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1. INTRODUCTION 

There a r e  va r ious  systems i n  which a l a r g e  p a r t  of mathematical a c t i v i t y  is  

formalized. The gene ra l  e f f e c t  of t h e  a c t i v i t y  of p u t t i n g  mathematics i n t o  

such a system i s  what one might c a l l  t he  u n i f i c a t i o n  of mathematics: d i f f e -  

r e n t  p a r t s  of mathematics which used t o  be c u l t i v a t e d  sepa ra t e ly  g e t  un i ted ,  

and methods a v a i l a b l e  i n  one p a r t  g e t  an inf luence  i n  o t h e r  p a r t s .  

Very t y p i c a l  f o r  twent ie th  century  mathematics i s  t h e  uni fy ing  f o r c e  of the 

concepts of s e t  theory.  And today one might say  t h a t  t h e  language of  mathe- 

matics  is  t h e  one of t h e  theory of  s e t s  combined with p red ica t e  l o g i c ,  even 

though one might d i sag ree  about  t h e  exac t  foundation one should g ive  t o  t hese  

two. 

Not everyone th inks  of s e t  theory and l o g i c  a s  being p a r t s  of a s i n g l e  fo r -  

mal system. S e t  theory d e a l s  with o b j e c t s ,  and l o g i c  d e a l s  wi th  p roo f s ,  and 

these  two a r e  u sua l ly  considered a s  of a d i f f e r e n t  na ture .  Nevertheless ,  

t h e r e  a r e  p o s s i b i l i t i e s  t o  t r e a t  t hese  two d i f f e r e n t  t h ings  i n  a common 



system i n  a way t.hat hand les  analogous s i t u a t i o n s  ana logous ly  indeed.  

A sys tem t h a t  goes  ve ry  f a r  i n  t r e a t i n g  o b j e c t s  and p r o o f s  a l i k e ,  is t h e  

AU700'L4TfI system ( s e e  [ I ] ) .  I n  AUTOMATH t h e r e  are e x p r e s s i o n s  on t h r e e  d i f -  

f e r e n t  l e v e l s ,  c a l l e d  d e g r e e s .  Each e x p r e s s i o n  o f  d e g r e e  3 has  a "type" 

t h a t  is  o f  d e g r e e  2 ,  and each  e x p r e s s i o n  of d e g r e e  2 h a s  a t y p e  of degree  1. 

Express ions  o f  d e g r e e  1 d o  n o t  have a type.  There are two b a s i c  e x p r e s s i o n s  

o f  d e g r e e  1, v i z .  t y p e  and p rop .  The u n d e r l i n e d  word g p e  shou ld  n o t  b e  

confused w i t h  t h e  word t y p e  used more o r e  less c o l l o q u i a l l y  when say ing  

t h a t  each  e x p r e s s i o n  o f  d e g r e e  2 o r  3 h a s  a t y p e .  

W e  d e n o t e  t y p i n g  by a semicolon.  I f  A h a s  B as i t s  type ,  w e  w r i t e  A : B .  

So w e  c a n  have 

A : B : t y p e  

and a l s o  

The i n t e r p r e t a t i o n  o f  ( 1 )  is  t h a t  A i s  t h e  name o f  a n , o b j e c t  ( l i k e  t h e  num- 

b e r  3 1 ,  and t h a t  B is t h e  name of t h e  c l a s s  from which t h a t  o b j e c t  i s  taken 

(it might  be  a symbol f o r  t h e  set  o f  i n t e g e r s ) .  The i n t e r p r e t a t i o n  o f  ( 2 )  

i s  t h a t  C i s  a name f o r  a p r o o f ,  and t h a t  D somehow r e p r e s e n t s  t h e  s t a tement  

t h a t  is  proved by C. 

The main p r o f i t  w e  have from t h i s  way o f  d e s c r i b i n g  p r o o f s  and o b j e c t s  ir 

t h e  m a t t e r  o f  s u b s t i t u t i v i t y .  I f  w e  have d e s c r i b e d  an  o b j e c t  depending on a 



number o f  pa ramete rs ,  t h a t  d e s c r i p t i o n  can be used under d i f f e r e n t  circum- 

s t a n c e s  by means o f  s u b s t i t u t i o n :  we r e p l a c e  t h e  fo rmal  pa ramete rs  by e x p l i -  

c i t  e x p r e s s i o n s .  The same techn ique  i s  a p p l i c a b l e  t o  theorems: a theorem is 

in tended  f o r  many a p p l i c a t i o n s ,  and such a p p l i c a t i o n s  can  b e  e f f e c t u a t e d  by 

s u b s t i t u t i o n .  The c o n d i t i o n s  o f  t h e  theorem a r e  modif ied by t h e s e  s u b s t i  tu-  

t i o n s  too .  I f  we s t u d y  the m a t t e r  more c l o s e l y ,  w e  see t h a t  some o f  t h e  para-  

m e t e r s  a r e  o b j e c t - l i k e ,  and o t h e r s  are p r o o f - l i k e .  The s u b s t i t u t i o n  machinery 

i s  t h e  same f o r  both .  A l l  t h i s  is  e f f e c t i v e l y  implemented i n  t h e  AUTOMATH 

system. 

2. ORIENTATION ON GEOMETRICAL CONSTRUCTIONS 

On t h e  f r i n g e  o f  mathematics t h e r e  are mathemat ical  a c t i v i t i e s  which seem ta  

be o f  a k i n d  t h a f  does  n o t  f i t  i n t o  t h e  p a t t e r n  o f  o b j e c t s  and p r o o f s .  One 

such t h i n g  is  t h e  m a t t e r  o f  g e o m e t r i c a l  c o n s t r u c t i o n s ,  a s u b j e c t  t h a t  goes  

back t o  Greek mathematics.  A c o n s t r u c t i o n  is  n e i t h e r  a n  o b j e c t  nor  a p r o o f ,  

b u t  c o n s t r u c t i o n s  are d i s c u s s e d  a long  wi th  g e o m e t r i c a l  o b j e c t s ,  and a l o n g  

w i t h  p r o o f s  t h a t  show t h a t  t h e  c o n s t r u c t i o n s  c o n s t r u c t  indeed what is claimed 

t o  be c o n s t r u c t e d .  

