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Parity games

Recall:

Definition (Parity game)
A parity game I is a four tuple (V, E, p, (Vgyen, Vodd)), where:
o (V,E) is a directed graph,

FE is a total edge relation,

o
@ p:V — N assigns priorities to vertices, and
® (Vgyen, Voda) is a partitioning of V

A player does a step in the game if a token is on a vertex owned
by that player;

A play (denoted ) is an infinite sequence of steps.
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Strategies

o A strategy for Player is a partial function
wPlayer:V* X VPlayer — V.

@ A play m = vivavs. .. is consistent with strategy v pjqyer for
Player iff every v; € 7 such that v; € Vpjyyer is immediately
followed by Vi+1 = wPlayeT('Ul e ’Ui).

Definition (Memoryless strategy)

A memoryless strategy for Player is a partial function
Y Player:VPiayer — V' that decides the vertex the token is played to
based on the current vertex.
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Winning a parity game

Let m = vivovs ... be a play:
e inf(7) denotes set of priorities occurring infinitely often in 7;

e 7 is winning for player Fven iff min(inf(7)) is even;

Definition (Winning strategy)

Strategy v piayer is @ winning strategy for Player from set W C V' if
every play starting from a vertex in W, consistent with 1 pigyer is
winning for Player.

@ There is a memoryless winning strategy for Player from W C V
iff there is a winning strategy for Player from W.
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Goal

Let G = (V, E, p, VEven, Vodd)) be a parity game.
@ There is a unique partition (Wgyen, Woaq) of V such that:

o FEven has winning strategy ¥ gyen from Wgye,, and
e (Odd has winning strategy ¥ opqq from Wogq.

Goal of parity game algorithms

Compute partitioning (Wgyen, Woda) with strategies ¥ pyen and ¥ o4q
of V, such that ¥ gyey, is winning for player Even from Wg,., and
Y044 is winning for player Odd from Wpg44.
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Closedness and cycles

Let G = (V, E, p, VEven, Voaa)) be a parity game. A strategy vgyen
is closed on a set W C V if for all v € W, we have:

@ if v € Viyen then ¥gyen(v) € W, and
o if v € Vpgq then (v,w) € E implies w € W.

Each play consistent with strategy v gyen closed on W, starting in W,
stays within W.

Edges (u,v) only for
U € Vgyen, and only
if there also is edge
(u,z) for x € W.
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Cycles
A cycle in a parity game is a path vi,vs,...,v,, with v; = v,.
We say that a cycle vy, vo,...,v, is

@ an i-cycle if i = min{p(v;) | 1 < j < n}, ie. iis the smallest
priority occurring on the cycle.

@ an even cycle if it is an i-cycle, 7 is even.
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Characterization of winning strategies

Let G = (V, E,p, VEyen, Voad)) be a parity game. Let ¥y, be a
strategy for player Fven, closed on W C V. Define the game
G' = (V" E 0, Viyen Vbaq)) such that:

o V=W,

® Viyen = Viven N V'

° Védd =Voaa NV’

o E'={(v,w)|ve V. ANw=Ygyen(v)}U

{0, w) | (v,0) € E AU € Vigy)
e p/(v) =p(v) forveV’

YEyen IS winning for player Even from W if and only if all cycles in
G’ are even.

department of mathematics and computing science 8/23



Technische Universiteit
TU Eindhoven
University of Technology
Aim of small progress measures
Aim

Characterize the cycles reachable from each vertex using a measure,
such that:

@ the measure is computable using fixed point iteration,

@ the measure assigned to a vertex contains for all odd priorities
the maximal number of times this priority can be seen if player
Odd moves over the graph, until a vertex with smaller priority is
seen.
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Notation

Let o € N be a d-tuple of non-negative integers.

