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Parity games

Recall:

Definition (Parity game)
A parity game I is a four tuple (V, E, p, (Vgyen, Vodd)), where:
o (V,E) is a directed graph,

FE is a total edge relation,

o
@ p:V — N assigns priorities to vertices, and
® (Vgyen, Voda) is a partitioning of V

A player does a step in the game if a token is on a vertex owned
by that player;

A play (denoted 7) is an infinite sequence of steps.
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Notation

Let G = (V, E, p, VEven, Vodd)) be a parity game.
We use the following notation:

o 0 for Even, 1 for Odd

e 1— Evenis Odd, 1 — Odd is Even

o vE ={v' | (v,0) € E}

e G\ U is parity game G restricted to the vertices outside U.
Formally G\ U = (V' E", 0/, Viens Voaa)): With

V' =V\U,

E'=En(V\U)?

p'(v) = p(v) forve V\TU,

Virwen = VEven \ U, and

Védd =Vouaa \ U
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Strategies

o A strategy for Player is a partial function
wPlayer:V* X VPlayer — V.

@ A play m = vivavs. .. is consistent with strategy v pjqyer for
Player iff every v; € 7 such that v; € Vpjyyer is immediately
followed by Vi+1 = wPlayeT('Ul e ’Ui).

Definition (Memoryless strategy)

A memoryless strategy for Player is a partial function
Y Player:VPiayer — V' that decides the vertex the token is played to
based on the current vertex.
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Winning a parity game

Let m = vivovs ... be a play:
e inf(7) denotes set of priorities occurring infinitely often in 7;

e 7 is winning for player Fven iff min(inf(7)) is even;

Definition (Winning strategy)

Strategy Y piayer is @ winning strategy for Player from set W C V' if
every play starting from a vertex in W, consistent with 1 pjgyer is
winning for Player.

@ There is a memoryless winning strategy for Player from W C V
iff there is a winning strategy for Player from W.
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Goal

Let G = (V, E, p, VEven, Vodd)) be a parity game.
@ There is a unique partition (Wgyen, Woaq) of V such that:

o FEven has winning strategy ¥ gyen from Wgye,, and
e (Odd has winning strategy ¥ opqq from Wogq.

Goal of parity game algorithms

Compute partitioning (Wgyen, Woda) with strategies ¥ pyen and ¥ ogq
of V, such that ¢ gy is winning for player Even from Wgye, and
Y odq is winning for player Odd from Wpg44.
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Attractor sets

The attractor set for Player and set U C V is the set of vertices
such that Player can force any play to reach U.

Definition

Let U C V. We define the attractor sets inductively as follows:
Attr(])?layer(G7 U) =U
Attriphl (G, U) = Attrip,,(G,U)

Player
U(Vpigger N {v | vE N Attrk, . (G, U) # 0})

AttTPlayer(Ga U) = UkGN Attr;}glayer(G7 U)
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Example of attractor sets

Example

Consider parity game G:

Compute:
o Attro(G,{Z})
o Attri(G,{W?})

Legend:
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Example of attractor sets

Example

Consider parity game G:

Compute:
o Attro(G,{Z})
={Z, X' W}
o Attri(G,{W3}) ={W,Y}

Legend:
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Observations

Let U C V. Let A = Attrgyen(G,U).

@ Ewven cannot escape from V' \ A. If it
could, there would be an edge

Viven (v,v") € E, such that v € Ve, \ 4,
m and v’ € A, but then by definition also
v Vou w v € A, which is not the case.
@ Odd cannot escape from A. If it could,
there would be an edge (v,v’) € E,

such that v € Vpgg N A, and v/ & A,
but then by definition v & A.
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Observations

Let U C V. Let A = Attrgyen(G,U).
Assume:
@ X044 is winning set for Odd on G\ 4;

% 4 @ ° B = Attroqa(G, Xo04a);
X 0da ® Ypyen is winning set for Even on G\ B;
@ Ypgq is winning set for Odd on G\ B.
Then:
e Player Fven can never leave B;
, B Yoda e Player Odd can never leave V' \ B;

@ A winning strategy for player Odd in
X odd YBven G\ (V\ B) from Vpgqg N B is also a
winning strategy for player Odd in GG
from Vpgq N B.
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Recursive algorithm (McNaughton '93, Zielonka '98)

Recursively solve a parity game: Recursive(G). Returns partitioning
(Wgven, Woda) such that Even wins from Wgye,, and Odd wins
from WOdd-

Base case:
1: if Vg =0 then
2; Weven < 0
3: Wodd «— 0
4. return (WEvemWOdd)
5. end if
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Inductive case (1):

6: M «— min{p(v) | v e V} (* Paper: max; assumes max parity game model,
we use min parity games *)
7. Player <— m mod 2
8: U—{veV|pw) =m}
0: A — Attr piayer (G, U)
10: (X gyen, X0dd) < Recursive(G \ A)
11: if X1— Player = () then
12: WPlayer — AU XPlayer
13: Wl—Player —0
14: else
15: ce
19: end if
20: return (WEvena WOdd)
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Inductive case (2):

m — min{p(v) | v e V}
Player — m mod 2
U—{veV|pw)=m}

A~ AttTPlayer(Ga U)

10: (X Even, X0dd) < Recursive(G \ A)
11: if lePlayer = () then

12: .