S i n c e  t h e s e  g e o m e t r i c a l  c o n s t r u c t i o n s  can a l s o  admi t  s u b s t i t u t i o n  f o r  formal  

pa ramete rs ,  t h e r e  i s  a c a s e  f o r  c r e a t i n g  f a c i l i t i e s  which hand le  a new k ind  

o f  t h i n g s  a l o n g  wi th  o b j e c t s  and p r o o f s .  So w e  c a n  t h i n k  o f  a system t h a t  

h a n d l e s  o b j e c t s ,  p r o o f s  and g e o m e t r i c a l  c o n s t r u c t i o n s  i n  more or less t h e  

same way. 



If we t h i n k  o f  g e o m e t r i c a l  c o n s t r u c t i o n s ,  t h e r e  is  a  p e c u l i a r i t y  t h a t  may 

n o t  a r i s e  e a s i l y  wi th  o t h e r  k i n d s  o f  c o n s t r u c t i o n s :  it is t h e  m a t t e r  o f  ob- 

s e r v a b i l i t y .  L e t  u s  s t u d y  a  p a r t i c u l a r  example i n  o r d e r  to s t r e s s  t h i s  p o i n t .  

L e t  t h e r e  b e  g iven  f o u r  p o i n t s  A, B, C and D i n  t h e  p lane .  W e  assume t h a t  A ,  

B and C a r e  n o t  on a  l i n e .  L e t  M be  t h e  c e n t r e  of t h e  c i r c l e  through A,  B 

and C. We wish t o  c o n s t r u c t  t h e  p o i n t  P  t h a t  i s  d e f i n e d  as fo l lows .  P is  

o b t a i n e d  from D by m u l t i p l i c a t i o n ,  w i t h  M as t h e  m u l t i p l i c a t i o n  c e n t e r ,  and 

m u l t i p l i c a t i o n  f a c t o r  1 ,  2 o r  3 .  The f a c t o r  i s  1 i f  D l i e s  i n s i d e  t h e  c i r c l e ,  

2 i f  D l i e s  on t h e  c i r c l e ,  and 3 i f  D lies o u t s i d e  t h e  c i r c l e .  I f  we want t o  

c a r r y  o u t  t h e  c o n s t r u c t i o n  o f  P, w e  have t o  know whether w e  are  allowed t o  

o b s e r v e  what t h e  p o s i t i o n  o f  D w i t h  r e s p e c t  t o  t h e  c i r c l e  is. I n  p a r t i c u l a r  

t h i s  problem comes up f o r  t h e  p r a c t i c a l  q u e s t i o n  what shou1.d happen i f  t h e r e  

is i n s u f f i c i e n t  p r e c i s i o n  f o r  concluding whether D is i n s i d e  or o u t s i d e .  

If w e  t h i n k  o f  a c o n s t r u c t i o n  wi th  a c t u a l  p h y s i c a l  means l i k e  paper ,  p e n c i l ,  

r u l e r  and compass, t h e n  t h e  c a s e  o f  D l y i n g  e x a c t l y  on t h e  c i r c l e  i s ,  of 

c o u r s e ,  undecidable .  

The above c o n s t r u c t i o n  problem may seem t o  be  v e r y  a r t i f i c i a l ,  b u t  y e t  i t s  

main c h a r a c t e r i s t i c  t u r n s  up i n  v e r y  many geomet r ica l  c o n s t r u c t i o n s :  it is 

t h e  f a c t  t h a t ,  a t  some p o i n t  o f  t h e  c o n s t r u c t i o n  t h e  r e s u l t  o f  some nhserva- 

t i o n  w i l l  d e c i d e  t h e  f u r t h e r  course  o f  t h e  c o n s t r u c t i o n .  An examp1.e where 

t h i s  w i l l  happen is t h e  c a s e  o f  geomet r ica l  c o n s t r u c t i o n s  t h a t  have t o  be 

c a r r i e d  o u t  i n s i d e  a given  f i n i t e  p a r t  o f  t h e  p lane .  

The n a i v e  approach t o  o b s e r v a b i l i t y  may be  formulated a s  t h e  s l o g a n  " t r u t h  is 

observab le"  ( s e e  S e c t i o n  4 ) .  Other  p o s s i b i l i t i e s  w i l l  be ske tched  i n  S e c t i o n  

8-10. 



A f u r t h e r  t h i n g  one might l i k e  to f o r m a l i z e  i s  s e l e c t a b i l i t y :  one wants t o  

be a b l e  t o  s e l e c t  an  o b j e c t  from a  se t  o f  o b j e c t s  one h a s  c o n s t r u c t e d .  For 

example, a  c o n s t r u c t i o n  o f  t h e  i n t e r s e c t i o n  o f  two c i r c l e s  may produce t w o  

p o i n t s ,  and w e  may wish t o  be a b l e  t o  " t a k e  one o f  them". I n  t h i s  case such 

a s e l e c t i o n  p r i n c i p l e  is n o t  i n d i s p e n s a b l e :  one might  d e s c r i b e  t h e  e f f e c t  

of t h e  c o n s t r u c t i o n  o f  t h e  i n t e r s e c t i o n  as g i v i n g  a l a b e l l e d  " f i r s t  p i n t "  

and a l a b e l l e d  "second p o i n t " .  Bu t  t h e r e  is  a s t r o n g e r  r e a s o n  f o r  implemen- 

t i n g  a s e l e c t i o n  p r i n c i p l e :  so o f t e n  w e  have t o  " t a k e  an  a r b i t r a r y  p o i n t "  

a t  some s t a g e  o f  a  c o n s t r u c t i o n .  I t  shou ld  be  noted t h a t  i n  such  c a s e s  t h e  

f i n a l  r e s u l t  o f  t h e  e n t i r e  c o n s t r u c t i o n  does  n o t  depend on t h e  p a r t i c u l a r  

p o i n t  t h a t  was taken.  I n  S e c t i o n  5 w e  come back t o  t h i s ,  i n  p a r t i c u l a r  to 

t h e  matter o f  t h e  d i f f e r e n c e  between "giving"  and " tak ing"  a r b i t r a r y  p o i n t s .  

