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This paper con ta ins  t h e  d e s c r i p t i o n  of a system f o r  handl ing semantics 

of computerprograms. The methodology used f o r  the  d e s c r i p t i o n  of semantics 

i s  t h e  r e l a t i o n a l  semantics:  - poss ib ly  incomplete - informat ion about 

programs i s  r epresen ted  by b inary  r e l a t i o n s .  

For  the  d e s c r i p t i o n  we use  t h e  language AUTOMATH i n  which l o g i c ,  

mathematics, syn tax  and semantics a r e  i n t e g r a t e d .  Moreover, t h e  c o r r e c t n e s s  , 
of t ex t s  w r i t t e n  i n  AUTOMATH can be checked mechanically by a computer. 

We cons ider  an ALGOL60-like programming language. The axiomatic b a s i s  

of i t i s  kept smal l ,  b u t  i t  i s  l a r g e  enough t o  make t h e  d e f i n i t i o n  of 

many ALGOL c o n s t r u c t s  p o s s i b l e .  I n  t h e  b a s i s  a r e  included assignment, 

b i n a r y  s e l e c t i o n ,  concatenat  ion ,  b lock s t r u c t u r e s  and r e c u r s i v e  parameter less  

p r c c e d u r r s .  

k70r t h e s e  bas-ic c o n s t r u c t s  semantics i s  presented,  and some examples are 

g i  Y P I I  ?13w new program c o n s t r u c t s  can be descr ibed i n  terms of these  b a s i c  

e s . 



I .  INTRODUCTION. 

We s h a l l  p r e s e n t  a  formalism f o r  t h e  d e s c r i p t i o n  of s y n t a x  and 

semant ics  of programs i n  an ALGOL-60-like programming language ( i . e .  a 

h lock-s t ruc tu red  programming language wi th  v a r i a b l e s  of v a r i o u s  k i n d s ,  

assignment t o  these  v a r i a b l e s ,  b ina ry  s e l e c t i o n ,  r e c u r s i o n ,  e t c . ) .  An 

e s s e n t i a l  p o i n t  i s  t h a t  program c o r r e c t n e s s  proofs  have t o  be  s u b j e c t e d  

t o  an automat ic  v e r i f i c a t i o n  system. So we have t o  d e a l  wi th  

a .  the  o r g a n i s a t i o n  of t h e  v a r i a b l e s ,  t h e  s o  c a l l e d  s t a t e  space ,  

b .  t h e  d e s c r i p t i o n  of t h e  syn tax  of the  language: what kind of 

programs do we c o n s i d e r ,  

c .  t h e  d e s c r i p t i o n  of t h e  semant ics  of the  programs: what informat ion 

do we s t a t e  about the  programs. 

The method we s h a l l  use t o  d e s c r i b e  semant ics  w i l l  be r e l a t i o n a l  semant ics  

w i t 1 1  s t r o n g  emphasis on d e a l i n g  wi th  incomplete in fo rmat ion  about the  

r e i s t i o n  between i n i t i  a 1  and f i n a l  s t a t e .  

A system f o r  v e r i f i c a t i o n  of the  c o r r e c t n e s s  of programs has t o  be 

a b i r  t o  cope with mathematical  t h e o r i e s  (e.g. number theory)  and t o  keep 

t r a c k  of t h e  mathematical  i n t e r p r e t a t i o n  of va lues  of s t a t e  space v a r i a b l e s .  

I n  p r a c t i c e ,  t h e  v e r i f i c a t i o n  of t h e  c o r r e c t n e s s  of a  program appears  

t ?  be  long and t e d i o u s ,  s i n c e  i t  c o n s i s t s  of very  many elementary s t e p s .  

