125], this is mended by extendingµCRLt with an immediate deadlock
•
δ.

Second, we observe that there is, in general, no inverse translation fromµCRLt to an equiva-
lent timed automaton, as the example process of Eqn. (6.18) illustrates. Thence,µCRLt is strictly
more expressive than (sensible) timed automata.

X(t:R≥0) =
∑
v

run↪v · stop↪2v ·X(2v) (6.18)

It is well conceivable that a more liberal schema of clock constraints gives rise to a more ex-
pressive formalism (for an impression of the expressivity of various extensions of “standard”
timed automata see e.g.stopwatch automata[34], updatable timed automata [28]). For practical
purposes, however, there is not much that can be gained, as the timed automata, as discussed in
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Chapters 5 and 6 seem to have already stretched decidability to its limits (see also the discussion
below).

Finally, the results obtained in this section imply that there is a class ofµCRLt processes
for which model checking is a viable option. Added to the extra expressive power due to the
presence of data,µCRLt has the potential to become a very powerful tool for verifying timed
processes.
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The topic of expressivity and decidability of various properties for (extensions of) timed au-
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Recently, it is shown that the language-universality problem for a subclass of timed automata,
calledopentimed automata, is decidable if the dense time domain is “weakly monotonic”, i.e.
when several events are allowed at the same time (see [100]). In [28], it was proved that decid-
ability can also be preserved when allowing more general update operations, i.e. reinitialisations
of clocks other than to0. Therestricted additive clock constraints(clock constraints of the form
(c1 + c2) ∼ v, wherec1 andc2 are clocks), we allow in the timed automata we considered in
Chapter 5 have only recently been shown to yield decidability of the emptiness problem [19]. To
give an impression of several extensions of timed automata for which the reachability property
is undecidable (see also [64]), we list a number of well-known examples:

• additive clock constraints, i.e. clock constraints of the form(c1 + c2) ∼ (c′1 + c′2) [8],

• two non-clock constant-slope variables [6],

• three stopwatches [35],

• one memory cell and assignments between variables [35].

6.2 Interpreting Hybrid Automata

The interpretation functions for hybrid automata and synchronising hybrid automata are defined
in Section 6.2.1. Their correctness is assessed in Section 6.2.2. We summarise the results in
Section 6.2.3.

6.2.1 Interpretation Functions

Timed Automata and hybrid automata do not differ too much in their syntax. It may therefore not
come as a surprise that the translation of a hybrid automaton to aµCRLt process follows roughly
the same lines as the translation of timed automata toµCRLt processes. We start by introducing
additional notation.

Notation 6.2.1. For a hybrid automatonX = 〈M,M0,Σ, V, ι, θ, I, E〉, we writeEm for the
set of switches originating from control modem. If e is a switch inEm, then byϕe we mean
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the guard of switche, by σe we mean the action that is executed upon taking switche, by ρe we
mean the resets ofe and byme, we mean the target control mode ofe.

Definition 6.2.2(µCRLt-Interpretation of a Hybrid Automaton, Control Mode Interpretation).

Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 be a hybrid automaton. TheµCRLt-interpretation[[X]]:P is
defined as[[X]] =

∑
m∈M0

∑
ϑ∈VV

[ϑ |= I(m)] ::→Xm(0, ϑ), whereXm for all m ∈ M is
defined by Eqn. (6.19).

Xm = λt:R≥0.λϑ:VV .(t�
∑

d:R≥0

∑
f :Dd

[f |= ι(m) ∧ f(0) = ϑ ∧ feωf |= θ(m)] ::→
∑

e∈Em

∑
ϑ′:VV ′

(σe ·Xme(t+ d, ϑ′) / f(d) |= ϕe ∧ ϑ′ |= ρe[f(d)] ∧ ϑ′ |= ι(me) . δ )↪(t+ d))

(6.19)

Here, we use the setDd to denote the setDVV
d defined in the previous chapter. For a hybrid

automatonX and a control modem of this automatonX, the processXm is called thecontrol
mode interpretation.

Even though theµCRLt-interpretation of a timed automaton resembles theµCRLt-interpretation
of a hybrid automaton, the apparent complexity of the latter is much higher, due to the extra
summands for the witness functions and the reset-valuations. A translated hybrid automaton,
therefore, is quite complex. The following example demonstrates the results of the translation of
a relatively simple hybrid automaton.

Example 6.2.3. We again consider the thermostat example (see also Example 5.2.20). LetX be
the hybrid automaton depicted in Fig.6.4, representing the thermostat. TheµCRLt-interpretation

On Off

x = 20, offx = 10

x ≤ 20 17 ≤ x

x = 17, on

b ∈ [17, 25]}
ẋ ∈ {−x + b |

ẋ = −2x + 12

Figure 6.4: Thermostat Model

of automatonX is given in Eqn. (6.20). It consists of two control mode interpretations, viz.XOn

andXOff, and an initialisation, represented by process[[X]]. The witness functions in both control
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mode interpretations are represented by variablef .

[[X]] = XOn(0, 10)
XOn(t:R≥0, xc:R) = t�

∑
d:R≥0

∑
f :Dd

[f |= (x ≤ 20) ∧ f(0)(x) = xc∧
feωf |= (ẋ ∈ {−x+ b | b ∈ [17, 25]})] ::→
(on ·XOff(t+ d, f(d)(x))
/f(d)(x) = 20 ∧ f(d)(x) |= (x ≥ 17) . δ)↪(t+ d)

XOff(t:R≥0, xc:R) = t�
∑

d:R≥0

∑
f :Dd

[f |= (x ≥ 17) ∧ f(0)(x) = xc ∧ feωf |= (ẋ = −2x+ 12)] ::→
(on ·XOn(t+ d, f(d)(x))
/f(d)(x) = 17 ∧ f(d)(x) |= (x ≤ 20) . δ)↪(t+ d)

(6.20)

Although the above equations seem complex, some elementary calculations using theµCRLt
axiom system allows for a surprising reduction of the complexity (see Eqn. (6.21)). For instance,
we can infer thatxc ≤ 17 is an invariant for location-interpretationXOn. This invariant allows
us to find the first moment the thermostat reaches20◦ Celsius by solving the above differential
equation.

[[X]] = XOn(0, 10)
XOn(t:R≥0, xc:R) =

∑
d:R≥0

off↪(t+ d) ·XOff(t+ d, 20) / d ≥ ln 25−xc

5
. δ↪0

XOff(t:R≥0, xc:R) = on↪(t+ 1
2
ln 14

11
) ·XOn(t+ 1

2
ln 14

11
, 17)

(6.21)

The translation of synchronising hybrid automata matches the translation of synchronising timed
automata. This is indeed what is to be expected, as the semantics for a synchronising timed
automaton matches that of a synchronising hybrid automaton. For completeness’ sake, we repeat
the translation.

Definition 6.2.4(µCRLt-Interpretation of Synchronising Hybrid Automata).
Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 andY = 〈M ′,M ′0,Σ′, V ′, ι′, θ′, I ′, E ′〉 be hybrid automata.
TheµCRLt-interpretation ofX‖sY is defined by Eqn. (6.22).

[[X‖sY ]] = ρR(∂Σ∩Σ′([[X]]‖[[Y ]])) (6.22)

We define the setΣ ∩ Σ
′
= {σ | σ ∈ Σ ∩ Σ′}; we define a functionR:Σ ∩ Σ

′ → (Σ ∩ Σ′) as
R(σ) = σ. The communication function is defined asγ(σ, σ) = σ andδ otherwise.

6.2.2 Soundness of Interpretation Functions

In this section, we assess the soundness of the translations defined in Section 6.2.1. We first
relate ourµCRLt-interpretations to hybrid automata interpreted in the alternative semantics. On
the basis of the results of Chapter 5, we can then draw our conclusions for the relation between
ourµCRLt-interpretations and hybrid automata interpreted in the standard semantics.

We start by proving two technical lemmata, establishing a relation between a hybrid automa-
ton and itsµCRLt-interpretation.
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Lemma 6.2.5. LetX = 〈M,M0,Σ, V, ι, θ, I, E〉 be a hybrid automaton. Then, for all reachable
states(m,ϑ, t) ∈M × VV × R≥0, and all points in timeu ∈ R≥0, Eqn. (6.23) holds.

Uu(m,ϑ, t) ⇔ Uu(Xm(t, ϑ)) (6.23)

Proof. We distinguish the casesu ≤ t andu = t+ d′ with d′ > 0. The case whereu ≤ t holds
by the grace of Lemma 5.2.33 and the semantics ofµCRLt.
Assumeu = t + d′ for somed′ > 0. AssumeUt+d′(m,ϑ, t). Thus, we know there exists a
continuous functionF :[0, d′] → VV such thatdiff(F ) a.e., F (0) = ϑ, F |= ι(m) andF eωF |=
θ(m). Let ν be a valuation for the variablesf andd, occurring in the control mode interpretation
Xm, such thatν(f) coincides withF andν(d) equals the value ford′. Then, we knowf |=
ι(m)∧f(0) = ϑ∧feωf |= θ(m) evaluates to true under valuationν. Thus, alsoUt+d′(Xm(t, ϑ))
holds.
Conversely, assumeUt+d′(Xm(t, ϑ)) holds. Then, there is a valuationν for variablesd′ andf ,
such thatν(d) equals the value ford′, and the functionν(f) is such thatf |= ι(m) ∧ f(0) =
ϑ ∧ feωf |= θ(m) is true under valuationν. Thence, alsoUt+d′(l, ϑ, t). 2

Lemma 6.2.6. Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 be a hybrid automaton. Then, for all states
(m,ϑ, t) ∈M×VV ×R≥0, reachable from an initial state ofX, and for alld′ ∈ R≥0, Eqn. (6.24)
holds.

(m,ϑ, t)
σ−→t+d′ (m′, ϑ′′, t+ d′) ⇔ Xm(t, ϑ)

σ−→t+d′ Xm′(t+ d′, ϑ′′) (6.24)

Proof. Assume(m,ϑ, t)
σ−→t+d′ (m′, ϑ′′, t + d′). Then, there must exist a switchm

σ,ϕ,ρ−−−→ m′

and a continuous functionF :[0, d′] → VV , such thatF (0) = ϑ, F |= ι(m), F eωF |= θ(m),
F (d′) |= ϕ, ϑ′ |= ρ[F (d′)] andϑ′′ |= ι(m′) are satisfied. Hence, there exists a valuationν for
variablesd, e, f andϑ′ such thatν(d) equalsd′, ν(e) equalsm

σ,ϕ,ρ−−−→ m′, ν(f) coincides withF
andν(ϑ′) is ϑ′′. Then, we knowf |= ι(m)∧ f(0) = ϑ∧ feωf |= θ(m) under valuationν is true,
and, moreover,f(d) |= ϕe ∧ ϑ′ |= ρe[f(d)] ∧ ϑ′ |= ι(me) also evaluates to true under valuation
ν. Then, we haveXm(t, ϑ)

σ−→t+d′ Xm′(t+ d′, ϑ′′).
Conversely, fromXm(t, ϑ)

σ−→t+d′ Xm′(t+d′, ϑ′′), it follows there is a valuationν, for which we
know there is a switchν(e) equal tom

σ,ϕ,ρ−−−→ m′, such thatf |= ι(m)∧f(0) = ϑ∧feωf |= θ(m)
andf(d) |= ϕ∧ϑ′ |= ρ[f(d)]∧ϑ′ |= ι(m′) both hold for this particular valuation of the variables
d, e, f andϑ′. Thus, we haveν(f):[0, ν(d)] → VV , whereν(d) coincides withd′, andν(ϑ′)
coincides withϑ′′, satisfying the hypothesis of the action deduction rule of a hybrid automaton.
Hence, we can derive(m,ϑ, t)

σ−→t+d′ (m′, ϑ′′, t+ d′). 2

Theorem 6.2.7(Soundness of Interpretation).
Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 andY = 〈M ′,M ′0,Σ′, V ′, ι′, θ′, I ′, E ′〉 be arbitrary hybrid
automata. Then, Eqn. (6.25) holds.

X↔ tY ⇔ [[X]]↔ t[[Y ]] (6.25)

Proof. We construct the bisimulation relations witnessing the equality of Eqn. (6.25). Suppose
Rr:X ↔ tY , whereRr is a timed bisimulation relation relating only the reachable states ofX
andY . Equation (6.26) defines a binary relationR′.

R′ = {(Xm(t, ϑ), Yn(u, χ)) | (m,ϑ, t)Rr(n, χ, u), (m,ϑ, t) ∈ L× VV × R≥0,
(n, χ, u) ∈ L′ × VV ′ × R≥0}

(6.26)
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RelationR′ defines a timed bisimulation relation, such thatR′:[[X]]↔ t[[Y ]]t. The proof follows
the same line of reasoning as the proof of Theorem 6.1.9.

Conversely, assumeR:[[X]]↔ t[[Y ]]. LetR′′ be the relation, defined by Eqn. (6.27).

R′ = {((m,ϑ, t), (n, χ, u)) |Xm(t, ϑ)RYn(u, χ), ϑ, χ ∈ VV ∪V ′ , t, u ∈ R≥0,m ∈M,n ∈ N ′}
(6.27)

DefineR′ = R′′ ∩ (RX × RY ), whereRZ is exactly the set of reachable states of automaton
Z. Then, relationR′ is a timed bisimulation relation, such thatR′:X ↔ tY . The proof thereof
proceeds along the lines of the proof of Theorem 6.1.9. 2

Based on the observations of Chapter 5, we now state the correspondence theorem for hybrid
automata, interpreted in the standard semantics and theirµCRLt-interpretations.

Theorem 6.2.8(Approximable Hybrid Automata and µCRLt).
For all approximable hybrid automataX andY , Eqn. (6.28) holds.

X↔ ι
tY ⇔ [[X]]↔ t[[Y ]] (6.28)

Proof. Follows immediately from the combination of Theorems 5.2.48 and 6.2.7 2

The following technical lemmata establish the connection between a synchronising hybrid au-
tomaton and itsµCRLt-interpretation. The results and proofs coincide with the results and proofs
of Lemmata 6.1.12 through 6.1.14; we therefore omit the proofs.

Lemma 6.2.9. Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 andY = 〈M ′,M ′0,Σ′, V ′, ι′, θ′, I ′, E ′〉 be
hybrid automata and letΣs = Σ ∩ Σ′. Then, for all reachable states(m,ϑ, t)‖s(n, χ, u), and all
t′ ∈ R≥0, Eqn. (6.29) holds.

Ut′((m,ϑ, t)‖s(n, χ, u)) ⇔ Ut′(ρR∂Σs(tmaxu�0 (Xm(t, ϑ)‖Yn(u, χ)))) (6.29)

Proof. Omitted. 2

Lemma 6.2.10. Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 andY = 〈M ′,M ′0,Σ′, V ′, ι′, θ′, I ′, E ′〉 be
hybrid automata and letΣs = Σ ∩ Σ′. Then, for all reachable states(m,ϑ, t)‖s(n, χ, u), all
t′ ∈ R≥0, and allσ ∈ Σs, Eqn. (6.30) holds.

(m,ϑ, t)‖s(n, χ, u)
σ−→t′ (m′, ϑ′, t′)‖s(n′, χ′, t′)

⇔
ρR∂Σs(tmaxu�0 (Xm(t, ϑ)‖Yn(u, χ)))

σ−→t′ ρR∂Σs(t
′�0 (Xm′(t′, ϑ′)‖Yn′(t′, χ′)))

(6.30)

Proof. Omitted. 2
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Lemma 6.2.11. Let X = 〈M,M0,Σ, V, ι, θ, I, E〉 andY = 〈M ′,M ′0,Σ′, V ′, ι′, θ′, I ′, E ′〉 be
hybrid automata and letΣs = Σ ∩ Σ′. Then, for all reachable states(m,ϑ, t)‖s(n, χ, u), all
t′ ∈ R≥0, and allσ ∈ Σ \ Σ′, Eqn. (6.31) holds.

(m,ϑ, t)‖s(n, χ, u)
σ−→t′ (m′, ϑ′, t′)‖s(n, χ, u)

⇔
ρR∂Σs(tmaxu�0 (Xm(t, ϑ)‖Yn(u, χ)))

σ−→t′ ρR∂Σs(t
′�0 (Xm′(t′, ϑ′)‖Yn(u, χ)))

(6.31)

Proof. Omitted. 2

Theorem 6.2.12(Soundness of Interpretation).
Assume the hybrid automataX = 〈M,M0,Σ, V, ι, θ, I, E〉, Y = 〈M ′,M ′0,Σ′, V ′, ι′, θ′, I ′, E ′〉
andZ = 〈M ′′,M ′′0,Σ′′, V ′′, ι′′, θ′′, I ′′, E ′′〉. Then Eqn. (6.32) holds.

X‖sY ↔ tZ ⇔ [[X‖sY ]]↔ t[[Z]] (6.32)

Proof. Omitted. 2

6.2.3 Summary

We can draw several conclusions from the preceding sections. The interpretations of hybrid au-
tomata and synchronising hybrid automata, defined in Section 6.2.1 are sound with respect to the
alternative semantics of hybrid automata (see Chapter 5). However, these soundness results are
true only for a class of hybrid automata (i.e. approximable hybrid automata), when we consider
the standard semantics of hybrid automata. This implies that in general, the systems specified as
hybrid automata are incomparable to the systems specified inµCRLt. It also means the class of
hybrid systems that can be modelled by approximable hybrid automata may take a special place
in the field of hybrid systems. It may prove worth it to pursue a more in-depth investigation into
this class.

