
I t ?  In t h e  pr2~:icus Aagung" 3 . P .  S e d e r p e l t  h a s  g i v e n  a  d e s c r i p t i o n  o f  
7 - -'--LTc>>!;ZY (i I , ,  L") . I t  h a s  Seen l c i l ~  c o n j e c t u r e d  t h a t  eTVrery e x p r e s s i o n  

. .,.- ,,< 4 - .  ;n ; I L ~ L J ; , ~ ~ : !  h s s  2 i..or:ai form. h unpubl i shed  proof  of t h i s  h a s  been 
- - .  . 

civsi-, by L.:.. :. ~ ~ ~ ~ c h h a c k e r  C31. Here 2 proof  i s  p r e s e n t e d  t h a t  i r z  a  ., 
. - ~ a l c u l u s  c l a s c l y  r e s c h l i n g  .ALTG?LITH e v e r y  c o r r e c t  e x p r e s s i o n  h a s  a  

The i~?cr;ance of t h i s  t h s o r e z  i s  t h a t  i t  nakes  i t  p o s s i b l e  f o r  

u s  t o  d e c i d e  r,-:l:e;?ilzr c;;a e s ? r e s s i o n s  a r e  "equal" .  I n  f a c t ,  t o g e t h e r  ~ i i t ; h  

+ k 2  LJ.,.+-- - 
& . I  , , , , ~ - ~ o s . ' ; E T  checrsm ( s e e  Ciirry-keys, C41)  we may deduce t h a t  tiro 

z s p r e s s i o n s  a r e  "sci la?" F f r '  they have t h e  same normal  form. T h i s  h e l p s  

i n  p r o v i n g  t h a t  c o r r e c t n e s s  of ALTOYXH e x p r e s s i o n s  i s  d e c i d a b l e .  

;-:2 t c i l ;  g i v e  h e r e  o n l y  a  v e r y  loose  d e f i n i t i o n .  d s t r i c t  d e f i n i t i o 3  

::'e disc;.rn constsn:s  a ,  5, c ,  ... , v a r i a b l e s  x ,  y ,  z ,  ...: t h e  

s;rAol T 2nd .;nrious S r z z k e t s  a s  ? r i z i t i v e  s y n b o l s .  For  t h e  s a k e  of . . c ~ a r l t y  :;e rill c s e  j e i o i ~  3 1 ~ 0  o t h e r  c o c s t a n t s  l i k e  1 ,  s  and 1:. 
7- i s z r e s s l s n s  a r e  d e z i n e d  by: 

a c c n s ~ c ? n t ,  a v a r i a b l e ,  t h e  syzSol  T a r e  e x p r e s s i m s ;  
. . 
~f A 2nd B a r e  e x p r e s s i o n s  then  <A;B and Cx,A!5 a r e  e x p r e s s i c ; l s .  

4 . . 
I c : a~ l - : e ly  e x p r e s s i o n s  nay 3e  thought  of a s  d e n o t i n g  o b j z c t s :  

;:1;3 d e x o t e s  t h e  v a l u e  of t!le f u n c t i o n  B f o r  t h e  argument A ;  Cx,AlB 

dezoccs  t h e  f u n c t i o n  z s s o c i a t i n g  t o  e v e r y  x i n - t h e  domain A t h e  v n l u e  

5 (:.:!lFch -a:/ depend u?on x). ice w i l l  c a l l  x  bound i n  [ s , X ! B .  
. - 
n s  s h a l l  d i s c e r n  3 - e x p r e s s i c n s ,  2 -express ions  and I - e s p r e s s i o n s .  In- 

. . 
C u l  tl'.lei;. 3 - ~ z p r e s s i o n s  delete "matllernatical o b j e c t s " ,  e .  g. t h e  n a t u r a l  

nu;?l,,er o?i: i s  denoteri h y  t h e  e x p r e s s i o n  1 ,  t h e  s u c c e s s o r - f u n c t i o n  i n  t h e  

nc i t l l r a l  n m b e r s  ?a;/ L C  dr-noted by s, t h e  n a t u r a l  number two, b e i n g  t h e  

s u c c e s s o r  of o n e ,  i s  t h e n  dcnoted by ? 1 ) s .  

2-cz?ress ior ls  deno te  " c l a s s e s "  t o  which c ~ ~ t h c . m n t i c a 1  o b j e c t s  b e l o n g ,  



mappings n' i n t o  E, denoted by Cs,?:lS. 

I -cspress ions  denote "superc lasses"  t o  :;hich c l a s s e s  belong, e.g.  

t he  supe rc l a s s  of a l l  c l a s s e s ,  denoted by T ,  o r  t h e  s q e r c i a s s  of t h e  

c l a s s e s  of mappings of LL' i n t o  some o t h e r  c l a s s ,  denoted by Cx,rJIT. Syn- 

t a c t i c a l l y  I-expressions a r e  those  express ions  \.:hi& have T a s  t h e i r  l z s t  

s>.msol. 