14: else

15: B« Attrl—Player(Gu Xl—Playe'r)
16:  (Ygven, Yodd) < Recursive(G \ B)
17: WPlaye'r — YPlayer

18: Wl_PlayCT —BU }/l—Player

19: end if

20: return (Wgyen, Woda)

© o N
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Example (Recursive(G))

Consider parity game G:

6: m«—1

7: Player «— Odd

8 U—{veV|ph)=1}={X, X"}

9: A~ Attr 044 (G, U) = {X, X/}

10: (Xgven, X 0dd) — Recursive(G \ {X,X'})

Legend:
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Example (Recursive(G \ {X, X'}))

Consider parity game

G\ {X, X'}
O
m 2
Sy Player «— Even

Ue—{veV\{X,X'}|p)=2}={Y,Y'}
A Attrgeen (G\ {X, X'}, U) = {Y,Y"}

Z, 0 e W (X EBuven, X0dd) — Recursive(G\ {X,X',Y,Y'})
Z

S©OXND

Odd Even
Legend: &
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Example (Recursive(G \ {X, X" Y,Y'}))

Consider parity game
G\{X, XY, Y'}:

VA

Odd FEven
Legend: &

oo

m «— 3

Player «— Odd

U — {ve V\{X,X,V,Y} | pv) = 3} =
(w,2,2'

A= Atiroaa(G\ {X, X", Y,Y'},U) = {W, 2,2'}

* (X Bven, X0da) — Recursive(G\ V) = (0,0)
2 if Xpgyen = 0 then

Wogd +— AU Xoaa = A={W,Z,2'}
WEven — @

. else

: end if
. return (WEve'm WOdd) = (wz {W Z) Z/})
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Example (Recursive(G \ {X, X'}))

. . 6: m«— 2
Consider parity game 7. player — Even
G\ {X, X'} 8: U —{veV\{X,X"}|pv) =2} ={Y,Y'}
;9 A Attrpue (G\ {X,X'},U) = {Y,Y'}
Y 10: (X gvens X0dd) — Recursive(G\

{X, XY, Y'}) = (0,{Z,2',W})
11: if Xogy = 0 th
2ly 5o "

14: elsé.
15: B — AttTOdd(G,X()dd) = {Y,Y,,Z, Z’,W}
/
Z 0 0 0 w 16:  (Ygven, Yodd) < Recursive(G\ V) = (0,0)
Z 17: Wgven < YEven = 0
Odd Ewven %g Wogq < BUYoqa = B={Y,Y', 2,2 ,W}
L nd: [ & : end if
egend 20: return (Wgyen, Woaa) = (0,{Y,Y’,Z,Z2',W})
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Example (Recursive(G))

6: m«—1

7: Player «— Odd

8 U—{veV|ph)=1}={X,X"}

9: A «— AttT‘Odd(G, U) = {)(7 X,}

10: (Xpyen; Xoad) < Recursive(G \ {X,X'}) =
O0,{Y,Y", 2,2 ,\W})

11: if Xgyen, = 0 then

12: Woad «— AUXpyen = {X, X", YY", 2, 2", W}

13: WEven — @

14: else

Consider parity game G:

19: end if
20: return (Weven, Woda)
OAX, X", Y, Y, Z2,2",W})

Legend:
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Example (Recursive(G))

Consider parity game G:

So, player Odd wins from all vertices!

Legend:
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Complexity

Let G = (V, E,p, (VEven, Voaa) be a parity game;
n=|V|,e=|E|,d = max{p(v) | v e V}.

Worst-case running time complexity:

O(e-n?)

Lowerbound on worst-case:

Q(fib(n)) = A(—5—)")

department of mathematics and computing science 19/21



Technische Universiteit
Eindhoven
University of Technology

Complexity

Let G = (V, E,p, (VEven, Voaa) be a parity game;
n=|V|,e=|E|,d = max{p(v) | v e V}.

@ Algorithm with best known upper bound: Big step algorithm due
to Schewe, with complexity

O(d - n%3)

@ Big step combines recursive algorithm with small progress
measures;
@ Small progress measures will be discussed first lecture in January
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Exercise

Consider the following parity game:

Q 0 Odd Even
52 L83 Legend: &

@ Compute the winning sets Wgyen, Wogq for players Even and
Odd in this parity game using the recursive algorithm.

@ Translate this parity game to BES and solve the BES using
Gauss elimination.
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