,<,, i < b i  1 t r h ~  need f o r  a  mechanical  v e r i f i c a t i o n .  

i;o 11 l t o g e t h e r ,  w c  need a language i n  which v a r i o u s  formal systems 

'+.  g .  s ~ r n a n t  i c s ,  l o g i c ,  mathematics)  a r e  in tegra ted,  and t h e  c o r r e c t n e s s  

w l i a t  i s  w r i t t e n  i n  t h e  language  should be dec idab le  by a computer. 

A'I1'I'OMATH ([ , ? I )  i s  such a  wide-scope language. I n  an AUTOMATH book 

, J + ,  c a n  express  a l l  p r i m i t i v e s  we need about l o g i c ,  mathematics,  programming 

! , t ~ g u a g e ,  semant ics ,  a n d  on t h e  b a s i s  of these  p r i m i t i v e s  we can d e f i n e  

'rt 1 E !  a r  prcgrnnis and d e r i v e  t r u t h s  about t h e i r  semant ics .  

' I t  rr\e the f o i  l , t w i r ~ g  n o t a t i o n  f o r  somr of the  e s s e n t i a l s  of AUTOMATH. 

i i r  , nq  i dc.not rd  h ; ~  c o l o n s  ( P : Q  means P has type Q) . Abst rac t ion  i s  w r i t t e n  

,is x : A ?  ii , denoL l n g  the  func t ion  wi th  domain A and va lues  B ( t h i s  B may 

i t n t n i n  x ) .  Appl ica t ion i s  w r i t t e n  a s  , A , B  ( i . e .  t h e  va lue  of t h e  func t ion  B 

, t  t h e  p o i l i t  A ) .  u s e  Q:z f o r  saying t h a t  Q is  a type,  and R:prop f o r  

- - j y i n g  t h a t  R r e p r e s e n t s  a p r o p o s i t i o n  ( i f  S : R  then S i s  a  proof of t h a t  

: : - i~posi t ion)  . 



The s e m a n t i c a l  framework d e s c r i b e d  h e r e  i s  e s s e n t i a l l y  based  on v a r i o u s  

p r o p o s a l s  by N.G d e  ~ r u i j n :  C3,4 1 .  I n  t h e  p r e s e n t  form i t  is  used  by t h e  

a u t h o r  o f k h i s  pape r  f o r  t h e  development of an o p e r a t i o n a l  sys t em i n t e n d e d  t o  

b e  u s e f u l  f o r  p rov ing  c o r r e c t n e s s  of b i g  programs. 

2 .  'IXE STATE SPACE. 

S i n c e  programs a c t  on v a r i a b l e s ,  we have t o  pay some a t t e n t i o n  to  

t l lese v a r i a b l e s  and t h e i r  p o s s i b l e  v a l u e s ;  i n  o t h e r  words, t o  t h e  s t a t e  

s p a c e .  Roughly s p e a k i n g  a  s t a t e  i s  a  set of w r i a b l e s  each  of a c e r t a i n  

type  ( t h i n k  e .g .  on t h e  t y p e s  i n t e g e r ,  boolean  e t c  i n  ALGOL60) and having 

a v a l u e  co r re spond ing  t o  t h a t  t ype .  So we i n t r o d u c e  t h e  n o t i o n  d a t a t y p e ,  

a n d  s e v e r a l  d a t a t y p e s ,  l i k e  

d a t a t y p e  : 

boo1 : d a t a t y p e  

i n t  : d a t a t y p e  

For each  d a t a t y p e  d t  t h e  t y p e  of t h e  co r re spond ing  v a l u e s  w i l l  be deno ted  by 

e l t s ( d t )  : t y p e  

Sir.ce our language has  an ALGOL-like b l o c k  s t r u c t u r e ,  

w t  p u t  our  v a r i a b l e s  on s t a c k s :  one f o r  e a c h  d a t a t y p e .  F o r  s i m p l i c i t y  we 

r l r  n o t  assume t h c  ? t a c k s  t o  have a  bottom. The p l a c e s  i n  each s t a c k  a r e  

indexed by 0 ,  1 ,  2 ,  . . .; t h e  0 r e f e r s  t o  t h e  top  of  t h e  s t a c k .  I n  t h e  s t a c k  

- r r ~ s p o n d i n g  t o  d t  t h e  v a l u e s  h a v ~  type  e l t s ( d t ) .  Each p a i r  ( d t , i )  o f  

d a t  a t y p e  and an index  now i d e n t i f i e s  a  program v a r i a b l e :  we do n o t  t a l k  

3 ; )  u t  n m e s  of v a r i a b l e s .  