Sow every mathematical ob jec t  belongs,  i n  our conce?t ion,  t o  e x a c t l y  

one c l a s s  and every c l a s s  t o  e x a c t l y  one s q e r c l a s s .  This  induces a f u n c t i o n  

y , ' c a l l e d  t y ? e ,  x ~ p p i n g  3-esnressions i n t o  7 - e x ~ r e s s i o n s  and 2 - e x p e s s i s n s  

i n t o  . I - e q r e s s i o n s .  E . g .  y ( l )  r 8, y ( s )  : [x,D:S, -;@) r T e t c .  It fo l lows  

t h a t  ve  nus t  d i s c e r n  Set~ceen the  n a t u r a l  nun5er one, w i th  - j ( l )  - 3,  a d  
* * 

the  r e a l  nimber one,' denoted by I wi th  y ( l  ) E R .  I t  <;ill 52 c k a r  now 

t h a t  an express ions  A i s  e i t h e r  a  I - e q r e s s i o n ,  o r  A i s  a 2 - e q r e s s i o n  a d  

then y(A) i s  a  I -expression o r  A i s  a  3-expression and t5en  -{(A) i s  a 

2-expression and y ( y  (A)) a  I-expression. , 

The type y must be thought  of as  def ined  on a  f i n i t e  n ~ A e r  of 

cons t an t s .  I t  may be extended t o  a  nerar cons t an t  a 3y d e f i n i n g  - ; ( a )  as  a  

c e r t a i n  '-expression o r  I -expression ~ c h i c h  con ta ins  only conscanis  defii ied 

before  a .  In  t h i s  case a rnust be t h o u g l i ~  of a s  denot ing  a  d e f i n i t e  o b j ~ c t  

of t h e  c l a s s  o r  supe rc l a s s  denote2 by --: ( a ) .  lie  ill say t h a t  a i s  a de- 

f i n e d  cons tan t  . 
On bound v a r i a b l e s  the type -{ i s  de f ined ,  too :  i n  Ls,X13 t h e  v a r i A l e  

x,  vh ich  c i g h t  occur f r e e  i n  B ,  has type -;(x) E A. Eence A l u s t  b e  a 

2 - e x ~ r e s s i o n  o r  a  I - e x ~ r e s s i o n  (orherrclse the  expression !lx,-\.ll3 i s  i n c o r r e c t ) .  

On composite express ions  y-ay be  def ined  r e c u r s i v e l y .  

!i'e now give  a n o t a t i o n  f o r  s u b s ~ i t u r i o n :  t h e  r e s u l t  of s u b s t i t u t i n g  

the  exp res s ion  A f o r  t he  v a r i a b l e  x i n  t h e  express ion  B i s  denoted by 

(x := A)B. A d e f i n i t i o n  of s u b s t i t u t i o n  we w i l l  o x i t  h e r e .  

The i n t u i t i v e  meaning of {A)B and [ ~ , A ; B  l e ads  us  t o  a d e f i n i t i o n  of 

r educ t ion  as  fo l lows:  

u )  [x,Aln > Cy,Al(x := y)B i f  y is  n o t  f r e e  i n  B.  

3 )  C ~ j C x , ~ l c  , (X := A ) C .  

T I )  [ x , A l f x } R . ;  B i f  x  i s  n o t  f r e e  i n  B. 

Intuitively t h e  express ions  t o  the r i g h t  and t o  t h e  l e f t  of 1 denote t h e  

same o b j e c t s .  We e x t e n d  the  r e l a t i o n  ' t o  a monotone quas i  o r d e r  on all 



Now t i ~ c r e  a r e  r u l e s  a c c o r d i n g  t o  v h i c h  i t  nay b e  d e c i d e d  t rhe ther  an 

e x p r e s s i o n  i s  c o r r e c t .  One of t h e s e  was ~ e n t i o n e d  above: i n  t:.:,-l]B, X 

shou ld  be  e i t h e r  3 ?-express ion  or a  I-e:;?rcssion. The main i d e a s  are: 

a )  h c o r r e c t  e x p r e s s i o n  does  n o t  c o n t a i n  f r e e  v a r i a b l e s  o r  u n d e f i n e d  

c o n s t s n t s .  

b )  {fl!B i s  on ly  c o r r e c t  i f  B deno tes  a  f u n c t i o n  Lmd .LA S e l c n g s  t o  t h e  

dona in  of t h a t  f u n c t i o n  ( i . e .  A i s  n o t  a I-e:;pressicn and -{(A) 5s 

t h e  domain of B ) .  

c )  The c o n s t a n t s  shou ld  be d e f i n e d  i n  due o r d c r ,  and f o r  e v e r y  de- 

f i n e d  c o n s t a n t  a ,  -{(a) shou ld  b e  c o r r e c t  ~ : . i t h  r e s p e c t  20 th2 

c o n s t a n t s  d e f i n e d  b e f o r e .  