Slightly worrying is the reason for the incompatibility ofµCRLt and the framework of hy-
brid automata. As we mentioned at the start of this chapter, time as an entity is well studied
in real-time discrete systems. There, time additivity is assumed to be a basic property for most
real-time formalisms (save a few). On the other hand, the implications of assuming time addi-
tivity for continuous systems are not yet fully clear. However,concatenation of solutions, an
accepted property in the realm of continuous systems, is likely to coincide with time additivity
for hybrid systems. In any case, it is imaginable, but not likely, that insisting on time additivity
can compromise the theory that has been developed for continuous systems. In this case, a new
investigation into the properties of time is needed. In any other case, the absence of the time
additivity property in hybrid automata is wanting, and the standard semantics of hybrid automata
must be considered flawed.

More on a practical note, the class of approximable hybrid automata covers all hybrid au-
tomata for which automated verification is feasible to date. This means we can identify several
classes ofµCRLt expressions, representing hybrid systems, for which model-checking tool sup-
port can be built. The construction of such tools, however, is no easy task.



Chapter 7

Conveyor Belt — Case Study

This final chapter of this thesis is devoted to a case study inµCRLt. In the past, many case
studies have been conducted inµCRL (see e.g. [74, 55, 112]). These studies have signalled
various bottle-necks inµCRL and, at the same time, identified numerous strong-points ofµCRL.
Some of the identified bottle-necks have led to the investigation of novel techniques, culminating
into e.g. Cones and Foci [54], and advanced model-checking techniques (see e.g. Chapter 3 of
this thesis). Hence, we can conclude that case studies have proved vital for the advancement of
theory forµCRL.

The languageµCRLt is still relatively young. One can argue, however, that its foundations
have been around for over a decade, asµCRLt comes from a family of process algebras centred
around ACP. The studies into real-time extensions of ACP have led to various distinct theories,
which have been re-united only recently in [17]. However, these studies into the real-time exten-
sions have been guided by the desire to understand the concept of time in computerised systems,
rather than to investigate techniques for verification of real-time systems. The theoryµCRLt
aims to combine both the practical and the theoretical investigations.

At the moment of writing this, not much hands-on experience in usingµCRLt for practical
applications has been obtained. Several small-scale hybrid systems problems have been studied
by Groote and van Wamel in [58], but apart from these, no attempt has been made to employ
µCRLt on real-life systems. This is rather unfortunate, as such studies are much needed to inves-
tigate and classify the ease of its notation, its readability and the usability of its accompanying
analytical techniques. The feedback, obtained by case studies can be used to guide investigations
into techniques forµCRLt, similar to the influence the case studies had onµCRL. Moreover,
the position ofµCRLt in relation to other real-time formalisms must be investigated, not only
from a theoretical point of view (as is done in e.g. Chapter 6), but also from a practical point of
view. Of course, apart from the benefits forµCRLt, case studies lead to a better understanding
of the systems that are being studied. In the end, this is hoped to have a positive influence on the
development, stability and performance of future systems.

The example we study in this chapter is a typical hybrid system, consisting of a multi-purpose
conveyor belt and a dedicated controller. We make an effort to describe the system as detailed
as possible, and assess the current state of verification techniques forµCRLt by investigating the
models of these systems.

The remainder of this chapter is organised as follows. The conveyor belt system, its char-
acteristics and the control objectives are introduced in Section 7.1. Formal specifications of
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the conveyor belt and the controller are given in Section 7.2. Section 7.3 describes the process
algebraic verification of the conveyor belt system specifications, whereas Section 7.4 contains
the mathematical analysis of the system. Section 7.5 summarises the impressions and results
obtained in the foregoing sections.

7.1 Conveyor Belt System

The system investigated in this chapter is, at first glance, a simple system, consisting of only a
single basic component (a conveyor belt) that must be controlled to meet a number of objectives.
In fact, the system has much in common with many of the (more elementary) buffer examples
studied elsewhere in the literature. In this section, we introduce the conveyor belt and discuss the
control objectives.

The conveyor belt is equipped with a rubber transportation belt, sensors and a motor for driv-
ing the belt. The information, obtained from sensors is communicated to its environment, which
is, typically a controller. The motor receives its control via communication with its environment.
The transportation belt is used for transporting trays and has a capacity limited to two trays. If
more than two trays are on the belt, it breaks down. A schematic drawing of the belt, including
its wirings to a controller, is found in Fig. 7.1. The belt has a fixed lengthl > 0. For the sake

Controller

Figure 7.1: The Conveyor Belt

of argument, assume the maximal tray size isst > 0, and we havel > 2st. Below, we list the
characteristics of the conveyor belt.

1. The sensors are triggered by the passing of trays,

2. The speed of the belt is determined by the force exerted by the motor,

3. The force exerted by the motor is determined by the torque, which is in the range of
[−Tmax, Tmax], whereTmax> 0.

4. The belt cannot refuse trays,

5. Trays on the belt cannot overtake each-other.
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The conveyor belt can be used in several application areas, and is a fairly generic component.
It can, for instance, be used to temporarily store up to two trays, and then again deliver them in
reverse order to the environment by running backward. Here, we study a less exotic use of the
conveyor belt, viz. we use it to transport the trays from the front end of the belt to the back end
of the belt. To this end, a controller of the conveyor belt must be specified. Below, we list the
requirements the resulting system must satisfy.

1. At any time, at most two trays may reside on the belt,

2. A tray arriving at the belt may not collide into a tray already on the belt,

3. The velocity of the belt must be in the range of0 to vmax, wherevmax > 0 is the maximal
speed,

4. Trays arriving at the front end of the belt are delivered to the back end of the belt,

5. If there are no trays on the belt, the belt eventually arrives to a full stop.

The first three requirements can be classified as safety requirements, the fourth requirement is a
liveness requirement. The last requirement is an efficiency requirement, and directly influences
the throughput and performance of the belt.

7.2 Formal Models

In the next section, we discuss two techniques for modelling the conveyor belt. Furthermore, we
discuss the design of a controller for the belt satisfying the requirements, sketched informally in
the previous section.

7.2.1 Conveyor Belt

The conveyor belt can be modelled using techniques, stemming from different backgrounds. The
two models, explained in this section are typical models used in computer science and mechanical
engineering.

We first present and discuss an automaton-like model of the conveyor belt system. The model,
depicted in Fig. 7.2 shows various states and edges linking these states. The actions, decorating
these edges represent the events that caused or are the result of taking the edge. Table 7.1 lists the
events and their corresponding action. The discrete model nicely reflects the possible events the

Action Event

a Detection of a tray by the front-most sensor
d Detection of a tray by the back-end sensor
F(µ) Adjusting the torque exerted on the motor toµ

Table 7.1: Actions corresponding to events
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F(µ) F(µ) F(µ)

a a a

d d

a a

Figure 7.2: A purely discrete model of the conveyor belt

sensors on the belt register, and in which order. The sink state (i.e. the state without any outgoing
edges) is used to denote that the belt has crashed. Any path with three successive arrivals of
trays without deliveries of trays in between can lead to this state. The model also accounts for
the running backward of the belt, which causes two successivea events to be registered, leaving
the belt in a state in which there are again no (resp. one) trays on the belt. Figure 7.2 is very
convenient for reachability analysis and can be used to show that, e.g. a given controller ensures
no clashes of trays can occur. However, there is additional information that cannot be captured in
this model, such as the (positive or negative) velocity and position of the trays on the belt. This
extra information is useful for obtaining more optimal and reliable controllers.

The above mentioned shortcomings of a pure discrete model can, of course, be ignored.
However, there is an abundance of mathematical theory that can readily model the missing in-
formation. For instance, the model, described by Eqn. (7.1) covers the dynamics of the tray
(position and speed) and the belt (speed). The set of equations below is often referred to as a set
of Differential Algebraic Equations, DAE for short.

ẋ0 = bf

ẋ1 =

(
0 1
0 0

)
x1 +

(
0
b

)
f

ẋ2 =

 0 1 0
0 0 0
0 1 0

x2 +

 0
b
0

 f

(7.1)

The value ofx0(t) describes the velocity of the belt at timet when no tray is present on the
belt. The first coordinate ofx1(t) describes the position of the (only) tray on the belt, whereas
the second coordinate describes the speed of the belt (and thus also of the tray). The tuplex2(t)
denotes the position of the foremost tray at timet (first coordinate), the speed of the belt (second
coordinate) and the position of the second tray (third coordinate). The functionf represents the
force that is exerted on the belt by the motor at any time, i.e. it is a function of the torque and
time. Note that the constantb in the matrices accounts for physical forces, such as friction. The
position of the trays on the belt corresponds to the position of a fixed reference point of the tray
on the belt (see Fig. 7.3). This means that the sensors on the belt are triggered only by the pass-
ing of the reference point of a tray. Although this continuous model has accurate information
concerning the position of trays on the belt and the speed of the belt, the link between the actual
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Reference Point

Distance Travelled

eventa

Figure 7.3: Fixed Reference Point of a Tray

number of trays on the belt and the equations is only specified informally.

a,x := 0

a,z := 0

F(µ)

ṡ = bµ ṡ = bµ, ẋ = s

0 ≤ x ≤ l

ṡ = bµ, ẋ, ẏ = s

0 ≤ x ≤ y ≤ l z ≤ 0
ż = 1

s, µ = 0

s < 0 ⇒ a s < 0 ⇒ a

s ≥ 0 ⇒ s ≥ 0 ⇒

s ≥ 0 ⇒
a,x, y := 0, x

F(µ) F(µ)

s ≥ 0 ∧ x = l ⇒ d s ≥ 0 ∧ y = l ⇒ d

Figure 7.4: Hybrid Model of the Conveyor Belt

Neither the discrete model, nor the continuous DAE model are capable of modelling the
conveyor belt in all its detail. This is, of course, due to the hybrid nature of the conveyor belt,
which is a mix of the continuous process of transportation with the discrete process of (binary)
sensory information and control. Therefore, a more fitting model is the one depicted in Fig. 7.4.
The hybrid model again has a sink state, in which we do not allow time to progress once we
have arrived in this state. The model, depicted in Fig. 7.4 is inspired by the notation of hybrid
automata, but allows for parameter passing actions (viz. theF(µ) action, setting the variableµ to
a particular value). A formalµCRLt model is given in Table 7.3. Several abbreviations, used in
the process definitions of Table 7.3 are defined in Table 7.2.

TheµCRLt model combines the discrete transition model and the continuous DAE model,
discussed prior. The eventsa andd, modelling the arrival and departure of trays on the belt are no
longer non-deterministically determined, but can occur only under specific (disjoint) conditions.
The resulting model therefore is a much more fitting abstraction of reality than both the purely
discrete, or the continuous model.

TheµCRLt model of Table 7.3 consists of three separate processesBi, where the valuei rep-
resents the current number of trays on the belt. Thet parameter represents the time of execution
of the latest action. The parametersxs andxsi

are used to register the last known states of the
continuous processes. The functionπi, used in the guards for the actions is the mathematical
projection function. The sink state, present in Figs. 7.2 and 7.4, is modelled by the processδ↪0.
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ιd0(x, xs, µ) := (∀ζ∈(0,d)ẋ(ζ) = bµ)
∧x(0) = xs

ιd1(x, xs, µ) := (∀ζ∈(0,d)ẋ(ζ) =

(
0 1
0 0

)
x(ζ) +

(
0
b

)
µ ∧ 0 ≤ π2(x(ζ)) ≤ l)

∧x(0) = xs

ιd2(x, xs, µ) := (∀ζ∈(0,d)ẋ(ζ) =

 0 1 0
0 0 0
0 1 0

x(ζ) +

 0
b
0

µ

∧0 ≤ π1(x(ζ)) ≤ π3(x(ζ)) ≤ l)
∧x(0) = xs

Table 7.2: Abbreviations

The set of continuous functions that are differentiable almost everywhere is denoted byF .

7.2.2 Controller

TheµCRLt model of the conveyor belt does not yet satisfy any of the requirements specified
in Section 7.1. For instance, the conveyor belt can break down by accepting a third tray while
two trays already reside on the belt. Also, the belt can run either forward or backward, thereby
having the possibility of delivering trays at both the front end and the back end of the belt.

Recall the criteria listed in section 7.1, to which the controller should adhere. Designing the
controller is a process that is largely guided by these requirements. For instance, by carefully
controlling the speed of the motor, we can ensure the belt runs in one direction only. On the
basis of the continuous model, the position of the trays can be determined, providing a means for
deciding on when it is safe to allow for another tray on the belt.

No Break-Down. By disallowing a third tray when there are already two trays on the belt, this
requirement is easily fulfilled; hence, an obvious solution is to keep track of the number of trays
currently on the belt.

No Collisions of Trays. The maximal size of a tray isst < 1
2
l. Hence, we should avoid

allowing trays on the belt if there is a tray on the first half of the belt. Concretely, this means that
if there is no tray on the belt, we can always accept trays, while if there is one tray on the belt,
we accept trays only when this tray has travelled at least beyond the mid-point of the belt.

Delivery of Trays. Trays, arriving at the front end are transported to the back end of the belt if
we can ensure the speed of the belt is positive. This requirement is therefore readily satisfied by
ensuring the motor delivers maximal torque, whenever possible.

Speed Limits. The speed of the belt is controlled by means of setting the torque of the motor.
Therefore, if maximal speed is reached, it suffices to continue running at this speed by setting
the torque to zero. Whenever a stand-still is reached, we must ensure the torque is non-negative.
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proc B0(t:R≥0, xs ∈ R, µ ∈ [−Tmax, Tmax]) =∑
d:R≥0

∑
x0:F a↪(t+ d) · B1(t+ d, (0, x0(d)), µ)

/ ιd0(x0, xs, µ) ∧ x0(d) ≥ 0 . δ↪0
+

∑
d:R≥0

∑
x0:F

∑
µ′∈[−Tmax,Tmax]

F(µ′)↪(t+ d) · B0(t+ d, x0(d), µ
′)

/ ιd0(x, xs, µ) . δ↪0

proc B1(t:R≥0, (xs0 , xs1) ∈ R2, µ ∈ [−Tmax, Tmax]) =∑
d:R≥0

∑
x1:F a↪(t+ d) · B2(t+ d, (0, x1(d)), µ)

/ ιd1(x1, (xs0 , xs1), µ) ∧ π1(x1(d)) ≥ 0 . δ↪0
+

∑
d:R≥0

∑
x1:F a↪(t+ d) · B0(t+ d, π1(x1(d)), µ)

/ ιd1(x1, (xs0 , xs1), µ) ∧ π1(x1(d)) < 0 ∧ π2(x1(d)) = 0 . δ↪0
+

∑
d:R≥0

∑
x1:F d↪(t+ d) · B0(t+ d, π1(x1(d)), µ)

/ ιd1(x1, (xs0 , xs1), µ) ∧ π2(x1(d)) = l ∧ π1(x1(d)) ≥ 0 . δ↪0
+

∑
d:R≥0

∑
x1:F

∑
µ′∈[−Tmax,Tmax]

F(µ′)↪(t+ d) · B1(t+ d, x1(d), µ
′)

/ ιd1(x1, (xs0 , xs1), µ) ∧ 0 ≤ π2(x1(d)) ≤ l . δ↪0

proc B2(t:R≥0, (xs0 , xs1 , xs2) ∈ R3, µ ∈ [−Tmax, Tmax]) =∑
d:R≥0

∑
x2:F a↪(t+ d) · δ↪0

/ ιd2(x2, (xs0 , xs1 , xs2), µ) ∧ π2(x2(d)) ≥ 0 . δ↪0
+

∑
d:R≥0

∑
x2:F a↪(t+ d) · B1(t+ d, (π1(x2(d)), π2(x2(d))), µ)

/ ιd2(x2, (xs0 , xs1 , xs2), µ) ∧ π2(x2(d)) < 0 ∧ π1(x2(d)) = 0 . δ↪0
+

∑
d:R≥0

∑
x2:F d↪(t+ d) · B1(t+ d, (π2(x1(d)), π3(x1(d)), µ)

/ ιd2(x2, (xs0 , xs1 , xs2), µ) ∧ π3(x2(d)) = l ∧ π2(x2(d)) ≥ 0 . δ↪0
+

∑
d:R≥0

∑
x2:F

∑
µ′∈[−Tmax,Tmax]

F(µ′)↪(t+ d) · B2(t+ d, x2(d), µ
′)

/ ιd2(x2, (xs0 , xs1 , xs2), µ) ∧ 0 ≤ π1(x2(d)) ≤ π3(x2(d)) ≤ l . δ↪0

Table 7.3: Hybrid Model of Conveyor Belt inµCRLt
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Action Event

a Receiving sensory information from the front-most sensor
d Receiving sensory information from the back-end sensor
F(µ) Updating the torque exerted by the motor toµ
c Signalling the environment it can deliver another tray

Table 7.4: Actions corresponding to events

Preserving Energy. If there is no tray on the belt while the speed of the belt is still greater than
zero, we require a deceleration of the belt by setting the torque to minimal. We choose to set in
the deceleration after a delay ofd time-units have passed. This allows for a greater flexibility in
controlling the belt optimally in a variety of environments.