A d e s c r i p t i o n  o f  a l l  t h e s e  f e a t u r e s  is p o s s i b l e  i n  AUTOMATH. W e  have v a r i o u s  

o p t i o n s  f o r  do ing  it. The way w e  p r e s e n t  t h i s  m a t t e r  i s  n e c e s s a r i l y  a r b i t r a r y .  

It  is c e r t a i n l y  n o t  t h e  i n t e n t i o n  o f  t h i s  no te  t o  g i v e  a p a r t i c u l a r  b a s i s  f o r  

g e o m e t r i c a l  c o n s t r u c t i o n  t h e o r y .  The o n l y  t h i n g  t h a t  w i l l  be a t t empted  i s  t o  

p r o v i d e  a framework i n t o  which such a b a s i s  might be p laced .  

I f  we f o r m a l i z e  a  t h i n g  l i k e  c o n s t r u c t a b i l i t y  w e  o f  c o u r s e  d i s l i k e  to d o  it 

i n  t h e  s t y l e  o f  c l a s s i c a l  l o g i c .  We d o  n o t  want t o  c o n s i d e r  c o n s t r u c t a b i l i t y  

o f  a p o i n t  as a  p r o p o s i t i o n  i n  t h e  o r d i n a r y  sense .  W e  d o  n o t  want t o  admit  

arguments where we g e t  a  c o n t r a d i c t i o n  from t h e  assumption t h a t  t h e  p o i n t  P 

i s  n o t  c o n s t r u c t a b l e ,  and t h e n  conclude t h e  c o n s t r u c t a b i l i t y  o f  P .  There fore  

we want t o  p u t  c o n s t r u c t a b i l i t y  (and t h e  same t h i n g  might app ly  t o  observ-  



a b i l i t y  and  s e l e c t a b i l i t y )  i n a f r a m e w o r k  o f  p o s i t i v e  l o g i c ,  where w e  have  no  

n e g a t i o n  a t  a l l .  I n  f a c t  w e  c a n  be even more r e s t r i c t i v e ,  and r e f r a i n  from 

i n t r o d u c i n g  t h e  o r d i n a r y  l o g i c a l  c o n n e c t i v e s  ( l i k e  A ,  v, -+) f o r  t h i s  l o g i c .  

The o n l y  t h i n g  we want  t o  d o  i s  to r e g i s t e r  s t a t e m e n t s  a b o u t  c o n s t r u c t . a b i l i t y ,  

o b s e r v a b i l i t y  and  s e l e c t a b i l i t y  ( p o s s i b l y  p r o v i d e d  w i t h  a  number o f  parame- 

ters) ,  and t o  k e e p  them a v a i l a b l e  f o r  la ter  u s e .  

W e  c a n  p r o v i d e  f a c i l i t i e s  f o r  such  a p o s i t i v e  l o g i c  i n  AUTOMTH by add ing  a  

new e x p r e s s i o n  o f  d e g r e e  1, t o  b e  c a l l e d  pp rop  ( t h e  f i r s t  p s t a n d s  f o r  

" p o s i t i v e " ) .  F o r  t h i s  p p r o p  we s h a l l  n o t  p r o c l a i m  a n y  l o g i c a l  axioms,  and w e  

s h a l l  n o t  i n t r o d u c e  t h e  n o t i o n  o f  n e g a t i o n .  Moreover, we d o  n o t  f e e l  t h e  need 

t o  have  a b s t r a c t i - o n  i n  t h e  wor ld  o f  pp rop .  T h a t  is ,  i f  u  : p p r o p  w e  s h a l l  

n o t  t a k e  a b s t r a c t o r s  Cx : u l  l i k e  w e  would have  i n  cases w i t h  p r o p  o r  t y p e .  

Accoxdingly ,  w e  s h a l l  n o t  c o n s i d e r  a p p l i c a t i o n  <..> ... e i t h e r  i n  t h i s  p p r o p  

wor ld .  T h a t  means: w e  t a k e  p p r o p  e n t i r e l y  i n  t h e  s t y l e  o f  PAL ( s e e  [ I ] ) .  -- 

T h e r e  i s  a  case f o r  d o i n g  someth ing  similar  i n  t h e  w o r l d  of t y p e .  L e t  u s  

c r e a t e  a  new e x p r e s s i o n  o f  d e g r e e  1, t o  b e  called c t y p e  ( t h e  ' c '  s t a n d s  f o r  

' c o n s t r u c t i o n ' ,  s i n c e  w e  i n t e n d  t o  u s e  i t  i n  t h e  wor ld  o f  c o n s t r u c t i o n s ) .  

The d i f f e r e n c e  bet-ween c t y p e  and t y p e  is  similar t o  t h e  d i f f e r e n c e  between 

p p r o p  en  p r o p .  I n  c t y p e  w e  i n t e n d  to  be  f r e e  from a l l  t h o  assumpt ions  t h z t  

m i g h t  have  been  made a b o u t  t y p e .  I n  p a r t i c u l a r  w e  s h a l l  n o t  n e c e s s a r i l y  i m -  

p l e m e n t  s e t - t h e o r e t i c a l  n o t i o n s .  And w e  s h a l l  n o t  even  i n t r o d u c e  t h e  n o t i o n  

o f  e q u a l i t y .  T h a t  is,  i f  a  : C : c t y p e  and b : C : c t y p e ,  t h e n  w e  w i l l  n o t  

i n t r o d u c e  t h e  e q u a l i t y  o f  a  and b a s  a p r o p o s i t i o n .  Moreover,  we s h a l l  t r e a t  

c t y p e  e n t i r e l y  i n  t h e  s t y l e  o f  T'AL: no a p p l . i c a t i o n  and no  a b s t r a c t i o n .  