2 .  The n o r n a l  form theorem 

We say  t h a t  A i s  i n  n o r n a l  f o r n  ( i n  n .  f .  ) i f  n e i t h e r  X n o r  aay  su5- 

e x 2 r e s s i o n  of A i s  $ o r  7 r e d u c i b l e .  I t  f o l l o w s  t h a t  i f  X i s  i n  n o r z a l  

form t h e n  

A 5 Cx.,B 1Cx B l . . . ; x  B ]{Dl! ... :3 >p 
I 1 -  2 ' 2  m' m n 

where n ,  m a r e  non-nega t ive  i n t e g e r s ,  p  d e n o t e s  a c o n s t a n t ,  a  v z r k i S l e  o r  

t h e  s y z b o l  T and B , , . . .Bm, Dl,. . . D a r e  i n  n . f .  !7e say  t h a t  X h a s  a n o r z a l  
n  

f o r n  i f  B i n  n. f .  e x i s t s  such t h a t  A 2 G. \:e noIc i n t r o d u c e  :he n o r x  7 on 

e x p r e s s i o n s  a s  f o l l o w s  

T (a )  = T (?.(a))  f o r  a l l  d e f i n e d  c o n s t a n t s  a.  

T (b)  = 0 f o r  a l l  undef ined  c c n s t a n t s  b .  

r ( x ) - ~ ( A )  i f  x i s b o u n d D y C s , X I .  

T (Y) = 0 i f  y  i s ' f r e e ,  

p i f  T (A) # 0 and r (B)  = C; (A)!P f o r  a  c e r t a i n  s y ~ b o l -  

?({A)B) = s t r i n g  P  

0 o t h e r w i s e  

i CT(A)IT(B)  i f  r (A)  # d and T ( B )  # 0 
-r(ix,A;B) = 

0 o t h e r w i s e  

A s t r o n g  p o i n t  of t h i s  norm i s  t h a t  i s  i s  i n v a r i a n t  under  substitution and 

r e d u c t i o n :  

Theorem 1 :  I f  T ( B )  f 0 and r ( A )  = r ( x )  i! 0 t h e n  ~ ( ( x  := A ) B )  = r ( E )  

T h e  proof  i s  e a s y  when s c b s t i t u t i o r ,  i s  well  d e f i n e d .  



\ ie w i l l  p rove  t h i s  f o r  4 r e d u c t i o n :  

Suppose A r I c I ~ x , D I E  and B 2 ( x  := C ) E .  

As -i ( A )  # 0 we know t h a t  T (C) f 0 and r ([x,D'IE) = [ T  ( C )  IT (A). 
Hence r ( [ s , ~ l E )  # 0 and i t  f o l l o w s  t h a t  ~ ( r x , D l E )  = [IT ( n ) l r  ( E ) .  

I t  fol lorcs  t l l a t  T (D) = T (C) and T (E) = T (A). Moreover T (x)  = r (D) 

b e c a u s e  s i s  bound by C s , D l ,  hence ~ ( x )  = T(D) = T ( C ) .  There- 

f o r e ,  by theorem 1 ,  T (B) = r ( ( x  := C)E) = T (E)  = T (A). 

The n e s t  theorem i s  t h e  c r u c i a l  p a r t  i n  our  p r o o f .  

Theorer? 3: I f  A i s  i n  n . f ,  w i t h  ?(A)  = T ( X )  # 0 and B i s  i n  n . f .  w i t h  

, T (B) # , t h e n  C i n  n.  f .  e x i s t s  such t h a t  ( x  := A)B 2 C .  
- i h e  proof  i s  c o c p l i c a t e d  and p roceeds  by double  i n d u c t i o n :  

I )  w i t h  r e s p e c t  t o  t h e  l e n g t h  of T ( A ) ,  

11 )  w i t h  r e s p e c t  t o  t h e  l e n g t h  of B.  . 

The d i f f i c u l t y  l i e s  i n  t h e  c a s e  when B E C D ~ X ,  b e c a u s e  t h e n ,  by s u b s t i t u t i n g  

A f o r  x i n  B ,  an e x p r e s s i o n  i s  o b t a i n e d  ~ i h i c h  i s  i n  g e n e r a l  n o t  i n  n o r n a l  

f orin. 

The rest t h e o r e n  i s  an  e a s y  consequence of theorem 3. 

Theoren 4 :  I f  :(A) # 0 t h e n  A h a s  a  n o r x a l  form. 

li'e now s t a t e  
-. Lneoren 5:  I f  A i s  c o r r e c t  t h e n  ?(A) # 0 .  

Fron theorern 4 and 5 now f o l l o w s  

Theor23 6 :  I f  A i s  c o r r e c t  t h e n  A h a s  a  n o r n a l  form. 
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