In order for the controller to function properly, it must have different interfaces with its envi-
ronment. It must be able to receive sensory information from the belt, and send control signals to
the motor, driving the belt. Moreover, it needs an interface with the outside world to signal when
it is safe to allow another tray on the belt. The actions, corresponding to these events are listed
in Table 7.4. The control criteria and their resulting design decision, together with the actions
modelling events culminate into a solution for the controller, shown in Table 7.6. We have used
several abbreviations, which are listed in Table 7.5.

θd0(x, xs, µ) := ∀ζ∈(0,d)(ẋ(ζ) = bµ ∧ 0 ≤ x(ζ) ≤ vmax)
∧x(0) = xs

θd1(x, xs, µ) := ∀ζ∈(0,d)(ẋ(ζ) =

(
0 1
0 0

)
x(ζ) +

(
0
b

)
µ

∧0 ≤ π1(x(ζ)) ≤ vmax∧ π2(x(ζ)) ≤ 1
2
l) ∧ x(0) = xs

Table 7.5: Abbreviations

7.3 Process Algebraic Verification of the Belt System

TheµCRLt model for the conveyor belt and its controller, provided in Tables 7.3 and 7.6 are
fairly complex. This is mostly due to the complexity of the conditions, acting as guards for the
timed executions of actions. The analysis in the following section shows the complexity of most
conditions can be considerably reduced. Moreover, by rewriting the specifications into aTimed
Linear Process Equationsformat (see Chapter 2), further analysis of the composition of the two
processes is supported. An explanation of the linearisation process is given in Section 7.3.2. We
first focus on the simplifications of the conditions.
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proc C= c↪0 · C0(0, 0, 0)

proc C0(t:R≥0, xs ∈ R, µ ∈ [−Tmax, Tmax]) =∑
d:R≥0

∑
x0:F a↪(t+ d) · C−

1,−(t+ d, (x0(d), 0), µ)

/ θd0(x0, xs, µ) ∧ 0 ≤ x0(d) ≤ vmax. δ↪0
+

∑
d:R≥0

∑
x0:F F(0)↪(t+ d) · C0(t+ d, 0, 0)

/ θd0(x0, xs, µ) ∧ 0 ≤ x0(d) ≤ vmax∧ µ 6= 0 . δ↪0

proc C+
0 (t,∆:R≥0, xs ∈ R, µ ∈ [−Tmax, Tmax]) =∑

d:R≥0

∑
x0:F a↪(t+ d) · C+

1,−(t+ d, (x0(d), 0), µ)

/ θd0(x0, xs, µ) ∧ 0 ≤ x0(d) ≤ vmax∧ d ≤ ∆ . δ↪0
+

∑
d:R≥0

∑
x0:F F(0)↪(t+ d) · C+

0 (t+ d,∆− d, vmax, 0)

/ θd0(x0, xs, µ) ∧ x0(d) = vmax∧ d ≤ ∆ ∧ µ 6= 0 . δ↪0
+

∑
x0:F F(−Tmax)↪(t+ ∆) · C0(t+ ∆, x0(∆),−Tmax)
/ θ∆

0 (x0, xs, µ) ∧ 0 ≤ x0(∆) ≤ vmax. δ↪0

proc C−
1,−(t:R≥0, (xs0 , xs1) ∈ R2, µ ∈ [−Tmax, Tmax]) =

F(0)↪t · C+
1,−(t, (xs0 , xs1), 0) / xs0 = vmax. F(Tmax)↪t · C+

1,−(t, (xs0 , xs1), Tmax)

proc C+
1,−(t:R≥0, (xs0 , xs1) ∈ R2, µ ∈ [−Tmax, Tmax]) =∑

d:R≥0

∑
x1:F F(0)↪(t+ d) · C+

1,−(t+ d, x1(d), 0)

/ θd1(x1, (xs0 , xs1), µ) ∧ π1(x1(d)) = vmax∧ π2(x1(d)) ≤ 1
2
l ∧ µ 6= 0 . δ↪0

+
∑

d:R≥0

∑
x1:F c↪(t+ d) · C1,+(t+ d, x1(d), µ)

/ θd1(x1, (xs0 , xs1), µ) ∧ 0 ≤ π1(x1(d)) ≤ vmax∧ π2(x1(ζ)) = 1
2
l . δ↪0

proc C1,+(t:R≥0, xs ∈ R, µ ∈ [−Tmax, Tmax]) =∑
d:R≥0

∑
x0:F a↪(t+ d) · C2(u, (x0(d), 0), µ)

/ θd0(x0, xs, µ) ∧ x0(d) ≤ vmax. δ↪0
+

∑
d:R≥0

∑
x0:F d↪(t+ d) · C+

0 (t+ d, d, x0(d), µ)

/ θd0(x0, xs, µ) ∧ x0(d) ≤ vmax. δ↪0
+

∑
d:R≥0

∑
x0:F F(0)↪(t+ d) · C1,+(t+ d, x0(d), 0)

/ θd0(x0, xs, µ) ∧ x0(d) = vmax∧ µ 6= 0 . δ↪0

proc C2(t:R≥0, (xs0 , xs1) ∈ R2, µ ∈ [−Tmax, Tmax]) =
+

∑
d:R≥0

∑
x1:F d↪(t+ d) · C+

1,−(t+ d, x1(d), µ)

/ θd1(x1, (xs0 , xs1), µ) ∧ π1(x1(d)) ≤ vmax. δ↪0
+

∑
d:R≥0

∑
x1:F F(0)↪(t+ d) · C1,+(t+ d, x1(d), 0)

/ θd1(x1, (xs0 , xs1), µ) ∧ π1(x1(d)) = vmax∧ µ 6= 0 . δ↪0

Table 7.6: Controller
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7.3.1 Reducing Complex Conditions

The conditions, guarding the actions, all have differential equations, stemming from the con-
tinuous model, in common. These differential equations are relatively simple; the solutions to
these equations can be calculated exactly and do not need to be approximated, as is shown in the
Eqns. (7.2) through (7.4) below.

dx0

dt
= bµ⇔ ∃C∈Rx0(t) = bµt+ C (7.2)

( dx1

dt
dx′1
dt

)
=

(
x′1
bµ

)
⇔ ∃C,C′∈R

{
x1(t) = 1

2
bµt2 + C ′t+ C∧

x′1(t) = bµt+ C ′ (7.3)
dx2

dt
dx′2
dt
dx′′2
dt

 =

 x′2
bµ
x′2

 ⇔ ∃C,C′,C′′∈R


x2(t) = 1

2
bµt2 + C ′t+ C∧

x′2(t) = bµt+ C ′∧
x′′2(t) = 1

2
bµt2 + C ′t+ C ′′

(7.4)

The above functions, in fact, are the well-known laws of physics, identified by Newton several
centuries earlier. The laws relate acceleration, speed and position of an object to the passage of
time.

As we have additional knowledge on the (continuous) state after executing an action, we are
in a position where we can determine the constantsC,C ′ andC ′′ (i.e. we have so-namedinitial
values). Thus, rather than considering all functions satisfying the differential equations and their
side conditions, it suffices to consider fixed,a priori known functions. We therefore have enough
information to eliminate all of the

∑
operators, quantifying over the function spaceF .

7.3.2 Linearisation of Formal Models

The complexity reductions, discussed in the previous section, give rise to more understandable
process descriptions. There is, however, no way of telling whether the controller indeed guaran-
tees the belt behaves functionally correct. For instance, it is imaginable that the controller allows
a third tray to arrive at the belt, thereby physically “breaking” the belt. A thorough investigation
of the controller therefore requires an analysis of the parallel composition of the controller and
the belt.

In a setting without time, the technique oflinearisation is used to simplify the somewhat
laborious task of determining the exact behaviour of two processes in parallel. For processes in
linear form, alsoLinear Process Equations, a technique for eliminating parallelism exists. In
a setting with time, similar techniques have been developed (see e.g. [57]). Hence, an almost
standard procedure is to rewrite the processes representing the controller and the belt into linear
form. The resulting models are listed in Tables 7.7 and 7.8.

Several remarks are in order. The processes in Table 7.7 and 7.8 have a slightly altered
domain (by the domain of a process we mean the list of parameters of the process), compared to
their original definition. This is due to the linearisation. For the belt, we have used the following
encoding. The value forσ represents processBσ, s represents the velocity of the belt,x represents
the position of the trailing tray (which can be the only tray on the belt), andy represents the
position of the leading tray (in case there are two trays on the belt). For the controller, we have
introduced a parameterς to represent theς th process in the order of appearance of Table 7.6
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(starting from zero). Hence,ς = 2 represents processC+
0 . Parameters in processC represents

the velocity of the belt according to the controller,x represents the position of the trailing tray
on the belt and% represents the torque exerted by the motor.

7.3.3 Encapsulating and Expanding

The controller, defined in the previous section, is a rather complex system. So far, we have only
argued informally that, by design, it ensures all requirements posed on the conveyor belt are met.
To put these informal arguments to the test, we investigate the behaviour of the conveyor belt as
it is controlled by the controller, using rigorous formal techniques, developed forµCRLt.

Communications

Recall that the conveyor belt can interact with its environment via actions, modelling sensory
information and inputs for motor settings. Likewise, the controller can receive information from,
and send valuable information to its environment. Table 7.9 lists the intended communications
for the belt and the controller. Assume the communications functionγ satisfies Table 7.9. The
intention is to study the behaviour of the belt under the control of our controller. Therefore, we
assume neither belt, nor controller can autonomously execute actions that should synchronise.
Thus, the systemSwe wish to study is specified by Eqn. (7.5).

S(t, u,∆:R≥0, σ ∈ {0, 1, 2}, ς ∈ {0, .., 6}, sb, xb, yb, sc, xc:R, µ, % ∈ [−Tmax, Tmax])
=

∂{a,d,F,a,d,F}(B(t, σ, sb, xb, yb, µ)‖C(u,∆, sc, xc, %))
(7.5)

We writeH for the set{a,d,F,a,d,F}, and refer to it as theencapsulationset. The processS(0),
representing the interactions between the belt and controller is studied in the next section.

Encapsulating and Expanding

Unfortunately, we have no tools at our disposal for analysing the behaviour of the composition
of two systems without first eliminating all occurrences of parallel composition. This process of
elimination is here calledencapsulation and expansion, and is so-named after the encapsulation
and expansion theorems ofµCRLt (see e.g. [57]). Encapsulation and expansion of timed parallel
processes is a cumbersome task with a rather high complexity. When the individual processes
are well understood, educated guesses can reveal several desired invariants of the system. These
invariants are often shown to be correct in retrospect of the expansion and encapsulation of the
parallelism, but they can also be used to characterise all reachable states during expansion and
encapsulation. In case a non-invariant property is used to reduce the complexity of encapsulation
and expansion, this is always detected during this process.

To sketch an idea of the complexity of the encapsulation and expansion, we can do the fol-
lowing calculations. The linearised processB consists of a total of7 alternativea actions,4
alternatived actions and3 alternativeF actions, whereas the linearised processC consists of3
alternativec actions,3 alternativea actions,2 alternatived actions and8 alternativeF actions. A
straightforward application of encapsulation and expansion therefore yields a process consisting
of 21 alternative a actions,8 alternative d actions,24 alternative F actions,42 alternativec actions
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proc B(t:R≥0, σ ∈ {0, 1, 2}, s, x, y ∈ R, µ ∈ [−Tmax, Tmax]) =

(B1)
∑

d:R≥0
a↪(t+ d) · B(t+ d, 1, bµd+ s, 0, y, µ)

/σ = 0 ∧ s+ bµd ≥ 0 . δ↪0+
(B2)

∑
d:R≥0

∑
µ′∈[−Tmax,Tmax]

F(µ′)↪(t+ d) · B(t+ d, 0, bµd+ s, x, y, µ′)

/σ = 0 . δ↪0+
(B3)

∑
d:R≥0

a↪(t+ d) · B(t+ d, 2, bµd+ s, 0, 1
2
bµd2 + sd+ x, µ)

/σ = 1 ∧ s+ bµd ≥ 0 ∧ 0 ≤ 1
2
bµd2 + sd+ x ≤ l . δ↪0+

(B4) a↪(t+
−s−

√
s2−2bµx

bµ
) · B(t+

−s−
√
s2−2bµx

bµ
, 0,−

√
s2 − 2bµx, x, y, µ)

/σ = 1 ∧ bµ 6= 0 ∧
√
s2 − 2bµx > 0 . δ↪0+

(B5) a↪(t+ −x
s

) · B(t+ −x
s
, 0, s, x, y, µ)

/σ = 1 ∧ bµ = 0 ∧ s < 0 . δ↪0+

(B6) d↪(t+
−s+

√
s2−2bµ(x−l)
bµ

) · B(t+
−s+

√
s2−2bµ(x−l)
bµ

, 0,
√
s2 − 2bµ(x− l), x, y, µ)

/σ = 1 ∧ bµ 6= 0 ∧
√
s2 − 2bµ(x− l) ≥ 0 . δ↪0+

(B7) d↪(t+ l−x
s

) · B(t+ l−x
s
, 0, s, x, y, µ)

/σ = 1 ∧ bµ = 0 ∧ s ≥ 0 . δ↪0+
(B8)

∑
d:R≥0

∑
µ′∈[−Tmax,Tmax]

F(µ′)↪(t+ d) · B(t+ d, 1, s+ bµd, 1
2
bµd2 + sd+ x, y, µ′)

/σ = 1 ∧ 0 ≤ 1
2
bµd2 + sd+ x ≤ l . δ↪0+

(B9)
∑

d:R≥0
a↪(t+ d) · δ↪0

/σ = 2 ∧ s+ bµd ≥ 0 ∧ 0 ≤ 1
2
bµd2 + sd+ x ≤ 1

2
bµd2 + sd+ y ≤ l . δ↪0+

(B10)a↪(t+
−s−

√
s2−2bµx

bµ
) · B(t+

−s−
√
s2−2bµx

bµ
, 1,−

√
s2 − 2bµx, y − x, y, µ)

/σ = 2 ∧ bµ 6= 0 ∧
√
s2 − 2bµx < 0 . δ↪0+

(B11)a↪(t+ x
s
) · B(t+ x

s
, 1, s, y − x, y, µ)

/σ = 2 ∧ bµ = 0 ∧ s < 0 . δ↪0+

(B12)d↪(t+
−s+

√
s2−2bµ(y−l)
bµ

) · B(t+
−s+

√
s2−2bµ(y−l)
bµ

, 1,√
s2 − 2bµ(y − l), x+ (l − y), y, µ)

/σ = 2 ∧ bµ 6= 0 ∧
√
s2 − 2bµ(y − l) ≥ 0 . δ↪0+

(B13)d↪(t+ l−y
s

) · B(t+ l−y
s
, 1, s, x+ (l − y), y, µ)

/σ = 2 ∧ bµ = 0 ∧ s ≥ 0 . δ↪0+
(B14)

∑
d:R≥0

∑
µ′∈[−Tmax,Tmax]

F(µ′)↪(t+ d)·
B(t+ d, 2, s+ bµd, 1

2
bµd2 + sd+ x, 1

2
bµd2 + sd+ y, µ′)

/σ = 2 ∧ 0 ≤ 1
2
bµd2 + sd+ x ≤ 1

2
bµd2 + sd+ y ≤ l . δ↪0

Table 7.7: Linearised and ReducedµCRLt-Model of the Conveyor Belt
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proc C(t,∆:R≥0, σ ∈ {0, ..., 6}, s, x ∈ R, µ ∈ [−Tmax, Tmax]) =

(C1)c↪0 · C(0, 0, 1, 0, 0, 0)
/σ = 0 . δ↪0+

(C2)
∑

d:R≥0
a↪(t+ d) · C(t+ d,∆, 3, s+ bµd, 0, µ)

/σ = 1 ∧ s ≥ 0 ∧ 0 ≤ s+ bµd ≤ vmax. δ↪0+
(C3)F(0)↪(t+ −s

bµ
) · C(t+ −s

bµ
,∆, 1, 0, x, 0)

/σ = 1 ∧ bµ 6= 0 . δ↪0+
(C4)

∑
d:R≥0

a↪(t+ d) · C(t+ d,∆, 4, s+ bµd, 0, µ)

/σ = 2 ∧ 0 ≤ s+ bµd ≤ vmax∧ d ≤ ∆ . δ↪0+
(C5)F(0)↪(t+ vmax−s

bµ
) · C(t+ vmax−s

bµ
,∆− vmax−s

bµ
, 2, vmax, x, 0)

/σ = 2 ∧ bµ 6= 0 ∧ vmax−s
bµ

≤ ∆ . δ↪0+

(C6)F(−Tmax)↪(t+ ∆) · C(t+ ∆,∆, 1, s+ bµ∆, x,−Tmax)
/σ = 2 ∧ 0 ≤ s+ bµ∆ ≤ vmax. δ↪0+

(C7)F(0)↪t · C(t,∆, 4, s, x, 0)
/σ = 3 ∧ s = vmax. δ↪0+

(C8)F(Tmax)↪t · C(t,∆, 4, s, x, Tmax)
/σ = 3 ∧ s 6= vmax. δ↪0+

(C9)F(0)↪(t+ vmax−s
bµ

) · C(t+ cmax−s
bµ

,∆, 4, vmax,
1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x, 0)