For a  d e s c r i p t i o n  o f  AUTO.MTH v e r s i o n s  where v a r i o u s  sets o f  r u l e s  app ly  t o  

v a r i o u s  e x p r e s s i o n s  o f  d e g r e e  1, w e  r e f e r  t o  E21. 

I t  h a s  t o  be  admi t t ed  t h a t  geometry is  n o t  t h e  e a s i e s t  example f o r  t h e  s t u d y  

of c o n s t r u c t i o n s .  I t  is  n o t  s o  much t h e  f a c t  t h a t  t h e  g e o m e t r i c a l  u n i v e r s e s  

l i k e  p l a n e s ,  s p a c e s ,  a r e  uncountable .  I t  i s  n e i t h e r  t h e  m o s t  t roublesome 

t h i n g  t h a t  i n  t h e  g e o m e t r i c a l  p l a n e  t h e r e  is  no f i x e d  o r i g i n  and t h a t  t h e r e  

are no f i x e d  d i r e c t i o n s .  The r e a l  course  o f  t r o u b l e  is t h a t  t h e r e  are s o  

many s i t u a t i o n s  where w e  have t o  e x c e p t  some of t h e  cases. I f  w e  want t o  say  

t h a t  p o i n t s  p  and q have j u s t  one connec t ing  l i n e  w e  have to exc lude  t h e  

c a s e  p = q. Such t h i n g s  cause  a s t e a d y  flow o f  e x c e p t i o n s ,  which even h a s  

d i s t o r t e d  t h e  meaning o f  t h e  word " a r b i t r a r y " .  I n  p a s t  c e n t u r i e s  t h e  word 

" a r b i t r a r y "  o f t e n  had t h e  meaning: " a r b i t r a r y ,  b u t  a v o i d i n g  some obv ious  

e x c e p t i o n s " ,  and t h e s e  e x c e p t i o n s  where u s u a l l y  u n s p e c i f i e d .  If  one  took an  

a r b i t r a r y  p o i n t  and a n  a r b i t r a r y  l i n e  then  t h e  p o i n t  shou ld  n o t  be  s o  a r b i -  

t r a r y  t o  l i e  a c c i d e n t a l l y  on t h e  l i n e !  

A f u l l  d e s c r i p t i o n  o f  a l l  t h e s e  e x c e p t i o n s  h a s  t h e  tendency t o  make geometri-  

c a l  c o n s t r u c t i o n  t h e o r y  u n a t t r a c t i v e .  Yet t h e r e  i s  s t i l l  a n o t h e r  s o u r c e  o f  

i r r i t a t i o n :  s o  o f t e n  w e  have t o  s p l i t  i n t o  c a s e s  ( t w o  c i r c l e s  may have 0, 1 

o r  2 p o i n t s  of i n t e r s e c t i o n ) ,  and t h e s e  s i t u a t i o n s  might  p i l e  up to an 

en tang led  mess. 

Never the less  w e  may be g r a t e f u l  t o  geometry f o r  having conf ron ted  u s  wi th  t h e  

n o t i o n  o f  c o n s t r u c t a b i l i t y .  What we have l ea rned  from qeometry might  be ap- 

p l i e d  t o  o t h e r  a r e a s .  Computer s c i e n c e  might be one o f  them. 



O b s e r v a b i l i t y ,  as a  f o r m a l  e l e m e n t  i n  g e o m e t r i c a l  c o n s t r u c t i o n  t h e o r y ,  w a s  

c o n s i d e r e d  by D. K i j n e  r31.  T h a t  p a p e r  a l s o  a t t e m p t s  a fo rma l  t r e a t m e n t  o f  

s e l e c t a b i l i t y  ( w i t h  s e l e c t i o n  f rom f i n i t e  sets o n l y ) ,  and c o n s i d e r s  " g i v i n g  

a r b i t r a r y  p o i n t s "  by means of  a k i n d  o f  a l g e b r a i c a l  a d j u n c t i o n  o p e r a t i o n .  

THE BASIS OF FORMAL GEOMETRY 

B e f o r e  w e  d i s c u s s  a  fo rma l  b a s i s  f o r  g e o m e t r i c a l  c o n s t r u c t i o n s  w e  have  to  s a y  

what  " fo rma l  geometry" o r  more g e n e r a l l y ,  f o r m a l  ma themat i c s  is .  H e r e  w e  are 

n o t  conce rned  a b o u t  t h e c o n t e n t s  o f  f o r m a l  geometry ,  b u t  j u s t  a b o u t  the s p i -  

r i t  i n  which it i s  w r i t t e n .  I t  i s  w r i t t e n  i n  a n  AUTOMATH book, u s i n g  t h e  f u l l  

power o f  t y p e d  lambda c a l c u l u s .  And it is w r i t t e n  i n  a  s e t t i n g  o f  l o g i c  and 

s e t  t h e o r y ,  t h e  d e t a i l s  o f  which a r e  s t i l l  open t o  d i s c u s s i o n .  One migh t  o r  

might. n o t  t a k e  t h e  r u l e s  o f  c l a s s i c a l  l o g i c  ( e . g .  i n  t h e  form o f  t h e  d o u b l e  

n e g a t i o n  l.aw), and  w e  migh t  d i f f e r  i n  t a k i n g  o r  n o t  t a k i n g  a  t h i n g  l i k e  t h e  