So we d e f i n e  ( w r i t t e n  i n  AUTOMATH) 

State := I d t  : d a t a t y p e ] [  i : n a t l e l t s ( d t )  : 

- , ' , e re  n a t  i s  tile : ype of t h e  n a t u r a l s ) .  For  a  v i s u a l  i n t e r p r e t a t i o n  

s e e  f i g .  2.1 .  

f i g  2 .1 .  

A s t a t e  space  



There a r e  s e v e r a l  opera t ions  on s t a t e s .  Let  us f i x  a  s t a t e  U .  

By value(u  , d t ,  i )  we denote  t h e  va lue  i n  a of t h e  v a r i a b l e  ( d t  , i )  ; 

i t  has  type e l t s ( d t ) .  

Furthermore t h e r e  a r e  some o p e r a t i o n s  t ransforming s t a t e s  i n t o  s t a t e s :  

a .  a d a p t ( u , d t , i , v )  i s  the s t a t e  t h a t  i s  obta ined from a by r e p l a c i n g  the  

va lue  of ( d t , i )  by a  new va lue  v ;  

b ,  e x t e n d ( u , d t , v )  i s  the  s t a t e  we g e t  when i n  u we push an element wi th  

va lue  v on the  s t a c k  corresponding t o  d t ,  So, when o l = e x t e n d ( u , d t , v )  

we have v a l u e ( a 7 , d t , 0 ) = v ,  value(~',dt,i+l)=value(a,dt,i), 

value(~',t,i)=value(~,t,i) when t $ d t ;  

( - .  r e s t r i c t ( u , d t )  i s  t h e  s t a t e  we g e t  when i n  o  we remove t h e  top element 

of t h e  s t a c k  corresponding t o  d t .  So when a 1 = r e s t r i c t ( u , d t )  we have 

value(u',dt,i)=value(o,dt,i+l), value(al,t,i)=value(a,t,i) when t $ d t .  

Havini  de f ined  these  o p e r a t i o n s  on s t a t e s ,  we can prove p r o p e r t i e s  

about them, e .g .  

a n d  w r i t e  t h e s e  i n  our  AUTOMATH book. 

I n  o r d e r  t o  d e a l  w i t h  non te rmina t ion ,  abor t ion  because of t h i n g  l i k e  

"?evide  by zero", indexing o u t s i d e  a r r a y  bounds e t c . ,  we add an e x t r a  

c ! ~ c a t y p e  r e f  ( s t a n d i n g  f o r  r e f u s e r ) .  The v a r i a b l e s  belonging to  re f  a r e  

i i ~ a s i - v a r i a b l e s ,  i. e .  they do not  appear i n  a) program i t  s e l f  but  only i n  

semant ics .  There a r e  two va lues  connected t o  r e f u s e r s :  ON and OFF, ON 
' I S  tc;dn;ng t h e r e  i s  something wrong". The d a t a t y p e  r e f  p lays  an e x c e p t i o n a l  

r ) I ?  i n  our d i s c u s s i o n s .  In  most cases  we s h a l l  s t i p u l a t e  t h a t  da ta types  

, 1 1 - i 3  $ 1i.f. 

r : !  k j  nd o f  pl tbi'rams do w e  cons ide r?  I t  i s  our i n t e n t i o n  t o  have a  r i c h  

, I  t \ i  p r ~ g r ; m ~ s  w~ t h  a s e t  of ~ r i m i t i v e s  t h a t  i s  a s  smal l  a s  p o s s i b l e .  