/σ = 4 ∧ 1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x ≤ 1

2
l ∧ bµ 6= 0 . δ↪0+

(C10)c↪(t+
−s+

√
s2−2bµ(x− 1

2
l)

bµ
) · C(t+

−s+
√
s2−bµ(2x−l)
bµ

,∆, 5,
√
s2 − bµ(2x− l), 1

2
l, µ)

/σ = 4 ∧
√
s2 − bµ(2x− l) ≤ vmax∧ bµ 6= 0 . δ↪0+

(C11)c↪(t+
1
2
l−x
s

) · C(t+
1
2
l−x
s
,∆, 5, vmax,

1
2
l, µ)

/σ = 4 ∧ bµ = 0 . δ↪0+
(C12)

∑
d:R≥0

a↪(t+ d) · C(t+ d,∆, 6, s+ bµd, 0, µ)

/σ = 5 ∧ 0 ≤ s+ bµd ≤ vmax. δ↪0+
(C13)

∑
d:R≥0

d↪(t+ d) · C(t+ d, d, 2, s+ bµd, x, µ)

/σ = 5 ∧ 0 ≤ s+ bµd ≤ vmax. δ↪0+
(C14)F(0)↪(t+ vmax−s

bµ
) · C(t+ vmax−s

bµ
,∆, 5, vmax,

1
2
bµ(vmax−s

bµ
)2 + s(vmax−s

bµ
+ x, 0)

/σ = 5 ∧ bµ 6= 0 . δ↪0+
(C15)

∑
d:R≥0

d↪(t+ d) · C(t+ d,∆, 4, s+ bµd, 1
2
bµd2 + sd+ x, µ)

/σ = 6 ∧ 0 ≤ s+ bµd ≤ vmax. δ↪0+
(C16)F(0)↪(t+ vmax−s

bµ
) · C(t+ vmax−s

bµ
,∆, 6, vmax,

1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x, 0)

/σ = 6 ∧ bµ 6= 0 . δ↪0

Table 7.8: Linearised and ReducedµCRLt-Model of the Controller
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Belt Controller Communication

a a a
d d d

F(µ) F(µ) F(µ)

Table 7.9: Intended Communications between Belt and Controller

1. σ = 0 ⇔ ς ∈ {0, 1, 2},
2. σ = 1 ⇔ ς ∈ {3, 4, 5},
3. σ = 2 ⇔ ς = 6,
4. µ = %,
5. u ≥ t,
6. ς 6= 5 ⇒ u = t,
7. 0 ≤ sb ≤ sc ≤ vmax,
8. sc = sb + bµ(u− t),
9. 0 ≤ xb ≤ l,
10. xc = xb + 1

2
bµ(u− t)2 + sb(u− t),

11. ς ≤ 4 ⇒ 0 ≤ xc ≤ 1
2
l,

12. ς = 6 ⇒ yb − xb ≥ 1
2
l,

13. ς 6∈ {1, 3} ⇒ bµ ≥ 0,
14. ς 6∈ {1, 3} ∧ bµ = 0 ⇒ sc = vmax,
15. ς ∈ {1, 3} ⇒ bµ ≤ 0,
16. ∆ ≥ 0,
17. ς = 0 ⇒ u = 0 ∧ sc = 0 ∧ bµ = 0.

Table 7.10: Invariants of systemS(0).

and406 time-lock alternatives. Most of the conditions, guarding these actions are never satisfied
when starting in the initial state. This overhead is reduced when we work using the invariants
listed in Table 7.10.

The invariants of Table 7.10 furthermore show that parameterσ is redundant, as its value can
be recovered via parameterς. Similarly, parameterst, sb, xb and% are redundant. Removing these
redundant parameters, we arrive at a specification for the belt systemS(0), given by Table 7.11.
The terms, resulting from encapsulating and expanding are listed in Appendix A. The absence
of time-locks in Table 7.11 is explained by the fact that we are able to remove all time-locks
appearing in Appendix A.
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proc S= c↪0 · S0(0, 0, 0)

proc S0(u:R≥0, s:R, µ ∈ [−Tmax, Tmax]) =∑
d:R≥0

a↪(u+ d) · S−1,−(u+ d, bµd+ s, 0, µ)

/ s ≥ 0 ∧ 0 ≤ s+ bµd ≤ vmax. δ↪0
+F(0)↪(u+ −s

bµ
) · S0(u+ −s

bµ
, 0, 0)

/ bµ 6= 0 . δ↪0

proc S+
0 (u,∆:R≥0, s ∈ R, µ ∈ [−Tmax, Tmax]) =∑

d:R≥0
a↪(u+ d) · S+

1,−(u+ d, bµd+ s, 0, µ)

/ 0 ≤ s+ bµd ≤ vmax∧ d ≤ ∆ . δ↪0
+F(0)↪(u+ vmax−s

bµ
) · S+

0 (u+ vmax−s
bµ

,∆− vmax−s
bµ

, vmax, 0)

/ bµ 6= 0 ∧ vmax−s
bµ

≤ ∆ . δ↪0

+F(−Tmax)↪(u+ ∆) · S0(u+ ∆, bµ∆ + s,−Tmax)
/ 0 ≤ bµ∆ + s ≤ vmax. δ↪0

proc S−1,−(u:R≥0, s, x:R, µ ∈ [−Tmax, Tmax]) =
F(0)↪u · S+

1,−(u, s, x, 0)
/ s = vmax. δ↪0

+F(Tmax)↪u · S+
1,−(u, s, x, Tmax)

/ s 6= vmax. δ↪0

proc S+
1,−(u:R≥0, s, x:R, µ ∈ [−Tmax, Tmax]) =

F(0)↪(u+ vmax−s
bµ

) · S+
1,−(u+ vmax−s

bµ
, vmax,

1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x, 0)

/ 0 ≤ 1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x ≤ 1

2
l ∧ bµ 6= 0 . δ↪0

+c↪(u+ l−2x
2s

) · S1,+(u+ l−2x
2s
, vmax,

1
2
l, µ)

/ bµ = 0 ∧ s ≥ 0 . δ↪0

+c↪(u+
−s+

√
s2−bµ(2x−l)
bµ

) · S1,+(u+
−s+

√
s2−bµ(2x−l)
bµ

,
√
s2 − bµ(2x− l), 1

2
l, µ)

/ bµ 6= 0 ∧
√
s2 − bµ(2x− l) ≤ vmax. δ↪0

proc S1,+(u:R≥0, s, x:R, µ ∈ [−Tmax, Tmax]) =∑
d:R≥0

a↪(u+ d) · S2(u+ d, s+ bµd, 0, 1
2
bµd2 + sd+ x, µ)

/ 0 ≤ s+ bµd ≤ vmax∧ 0 ≤ 1
2
bµd2 + sd+ x ≤ l . δ↪0

+d↪(u+
−s+

√
s2−2bµ(x−l)
bµ

) · S+
0 (u+

−s+
√
s2−2bµ(x−l)
bµ

, d,
√
s2 − 2bµ(x− l), µ)

/ bµ 6= 0 ∧
√
s2 − 2bµ(x− l) ≤ vmax. δ↪0

+d↪(u+ l−x
s

) · S+
0 (u+ l−x

s
, d, s, µ)

/ bµ = 0 ∧ 0 ≤ s ≤ vmaxδ↪0
+F(0)↪(u+ vmax−s

bµ
) · S1,+(u+ vmax−s

bµ
, vmax,

1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x, 0)

/ 1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x ≤ l ∧ bµ 6= 0 . δ↪0

Table 7.11: Belt System after Expansion
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proc S2(u:R≥0, s, x, y:R, µ ∈ [−Tmax, Tmax]) =

d↪(u+
−s+

√
s2−2bµ(y−l)
bµ

) · S−1,+(u+
−s+

√
s2−2bµ(y−l)
bµ

,
√
s2 − 2bµ(y − l), x+ l − y, µ)

/ bµ 6= 0 ∧
√
s2 − 2bµ(y − l) ≤ vmax. δ↪0

+d↪(u+ l−y
s

) · S−1,+(u+ l−y
s
, s, x+ l − y, µ)

/ bµ = 0 ∧ 0 ≤ s ≤ vmax. δ↪0
+F(0)↪(u+ vmax−s

bµ
)·

S2(u+ vmax−s
bµ

, vmax,
1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x, 1

2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ y, 0)

/ bµ 6= 0 ∧ 0 ≤ 1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ x ≤

1
2
bµ(vmax−s

bµ
)2 + svmax−s

bµ
+ y ≤ l . δ↪0

Table 7.11: Belt System after Expansion

7.3.4 System Properties

The processes listed in Table 7.11 characterise the behaviour of the conveyor belt under direct
control of our controller. These processes are distilled from the terms found in Appendix A.
The annotations of the numerous time-locks, also present in Appendix A show they can all be
removed, meaning that there is no conflicting situation in the parallel system. The belt system
itself is easily seen to be free of deadlock. The invariants we used for reducing the complexity
of encapsulating and expanding have the additional purpose of characterising the reachable state
space of the belt system. This means that all reachable states satisfy the invariant0 ≤ sb ≤ sc ≤
vmax, meaning that the velocity of the belt is always within the allowed range of0 andvmax. The
fact that no deadlock occurs illustrates there are never more than two trays on the belt. Moreover,
whenever there are two trays on the belt (ς = 6), invariantyb − xb ≥ 1

2
l proves the distance

between both trays is at least1
2
l. Finally, from the invariantς 6∈ {1, 3} ∧ bµ = 0 ⇒ sc = vmax,

we can draw the conclusion that the belt is accelerated once a tray has been signalled, meaning
that the tray is eventually delivered.

7.4 Mathematical Analysis of the Belt System

The conveyor belt system lends itself perfectly for a performance analysis. Such an analysis,
however, is beyond the reach of our capabilities, as it requires the introduction of stochastic
information into the models of the conveyor belt and its environment. The probabilistic exten-
sions of ACP (see e.g. [10]), may provide an interesting starting point for extendingµCRLt to a
stochastic process algebra. In the remainder of this section, we restrict ourselves to a mathemat-
ical analysis of the belt. We study the belt system in several different environments. Issues we
address are the throughput time per tray and the time-velocity characteristics.

The environments we consider are slightly simplified reflections of reality. This allows us to
study the belt system in well-understood situations.
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7.4.1 Continuous Delivery of Trays

To study the extremes of our system, we first investigate the environment in which the conveyor
belt is the system that forms the bottleneck. This means that the up-stream environment is con-
stantly able to add trays to the belt and does so instantaneously. By synchronising on thec
action, issued by the controller, the up-stream environment is notified it can issue another tray.
The process, modelling this environment is specified in Eqn. (7.6).

proc E(t:R≥0) =
∑
d:R≥0

c↪(t+ d) · ae↪(t+ d) · E(t+ d) (7.6)

The actionae denotes the event of delivering a tray on the belt, whereas the actionc is used
for receiving the notification on acceptance of new trays on the belt. The communications are
defined in Table 7.12. The resulting systemSe is specified by Eqn.(7.7).

Belt System Environment Communication

a ae ae
c c c

Table 7.12: Communications

Se = ∂{a,ae,c,c}(S‖E(0)) (7.7)

It is straightforward to see systemSe stabilises after some initial timet′ (the start-up time). At
start-up, the belt is at a stand-still; since trays arrive immediately when allowed, there is no time
for the belt to decelerate, and hence, the time it takes for the belt to reach maximal velocity is
Ts = vmax

bTmax
. The average throughput of the belt system is the average time it takes for the belt to

transport a tray from front to back; in this case this is easily seen to beTt = l
vmax

.

This throughput time and the start-up time are also optimal in the sense that there is no other
utilisation of the belt system that outperforms systemSe, simply because there is no other envi-
ronment that can ship trays on the belt with such a high frequency. Therefore, we can use the
timesTs andTt for purposes of comparison with other systems.

Since systemSe does not depend on the constantd (i.e. apart from at start-up, the belt is
always occupied by at least one tray) the energy efficiency is100%.

Although this system is optimal with respect to the start-up noise time and the throughput
time, it is also in general not very realistic, since in practice there is hardly ever an infinite buffer
containing the trays.

7.4.2 Periodic Delivery of Trays

A more common environment is the environment in which trays are shipped to the belt periodi-
cally. This periodT , represents the time between two successive arrivals of trays on the belt. The
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up-stream environment can in this case be modelled as a buffer of infinite capacity that outputs
trays every otherT th time-unit, see Eqn. (7.8).

proc E(t:R≥0) =
∑
d:R≥0

c↪(t+ d) · ae↪(t+ T ) · E(t+ T ) (7.8)

The communications between the belt system and the environment are again as defined by Ta-
ble 7.12. The resulting systemSe′ is specified by Eqn. (7.9).

Se′ = ∂{a,ae,c,c}(S‖E(0)) (7.9)

Some insight in the belt system immediately reveals the above system can potentially deadlock.
This happens when the periodT is chosen too small, in which case the up-stream environment
receives a notification of clearance of the belt from the controller long after the periodT has
passed. This situation is easily avoided by choosing a safe lower bound for the periodT .

Establishing a Lower Bound. A lower bound forT can be established by determining the
maximal time it takes to transport a tray half-way the belt. Observe that the maximal time is
only needed when starting from a stand-still. We can distinguish two cases: either the belt is
accelerated tovmax before or after the tray is transported half-way the belt. In case the belt does

not reachvmax, this lower bound is given by
√

l
bTmax

. In case the belt reachesvmax before the

tray is transported half-way the belt, the lower bound is determined by1
2
( l
vmax

+ vmax
bTmax

). Note
that, since all constants are strictly positive, these bounds are well-defined. Moreover, following

general rules of calculus, we know
√

l
bTmax

≤ 1
2
( l
vmax

+ vmax
bTmax

). Hence, our lower bound forT is
1
2
( l
vmax

+ vmax
bTmax

).

We split our analysis in two cases: the belt eventually reaches the maximal velocityvmax, and
the belt never reaches maximal velocity. Both cases are dealt with separately.

Maximal velocity is never reached

This situation is likely to happen when the periodT with which the trays are put on the belt is
large enough for the belt to always be decelerated below some critical velocityvc before a new
tray is put on the belt. This situation is therefore possible only when there is at most one tray on
the belt. Fig. 7.5 shows the evolution of the velocity. The starting velocity for theith tray is given
by si. The maximal velocity the belt reaches after delivery of theith tray is given byri and the
time it takes to deliver theith tray to the down-stream environment isti. Based on our knowledge
of the continuous model, we can derive the following difference equations:

ri = si + bTmax(ti + d)
si+1 = ri − bTmax(T − ti − d)

ti =
−si+

√
s2i +2bTmaxl

bTmax

(7.10)

The above difference equations allow us to derive a recurrence relation for the floor velocitysi+1.
For convenience sake, we abbreviatebTmax with a, and requirea > 0.

si+1 = 2
√
s2
i + 2al − si + 2ad− aT (7.11)
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Figure 7.5: Time-Velocity Diagram

Boundary conditions. We analyse the belt system under the assumption that for allsi, ri, we
have0 ≤ si ≤ ri ≤ vmax. This means, restrictions to the constantsa, d, T, l andvmax apply.
We proceed by investigating these restrictions. We first reduce the assumption0 ≤ si ≤ ri ≤
vmax to an assumption onsi only. Sinceri = si + ati + ad, we can replaceri ≤ vmax with
si ≤

√
(vmax− ad)2 − 2al, provided thatvmax ≥ ad +

√
2al. We refer to the upper bound√

(vmax− ad)2 − 2al as thecritical upper boundand abbreviate it withvc. Obviously,vc ≥ 0.
We assume that0 ≤ si ≤ vc, and analyse the requirements to maintain0 ≤ si+1 ≤ vc. Under

the provisoT ≥ 2d, this is rewritten tosi + aT − 2ad ≤ 2
√
s2
i + 2al ≤ si + vc + aT − 2ad,

which follows from the conjunction of3s2
i + 2(aT − 2ad)si − (aT − 2ad)2 + 8al ≥ 0 and

0 ≥ 3s2
i + 2(vc − 2ad + aT )si − (vc − 2ad + aT )2 + 8al.

We analyse both situations separately. From3s2
i + 2(aT − 2ad)si− (aT − 2ad)2 + 8al ≥ 0,

we can deduce that this holds unconditionally forl ≥ 1
6
a(T − 2d)2. A tighter bound is obtained

by solving for whichsi the above inequality is satisfied. It turns out that it is satisfied for both
si ≤ 1

3
(aT −2ad−2

√
(aT − 2ad)2 − 6al), or si ≥ 1

3
(aT −2ad+2

√
(aT − 2ad)2 − 6al). The

second solution cannot be brought into accord with our assumption0 ≤ si ≤ vc. For the first
solution, we calculate1

3
(aT − 2ad − 2

√
(aT − 2ad)2 − 6al) ≥ 0, yielding the tighter bound

l ≥ 1
8
a(T − 2d)2.