@ we number its components from 0 to d — 1, i.e.

o = (a07 ap, ... 7ad—1)y
o <,<,=,%#,>,> on tuples denote lexicographic ordering,
o (no,ni,...,nE) = (mo,ma,...,my) iff

(noﬂ L P ’I”LZ) = (m07m1a s ami)v for =€ {<’ Sv ) 7&7 Z’ >}
o Note that if ¢ > k or ¢ > [, the tuples may be suffixed with Os

e (0,1,0,1) = (0,2,0,1) = (0) = (0) = tru
e (0,1,0,1) <1 (0,2,0,1) = (0,1) < (0, ) = true
e (0,1,0,1) >3 (0,2,0,1) = (0,1,0,1) > (0,2,0,1) = false
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Notation

Let G = (V, E, p, VEven, Vodd)) be a parity game, and let
d=max{p(v) |[veV}+1

@ ForieN, let V; ={v]|pv)=iAveV}

e denote n; =| V; |, the number of vertices with priority i,

Definition (M)

Define M C N?, such that it is the finite set of d-tuples, with 0 on
even positions, and non-negative integers bounded by n; on odd
positions 1.
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Parity progress measure

Idea: characterize vertices that can only reach even cycles.

Definition (Parity progress measure)

Let G = (V, E,p, VEyen, Vodda)) be a parity game. Function
0:V — N% is a parity progress measure for G if for all (v,w) € E it
holds that:

0 0(v) =) o(w) if p(v) is even
® 0(v) > o(w) if p(v) is odd

Problem: no parity progress measure can be

assigned to these vertices, as parity progress
m measure only exists for even cycles. (Second
clause requires o(v) >1 o(v))
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Allowing odd cycles

Let G = (‘/a E,p, (VEvena VOdd)) be a parity game.

Define M, = Mg U {T}, such that:
e m{<,<;}T for all m € Mg,
o T =; T forall 7.

Definition (Prog)

If 0:V — M(T; and (v,w) € E, then Prog(p,v,w) is the least
m € Mg, such that

o m >, o(w) if p(v) is even,
® M >, o(w), or m = o(w) = T if p(v) is odd.
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Example

Recall the definition of Prog:

Definition (Prog)

If 0:V — M/, and (v,w) € E, then Prog(g,v,w) is the least
m € Mg, such that

° m >, o(w) if p(v) is even,
® m >, o(w), or m = p(w) =T if p(v) is odd.

o(u) =T

@(v) =T

1

-

Measure can identify both Even and Odd reachable cycles.
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Game parity progress measure

Definition (Game parity progress measure)

Let G = (V, E,p, VEven, Voda)) be a parity game. A function
oV — Mg is a game parity progress measure if for all v € V, it
holds that:

@ if v € Vgyen, then 3, wyep0(v) 2pw) Prog(e, v, w);
o if v € Vogq, then ¥, wyego(v) Zpw) Prog(e,v, w), and

Note: if o is a game parity progress measure, then o(v) # T if and
only if all cycles reachable from vertex v are even.
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Strategies from progress measures

Let G = (V, E,p, VEyen, Voad)) be a parity game, and o:V — Mg
be a game parity progress measure.

o Define strategy 0:Viyen, — V for player Even, by setting o(v) to
be a successor w of v that minimizes o(w).

o Llet|loll={v|veV Apolv)#T}

Properties:

o If p is a game parity progress measure, then p is a winning
strategy for player Even from || o ||.

@ There is a game parity progress measure g:V — Mg such that
|| 0| is the winning set of player Even.
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Fixed points

Characterize game parity progress measure as fixed point of
monotone operators in a finite complete lattice:

@ a least game parity progress measure p exists (Knaster-Tarski),

e computable by fixed point iteration (see Lecture 3, slide 13 for
an algorithm),

@ || u || is winning set of player Even

Let G = (V, E,p, VEven, Voda)), and u, 0V — M.
o uCpif u(v) <p(v) forallv eV
o write p C o if u C p and pu # o.

C gives a complete lattice structure on the set of functions V' — Mg.
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Lifting progress measures

Define Lift(p,v) for v € V as follows:

o(u) if u # v,
Lift(o,v)(u) = ¢ min{Prog(o,v,w) | (v,w) € E} ifu=v€ Vgyen
max{Prog(o,v,w) | (v,w) € E} ifu=wve Vo

Observe:
e For every v € V, Lift(-,v) is C-monotone.