I .  . , l c . r i , f  0: wi> do 1 1 ~ 1 t  . o n s i d e r  e x p r e s s i o n s  of complex shape i n  our  p r i m i t i v e  

progsan-,:;, , ht. f r l imr i  ng  programs a r e  p r i m i t i v e  ( t h e  word "Program" w i l l  

l > t  uspd a s  t h e  :ypt7 of a l l  programs).  



1 .  I f  d t : d a t a t p p e ,  u : d t # r e f  ( i . e .  u proves d t f r e f ) ,  i:nat, v : e l t s ( d t ) ,  

we have 

co r re spond ing  t o  "X:TY" i n  ALGOL (where x cor re sponds  t o  ( d t , i )  and 

v i s  a  c o n s t a n t  of t y p e  d t ) .  

2 .  I f  d t : d a t a t y p e ,  u : d t # r e f ,  i l : n a t ,  i 2 : n a t ,  we have  

Var - a s s ( d t , u , i l , i 2 )  : Program 

co r re spond ing  t o  "x:=yl' i n  ALGOL, y b e i n g  a v a r i a b l e .  

3 .  i f  b : n a t ,  nrrl :Program, n2:Program, we have 

Bin  - s e l e c t ( b ,  . r r l ,  n2) : Program 

co r re spond ing  t o  " i f  - b  - t h e n  nl else a2". 

4 ,  ~f nl:Program, ~12:Program, w e  have 

5. If d t : d a t a t y p e ,  u : d t # r e f ,  n : P r o g r m ,  w e  have 

a l o c k ( d t , u , n )  : Program 

, o r r e s p o n d i n g  t o  "begin d t  x; n 5" (where d t  i s  one o f  t h e  t y p e s  

1 3  ALGOL) .  

*, . ! f d t  : d a t a t y p e ,  u : d t # r e f ,  n:Program, we have 

T n j e c t i i : n ( d t  , u , n )  : Program 

Trl .ALGOL t h e r e  i s  no c o n s t r u c t i o n  co r re spond ing  t o  t h i s .  It i n t e n d s  

: i ~ e  f o l l o w i n g :  Program TI a c t s  on a  s t a t e  space .  When we want to use 

1, !n  a s i t u a t i o n  where t h a t  s t a t e  space  has been ex tended  w i t h  a v a r i a b l e  

~f J a t  a type  d t ,  n h a s  t o  a c t  on t h a t  ex tended s t a t e  space .  f o r  formal 

:-t,isons t h i s  program h a s  t o  g c t  a  new name. 

I .  :f 9 :  Program -, Program (i. e ,  4 i s  a  f u n c t i o n  f r o m  p r o g r a m  t o  programs) 

we have 

Kecurs ( 4 )  : Program 

more or less  ~ ~ ~ r r e s p o n d i n g  t ~ i  "procedure  p ;  <p>+'' 



The i d e a  behind t h i s  approach is the £ 0 1  lowing: ALGOL uses i n  r e c u r s i v e  

procedures  a  kind of c i r c u l a r  d e f i n i t i o n :  i n  t h e  s p e c i f i c a t i o n  of 

procedure p ,  p  i t s e l f  may appear:  p:=<p'+. The e s s e n t i a l  p a r t  of t h e  

procedure i s  4, the  program-program func t ion .  by t h e  formula 

:= Recurs(  4) we t u r n  $ i n t o  a program. 

The above l i s t  of p r i m i t i v e  programs i s  a r easonab le  b a s i s  f o r  a 

programming language. We do no t  s t a t e  i t  t o  be complete; i f  d e s i r a b l e  we 

t a n  add f u r t h e r  p r i m i t i v e s  l a t e r ,  e.g. p r i m i t i v e s  about a r r a y  assignme&, 

and o p e r a t i o n s  on r e c o r d s  (as  i n  PASCAL). And u s e r s  of t h e  system, hand l ing  

s p e c i a l  a lgor i thms r e q u i r i n g  s p e c i a l  data types  can add p r i m i t i v e  n o t i o n s  

f o r  p r i v a t e  use .  