From0 ≥ 3s2
i + 2(vc − 2ad + aT )si − (vc − 2ad + aT )2 + 8al, we can deduce that for all

si, for which 1
3
(vc− 2ad + aT − 2

√
(vc − 2ad + aT )2 − 6al) ≤ si andsi ≤ 1

3
(vc− 2ad + aT +

2
√

(vc − 2ad + aT )2 − 6al). Bringing this requirement into accord with the assumption0 ≤
si ≤ vc, yields the following inequalities. Fromvc−2ad+aT−2

√
(vc − 2ad + aT )2 − 6al ≤ 0,

we derivevc ≤ −(aT − 2ad) − 2
√

2al and vc ≥ 2
√

2al − (aT − 2ad). The first solu-
tion is invalidated by our prior assumptions. Second, we analysevc ≤ 1

3
(vc − 2ad + aT +

2
√

(vc − 2ad + aT )2 − 6al), leading to the requirementvc ≥ 2l
T−2d

− 1
4
a(T − 2d).

An inventory of the above requirements learns we can manage to invariantly have0 ≤ si ≤
ri ≤ vmax if the requirements, listed in Table 7.13 are satisfied.

Equilibrium. Now, provided that the constantsa, d, l, T and vmax satisfy the above-derived
conditions, we further investigate the behaviour of the belt system. Obviously, we have0 ≤ si ≤
ri ≤ vmax. Questions that arise concern the stability of the belt system. We address this question
by investigating the equilibrium of the system. Finding an equilibrium is straightforward, as it
requires the computation of a velocityv∗, such thatsi = si+1 = v∗. Using Eqn. (7.11), we arrive
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T ≥ 2d
l ≥ 1

8
a(T − 2d)2

ad +
√

(aT − 2ad− 2
√

2al)2 + 2al ≤ vmax

ad + 2l
T−2d

+ 1
4
a(T − 2d) ≤ vmax

Table 7.13: Requirements

at the following solution:

v∗ =
2l

T − 2d
− 1

4
a(T − 2d), provided thatT > 2d (7.12)

Local Stability. It is well possible this equilibrium may never be reached. In fact, the belt
system behaviour could be quite erratic, even close to the equilibrium. We prove, however, that
this is not the case, as the behaviour close to the equilibrium is locally stable. This means that
the closer we get to the equilibrium, the more the successive velocities tend towardsv∗, although
it may never really reach it.

We proceed as follows. We define a functionf(v) = 2
√
v2 + 2al − v + 2ad − aT . By

definition, our equilibrium is locally stable if| df
dv

(v∗)| < 1. A straightforward calculation yields
f ′(v) = v√

v2+2al
− 1. Since all velocities we consider are positive, we know for allv > 0, that

|f ′(v)| < 1. This immediately tells us that the equilibrium is locally stable.

Periodic Equilibrium. The equilibrium, calculated in the previous paragraphs, is stable only
in its immediate neighbourhood. Therefore, other equilibriums could be found that, unlike the
equilibrium discussed above, are only reached periodically. For these equilibriums, we can cal-
culate a velocityv#, such that, aftern transportations of trays, the belt again runs at velocityv#.
For a two-cycle, we computesi+2 = si, yielding the following solution:

v# =
1

2

√
(aT − 2ad)− 8al, provided thatT ≥ 2

a

√
2al + 2d (7.13)

The proviso, however, can be traced back tol ≤ 1
8
(T−2ad)2. Since we already have requirement

l ≥ 1
8
(T−2ad)2, this means two-cycles only occur whenl is exactly1

8
(T−2ad)2. For this length,

however, we can compute thatsi = 0 for all i ≥ 0, and hence,v# coincides withv∗.

Example 7.4.1. We analyse a concrete system. The system parameters are given in centimetres
and seconds, wherea = 5, T = 20, andl = 160. The plots of Figs. 7.6 to 7.9 represent the
values ofsi andri, with increasing values ofd. The data supports the findings in Table 7.13, as
well as the predicted equilibrium of (7.12). Fig. 7.6 clearly shows that ford = 1 second, the
behaviour of the belt is not in the range of the systems we study here. Solving the inequalities
d ≤ 1

2
T andl ≥ 1

8
a(T − 2d)2 for d learns that the systems we study satisfy2 ≤ d ≤ 10. The

reader is invited to calculate lower bounds for the maximal velocityvmax for the here considered
parameters.
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Figure 7.6: Velocity-Time diagram ford = 1
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Figure 7.7: Velocity-Time diagram ford = 2
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Figure 7.8: Velocity-Time diagram ford = 4
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Figure 7.9: Velocity-Time diagram ford = 8
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Throughput Time. We calculate the throughput time for the systems after stabilising to the
equilibrium velocity. Clearly, the time it takes to deliver a tray to the belt’s down-stream en-
vironment ist∗ = 1

2
T − d. Comparing this throughput time with the optimal throughput time

Tt = l
vmax

, yields the ratio2
l
(T − 2d)vmax.

Example 7.4.2. Figure 7.10 depicts the situation wherea = 5, l = 160, d andT are variable and
the speedvmax is such that it is the maximal speed that can be reached, based on the parameters
a, l, d andT . The z-axis of Fig. 7.10 shows the throughput efficiency of the belt system, relative
to the maximal throughput efficiency, i.e.100Tt

t∗
.

Throughput
Efficiency

(%)

T

d
20

21
22

23
24 0

2
4

6
8

10
1240

50
60
70
80
90

100

Figure 7.10: Throughput Efficiency

Maximal velocity is reached

In many cases, the maximal velocity is reached during the transportation of a tray. If, during
this period, another tray is put on the belt, the belt will continue running at maximal speed.
Here, however, we restrict ourselves to the situation where the belt is decelerated (or about to
decelerate) before another tray arrives, and is accelerated before, or exactly on the moment the
belt arrives at a stand-still. The systems we analyse here always reach maximal velocity during
the transportation of a single tray. This means that there are several requirements on the maximal
velocityvmax. For instance, the belt must reachvmax starting from a stand-still, such that the time
needed to do so, minus the delay timed, is at most the time needed to cover a distance ofl
length-units. This yields the mathematical inequalityl ≥ vmax−ad

2a
, or rephrased to a requirement

onvmax, we assumevmax∈ [ad−
√

2al, ad+
√

2al]. Note that there may be a class of belt systems
for which only occasionally the maximal velocity is reached; such systems fall outside the scope
of the analysis described here.

The velocity-time diagrams of the belt systems we study is typically described by Fig. 7.11.
Such systems are likely to have low maximal velocitiesvmax in combination with relatively large
delaysd. Figure 7.11 refers to several points in time; it takesti time-units to accelerate the belt
to vmax, starting from velocitysi. The tray is then delivered aftert′i time-units (measured from
the moment maximal velocity is reached), etc. Based on our knowledge of the continuous model
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t′iti (i+ 1)Tt′i + d

si+1

ti+1

si

vmax

Figure 7.11:Time-Velocity diagram

and the controller of the belt system, the above situation is described by the following difference
equations:

ti = vmax−si

a

t′i =
2l−at2i−2siti

2vmax

si+1 = vmax− a(T − ti − t′i − d)

(7.14)

Notice thatti andt′i are elements of the time-domain, and are therefore non-negative. This yields
two requirements, viz.ti ≥ 0 and t′i ≥ 0, which we analyse below. Based on the equations
in (7.14) we derive a recurrence relation forsi+1, see Eqn. (7.15).

si+1 =
s2
i − 2vmaxsi + 3v2

max− 2avmax(T − d) + 2al

2vmax
(7.15)

Boundary conditions. We conduct the analysis under the assumption that for allsi we have
0 ≤ si ≤ vmax. We first investigate the requirements we have onvmax that guarantees we have
ti ≥ 0 andt′i ≥ 0. The first is readily satisfied under the assumption that0 ≤ si ≤ vmax. For
the second inequality, we derive0 ≥ 2s2

i − 4vmaxsi + v2
max− 2al. This is satisfied whenever

si ∈ [vmax−
√

1
2
v2

max+ al, vmax +
√

1
2
v2

max+ al]. Since we know0 ≤ si ≤ vmax, the derived

inequality must contain the interval[0, vmax]. This obviously holds forvmax. For the left bound0,
we derive the inequalityvmax≤

√
2al.

We continue to investigate the requirements leading to0 ≤ si+1 ≤ vmax, under the assumption
that0 ≤ si ≤ vmax. Rewriting0 ≤ si+1 ≤ vmax leads to the inequality0 ≤ s2

i − 2vmaxsi+3v2
max−

2avmax(T − d) + 2al ≤ 2v2
max. We solve these two inequalities separately.

For 0 ≤ s2
i − 2vmaxsi + 3v2

max− 2avmax(T − d) + 2al, we derive two inequalities; either
si ≤ vmax−

√
2a(T − d)vmax− 2v2

max− 2al or si ≥ vmax +
√

2a(T − d)vmax− 2v2
max− 2al.

Obviously, this latter solution is in violation with our assumption thatsi ≤ vmax. We bring the
first solution into accord with the assumption that0 ≤ si. Thereto, we solve the inequality
0 ≤ vmax−

√
2a(T − d)vmax− 2v2

max− 2al. This leads to the requirement that we have either
vmax≤ 1

3
(aT − ad−

√
(aT − ad)2 − 6al) or vmax≥ 1

3
(aT − ad +

√
(aT − ad)2 − 6al).

We proceed by investigatings2
i −2vmaxsi+3v2

max−2avmax(T −d)+2al ≤ 2v2
max. For this, we

derivesi lies in the interval[vmax−
√

2a(T − d)vmax− 2al, vmax+
√

2a(T − d)vmax− 2al]. This
interval must be a superset of the interval[0, vmax]; it is obvious that it containsvmax. Therefore,
we focus onvmax−

√
2a(T − d)vmax− 2al ≤ 0. This yields the additional requirement onvmax,

i.e.vmax∈ [a(T −d)−
√

(aT − ad)2 − 2al, a(T −d)+
√

(aT − ad)2 − 2al]. Summarising, the
above requirements are listed in Table 7.14.
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vmax≤
√

2al

vmax∈ [ad−
√

2al, ad +
√

2al]

vmax 6∈ [1
3
(a(T − d)−

√
(aT − ad)2 − 6al), 1

3
(a(T − d) +

√
(aT − ad)2 − 6al)]

vmax∈ [a(T − d)−
√

(aT − ad)2 − 2al, a(T − d) +
√

(aT − ad)2 − 2al]

Table 7.14: Boundary Conditions

Equilibrium. Under the above circumstances, the belt system behaves more or less predictably.
The equilibrium of the system is standardly computed as the fixed point of the recurrence relation,
i.e.v∗ = si+1 = si for somei. This leads to the solution, shown in Eqn. (7.16).

v∗ = 2vmax−
√
v2

max+ 2avmax(T − d)− 2al (7.16)

Local Stability. The equilibrium, computed in the previous paragraph is locally stable. This is
easily seen to be the case. We associate a functionf to the recurrence relation forsi+1, wheref
is defined asf(v) = v2−2vmaxv+3v2max−2avmax(T−d)+2al

2vmax
. Then df

dv
(v) = 2v−2vmax

2vmax
. Then, it is easy to see

that, provided thatT > d +
√

l
4a

, we have| df
dv

(v∗)| < 1.

Periodic Equilibrium. We further investigate the existence of a periodic equilibrium. Here,
we restrict our attention to finding an equilibrium for a two-cycle. This requires the solution for
si+2 = si = v#. One of the solutions matches the solution to the equilibrium velocityv∗, two
of the solutions are outside the allowed range. The only viable solution is shown in Eqn. (7.17).
This periodic equilibrium can only occur wheneverT ≥ l

vmax
+ 3vmax

2a
+ d.

v# =
√

2avmax(T − d)− 3v2
max− 2al (7.17)

Given this proviso, we can infer that the periodT is large enough to transport a tray a distance of
l length-units (which takesl

vmax
time-units), wait ford time-units, and decelerate for3vmax

2a
time-

units, taking the velocity below0 in case the controller does not interfere. Hence, the periodic
equilibrium does not apply to the systems we analyse here.

Example 7.4.3. As an example, we consider the belt system with parametersa = 5, T = 20,
l = 160, where length-units are centimetres and time-units are seconds. Figures 7.12 to 7.14,
show the behaviour of the belt system with resp.d = 1, d = 2 andd = 3. Interesting to see is
that in Fig. 7.14, maximal velocity is maintained during a period of37 seconds (i.e. from time2
through39). This is due to the delay of3 seconds, causing the belt not to decelerate before the
second tray arrives. Note that all systems eventually stabilise at the predicted velocity.

7.5 Summary

In this chapter, we usedµCRLt to describe and analyse a hybrid system. The system consists
of a multi-purpose conveyor belt, for which we specified a dedicated controller that ensures the
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Figure 7.12: Velocity-Time diagram ford = 1
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Figure 7.13: Velocity-Time diagram ford = 2
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Figure 7.14: Velocity-Time diagram ford = 3

correct behaviour of the conveyor belt. Describing the components inµCRLt turns out to be
fairly straightforward. Using techniques developed forµCRLt, we have been able to verify the
controller we specified does indeed ensure the conveyor belt behaves in line with the control
objectives specified in the first section. The techniques, used in the verification are adaptations
of techniques commonly used in verifications in the untimed setting. This suggests the design
of µCRLt indeed supports, at least to some extent, the extension of proof techniques forµCRL
to the timed setting. However, all that glitters is not gold. We observe that the verification, de-
scribed in this chapter, requires more address than generally falls to the share of those who are
unaccustomed to applying algebraic techniques. Section 7.3 and Appendix A illustrate the need
for an almost diabolic precision and bookkeeping habit to successfully apply some of the tech-
niques ofµCRLt in practice. Note that these traits are typically the hall-marks of computers. An
investment in the construction of tool support to alleviate this burden, therefore, seems logical.
Of course, the desire to have tool support, assisting in, or even automating, (parts of) the verifi-
cation is not founded on the sole observation we just made on bookkeeping, but is often judged
self-evident.

An interesting follow up on this case study is to investigate the behaviour of a chain of con-
veyor belts, each with their own controller. Avoiding collisions of goods between belts largely
depends on the exchange of information between controllers. These interactions between down-
stream and up-stream controllers required are expected to substantially increase the overall com-
plexity. Given the complexity of the system we studied in this chapter, verifying such chains of
conveyor belt with the current state of techniques seems impossible. The follow up study there-
fore could serve as a nice benchmark for testing (future) tool support.

Apart from the process algebraic verifications conducted in the first half of this chapter, the
second half of this chapter briefly addresses questions of a more analytical nature. Thus, we note
there is an apparent gap between these two halves of this chapter. In the description and process
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algebraic analysis, we clearly benefitted from the combination of the continuous and discrete
models. For the analytical analysis, such claims cannot be made. This analysis is inspired almost
entirely by the continuous model of the belt system. In some respect, this is odd, as the informa-
tion, captured by the process algebraic models largely overlaps the information captured by the
difference equations models we analysed in the second half of this chapter. An investigation into
these similarities might reveal a systematic approach to conducting an analytical analysis of (a
class of) process algebraic models. Obviously more research is needed to further these ideas.



Chapter 8

Conclusions

In Section 8.1, we give a brief overview of the results obtained in this thesis. For a more detailed
discussion on the obtained results, we refer to the concluding sections of each chapter. For
a detailed account of related work, we refer to the bibliographic notes and the related work
paragraphs of each chapter. In Section 8.2, we identify several issues that are left for future
work.

8.1 Discussion

In this thesis, we are concerned with techniques, stemming from the area of Formal Methods.
In the early phases of a software engineering process, techniques from Formal Methods are
often employed to improve on and validate the design of a system. However, reality provides us
with the evidence that such techniques are hardly, or not at all applied. Several reasons can be
identified for this phenomenon. To start, applying such techniques are rather expensive: many
systems can be (and in factare) built without recourse to the techniques of Formal Methods.
Thus, it is hard to show the added value of such techniques. Second, techniques from the area
of Formal Methods are often considered difficult. Finally, as a last reason, it is often felt that
the techniques that have been developed in the area of Formal Methods are applicable only for a
very restricted class of problems, whereas the problems that could really benefit from some extra
theory are left without the appropriate techniques.

Research in the area of Formal Methods focuses mainly on the latter two points of criticism.
By developing new techniques that are applicable for ever larger classes of problems and are not
unnecessarily complicated, we aim at furthering the state of the art in Formal Methods. It is the
latter two points of criticism we are also concerned with in this thesis. In particular, we studied
the following topics:

1. Verification and synthesis of finite and infinite state systems. In Chapter 3, we develop a
technique for side-stepping the finite state-space requirement for the model-checking tech-
nique. The technique we discuss proves to be quite useful in the case of data-dependent
systems; such systems are abundantly present in practice. We report on a prototype tool
that implements our technique and show that it can deal with several realistic protocols.
The techniques, developed in Chapter 4, allow us to restrict our analysis to a smaller region
of the entire state space. Moreover, these techniques can lend a helping hand in developing
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controllers for generic components that have to plugged into different kinds of environ-
ments.

2. Semantics of process languages for real-time and hybrid systems. In Chapter 5, we pro-
vide two types of semantics (one standard and one “non-standard”) for each of the two
more popular modelling languages in computer science, viz. timed automata and hybrid
automata. We show both types of semantics coincide for timed automata, and identify a
mismatch between the two types of semantics we gave for hybrid automata. We then pro-
ceed to show this is due to the absence of a (generally accepted) property of the standard
semantics. However, we also show that for a class of hybrid automata, viz.approximable
hybrid automata, both types of semantics coincide.