axiom o f  c h o i c e .  Such d i s t i n c t i o n s  h a r d l y  i n f l u e n c e  t h e  s p i r i t  i n  which geo- 

me t ry  i s  p r e s e n t e d .  They might  i n f l u e n c e  t h e  c o n t e n t ,  i . e .  t h e  set o f  a l l  

p r o v a b l e  g e o m e t r i c a l  ~ t ? t - e m e n t S  ( b u t  it s h o u l d  b e  remarked t h a t  t h e r e  a r e  

areas of  n~athemat- ics  which a r e  much more s u s c e p t i b l e  t o  f o u n d a t i o n a l  d i f f e r -  

er1ci.s ttllarl c l ass ica l  geometry  s e e m s  to be) . J u s t  to  g i v e  an  i d e a  o f  t h e  s p i -  

r i t ,  w e  g i v e  a srn.111 piece of  H i l b e r t ' s  a x i o m a t i z a t i o n  o f  geometry .  H i l b e r t  

s t a r t s  wii-h: t h e r e  are t h i n g s  w e  c a l l  p o i n t s  and  t h e r e  are t h i n g s  we c a l l  

l i n e s  ( i n  H i L b e r t ' s  sys t em the n o t i o n  o f  a l i n e  i s  n o t  p r e s e n t e d  as a s p e c i a l  

ki.nd o f  poi nt s e t )  . I n  AIU"I'),%!I?H we s a y  t h i s  by  c r e a t i n g  p r i m i t i v e  t y p e s  "1;;-rc" 

and  "point". These  t y p e s  a r e  u n d e f i n e d ,  j u s t  in t . roduced as p r i m i t i v e  n o t i o n s  



(PN's). AS a p r i m i t i v e  we a l s o  have the  not ion  " incidence" o f  a p o i n t  and a 

l i n e :  Next w e  can expres s  axioms l i k e :  i f  two p o i n t s  are d i f f e r e n t ,  then 

t h e r e  i s  e x a c t l y  one l i n e  i n c i d e n t  t o  both p o i n t s .  Something should be s a i d  

about  " d i f f e r e n t " .  W e  take it that o u r  geometry t e x t  i s  written i n  a mathe- 

n a t i c s  book i n  which f o r  any two o b j e c t s  a, b of type A there is a proposi-  

t i o n  t h a t  expresses  e q u a l i t y  of a and b, and t h a t  for any p r o p o s i t i o n  we can 

form t he  negat ion.  In  this way the f a c t  t h a t  a and b a r e  d i f f e r e n t  can be 

expressed i n  AUTOMTH a s  NOT (IS (A ,  a ,b )  . But in o r d e r  t o  keep this paper 

r eadab le  w e  s h a l l  j u s t  w r i t e  a # b i n s t e a d  of t h i s .  

We now g i v e  a p i ece  of AUTOMATH t e x t  t h a t  can be cons idered  a s  t h e  s t a r t  of 

a H i l b e r t - s t y l e  geometry book: 

p o i n t  := P N  : type 

l i n e  := P N  : type 

p 
i n c i d e n t  := P N  : prop 

I conn := P N  : l i n e  

I ax1 := PN: i n c i d e n t ( p , c o ~ ~ )  

( i x 3  :=  PN : rn = conn 



So if p,q are points, and m is a line, then incident(p,m) is a proposition; 

if pr is a proof of p # q then conn(p,q,prl is the connecting line of p and q. 

In axioms 1 and 2 we have expressed that this line is incident to p and q, 

in axiom 3 it is stated that if a line m is incident to both p and q then m 

is equal to the connecting line. 

Although the above fragment is still a meagre piece of geometry it is hoped 

that it shows the spirit of a formalization. We shall refer to such a presen- 

tation of geometry as G. 

4. A NAIVE APPROACH TO OBSERVABILITY 

What we shall call the naive approach is expressed by the slogan "Truth is 

Observable". Let us explain what this means by mentioning two cases. 

In the first case we use knowledge obtained from geometrical theory G in order 

to prove that some object we have to construct is already in our possession. 

We do not bother whether that proof is "constructive" or not: truth is just 

truth. One might find this a poor example, since within the scope of usual 

geometrical theories and usual constructions it seems that "non-constructive" 

proofs can always be replaced by very constructive ones, but it is easy to 

imagine fields where the situation is different. 

In the second case we have a construction that started from a point that was 

chosen arbitrarily. At some staqe of the construction we have a point P and 

a circle c, and subsequently our course of actions is depending on whether P 

lies inside c, outside c or on c. The naive point of view says that on the 



basis  of  t h e  t h e o r y  i n  G w e  have  e x a c t l y  one  of  t h e  t h r e e  a l t e r n a t i v e s .  

W e  c an  o b s e r v e  wich one  o f  t h e  t h r e e  o c c u r s ,  and w e  ac t  a c c o r d i n g l y .  

I n  S e c t i o n s  6 and 7 w e  o f f e r  two d i f f e r e n t  imp lemen ta t ions  f o r  t h e  n a i v e  

p o i n t  o f  v iew.  