By means of t h e  seven p r i m i t i v e  program c o n s t r u c t s  g iven a b w e  we 

(-an b u i l d  o t h e r  program c o n s t r u c t s .  Once they have been w r i t t e n  i n  our  

AliTOMATH book they a r e  a v a i l a b l e  f o r  l a t e r  use ,  j u s t  l i k e  t h e  p r i m i t i v e  

,mes .  X e  g ive  sorne examples. 

. the boolean assignment "bl :=b2vh3" i n  ALGOL (where bl  , b 2  and b3 a r e  

v a r i a b l e s )  corresponds  the  s ta tement  "if b2  - then b 1 : = t r u e  -- e l s e  b l  :-b3". 

I t  i s  w r i t t e n  i n  AUTOMATH a s  fo l lows:  i f  b l : n a t ,  b2:nat ,  b3:nat, we 

d e f i n e  

Hool - or -- a ; s  (51 ,b2,h3) := Bin - select(b2,~onst~ass(bool,boolnotref,bl ,TI, 
Var - ass  (boo1,boolnotref  ,b  I , b3) )  : Program 

ivhere  b o o l n o t r ~ f  s t a t e s  b o o l f r e f ,  and T : e l t s ( b o o l )  denotes  the  v a l u e  t r u e ) .  

9 l i ~ e  empty sta;ernent i n  ALGOL an be mimicked a s  fo l lows :  I. 
Dcumy := Var - ass (boo1 ,boolnotref  ,0 ,0 )  : Program 

so  "b:=bt' i.n ALGOL where b  corresponds t o  (boo1,O). 

I ( ) ,  1 ,)  the s t r i t e m t ~ n t  " i f  - b l v b 2  - then d' corresponds t h e  b lock 

"begin boolean 0 ;  b:=hlVb2; if b then n e l se  end". I f  b l  :nat ,bZ:nat ,  

%Program, we d e s c r i b e  i t  by 

O r  condi  t~ 1 ,  h 2  ,T ) := BJock(bool,boolnotref  ,Concat(Bool-or-ass (0 ,  - 
51 e l  , b2+I ) ,R in  - s e l e c t ( 1  ,Injection(bool,boolnotref~ ), 

r ) t ~ n ~ n y )  ) ) : Program. 

Notice the  e f l ~ . c - L  :>i t l - ic  i n t  r u d u c t i o n  of a new boolean.  It t ransforms 

b l  , b2  and 11 into L l +  I ,  b2+1 resp. I n j e c t i o n (  b o o l , b o o l n o t r e f ,  9. 



1 1 .  To the  whi le  s t a t ement  "while b  d_o corresponds  t h e  r e c u r s i v e  

procedure  "procedure p ;  if b  - then beg in  n; p end e lse" .  I f  b : n a t ,  

xProgram, we d e s c r i b e  i t  by 

We d i d  n o t  y e t  d i s c u s s  i n t e g e r s  and assignments l i k e  "a:=b+c8'. We can 

d e f i n e  t h e  i n t e g e r s  a s  sequences of b i t s  0 and 1 and w r i t e  programs f o r  

a d d i t i o n ,  m u l t i p l i c a t i o n  e t c .  It i s  a  long way t o  go, but  whatever we 

produce i s  a v a i l a b l e  f o r  eve r .  

L .  SEMANTICS. 