@ A function oV — Mg is a game parity progress measure if and
only if Lift(o,v) C o for allv e V.
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The algorithm

The least game parity progress measure can now be computed using
fixed point approximation:

Algorithm (ProgressMeasurelLifting)

w—veV.(0,...,0)
while 1 C Lift(p, v) for some v € V' do

p < Lift(p, v)
end while
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Example

Consider parity game G:  Initially: p— Av € V.(0,0,0,0), so

B

"), Prog(pu, X, X)} =

Legend: [ & Lagt(u, X) = max{ Prog(u (0,1,0,0)

max{(0,1,0,0),(0,1,0,0

=
0
Il
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Example

Consider parity game G:

Lift(p, X) = max{Prog(u, X, X"), Prog(u, X, X)} =
max{(0,1,0,0), (0,2,0,0)} = (0,2,0,0)

F

Legend: [
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Example

Consider parity game G:

=== ==

~

Lift(p, X) = max{Prog(u, X, X'), Prog(u, X, X)} =
max{(0,1,0,0), T} =T

Legend: [
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Example

Consider parity game G:

Lift(p,Y') = min{ Prog(p, ’,X) Prog(p,Y',Y)} =
min{T, (0,0,0,0)} = (0,0,0,0)

Lift(u, Y') = max{ Prog(ss, Y, W), Prog(u, Y, Y")} =
max{(0,0,0,0), (0,0,0,0)} = (0,0,0,0)
Lift(u, X') = min{ Prog(us, X', ¥'), Prog(ss, X', )} =

min{(0,1,0,0), (0, 1,0,0)} = (0, 1,0,0)

Legend:
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Example

Consider parity game G:

Legend: [
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Example

Consider parity game G:

Legend: [
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Example

Consider parity game G:

Legend: [
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Example

Consider parity game G:

Lift(p, Z') = min{ Prog(u, Z2',Z")} =
min{(07 1’ 07 O)} = (07 17 0’ 0)

Legend: [
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Example

Consider parity game G:

v #(v)

"1 (0,1,0,0)

(0,0,0,0)
Y’ | (0,0,0,0)
Z | (0,0,0,0)
zZ' | (0,1,0,0)
w | (0,0,0,0)

Lift(u, ') = min{ Prog(u, Z', Z')} =
min{(0,1,0,1)} = (0,1,0,1)

Legend: [
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Example

Consider parity game G:

<
=
<

NN NN

ococoooo
ocroeoS 4

N~ ===
NEEEEEE
ocr~rooor

Repeat lifting even more often
Lift(p, Z') = min{ Prog(p, Z', Z")} = min{T} =T

Legend: [
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Example

Consider parity game G:

Legend: [
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Example

Consider parity game G:

Lift(p, W) = min{ Prog(u, W, Z), Prog(u, W, W')} =
min{T, (0,0,0,1)} = (0,0,0,1)

Legend: [
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Example

Consider parity game G:

W | (0,0,0,1)
Repeat lifting of W often
Lift(u, W) = min{ Prog(u, W, Z), Prog(u, W, W')} =
min{T,T}=T

Legend: [
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Example

Consider parity game G:

Lift(p,Y) = max{Prog(u, Y, W),
max{T,(0,0,0,0)} =T

Legend: [
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Example

Consider parity game G:

Lift(p, X') = min{ Prog(u, X', Z), Prog(u, X', Y)} =
min{T,T} =T

Legend: [
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Example

Consider parity game G:

Lift(p, X') = min{ Prog(p,Y"', X), Prog(p,Y',Y)} =
min{T, T} =T

Legend: [
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Example

S3
=
—~

<
=

Consider parity game G

=
=
T
T
T
T
T

{t is least game parity progress measure, and
lpll=A{v|veVAuw) #T}=10is

Odd Even ~Winning set for player Even. Hence player
Legend: [ <& Odd wins from all vertices
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Complexity

Let G = (V, E,p, (VEven, Voaa) be a parity game;
n=|V|,e=|E|,d = max{p(v) | v e V}.

Worst-case running time complexity:

Olde - (17757)*)

Lowerbound on worst-case:

Q(([n/d])1 1)
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Complexity

Let G = (V, E,p, (VEven, Voaa) be a parity game;
n=|V|,e=|E|,d = max{p(v) | v e V}.

@ Algorithm with best known upper bound: Big step algorithm due
to Schewe, with complexity

O(d - n¥?)

@ Big step combines recursive algorithm with small progress
measures;
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Exercise

Consider the following parity game:

9 0 Odd FEven
53 Legend: &

@ Compute the winning sets Wgyen, Woga for players Even and
Odd in this parity game using the small progress measures
algorithm.

@ Compare the solution with the solution obtained using the
recursive algorithm and GauB elimination.
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