5 .  TAKING ARBI'FRARY OBJECTS 

Befo re  g o i n g  on ,  w e  have  to  make it clear t h a t  t h e r e  are two e n t i r e l y  d i f f e -  

r e n t  s i t u a t i o n s  where i n  t r a d i t i o n a l  geometry it was s a i d  t h a t  a n  a r b i t r a r y  

o b j e c t  ( l i k e  a p o i n t )  w a s  t a k e n .  L e t  u s  c a l l  t h e s e  s i t u a t i o n s  D and  S ,  ( t h e s e  

l e t t e r s  a b b r e v i a t e  "data1' and " s e l e c t i o n e ' ) .  I f  w e  t h i n k  o f  a p rob lem where a 

t e a c h e r  r e q u i r e s  a p u p i l  to  c o n s t r u c t  something ,  t h e n  D is t h e  case where t h e  

d a t a  have  been  chosen  a r b i t r a r i l y  by  t h e  t e a c h e r .  On t h e  o t h e r  hand ,  S  i s  t h e  

case where t h e  p u p i l ,  i n  t h e  c o u r s e  o f  t h e  c o n s t r u c t i o n ,  selects some p o i n t  

a r b i t r a r i l y .  Q u i t e  o f t e n  t h e  f i n a l  r e s u l t  d o e s  n o t  depend on t h e  p a r t i c u l a r  

p o i n t  t h a t  w a s  chosen ,  b u t  t h e r e  may be  o t h e r  c a s e s .  I t  may happen t h a t  t h e  

f i n a l  r e s u l t  i t s e l f  h a s  a k i n d  o f  a r b i t r a r i n e s s .  An example:  g i v e n  p o i n t s  A, 

B and C ,  n o t  on a l i n e ,  c o n s t r u c t  a p o i n t  i n s i d e  t h e  t r i a n g l e  formed by  A ,  B 

and C. 

I n  t h e  o p i n i o n  o f  t h e  p u p i l ,  t h e  p o i n t s  t a k e n  i n  s i t u a t i o n  D are n o t  c a l l e d  

" a r b i t r a r y " :  t h e y  a r e  called "g iven" ,  or p o s s i b l y  " a r b i t r a r i l y  g i v e n " .  The 

p u p i l  h a s  no  freedom i n  c a s e  D. I n  t h e  S-case ,  however, t h e  p u p i l  i s  comple te-  

l y  f r e e ,  and t h e  t e a c h e r  h a s  no s a y  i n  t h e  matter. 

I n  a f o r m a l  p r e s e n t a t i o n  l i k e  in .  AUTOMATH t h e  d i f f e r e n c e  be tween D and  S  is  

v e r y  pronounced.  D i s  e f f e c t u a t e d  by  means o f  t h e  i n t r o d u c t i o n  o f  a new 



v a r i a b l e ,  S i s  implemented by means o f  a p r i m i t i v e  n o t i o n  (PN). W e  s h a l l  

show t h i s  i n  d e t a i l  i n  S e c t i o n s  6 and 7. 

There i s  something abou t  t h e  PN-implementation o f  t h e  S - s i t u a t i o n  t h a t  

might be  f e l t  a s  s t r a n g e .  I f  we d e s c r i b e  a c o n s t r u c t i o n  by such a PN, then  

w e  s e l e c t  e x a c t l y  t h e  same p o i n t  i f  w e  are r e q u e s t e d  to d o  t h e  c o n s t r u c t i o n  

a  second t ime.  I f  t h e  second t i m e  w e  would i n s i s t  on s e l e c t i n g  a  p o i n t  t h a t  

i s  a c t u a l l y  d i f f e r e n t  from t h e  one chosen t h e  f i r s t  t i m e ,  t h e n  w e  have t o  

do t h i s  on  t h e  b a s i s  o f  some new s e l e c t i o n  p r i n c i p l e ,  o f  course .  But i f  w e  

j u s t  want t o  t a k e  a  p o i n t  a g a i n ,  w i t h o u t  any r e s t r i c t i o n  as t o  i t s  being 

d i f f e r e n t  from o r  e q u a l  t o  t h e  f i r s t  one,  o u r  PN p r o v i d e s  u s  w i t h  t h e  same 

p o i n t  w e  had b e f o r e .  T h i s  means t h a t  we g e t  more in format ion  t h a n  w e  in tend-  

ed t o  have. N e v e r t h e l e s s ,  such in format ion  cannot  p o s s i b l y  d o  any harm. 

What s h a l l  we do a b o u t  t h i s  weirdness  o f  t h e  PN-implementation? S h a l l  we 

i n v e n t  impopular remedies  i n  o r d e r  t o  c u r e  a  complete ly  harmless  d i s e a s e ?  

L e t  u s  n o t  p r e s c r i b e  a d e f i n i t e  a t t i t u d e  i n  t h i s ,  and admit  t h a t  t h e r e  a r e  

s e v e r a l  ways t o  l i v e  w i t h  t h e  s i t u a t i o n .  E i t h e r  w e  l e a v e  t h e  harmless  

d i s e a s e  f o r  what it is,  o r  we t a k e  one o f  t h e  remedies.  L e t  u s  mention two 

remedies.  The f i r s t  one is  t o  t a k e  a n o t i o n  o f  t i m e  t, and adhere  a  v a l u e  

o f  t t o  e v e r y  c o n s t r u c t i o n  s t e p .  The a r b i t r a r i l y  s e l e c t e d  p o i n t s  w i l l  de- 

pend on t. I f  w e  have t o  r e p e a t  t h e  c o n s t r u c t i o n  some o t h e r  day ,  t h a s  a  

d i f f e r e n t  v a l u e ,  s o  no th ing  i s  known a b o u t  t h e  s e l e c t e d  p o i n t  i n  comparison 

t o  t h e  one s e l e c t e d  t h e  p rev ious  day.  

A s  a  second remedy w e  s u g g e s t  t o  implement a r b i t r a r y  s e l e c t i o n  n o t  by an 

axiom b u t  by some axiom scheme. The scheme proc la ims  t h e  r i g h t  t o  c r e a t e  a s  



many c o p i e s  o f  t h e  axiom a s  one might wish,  each t i m e  w i t h  a d i f f e r e n t  

i d e n t i f i e r .  

We l e a v e  i t  a t  t h e s e  s c a n t y  remarks. The a u t h o r ' s  o p i n i o n  is  t h a t  u n l e s s  

we i n v e n t  a much s imple r  c u r e ,  w e ' d  b e t t e r  l e a r n  t o  l i v e  w i t h  t h e  harm- 

l e s s  d i s e a s e .  