Semantics as w e  d e s c r i b e  i t  i s  c l o s e l y  r e l a t e d  t o  the  methodology of 

d e n o t a t i o n a l  semant ics  with one of i t s  c e n t r a l  i d e a s  the  p r e s e n t a t i o n  of 

meaning of a  program a s  a  f u n c t i o n  from s t a t e s  t o  s t a t e s  ( cE[  51). W e  t ake  

a d i f f e r e n t  p o i n t  of view: we do no t  cons ide r  f u n c t i o n s  from s t a t e s  t o  

s t a t e s  b u t  b i n a r y  r e l a t i o n s  over  the  s t a t e  space.  Th i s  i s  c a l l e d  r e l a t i o n a l  

sen:a~it i c s  ( c f  c 61 ) . -- 
\ \?~en d i s c u s s i n g  semant ics  o f  n program i n  a p a r t i c u l a r  s i t u a t i o n  

t : i , i o r t u n a t e  l y ,  of ten  s u f f i c i e n t  t o  d e a l  wi th  incomplete informat ion.  

S.mc p a r t s  of the  program may have semant ic -  p -oper t i e s  which a r e  p a r t l y  

: I-lt. i + v , r n t  f o r  the  p r o p e r t i e s  of the  program a s  a  whole. Such incomplete 

i n f o m a t i o n  h a s  the form of a  b i n a r y  r e l a t i o n ,  and can be t r a t e d  i n  our 

r; y s tem. 

As an e x t r a  adventage w e  mention t h a t  we do no t  have t h e  s l i g h t e s t  

. r o u b  Le wi th  non-de te rmin i s t i c  programs. 

W C B  connect re1 d t i o n s  t o  p r o g r a m  by s t a t i n g  t h a t  a  r e l a t i o n  P 

11; $ > s e n t s  informat ion about a  program n. I n  our AUTOMATH book we t ake  t h i s  -- 
, i t % t  i ,>n t o  be p r i m i t i v e ,  but  we can g ive  the  fo l lowing  i n t e r p r e t a t i o n  from 

,. e x c c u t i o n a l  po in t  of view: For every  p a i r  a1 : S t a t e ,  & : S t a t e  where 

-! anJ 9 a r e  i n i t i a l  and f i n a l  s t a t e  of some e x e c u t i o n  of n, t h e  

r s L l a t  i o n  P h o l d s .  Because of t h e  p o s s i b l e  incompleteness of t h e  informat ion,  

c:mverse ( i . e .  w h e n  holds  f o r  (11 anti 02, 71 can t r ans fo rm 01 i n t o  a2) 

1 ,  t d  ! I O L  be t r u e .  L n  the  jargon of AIITOMATH, a  r e l a t i o n  is a  f u n c t i o n  t h a t  

a d d s  t o  every r;l:State and & : S t a t e  a p r o p o s i t i o n .  So t h e  type of a l l  



r e l a t i o n s  i s  

Rein := [ a t  : s t a t e? [  ~ 2 : ~ t a t e l p r o p  

s o  given p:Reln,  u l : S t a t e ,  02 :S ta te ,  ''P holds  f o r  0 1  and 02" i s  expressed 

by (rs2><cr l > p  . F u r t h e r  we w r i t e ,  given.  T:Program, ~ : R e l n ,  t h e  p r i m i t i v e  

n o t i o n  

i n f o ( r , p )  : prop 

The i n t e r p r e t a t i o n  of in fo (n ,P)  i s  the  p r o p o s i t i o n  "P p r e s e n t s  in fo rmat ion  

about n".  

'The b a s i c  p r o p e r t i e s  embodied i n  t h i s  i n t e r p r e t a t i o n  a r e  g iven  by 

Che fo l lowing  axioms (where n:Program, p l :Reln, p2:Reln) 

. i n f o ( n , p l  'and'  p2) 'eqv'  ( in fo f i  , P I )  'and' i n f o \ n , p 2 ) )  

. (P  1 ' imp' 02) 'imp' ( i n f o ( ~ , p  1 )  'imp' infojn.,p2)) 

( $ P  use  ' a n d ' ,  ' imp ' ,  ' eqv '  f o r  t h e  connect ives  A ,  =>, f of o r d i n a r y  

? r o p o s i t i o n a I  c a l c u l u s ) .  