The results, obtained in Chapter 5 serve to illuminate the translations of timed automata
and hybrid automata intoµCRLt, given in Chapter 6. These translations show thatµCRLt
is at least as expressive as timed automata (in fact, we also show it is strictly more expres-
sive by considering aµCRLt expression that cannot be turned into a timed automaton).
We furthermore show that for approximable hybrid automata, we can find corresponding
µCRLt expressions, proving thatµCRLt is at least as expressive as this particular class of
hybrid automata. For non-approximable hybrid automata, both languages are incompara-
ble.

3. Maturity of a µCRLt. The claims in the defining documents ofµCRLt suggest that it
was designed in such a way that standard analysis techniques carry over rather straightfor-
wardly to the timed setting. In Chapter 7, we show that we have in fact only several tools
at our disposal to analyse timed (and hybrid) systems, and that some of these tools are not
very easy to use. We show that, in order forµCRLt to be successful in the area of real-time
and hybrid systems, the necessary tool support must be developed. Our conclusion is that
µCRLt still is a far from mature language, and can be improved on in several directions.

The topics we studied suggest that parts of the criticism on Formal Methods are indeed justified.
For instance, in Chapter 7, it turns out that the techniques that have been developed forµCRLt
are difficult to apply. Moreover, several desired techniques for the analysis of real-time and
hybrid systems have not even been developed forµCRLt. The results in Chapter 5 and 6 reveal
that not all languages for real-time and hybrid systems agree on basic concepts, such astime
additivity. This shows that the theoretical framework is far from established. On a more positive
note, we arrive at the conclusion that user-friendly techniques from Formal Methods, such as
model-checking are reaching maturity and can be applied to real systems.

8.2 Future Work

Many issues still remain open. In fact, in this section, we probably hint at more questions than
we have answered in this thesis. We address these chapter-wise.

The techniques, described in Chapter 3 have opened up the way for directly verifyingµCRL
processes without turning to verification techniques that depend on an explicit representation of
the state space. However, the algorithm we provide in Chapter 3, does not always terminate in
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all cases. It is easy to see that undecidability of the modalµ-calculus for infinite state systems
already follows from the halting problem: for any system, we can ask whether it eventually halts,
which is expressed asµX.[t]X. Note that this is a “regular” modalµ-calculus formula, rather
than a first-order modalµ-calculus formula. This raises two questions:

1. for which class of systems can we guarantee termination of our algorithm?

2. are there (and if so: which) classes of logical formulae that are decidable, regardless of the
processes they are verified on?

These questions are theoretical in nature, and answering them can be quite a challenge.
We next discuss two pragmatic attempts at increasing the success rate of our algorithm. In

Chapter 3, we showed that we can employ techniques that in some cases allow us to eliminate
quantifiers over an infinite domain. Finding novel techniques for quantifier elimination or re-
duction are necessary for increasing the success rate of the tool. Another promising direction
is pattern matchingfor first-order boolean equation systems. Recall Example 3.3.4 in Chap-
ter 3, describing a system that counts down from a randomly chosen natural number to zero and
then randomly selects a new natural number (repeating the processad infinitum). The associated
equation system isµZ(n:N) = (n = 0 ∨ Z(n − 1)). In this particular example, we showed our
algorithm will not terminate when fed this equation system. However, it is straightforward to see
that the smallest solution to this equation system isZ(n:N) = (∃k:N n − k = 0), which is true
for anyn:N. The identification (and automatic recognition) of such patterns can lead to drastic
improvements of our tool.

Several issues have remained unaddressed in Chapter 4. One of these issues is the pursuit
of automation of the proposed techniques. Another issue is the identification of other classes
of processes that are in some sense “easier” to prove strongly controllable. A follow up on this
particular chapter is the study of the so-namedmulti-stepcontrol problem. Needless to say, this
is at least as complex as the single-step control problem we addressed. Finally, one can think of
extensions of the techniques we discussed into the area of real-time systems. This is bound to
raise several philosophical questions: since we work in a setting of absolute timing, one can state
properties like “time is not allowed to progress beyond point in time10”. Such properties can
induce phenomena such as Zeno behaviour. A questions that has to be answered is whether we
allow a controller to “stop time” for a process, i.e. put a time-limit on the executions of a process.
The implications of including time into this theory are very complex.

In Chapter 5, we introduce the notion ofapproximable hybrid automata, as a means to iden-
tify a class of hybrid automata for which the standard semantics and our alternative semantics
of hybrid automata coincide. The definition of approximability of flow constraints is in fact a
rather operational notion. Whether an alternative, easier formulation of the same concept exists,
which is based on the syntax of a flow constraint, rather than on its solutions is still an open
question which deserves attention. Related to this question is the identification of other classes
of hybrid automata that are also approximable hybrid automata. Answers to this latter question
can provide evidence of the (un)importance of the time-additivity constraint in the semantics of
hybrid automata.
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The translations of timed automata and hybrid automata we discuss in Chapter 6 call for tool
support. This should not prove too hard to provide. In this chapter, we did not address a transla-
tion of (classes of)µCRLt expressions to timed automata. Such a translation would be more than
welcome: using such a translation, we can employ established tools such as UPPAAL for model
checkingµCRLt expressions. Then,µCRLt would seemingly combine the best of both worlds:
axiomatic reasoning on the level ofµCRLt, and automated model checking on the level of timed
automata. An interesting observation in this direction is made by Fokkink (Chapter 6 of [44]),
where he provides a sketch of a translation of an expression in ACP with prefix integration to
timed automata without invariants. Given the similarities betweenµCRL and ACP, it is well
conceivable that his translation can be modified to work forµCRLt.

Finally, in Chapter 7, we have identified several gaps in the applicability of the theory of
µCRLt. For instance, the encapsulation and elimination theorems that appear in [57], are not
useful in practice, due to the incredible amount of time-locks that are generated. We have the
feeling that there is some room for improvement, since this blow-up does not seem to occur
when using different versions of real-time ACP. Finally, the tools for performing some kind
of performance analysis within the theory ofµCRLt are completely absent and thus need to be
developed. Such tools can range from automation for the encapsulation and elimination theorems
to simulators forµCRLt expressions to new equivalence relations that are coarser than timed
(branching) bisimulation.
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The terms resulting from encapsulating and expanding the belt systemS(0) are listed in the
below table. Only the terms clearly satisfying the invariants, listed in Table 7.10 are shown. The
first collumn lists the source alternatives, yielding the term, listed in the second column. The
third column annotates the time-lock terms with the (combination of) source pairs that allow
us to establish that the time-lock does not occur. We use a “C” preceding the combination of
source pairs yielding a communication and an “A” preceding the combination of source pairs
yielding the autonomousc action. If the condition of a time-lock can be reduced to false, using
the invariants, we use the annotationf.

Pair Term Subterm of

(B1+C2)
∑

d:R≥0
a↪(u+ d)·

S(u+d, u+d,∆, 1, 3, bµ(u−t+d)+sb, 0, yb, bµd+sc, 0, µ)
/ς = 1∧sc ≥ 0∧0 ≤ sc+bµd ≤ vmax∧sb+bµ(u−t+d) ≥
0 ∧ σ = 0 . δ↪0+

(B1+C4)
∑

d:R≥0
a↪(u+ d)·

S(u+d, u+d,∆, 1, 4, bµ(u−t+d)+sb, 0, yb, bµd+sc, 0, µ)
/ς = 2∧0 ≤ sc+bµd ≤ vmax∧d ≤ ∆∧sb+bµ(u−t+d) ≥
0 ∧ σ = 0 . δ↪0+

(B2+C3) F(0)↪(u− 1
bµ
sc)·

S(u − 1
bµ
sc, u − 1

bµ
sc,∆, 0, 1, bµ(u − t) + sb −

sc, xb, yb, 0, xc, 0)
/ς = 1 ∧ bµ 6= 0 ∧ σ = 0 . δ↪0+

(B2+C5) F(0)↪(u+ 1
bµ

(vmax− sc))·
S(u + 1

bµ
(vmax − sc), u + 1

bµ
(vmax − sc),∆ − 1

bµ
(vmax −

sc), 0, 2, bµ(u− t) + vmax− sc + sb, xb, yb, vmax, xc, 0) / ς =
2 ∧ bµ 6= 0 ∧ vmax− sc ≤ ∆bµ ∧ σ = 0 . δ↪0+

(B2+C6) F(−Tmax)↪(u+ ∆)·
S(u+ ∆, u+ ∆,∆, 0, 1, bµ(u− t+ ∆) + sb, xb, yb, bµ∆ +
sc, xc,−Tmax)
/ς = 2 ∧ 0 ≤ sc + bµ∆ ≤ vmax∧ σ = 0 . δ↪0+

(B3+C12)
∑

d:R≥0
a↪(u+ d)·

Terms resulting from encapsulating and expanding

157



158 Appendix A

Pair Term Subterm of

S(u+ d, u+ d,∆, 2, 6, bµ(u− t+ d) + sb, 0,
1
2
bµ(u− t+

d)2 + sb(u− t+ d) + xb, sc + bµd, 0, µ)
/sb+bµ(u−t+d) ≥ 0∧ς = 5∧0 ≤ sc+bµd ≤ vmax∧σ =
1 ∧ 0 ≤ 1

2
bµ(u− t+ d)2 + sb(u− t+ d) + xb ≤ l . δ↪0+

(B6+C13) d↪(t+ 1
bµ

(−sb +
√
s2
b − 2bµ(xb − l)))·

S(t + 1
bµ

(−sb +
√
s2
b − 2bµ(xb − l)), t + 1

bµ
(−sb +√

s2
b − 2bµ(xb − l)), d, 0, 2,

√
s2
b − 2bµ(xb − l), xb, yb, sc−

sb +
√
s2
b − 2bµ(xb − l) + bµ(t − u), xc, µ) / bµ 6=

0 ∧
√
s2
b − 2bµ(xb − l) ≥ 0 ∧ ς = 5 ∧ 0 ≤ sc − sb +√

s2
b − 2bµ(xb − l) + bµ(t− u) ≤ vmax∧ σ = 1 . δ↪0+

(B7+C13) d↪(t+ l−xb

sb
)·

S(t+ l−xb

sb
, t+ l−xb

sb
, d, 0, 2, sb, xb, yb, sc, xc, µ)

/bµ = 0 ∧ sb ≥ 0 ∧ ς = 5 ∧ 0 ≤ sc ≤ vmax∧ σ = 1 . δ↪0+
(B8+C7) F(0)↪u·

S(u, u,∆, 1, 4, sb + bµ(u − t), 1
2
bµ(u − t)2 + sb(u − t) +

xb, yb, sc, xc, 0)
/0 ≤ 1

2
bµ(u − t)2 + sb(u − t) + xb ≤ l ∧ ς = 3 ∧ sc =

vmax∧ σ = 1 . δ↪0+
(B8+C8) F(Tmax)↪u·

S(u, u,∆, 1, 4, sb + bµ(u − t), 1
2
bµ(u − t)2 + sb(u − t) +

xb, yb, sc, xc, Tmax)
/0 ≤ 1

2
bµ(u − t)2 + sb(u − t) + xb ≤ l ∧ ς = 3 ∧ sc 6=

vmax∧ σ = 1 . δ↪0+
(B8+C9) F(0)↪(u+ vmax−sc

bµ
)·

S(u + vmax−sc

bµ
, u + vmax−sc

bµ
,∆, 1, 4, sb − sc + vmax +

bµ(u − t), 1
2
bµ(u − t + vmax−sc

bµ
)2 + sb(u − t + vmax−sc

bµ
) +

xb, yb, vmax,
1
2
bµ(vmax−sc

bµ
)2 + sc

vmax−sc

bµ
+ xc, 0)

/0 ≤ 1
2
bµ(u − t + vmax−sc

bµ
)2 + sb(u − t + vmax−sc

bµ
) + xb ≤

l∧ ς = 4∧ 0 ≤ 1
2
bµ(vmax−sc

bµ
)2 + sc

vmax−sc

bµ
+xc ≤ 1

2
l∧ bµ 6=

0 ∧ σ = 1 . δ↪0+
(B8+C14) F(0)↪(u+ vmax−sc

bµ
)·

S(u+ vmax−sc

bµ
, u+ vmax−sc

bµ
,∆, 1, 5, sb − sc + vmax+ bµ(u−

t), 1
2
bµ(u−t+vmax−sc

bµ
)2+sb(u−t+vmax−sc

bµ
)+xb, yb, vmax, xc+

1
2
bµ(vmax−sc

bµ
)2 + sc

vmax−sc

bµ
, 0)

/0 ≤ 1
2
bµ(u − t + vmax−sc

bµ
)2 + sb(u − t + vmax−sc

bµ
) + xb ≤

l ∧ ς = 5 ∧ bµ 6= 0 ∧ σ = 1 . δ↪0+

(B12+C15) d↪(t+
−sb+

√
s2b−2bµ(yb−l)
bµ

)·

Terms resulting from encapsulating and expanding
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Pair Term Subterm of

S(t + 1
bµ

(−sb +
√
s2
b − 2bµ(yb − l)), t + 1

bµ
(−sb +√

s2
b − 2bµ(yb − l)),∆, 1, 4,

√
s2
b − 2bµ(yb − l), xb + (l−

yb), yb, sc−sb+
√
s2
b − 2bµ(yb − l)+bµ(t−u), 1

2
bµ(t−u+

−sb+
√
s2b−2bµ(yb−l)
bµ

)2+sc(t−u+
−sb+

√
s2b−2bµ(yb−l)
bµ

)+xc, µ)

/bµ 6= 0∧
√
s2
b − 2bµ(yb − l) ≥ 0∧ ς = 6∧ 0 ≤ sc− sb +√

s2
b − 2bµ(yb − l) + bµ(t− u) ≤ vmax∧ σ = 2 . δ↪0+

(B13+C15) d↪(t+ l−yb

sb
)·

S(t+ l−yb

sb
, t+ l−yb

sb
,∆, 1, 4, sb, xb +(l− yb), yb, sc + bµ(t−

u+ l−yb

sb
), sc(t− u+ l−yb

sb
) + xc, µ)

/bµ = 0 ∧ sb ≥ 0 ∧ ς = 6 ∧ 0 ≤ sc + bµ(t− u + l−yb

sb
) ≤

vmax∧ σ = 2 . δ↪0+
(B14+C16) F(0)↪(u+ vmax−sc

bµ
)·

S(u+ vmax−sc

bµ
, u+ vmax−sc

bµ
,∆, 2, 6, sb − sc + vmax+ bµ(u−

t), 1
2
bµ(u− t+ vmax−sc

bµ
)2 +sb(u− t+ vmax−sc

bµ
)+xb,

1
2
bµ(u−

t+ vmax−sc

bµ
)2 +sb(u− t+ vmax−sc

bµ
)+yb, vmax,

1
2
bµ(vmax−sc

bµ
)2 +

sc
vmax−sc

bµ
+ xc, 0)

/0 ≤ 1
2
bµ(u − t + vmax−sc

bµ
)2 + sb(u − t + vmax−sc

bµ
) + xb ≤

1
2
bµ(u− t+ vmax−sc

bµ
)2 + sb(u− t+ vmax−sc

bµ
) + yb ≤ l ∧ ς =

6 ∧ bµ 6= 0 ∧ σ = 2 . δ↪0
(B1 +C1)

∑
d:R≥0

c↪0·
S(t, 0, 0, σ, 1, sb, xb, yb, 0, 0, µ)
/ς = 0 ∧ 0 ≤ t+ d ∧ sb + bµd ≥ 0 ∧ σ = 0 . δ↪0+

(B2+C1)
∑

d:R≥0
c↪0·

S(t, 0, 0, σ, 1, sb, xb, yb, 0, 0, µ)
/ς = 0 ∧ 0 ≤ t+ d ∧ σ = 0 . δ↪0+

(B3+C10)
∑

d:R≥0
c↪(u+ 1

bµ
(−sc +

√
s2
c − 2bµ(xc − 1

2
l)))·

S(t, u+ 1
bµ

(−sc +
√
s2
c − 2bµ(xc − 1

2
l)),∆, σ, 5, sb, xb, yb,√

s2
c − bµ(2xc − l), 1

2
l, µ)

/ς = 4 ∧ u +
−sc+

√
s2c−2bµ(xc− 1

2
l)

bµ
≤ t + d ∧ sb + bµd ≥

0 ∧
√
s2
c − bµ(2xc − l) ≤ vmax∧ bµ 6= 0 ∧ 0 ≤ 1

2
bµd2 +

sbd+ xb ≤ l ∧ σ = 1 . δ↪0+

(B6+C10) c↪(u+ 1
bµ

(−sc +
√
s2
c − 2bµ(xc − 1

2
l)))·

S(t, u+ 1
bµ

(−sc +
√
s2
c − 2bµ(xc − 1

2
l)),∆, σ, 5, sb, xb, yb,√

s2
c − bµ(2xc − l), 1

2
l, µ)

Terms resulting from encapsulating and expanding
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Pair Term Subterm of