6.  FIRST IMPLEMENTATION OF THE NAIVE POINT OF VIEW 

W e  have t o  e x p r e s s  i n  some way o r  o t h e r  t h a t  some o f  our  mathemat ical  ob- 

j e c t s  have been c o n s t r u c t e d .  T h i s  can be thought  of as a p r o p e r t y  o f  those  

o b j e c t s ,  b u t  f o r  r e a s o n s  sketched i n  S e c t i o n  2 w e  p r e f e r  t o  t a k e  t h i s  pro- 

p e r t y  a s  a pprop  r a t h e r  than  a s  a prop.  W e  s h a l l  c r e a t e ,  f o r  e v e r y  t y p e  X 

and f o r  every  x of type  X, t h e  e x p r e s s i o n  h a v ~ ( X , x )  wi th  have(X,x) :  pprop. 

I n  p a r t i c u l a r  we can a b b r e v i a t e  h a v e ( p o i n t , x )  t o  havep(x)  and h a v e ( l i n e , x )  

t o  have l (x1 .  ( S i n c e  we use  "have" f o r  p o i n t s  and l i n e s  o n l y ,  one might 

t h i n k  of t a k i n g  j u s t  "havep" and "havel"  a s  p r i m i t i v e s ,  w i t h o u t  t a k i n g  

"have" f o r  g e n e r a l  t y p e s . )  

We now g i v e  some AUTOMATII t e x t .  I t  i s  supposed t o  be added t o  a book t h a t  

c o n t a i n s  g e o m e t r i c a l  t h e o r y  G ( s e e  S e c t i o n  3 )  a l r e a d y .  F i r s t  we i n t r o d u c e  

"have", and a b b r e v i a t i o n s  "havep" and "havel" .  

( W e  d i s p l a y  our  ANTOMATH t e x t s  i n  a f l ag-and- f lagpo le  format:  t h e  block 

openers  a r e  w r i t t e n  on f l a g s ,  and t h e  p o l e s  i n d i c a t e  t h e i r  range o f  v a l i d -  

ity.) 



I have := PN : ppfop 

I havep := have(point,u) : pprop 

I have1 : = have (1ine.v) : prop 

Next we display how we take an arbitrary object in the sense of the 

D-situation of Section 5 ("given objects"). In order to talk about a given 

point we need two block openers, expressing (i) that u is a point and (ii) 

that havep(u) holds; inside that context the point u can be considered as 

given. We shall now express: if u and v are given points and if u # v then 

we can construct the line connecting u and v. Accordj ng to our nai-re poht 

of view the condition that u and v are different is simply expressed in 

the terminology cf G. 

1 u : point ( 



Next w e  d e s c r i b e  a case o f  " t a k i n g  a r b i t r a r y  p o i n t s "  i n  t h e  S - s i t u a t i o n  

o f  S e c t i o n  5. W e  e x p r e s s  t h a t  i f  m is a g i v e n  l i n e  t h e n  w e  are able to  

t a k e  a  p o i n t  n o t  o n  m ( w e  u s e  t h e  i d e n t i f i e r  "ap" to  s u g g e s t  " a r b i t r a r y  

p o i n t "  . 

1 
r : line I 

ass14 : havel(m) I 

These  p i e c e s  o f  t e x t  d i s p l a y  t h e  form i n  which t h e  b a s i c  c o n s t r u c t i o n s  a r e  

i n t r o d u c e d .  I f  we wan t  to  d e s c r i b e  a m o r e  c o m p l i c a t e d  c o n s t r u c t i o n ,  w e  

ment ion  t h e  r e l e v a n t  o b j e c t s  o n e  by  o n e ,  i n  t h e  o r d e r  of t h e  c o n s t r u c t i o n ,  

and e a c h  t i m e  we e x p r e s s  t h a t  w e  "have" them. W e  g i v e  a ( s t i l l  v e r y  s i m p l e )  

example.  

: line 

4,q.assl5.~sslb) : have1 (Ll) 

: point 

: NOT(incident LPl,L!) 

: hsvep I PI I 



Here L1 i s  a n  a b b r e v i a t i o n  f o r  t h e  l i n e  connec t ing  p and q ;  H1 can  be  used 

a s  a r e f e r e n c e  f o r  t h e  f a c t  t h a t  we a c t u a l l y  have t h a t  l i n e .  P1 is t h e  r e -  

s u l t  o f  t h e  c o n s t r u c t i o n ,  Ni l  a s s u r e s  u s  t h a t  P1 does  n o t  l i e  on L1, and 

H 2  a s s u r e s  u s  t h a t  w e  a c t u a l l y  have P I .  A l t o g e t h e r  t h e  t e x t  l i n e s  w i t h  

i d e n t i f i e r  P I ,  N i l ,  W1 r e p r e s e n t  t h e  "der ived  c o n s t r u c t i o n "  e x p r e s s i n g  t h a t  

i f  p and q are g i v e n  d i f f e r e n t  p o i n t s  t h e n  w e  can  t a k e  a p o i n t  P1 such t h a t  

p ,  q ,  P1 a r e  n o t  on one l i n e .  T h i s  d e r i v e d  c o n s t r u c t i o n  can  be a p p l i e d  l a t e r  

w i t h o u t  r e f e r r i n g  t o  how it came about .  It can b e  cons idered  as a k i n d  o f  

" subrou t ine" .  

The example o f  a d e r i v e d  c o n s t r u c t i o n  w e  gave h e r e  is  r i d i c u l o u s l y  s imple ,  

o f  c o u r s e .  Yet the p a t t e r n  i s  the same a s  i n  more complicated c a s e s .  I t  

shows t h e  o l d  i d e a  o f  s u b r o u t i n e s ,  which e x i s t e d  i n  c o n s t r u c t i v e  geometry 

many c e n t u r i e s  b e f o r e  it came up i n  computer programming. 