The r e l a t i o n s  p we cla im by axiom t o  p resen t  in fo rmat ion  about t h e  

s even  p r i m i t i v e  programs i n  s e c t i o n  3.  a l l  have a s t andard  form, v i z .  

[u I : ~ t a t c l L ~ 2 : s t a t d  i f  Some - r e f  - on(o1) then oleo2 e l s e  P(u1 ,oZ) 

Some-ref - on(0) := 3 r : n a t  (va lue (0 ,  ref,r)=ON) . 
r!~,. mot iva t ion  f o r  t h i s  i s  t h e  fo l lowing:  Once a r e f u s e r  i s  i n  ON p o s i t i o n  

{ h p c a q s e  of t h i n g s  l i k e  non tenn ina t ion ,  a b o r t i o n ) ,  we do n o t  want t o  

"execute" t h e  r p s t  of the program anymore; i n  o t h e r  words: t h i s  r e s t  is  

e q u i v a l e n t  t o  a sk ip ,  f o r  which we p r e s e n t  the  informat ion u 1 5 ~ 2 .  

5, t o  each p r ~ m i t i v e  program n  we have a r e l a t i o n  P i n  s t a n d a r d  form 

l n t ?  a n  axiom staCir-g ~ n f o ( n , ~ ) .  I n  t h i s  paper  we do not g i v e  the  r e l a t i o n s  

t n  < t a n d a r d  f o r m  , b u t  only  t h e  e s s e n t i a l  p a r t ,  i .e .  the  p r o p o s i t i o n  

l '(al,  7 2  i n  t h e  ~ l s e  p a r t .  

1 .  1'0 Co:lat-as <;: d t , u ,  l R V )  i s  (-;7I?nected t h e  p r o p o s i t i o n  (p lay ing  t h e  r o l e  

of  P(a1,  r l >  



2 .  To Var - a s s ( d t , u , i l  , i 2 )  i s  connected 

a2 = adapt(ul,dt,il,value(~l,dt,i2)) 

i f  v a l u e ( a l  ,bool ,b)=T then  < a 2 x o  l > p  I g,2%61 >p2 - 
4 .  Given pl :Reln ,  $:Rein, i n f 0 ( ~ ~ 1 , ~ 1 ) ,  in fo (n2 ,p2) ,  t o  Concat(nl ,n2)  

i s  connected 

5.  .Given P:Reln, i n f o ( ~ , p ) ,  t o  B lock(d t ,u , a )  i s  connected 

S ince  01 and 02 a r e  s t a t e s  belonging t o  t h e  s t a t e  space o u t s i d e  t h e  

b lock  and p i s  a r e l a t i o n  between s t a t e s  i n s i d e  t h e  block,we have 

t o  extend 01 and Q with  a p p r o p r i a t e  values  when connect ing them 

wi th  P .  They are extended wi th  v l  and v2, r e p r e s e n t i n g  the i n i t i a l  

and f i n a l  v a l u e  of the  v a r i a b l e  l o c a l  i n  t h e  b lock.  

h .  Given P :Reln ,  in fo (n  , p ) ,  t o  I n j e c t i o n ( d t , u , n )  i s  connected 

L r e s t r i c t ( o 2 , d t )  x r e s t r i c t ( d I  ,d tX p ' and '  value(u2,dt,O)-val~e(~I,dt,O) 

!JOW 0 a c t s  on a "smal ler"  s t a t e  space  than t h e  one 0 1  and u2 belong 

to, s o  w e  havs t o  r e s t r i c t  0 1  and a 2 .  The second p a r t  of 'and' s t a t e s  

t h a t  t h e  v a l u e  o f  the added v a r i a b l e  does n o t  change. 