/ς = 4∧u+
−sc+

√
s2c−2bµ(xc− 1

2
l)

bµ
≤ t+

−sb+
√
s2b−2bµ(xb−l)
bµ

∧
bµ 6= 0 ∧

√
s2
b − 2bµ(xb − l) ≥ 0 ∧

√
s2
c − bµ(2xc − l) ≤

vmax∧ σ = 1 . δ↪0+

(B8+C10)
∑

d:R≥0
c↪(u+ 1

bµ
(−sc +

√
s2
c − 2bµ(xc − 1

2
l)))·

S(t, u+ 1
bµ

(−sc +
√
s2
c − 2bµ(xc − 1

2
l)),∆, σ, 5, sb, xb, yb,√

s2
c − bµ(2xc − l), 1

2
l, µ)

/ς = 4∧u+
−sc+

√
s2c−2bµ(xc− 1

2
l)

bµ
≤ t+d∧0 ≤ 1

2
bµd2+sbd+

xb ≤ l∧
√
s2
c − bµ(2xc − l) ≤ vmax∧bµ 6= 0∧σ = 1.δ↪0+

(B3+C11)
∑

d:R≥0
c↪(u+

1
2
l−xc

sc
)·

S(t, u+
1
2
l−xc

sc
,∆, σ, 5, sb, xb, yb, vmax,

1
2
l, µ)

/ς = 4∧u+
1
2
l−xc

sc
≤ t+ d∧ sb + bµd ≥ 0∧ bµ = 0∧σ =

1 ∧ 0 ≤ 1
2
bµd2 + sbd+ xb ≤ l . δ↪0+

(B7+C11) c↪(u+
1
2
l−xc

sc
)·

S(t, u+
1
2
l−xc

sc
,∆, σ, 5, sb, xb, yb, vmax,

1
2
l, µ)

/ς = 4∧u+
1
2
l−xc

sc
≤ t+ l−xb

sb
∧sb ≥ 0∧bµ = 0∧σ = 1.δ↪0+

(B8+C11)
∑

d:R≥0
c↪(u+

1
2
l−xc

sc
)·

S(t, u+
1
2
l−xc

sc
,∆, σ, 5, sb, xb, yb, vmax,

1
2
l, µ)

/ς = 4 ∧ u +
1
2
l−xc

sc
≤ t + d ∧ 0 ≤ 1

2
bµd2 + sbd + xb ≤

l ∧ bµ = 0 ∧ σ = 1 . δ↪0+
(B1+C1)

∑
d:R≥0

δ↪(t+ d) A(B1+C1)
/t+ d ≤ 0 ∧ ς = 0 ∧ sb + bµd ≥ 0 . δ↪0+

(B1+C2)
∑

d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B1 + C2)
/t + d ≤ u + d′ ∧ ς = 1 ∧ sb + bµd ≥ 0 ∧ sc ≥ 0 ∧ 0 ≤
sc + bµd′ ≤ vmax. δ↪0+

(B1+C3)
∑

d:R≥0
δ↪(t+ d) C(B2 + C3)

/t+ d ≤ u+ −sc

bµ
∧ ς = 1 ∧ sb + bµd ≥ 0 ∧ bµ 6= 0 . δ↪0+

(B1+C4)
∑

d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B1+C4)
/t+ d ≤ u+ d′ ∧ ς = 2∧ sb + bµd ≥ 0∧ 0 ≤ sc + bµd′ ≤
vmax∧ d′ ≤ ∆ . δ↪0+

(B1+C5)
∑

d:R≥0
δ↪(t+ d) C(B2+C5)

/t + d ≤ u + vmax−sc

bµ
∧ ς = 2 ∧ sb + bµd ≥ 0 ∧ bµ 6=

0 ∧ vmax−sc

bµ
≤ ∆ . δ↪0+

(B1+C6)
∑

d:R≥0
δ↪(t+ d) C(B2+C6)

Terms resulting from encapsulating and expanding
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Pair Term Subterm of

/t+ d ≤ u+ ∆∧ ς = 2∧ sb + bµd ≥ 0∧ 0 ≤ sc + bµ∆ ≤
vmax. δ↪0+

(B2+C1)
∑

d:R≥0
δ↪(t+ d) A(B2 +C1)

/t+ d ≤ 0 ∧ ς = 0 . δ↪0+
(B2+C2)

∑
d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B1+C2)
/t+d ≤ u+d′∧ς = 1∧sc ≥ 0∧0 ≤ sc+bµd

′ ≤ vmax.δ↪0+
(B2+C3)

∑
d:R≥0

δ↪(t+ d) C(B2+C3)
/t+ d ≤ u+ −sc

bµ
∧ ς = 1 ∧ bµ 6= 0 . δ↪0+

(B2+C4)
∑

d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B2+C6)
/t+d ≤ u+d′∧ς = 2∧0 ≤ sc+bµd

′ ≤ vmax∧d′ ≤ ∆.δ↪0+
(B2+C5)

∑
d:R≥0

δ↪(t+ d) C(B2+C5)
/t+d ≤ u+ vmax−sc

bµ
∧ ς = 2∧ bµ 6= 0∧ vmax−sc

bµ
≤ ∆. δ↪0+

(B2+C6)
∑

d:R≥0
δ↪(t+ d) C(B2+C6)

/t+ d ≤ u+ ∆ ∧ ς = 2 ∧ 0 ≤ sc + bµ∆ ≤ vmax. δ↪0+
(B3+C7)

∑
d:R≥0

δ↪(t+ d) C(B8+C7)
/t + d ≤ u ∧ ς = 3 ∧ sb + bµd ≥ 0 ∧ sc = vmax∧ 0 ≤
1
2
bµd2 + sbd+ xb ≤ l . δ↪0+

(B3+C8)
∑

d:R≥0
δ↪(t+ d) C(B8 +C8)

/t + d ≤ u ∧ ς = 3 ∧ sb + bµd ≥ 0 ∧ sc 6= vmax∧ 0 ≤
1
2
bµd2 + sbd+ xb ≤ l . δ↪0+

(B3+C9)
∑

d:R≥0
δ↪(t+ d) C(B8 +C9)

/t+d ≤ u+ vmax−sc

bµ
∧ς = 4∧sb+bµd ≥ 0∧ 1

2
bµ(vmax−sc

bµ
)2+

sc
vmax−sc

bµ
+ xc ≤ 1

2
l ∧ bµ 6= 0 ∧ 0 ≤ 1

2
bµd2 + sbd + xb ≤

l . δ↪0+
(B3+C10)

∑
d:R≥0

δ↪(t+ d) A(B3+C10)

/t + d ≤ u +
−sc+

√
s2c−2bµ(xc− 1

2
l)

bµ
∧ ς = 4 ∧ sb + bµd ≥

0 ∧
√
s2
c − bµ(2xc − l) ≤ vmax∧ bµ 6= 0 ∧ 0 ≤ 1

2
bµd2 +

sbd+ xb ≤ l . δ↪0+
(B3+C11)

∑
d:R≥0

δ↪(t+ d) A(B3+C11)

/t+ d ≤ u+
1
2
l−xc

sc
∧ ς = 4∧ sb + bµd ≥ 0∧ bµ = 0∧ 0 ≤

1
2
bµd2 + sbd+ xb ≤ l . δ↪0+

(B3+C12)
∑

d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B3+C12)
/t+ d ≤ u+ d′ ∧ ς = 5∧ sb + bµd ≥ 0∧ 0 ≤ sc + bµd′ ≤
vmax∧ 0 ≤ 1

2
bµd2 + sbd+ xb ≤ l . δ↪0+

(B3+C13)
∑

d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B3+C12)
/t+ d ≤ u+ d′ ∧ ς = 5∧ sb + bµd ≥ 0∧ 0 ≤ sc + bµd′ ≤
vmax∧ 0 ≤ 1

2
bµd2 + sbd+ xb ≤ l . δ↪0+

(B3+C14)
∑

d:R≥0
δ↪(t+ d) C(B8 + C7)

Terms resulting from encapsulating and expanding
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Pair Term Subterm of

/t+d ≤ u+ vmax−sc

bµ
∧ ς = 5∧sb+ bµd ≥ 0∧ bµ 6= 0∧0 ≤

1
2
bµd2 + sbd+ xb ≤ l . δ↪0+

(B4+C7) δ↪(t+
−sb−

√
s2b−2bµxb

bµ
) C(B8+C7)

/t+
−sb−

√
s2b−2bµxb

bµ
≤ u∧ς = 3∧bµ 6= 0∧

√
s2
b − 2bµxb >

0 ∧ sc = vmax. δ↪0+

(B4+C8) δ↪(t+
−sb−

√
s2b−2bµxb

bµ
) C(B8+C8)

/t+
−sb−

√
s2b−2bµxb

bµ
≤ u∧ς = 3∧bµ 6= 0∧

√
s2
b − 2bµxb >

0 ∧ sc 6= vmax. δ↪0+

(B4+C9) δ↪(t+
−sb−

√
s2b−2bµxb

bµ
) C(B8+C9)

/t +
−sb−

√
s2b−2bµxb

bµ
≤ u + vmax−sc

bµ
∧ ς = 4 ∧ bµ 6= 0 ∧√

s2
b − 2bµxb > 0 ∧ 1

2
bµ(vmax−sc

bµ
)2 + sc

vmax−sc

bµ
+ xc ≤ 1

2
l .

δ↪0+

(B4+C10) δ↪(t+
−sb−

√
s2b−2bµxb

bµ
) C(B8+C9)

/t+
−sb−

√
s2b−2bµxb

bµ
≤ u+

−sc+
√
s2c−2bµ(xc− 1

2
l)

bµ
∧ς = 4∧bµ 6=

0∧
√
s2
b − 2bµxb > 0∧

√
s2
c − bµ(2xc − l) ≤ vmax. δ↪0+

A(C10)

(B4+C12)
∑

d:R≥0
δ↪(t+

−sb−
√
s2b−2bµxb

bµ
) C(B3+C12)

/t +
−sb−

√
s2b−2bµxb

bµ
≤ u + d ∧ ς = 5 ∧ bµ 6= 0 ∧√

s2
b − 2bµxb > 0 ∧ 0 ≤ sc + bµd ≤ vmax. δ↪0+

(B4+C13)
∑

d:R≥0
δ↪(t+

−sb−
√
s2b−2bµxb

bµ
) C(B3+C12)

/t +
−sb−

√
s2b−2bµxb

bµ
≤ u + d ∧ ς = 5 ∧ bµ 6= 0 ∧√

s2
b − 2bµxb > 0 ∧ 0 ≤ sc + bµd ≤ vmax. δ↪0+

(B4+C14) δ↪(t+
−sb−

√
s2b−2bµxb

bµ
) C(B3+C12)

/t +
−sb−

√
s2b−2bµxb

bµ
≤ u + vmax−sc

bµ
∧ ς = 5 ∧ bµ 6= 0 ∧√

s2
b − 2bµxb > 0 . δ↪0+

(B6+C7) δ↪(t+
−sb+

√
s2b−2bµ(xb−l)
bµ

) C(B8+C7)

/t +
−sb+

√
s2b−2bµ(xb−l)
bµ

≤ u ∧ ς = 3 ∧ bµ 6= 0 ∧√
s2
b − 2bµ(xb − l) ≥ 0 ∧ sc = vmax. δ↪0+

(B6+C8) δ↪(t+
−sb+

√
s2b−2bµ(xb−l)
bµ

) C(B8+C8)

/t +
−sb+

√
s2b−2bµ(xb−l)
bµ

≤ u ∧ ς = 3 ∧ bµ 6= 0 ∧√
s2
b − 2bµ(xb − l) ≥ 0 ∧ sc 6= vmax. δ↪0+

Terms resulting from encapsulating and expanding



163

Pair Term Subterm of

(B6+C9) δ↪(t+
−sb+

√
s2b−2bµ(xb−l)
bµ

) C(B8+C9)

/t +
−sb+

√
s2b−2bµ(xb−l)
bµ

≤ u + vmax−sc

bµ
∧ ς = 4 ∧ bµ 6= 0 ∧√

s2
b − 2bµ(xb − l) ≥ 0∧ 1

2
bµ(vmax−sc

bµ
)2 + sc

vmax−sc

bµ
+xc ≤

1
2
l . δ↪0+

(B6+C10) δ↪(t+
−sb+

√
s2b−2bµ(xb−l)
bµ

) A(C10)

/t+
−sb+

√
s2b−2bµ(xb−l)
bµ

≤ u+
−sc+

√
s2c−2bµ(xc− 1

2
l)

bµ
∧ ς = 4∧

bµ 6= 0 ∧
√
s2
b − 2bµ(xb − l) ≥ 0 ∧

√
s2
c − bµ(2xc − l) ≤

vmax. δ↪0+

(B6+C12)
∑

d:R≥0
δ↪(t+

−sb+
√
s2b−2bµ(xb−l)
bµ

) C(B3+C12)

/t +
−sb+

√
s2b−2bµ(xb−l)
bµ

≤ u + d ∧ ς = 5 ∧ bµ 6= 0 ∧√
s2
b − 2bµ(xb − l) ≥ 0 ∧ 0 ≤ sc + bµd ≤ vmax. δ↪0+

C(B6+C13)

(B6+C13)
∑

d:R≥0
δ↪(t+

−sb+
√
s2b−2bµ(xb−l)
bµ

) C(B6+C13)

/t +
−sb+

√
s2b−2bµ(xb−l)
bµ

≤ u + d ∧ ς = 5 ∧ bµ 6= 0 ∧√
s2
b − 2bµ(xb − l) ≥ 0 ∧ 0 ≤ sc + bµd ≤ vmax. δ↪0+

(B6+C14) δ↪(t+
−sb+

√
s2b−2bµ(xb−l)
bµ

) C(B3+C12)

/t +
−sb+

√
s2b−2bµ(xb−l)
bµ

≤ u + vmax−sc

bµ
∧ ς = 5 ∧ bµ 6=

0 ∧
√
s2
b − 2bµ(xb − l) ≥ 0 . δ↪0+

C(B6+C13)
C(B8+C14)

(B7+C7) δ↪(t+ l−xb

sb
) C(B8+C7)

/t+ l−xb

sb
≤ u∧ ς = 3∧ bµ = 0∧ sb ≥ 0∧ sc = vmax. δ↪0+

(B7+C8) δ↪(t+ l−xb

sb
) C(B8+C8)

/t+ l−xb

sb
≤ u∧ ς = 3∧ bµ = 0∧ sb ≥ 0∧ sc 6= vmax. δ↪0+

(B7+C11) δ↪(t+ l−xb

sb
) A(C11)

/t+ l−xb

sb
≤ u+

1
2
l−xc

sc
∧ ς = 4 ∧ bµ = 0 ∧ sb ≥ 0 . δ↪0+

(B7+C12)
∑

d:R≥0
δ↪(t+ l−xb

sb
) C(B7+C13)

/t + l−xb

sb
≤ u + d ∧ ς = 5 ∧ bµ = 0 ∧ sb ≥ 0 ∧ 0 ≤

sc + bµd ≤ vmax. δ↪0+

(B7+C13)
∑

d:R≥0
δ↪(t+ l−xb

sb
) C(B7+C13)

/t + l−xb

sb
≤ u + d ∧ ς = 5 ∧ bµ = 0 ∧ sb ≥ 0 ∧ 0 ≤

sc + bµd ≤ vmax. δ↪0+
(B8+C7)

∑
d:R≥0

δ↪(t+ d) C(B8+C7)
/t + d ≤ u ∧ ς = 3 ∧ 0 ≤ 1

2
bµd2 + sbd + xb ≤ l ∧ sc =

vmax. δ↪0+
(B8+C8)

∑
d:R≥0

δ↪(t+ d) C(B8+C8)

Terms resulting from encapsulating and expanding
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Pair Term Subterm of

/t + d ≤ u ∧ ς = 3 ∧ 0 ≤ 1
2
bµd2 + sbd + xb ≤ l ∧ sc 6=

vmax. δ↪0+
(B8+C9)

∑
d:R≥0

δ↪(t+ d) C(B8+C9)
/t + d ≤ u + vmax−sc

bµ
∧ ς = 4 ∧ 0 ≤ 1

2
bµd2 + sbd + xb ≤

l ∧ 1
2
bµ(vmax−sc

bµ
)2 + sc

vmax−sc

bµ
+ xc ≤ 1

2
l ∧ bµ 6= 0 . δ↪0+

(B8+C10)
∑

d:R≥0
δ↪(t+ d) A(B8+C10)

/t + d ≤ u +
−sc+

√
s2c−2bµ(xc− 1

2
l)

bµ
∧ ς = 4 ∧ 0 ≤ 1

2
bµd2 +

sbd+ xb ≤ l ∧
√
s2
c − bµ(2xc − l) ≤ vmax∧ bµ 6= 0 . δ↪0+

(B8+C11)
∑

d:R≥0
δ↪(t+ d) A(B8+C11)

/t + d ≤ u +
1
2
l−xc

sc
∧ ς = 4 ∧ 0 ≤ 1

2
bµd2 + sbd + xb ≤

l ∧ bµ = 0 . δ↪0+
(B8+C12)

∑
d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B3+C12)
/t+ d ≤ u+ d′ ∧ ς = 5∧ 0 ≤ 1

2
bµd2 + sbd+ xb ≤ l ∧ 0 ≤

sc + bµd′ ≤ vmax. δ↪0+
C(B8+C14)

(B8+C13)
∑

d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B3+C12)
/t+ d ≤ u+ d′ ∧ ς = 5∧ 0 ≤ 1

2
bµd2 + sbd+ xb ≤ l ∧ 0 ≤

sc + bµd′ ≤ vmax. δ↪0+
C(B8+C14)

(B8+C14)
∑

d:R≥0
δ↪(t+ d) C(B8+C14)

/t + d ≤ u + vmax−sc

bµ
∧ ς = 5 ∧ 0 ≤ 1

2
bµd2 + sbd + xb ≤

l ∧ bµ 6= 0 . δ↪0+
(B9+C15)

∑
d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B12+C15)
/t+ d ≤ u+ d′ ∧ ς = 6∧ sb + bµd ≥ 0∧ 0 ≤ sc + bµd′ ≤
vmax∧0 ≤ 1

2
bµd2 +sbd+xb ≤ 1

2
bµd2 +sbd+yb ≤ l . δ↪0+

C(B13+C15)

(B9+C16)
∑

d:R≥0
δ↪(t+ d) C(B14+C16)

/t+d ≤ u+ vmax−sc

bµ
∧ ς = 6∧sb+ bµd ≥ 0∧ bµ 6= 0∧0 ≤

1
2
bµd2 + sbd+ xb ≤ 1

2
bµd2 + sbd+ yb ≤ l . δ↪0+

(B12+C15)
∑

d:R≥0
δ↪(t+

−sb+
√
s2b−2bµ(yb−l)
bµ

) C(B12+C15)

/t +
−sb+

√
s2b−2bµ(yb−l)
bµ

≤ u + d ∧ ς = 6 ∧ bµ 6= 0 ∧√
s2
b − 2bµ(yb − l) ≥ 0 ∧ 0 ≤ sc + bµd ≤ vmax. δ↪0+

(B12+C16) δ↪(t+
−sb+

√
s2b−2bµ(yb−l)
bµ

) C(B12+C15)

/t +
−sb+

√
s2b−2bµ(yb−l)
bµ

≤ u + vmax−sc

bµ
∧ ς = 6 ∧ bµ 6=

0 ∧
√
s2
b − 2bµ(yb − l) ≥ 0 . δ↪0+

C(B14+C16)

(B13+C15)
∑

d:R≥0
δ↪(t+ l−yb

sb
) C(B13+C15)

/t + l−yb

sb
≤ u + d ∧ ς = 6 ∧ bµ = 0 ∧ sb ≥ 0 ∧ 0 ≤

sc + bµd ≤ vmax. δ↪0+
(B14+C15)

∑
d:R≥0

∑
d′:R≥0

δ↪(t+ d) C(B12+C15)

Terms resulting from encapsulating and expanding
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Pair Term Subterm of

/t + d ≤ u + d′ ∧ ς = 6 ∧ 0 ≤ 1
2
bµd2 + sbd + xb ≤

1
2
bµd2 + sbd+ yb ≤ l ∧ 0 ≤ sc + bµd′ ≤ vmax. δ↪0+

C(B13+C15)

(B14+C16)
∑

d:R≥0
δ↪(t+ d) C(B14+C16)

/t + d ≤ u + vmax−sc

bµ
∧ ς = 6 ∧ 0 ≤ 1

2
bµd2 + sbd + xb ≤

1
2
bµd2 + sbd+ yb ≤ l ∧ bµ 6= 0 . δ↪0+

(C1+B1)
∑

d:R≥0
δ↪0 A(B1+C1)

/0 ≤ t+ d ∧ ς = 0 ∧ sb + bµd ≥ 0 . δ↪0+
(C1+B2)

∑
d:R≥0

δ↪0 A(B2+C1)
/0 ≤ t+ d ∧ ς = 0 . δ↪0+

(C2+B1)
∑

d:R≥0

∑
d′:R≥0

δ↪(u+ d) C(B1+C2)
/u+ d ≤ t+ d′ ∧ ς = 1 ∧ sb + bµd′ ≥ 0
∧sc ≥ 0 ∧ 0 ≤ sc + bµd ≤ vmax. δ↪0+

(C2+B2)
∑

d:R≥0

∑
d′:R≥0

δ↪(u+ d) C(B1+C2)
/u+ d ≤ t+ d′ ∧ ς = 1
∧sc ≥ 0 ∧ 0 ≤ sc + bµd ≤ vmax. δ↪0+

(C3+B1)
∑

d:R≥0
δ↪(u+ −sc

bµ
) C(B2+C3)

/u+ −sc

bµ
≤ t+ d ∧ ς = 1 ∧ sb + bµd ≥ 0 ∧ bµ 6= 0 . δ↪0+

(C3+B2)
∑

d:R≥0
δ↪(u+ −sc

bµ
) C(B2+C3)

/u+ −sc

bµ
≤ t+ d ∧ ς = 1 ∧ bµ 6= 0 . δ↪0+

(C4+B1)
∑

d:R≥0

∑
d′:R≥0

δ↪(u+ d) C(B1+C4)
/u+ d ≤ t+ d′ ∧ ς = 2∧ sb + bµd′ ≥ 0∧ 0 ≤ sc + bµd ≤
vmax∧ d ≤ ∆ . δ↪0+

(C4+B2)
∑

d:R≥0

∑
d′:R≥0

δ↪(u+ d) C(B1+C4)
/u+d ≤ t+d′∧ς = 2∧0 ≤ sc+bµd ≤ vmax∧d ≤ ∆.δ↪0+

(C5+B1)
∑

d:R≥0
δ↪(u+ vmax−sc

bµ
) C(B2+C5)

/u + vmax−sc

bµ
≤ t + d ∧ ς = 2 ∧ sb + bµd ≥ 0 ∧ bµ 6=

0 ∧ vmax−sc

bµ
≤ ∆ . δ↪0+

(C5+B2)
∑

d:R≥0
δ↪(u+ vmax−sc

bµ
) C(B2+C5)

/u+ vmax−sc

bµ
≤ t+d∧ ς = 2∧ bµ 6= 0∧ vmax−sc

bµ
≤ ∆. δ↪0+

(C6+B1)
∑

d:R≥0
δ↪(u+ ∆) C(B2+C6)

/u+ ∆ ≤ t+ d∧ ς = 2∧ sb + bµd ≥ 0∧ 0 ≤ sc + bµ∆ ≤
vmax. δ↪0+

(C6+B2)
∑

d:R≥0
δ↪(u+ ∆) C(B2+C6)

/u+ ∆ ≤ t+ d ∧ ς = 2 ∧ 0 ≤ sc + bµ∆ ≤ vmax. δ↪0+
(C7+B3)

∑
d:R≥0

δ↪u C(B8+C7)
/u ≤ t + d ∧ ς = 3 ∧ sb + bµd ≥ 0 ∧ sc = vmax∧ 0 ≤
1
2
bµd2 + sbd+ xb ≤ l . δ↪0+

(C7+B4) δ↪u C(B8+C7)

Terms resulting from encapsulating and expanding
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Pair Term Subterm of

/u ≤ t+
−sb−

√
s2b−2bµxb

bµ
∧ς = 3∧bµ 6= 0∧

√
s2
b − 2bµxb >

0 ∧ sc = vmax. δ↪0+
(C7+B5) δ↪u C(B8+C7)

/u ≤ t+ −xb

sb
∧ ς = 3∧ bµ = 0∧ sb < 0∧ sc = vmax. δ↪0+

(C7+B6) δ↪u C(B8+C7)

/u ≤ t +
−sb+

√
s2b−2bµ(xb−l)
bµ

∧ ς = 3 ∧ bµ 6= 0 ∧√
s2
b − 2bµ(xb − l) ≥ 0 ∧ sc = vmax. δ↪0+

(C7+B7) δ↪u C(B8+C7)
/u ≤ t+ l−xb

sb
∧ ς = 3∧ bµ = 0∧ sb ≥ 0∧ sc = vmax. δ↪0+

(C7+B8)
∑

d:R≥0
δ↪u C(B8+C7)

/u ≤ t + d ∧ ς = 3 ∧ 0 ≤ 1
2
bµd2 + sbd + xb ≤ l ∧ sc =

vmax. δ↪0+
(C8+B3)

∑
d:R≥0

δ↪u C(B8+C8)
/u ≤ t + d ∧ ς = 3 ∧ sb + bµd ≥ 0 ∧ sc 6= vmax∧ 0 ≤
1
2
bµd2 + sbd+ xb ≤ l . δ↪0+

(C8+B4) δ↪u C(B8+C8)

/u ≤ t+
−sb−

√
s2b−2bµxb

bµ
∧ς = 3∧bµ 6= 0∧

√
s2
b − 2bµxb >

0 ∧ sc 6= vmax. δ↪0+
(C8+B6) δ↪u C(B8+C8)

/u ≤ t +
−sb+

√
s2b−2bµ(xb−l)
bµ

∧ ς = 3 ∧ bµ 6= 0 ∧√
s2
b − 2bµ(xb − l) ≥ 0 ∧ sc 6= vmax. δ↪0+

(C8+B7) δ↪u C(B8+C8)
/u ≤ t+ l−xb

sb
∧ ς = 3∧ bµ = 0∧ sb ≥ 0∧ sc 6= vmax. δ↪0+

(C8+B8)
∑

d:R≥0
δ↪u C(B8+C8)

/u ≤ t + d ∧ ς = 3 ∧ 0 ≤ 1
2
bµd2 + sbd + xb ≤ l ∧ sc 6=

vmax. δ↪0+
(C9+B3)

∑
d:R≥0

δ↪(u+ vmax−sc

bµ
) C(B8+C9)

/u+ vmax−sc

bµ
≤ t+d∧ς = 4∧sb+bµd ≥ 0∧ 1

2
bµ(vmax−sc

bµ
)2+

sc
vmax−sc

bµ
+ xc ≤ 1

2
l ∧ bµ 6= 0 ∧ 0 ≤ 1

2
bµd2 + sbd + xb ≤

l . δ↪0+
(C9+B4) δ↪(u+ vmax−sc

bµ
) C(B8+C9)

/u + vmax−sc
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/u + vmax−sc

bµ
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√
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bµ
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bµ
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[82] L. Léonard and G. Leduc. A formal definition of time in LOTOS – extended abstract.
Formal Aspects of Computing, 10(3):248–266, 1998.

[83] H. Lin and W. Yi. Axiomatising timed automata.Acta Informatica, 38:277–305, 2002.

[84] S.P. Luttik.Choice Quantification in Process Algebra. PhD thesis, University of Amster-
dam, April 2002.

[85] N. Lynch, R. Segala, F. Vaandrager, and H.B. Weinberg. Hybrid I/O automata. In R. Alur,
T.A. Henzinger, and E.D. Sontag, editors,Hybrid Systems III, volume 1066 ofLecture
Notes in Computer Science, pages 496–510. Springer-Verlag, 1996.

[86] N. Lynch, R. Segala, and F.W. Vaandrager. Hybrid I/O automata revisited. In M.D. Di
Benedetto and A.L. Sangiovanni-Vincentelli, editors,Proceedings of the Fourth Interna-
tional Workshop on Hybrid Systems: Computation and Control (HSCC’01), volume 2034
of Lecture Notes in Computer Science, pages 403–417. Springer-Verlag, 2001.

[87] N. Lynch, R. Segala, and F.W. Vaandrager. Hybrid I/O automata. Nijmegen Institute for
Computing and Information Sciences Technical Report NIII-R0201, Katholieke Univer-
siteit Nijmegen, 2002.

[88] A. Mader.Verification of Modal Properties Using Boolean Equation Systems. PhD thesis,
Technical University of Munich, 1997.

[89] P. Madhusudan and P.S. Thiagarajan. A decidable class of asynchronous distributed con-
trollers. In L. Brim, P. Jancar, M. Kretı́nsḱy, and A. Kucera, editors,CONCUR 2002 -
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Samenvatting

Formele methoden stellen gebruikers in staat om het ontwerp van systemen in een vroegtijdig sta-
dium reeds te analyseren en te verbeteren. Het is echter niet zo dat dit ook tevens tot gevolg heeft
dat formele methoden worden toegepast; het tegendeel lijkt eerder waar te zijn. Hiervoor worden
vaak diverse redenen aangedragen. Formele methoden worden veelal gezien als duur: ook zon-
der gebruik te maken van formele methoden kunnen systemen gebouwd worden. De dagelijkse
praktijk levert ons tal van voorbeelden van projecten die succesvol ten einde worden gebracht
zonder het toepassen van formele methoden. De toegevoegde waarde van formele methoden is
dus niet eenvoudig in te zien. Bovendien wordt vaak als reden aangevoerd dat formele methoden
moeilijk zijn. Als laatste wordt vaak genoemd dat formele methoden maar beperkt toepasbaar
zijn, en juist daar waar ze daadwerkelijk nodig zijn, niet kunnen worden gebruikt. Met name
deze laatste twee punten van kritiek liggen ten grondslag aan het huidige onderzoek dat wordt
verricht in formele methoden. Het zijn ook deze twee punten van kritiek waar dit proefschrift
zich op richt.

In vijf hoofdstukken worden, gebruik makend van het formalismeµCRL, en haar uitbreiding
met tijdµCRLt, de volgende drie gebieden bestudeerd:

1. de analyse en specificatie van data-afhankelijke systemen. Door beschikbare technieken
aan te scherpen en uit te breiden met nieuwe mogelijkheden, zullen formele methoden
op een steeds groter vlak bruikbaar worden. Met name de techniek, bekend alsmodel-
checking, is relatief zeer gebruiksvriendelijk. Middels een programma kan men automa-
tisch controleren of een systeem aan een —door de gebruiker geformuleerde— eigenschap
voldoet. Het analyseren van een systeem is hierbij dus volledig geautomatiseerd. Hoofd-
stuk 3 van dit proefschrift beschrijft een uitbreiding van de model-checking techniek die
ertoe bijdraagt dat een grotere klasse van systemen automatisch geanalyseerd kunnen wor-
den. In hoofdstuk 4 wordt een techniek beschreven die ervoor zorgt dat het te analyseren
systeem reeds beperkt wordt tot dàt gedeelte van het systeemgedrag datüberhaupt bereikt
mag worden. Een dergelijke techniek kan systeemontwerpers een leidraad verschaffen
voor het uiteindelijke systeemontwerp.

2. de overeenkomsten en verschillen tussenµCRLt en de formalismentimed automataen
hybrid automata. De twee laatstgenoemde formalismen zijn populaire formalismen om
tijdsafhankelijke systemen te beschrijven en analyseren. Om tot een beter begrip te komen
van zowel timed automata, hybrid automata enµCRLt, is een vergelijking tussen deze
formalismen noodzakelijk. De hoofdstukken 5 en 6 uit dit proefschrift bestuderen de on-
derlinge relaties tussenµCRLt, timed automata en hybrid automata. Uit dit onderzoek
blijkt dat de klasse van systemen die beschreven kan worden met behulp van timed au-
tomata een onderdeel vormen van de klasse van systemen die beschreven kunnen worden
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met behulp vanµCRLt. Dit gaat ten dele ook op voor hybrid automata. We tonen eveneens
aan datµCRLt en hybrid automata geen overeenstemming bereiken over een basis concept
alstime additivity.

3. de volwassenheid van analyse technieken vanµCRLt. Het onderzoek naar de technieken
die ontwikkeld zijn voor de analyse van systemen waarin tijd geen rol speelt, is inmiddels
ver gevorderd. Zo kan op relatief eenvoudige wijze aangetoond worden, door gebruik te
maken van abstractie, dat eenblack-boxbeschrijving van een systeem equivalent is aan
een zekerewhite-boxbeschrijving van datzelfde systeem. Tijdsafhankelijke systemen zijn
echter in zekere zin complexer, en de technieken die voor tijdsonafhankelijke systemen toe
te passen zijn, zijn minder, of helemaal niet van toepassing voor dit soort systemen. Om te
toetsen tot op welke hoogteµCRLt geschikte technieken in huis heeft om tijdsafhankelijke
systemen te analyseren, onderzoeken we in hoofdstuk 7 hoeµCRLt toe te passen is op een
complex voorbeeld. Hieruit blijkt dat slechts een deel van de gewenste analyse onders-
teund wordt door de technieken vanµCRLt. Bovendien blijkt het dat daar waarµCRLt
de technieken biedt om de analyse te verrichten, deze onpraktisch zijn. Voor eventuele
verbeteringen op het gebied van de analyse technieken vanµCRLt verwijzen we naar de
slotopmerkingen van het desbetreffende hoofdstuk.

De behandelde onderwerpen geven aan dat een gedeelte van de kritiek op formele methoden wel
degelijk gegrond is. Zo blijkt uit bijvoorbeeld hoofdstuk 7 dat de technieken voor de analyse
van tijdsafhankelijke systemen inµCRLt moeilijk zijn toe te passen. Bovendien blijkt uit het
feit dat de formalismenµCRLt en hybrid automata geen overeenstemming bereiken over basis
concepten zoalstime additivity, de theorie nog niet uitgekristalliseerd is. Echter, we constateren
ook dat de technieken op het gebied van analyse van tijdsonafhankelijke systemen praktische
vormen hebben aangenomen. In wezen vormen de technieken voor de laatstgenoemde systemen
geen belemmering voor de toepassing van formele methoden in de praktijk.
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