, . ! o r d e r  t o  d e s c r i b e  informat  ion on t h e  r e c u r s i v e  progran Recurs (4 ) ,  

wt. have t o  cons ide r  a sequence of r e l a t i o n s  w i t h  s p e c i a l  p r o p e r t i e s .  

ven 

Seq : n a t  - >  Keln, wi th  

V Dl : S t a t e  V(8 :S ta te  (<C2><a1>0>Seq  'eqvf  

i f  Some r e f  on(6 l )  then G ? = O l  - - - - 
e l s e  v a l u e  ( a ,  ref ,nonterm)=ON)) - 

to f'ecurs ($1 i s  connected 



#:nat 3k:nat  (k ' g t r '  n  'and'  < ~ 2 x u l x k > S e q )  

The i n t e r p r e t a t i o n  i s  as follows: We s t a r t  from a programlro t o  which we 

connect t h e  p r o p o s i t i o n  value(o2,ref,nonterm)==ON. (no can be considered , 
0 as a non-terminating program). We now b u i l d  t h e  programs < T O > +  :=no, 

c no>$'  :-c no>(, < T O > $ ' : ~ < ~ O > $ > $ ,  . . . . For every k ,  < k>Seq is a r e l a t i o n  

t h a t  p r e s e n t s  informat ion on c no>+', by induct ion:  c O>Seq p r e s e n t s  information 

about no, and f o r  any k and a ho lds  info(n,< k>Seq) 'imp' i n f o 6  n>$,< k+l >Seq). 

The in format ion  p resen ted  on ~ e c u r s ( $ )  i s  now t h e  l e a s t  upperbound of t h e  

sequence Seq : 

C b3:StatelC u2:Sta te l  Vn:nat 3k :na t  (k ' g t r '  n  'and' < a2><al ><k>Seq) 

S t a r t i n g  f r o m  our semant ics  of t h e  seven p r i m i t i v e  programs, we can 

d e f i b c  r e l a t i o n s  f o r  h igher - l eve l  c o n s t r u c t s  and prove t h a t  t h e s e  r e l a t i o n s  

p r e s e n t  informat ion . E s p e c i a l l y  the  whi le  s ta tement  deserves  some a t t e n t i o n ,  

and  the  programs t h a t  e f f e c t  the a r i t h m e t i c  opera t ions ,  such a s  "a:=b+cl'. 

Once a l l  s u c h  s t andard  programs have been w r i t t e n  i n  our  book, we g radua l ly  

can s t a r t  t o  w r i t e  more complex programs and t o  p r e s e n t  informat ion about 

them. This set-up i s  completely p a r a l l e l  t o  the  s i t u a t i o n  i n  mathematics 

where we s t a r t  from very  simple p r i m i t i v e s ,  and g r a d u a l l y  l e a r n  t o  say  

every th ing  w e  want. 

Much of the  work we have t o  do when w r i t i n g  programs and proving 

semant i c s  about tllem, i s  more o r  l e s s  s tandard.  A l l  t h e  t ime we d e a l  wi th  

complex express ions  i n  terms of t h e  opera t ions  on s t a t e s  ( a s  g iven  i n  

, ~ r t i n n  2 . ) .  Those can be s i m p l i f i e d  by a p p l i c a t i o n  of t h e  r u l e s  w e  have 

n e n t i o n e J 7  a t  the end of 2., applying elementary l o g i c  and e l i m i n a t i o n  

, F  i f - then-e l se  corlstl-ucts. A t  t h i s  moment we f e e l  t h e  need f o r  a ( l i m i t e d )  

a u t  omat i c  sinrplif  i e r  . Given a  complex express ion  i n  terms of extend, 

adap t ,  r e s t r i c t  e t c .  such a s i m p l i f i e r  i s  supposed t o  d e l i v e r  a  s imple r  

e q u r l  i l  e n t  form .TI this: express ion  (and w r i t t e n  i n  AUTOMATK a proof of 

t h i s  p q i ~ i v a l e n c e ) .  i k c a s i o n a l l y ,  some human i n t e r a c t i o n  might be h e l p f u l .  
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