SECOND IMPLEbENTATION OF THE NAIVE POINT OF VIEW 

I n  t h e  second implementat ion we t a k e  a c o n s t r u c t i o n  p.l.ane which w e  conceive  

a s  being d i f f e r e n t  from t h e  geomet r ica l  p l a n e .  We might  t h i n k  o f  t h e  o r i g i -  

n a l  g e o m e t r i c a l  p l a n e  a s  a b s t r a c t ,  and t h e  c o n s t r u c t i v e  p l a n e  a s  c o n c r e t e ,  

c o n s i s t i n g  of a p i e c e  of paper  w e  can draw on. But,  o f  c o u r s e ,  our  c o n s t r u c t -  

i o n  p l a n e  i s  s t i l l  a b s t r a c t :  i t  i s  a mathemat ical  model of a c o n c r e t e  ~ ) l ~ u l c ~ .  

Tlie i:b-lt.:t ..; i n  t l i e  c~mstrur:tii,r. l ~ i a n ~  w i l . 1  be c a l l e d  c p o i n t s  a ~ ~ d  cline:; .  

I n  tile back of oar mind we tilir.1.: rjf A ,r;rie-to-or;e mapping betwr.c.r, t.!w t w c ,  

p l a n e s :  e v e r y  c p o i n t  h a s  a p o i n t  as  i t s  companion, and every  c l i n e  has  a 



l i n e  as i ts  companion. Y e t  w e  s h a l l  n o t  e x p r e s s  a l l  o f  t h i s  i n  o u r  mathe- 

matical fo rma l i sm.  W e  s h a l l  j u s t  t a l k  a b o u t  a mapping ( t o  b e  c a l l e d  semp) 

of c p o i n t s  to p o i n t s  and a mapping ( t o  be c a l l e d  s e m l )  o f  c l i n e s  to  l i n e s .  

The r e a s o n  f o r  t h i s  r e t i c e n c e  l i e s  i n  t h e  i n t e r p r e t a t i o n .  I f  p l  i s  a p o i n t ,  

and i f  w e  a r e  a b l e  to  name a c p o i n t  c p l  t h a t  i s  mapped t o  p l  i n  o u r  mapping, 

t h e n  f o r  u s  t h i s  means t h a t  we "have" p l .  We d o  n o t  wan t  to  s a y  t h a t  e v e r y  

p o i n t  i n  t h e  g e o m e t r i c a l  p l a n e  is a p o i n t  w e  "have" j u s t  by  b e i n g  able to 

e x p r e s s  t h a t  p o i n t  m a t h e m a t i c a l l y .  T h e r e f o r e  w e  d o  n o t  wan t  to  be a b l e  tc 

e x p r e s s  t h e  i n v e r s e  mapping. 

Related t o  t h i s  r e t i c e n c e  is t h e  f a c t  t h a t  w e  d o  n o t  wan t  to  be a b l e  to  d i s -  

c u s s  e q u a l i t y  o f  two c p o i n t s .  Such e q u a l i t y  h a s  to  h e  d i s c u s s e d  for t h e  

companion p o i n t s  i n  t h e  g e o m e t r i c a l  p l a n e .  And we d o  n o t  wan t  t o  a d m i t  as 

m a t h m a t i c a l  o b j e c t s  t h i n g s  l i k e  " t h e  set o f  a l l  c p o i n t s "  w i t h  some p r e -  

s c r i b e d  p r o p e r t y .  W e  a c h i e v e  t h e s e  r e s t r i c t i o n s  by  p u t t i n q  " c p o i n t "  and 

" c l i n e "  i n t o  c t y p e ,  which i s  a w o r l d  w i t h o u t  e q u a l i t y ,  w i t h o u t  set  t h e o r y ,  

w i t h o u t  q u a n t i f i c a t i o n .  A s  a consequence  w e  d o  not. have  c o n s t r u c t a b i l i t y  

q u e s t i o n s  i n  o u r  t h e o r y .  A s t a t e m e n t :  " t h e  p o i n t  P is  n o t  c o n s t r u c t a b l e  w i t h  

r u l e r  and compass" w i l l  n o t  be  a  p r o p o s i t i o n  i n  o u r  AUTO!MTH book. I f  w e  

would b e  a b l e  t o  q u a n t i f y  o v e r  t h e  c o n s t r u c t i o n  p l a n e  w e  would b e  a b l e  t o  

e x p r e s s  t h a t  " t h e r e  is no c p o i n t  t h a t  is mapped o n t o  P" and  t h a t  would ex-  

p r e s s  t h e  n o n - e x i s t e n c e  o f  t h e  c o n s t r u c t i o n .  C o n s t r u c t a b i l i t y  q u e s t i o n s  be-  

l o n g  to  t h e  meta- theory .  They e x p r e s s  t h a t  something  " c a n n o t  b e  o b t a i n e d  

on t h e  b a s i s  o f  t h e  PN's d i s p l a y e d  t h u s  f a r " ,  and w e  c a n n o t  s a y  such  t h i n g s  

i n  AUTO;IIAI"H i t s e l f .  



What w e  c a l l  o u r  second implemen ta t ion  s t a r t s  w i t h  t h e  i n t r o d u c t i o n  o f  

c p o i n t ,  c l i n e  and t h e  mappings semp and semf.  The l a t t e r  a b b r e v i a t i o n s  sug- 

g e s t  t h e  word " seman t i c s " :  w e  m i g h t  s a y  t h a t  t h e  g e o m e t r i c a l  p l a n e  forms 

t h e  s e m a n t i c s  o f  t h e  c o n s t r u c t i o n  p l a n e .  I f  P is  a c p o i n t  t h e n  semp(P) is  

i ts  s e m a n t i c s .  Off  we go: 

c p o i n t  : =.  P N  : Ctype  

c l i n e  := PN : c t y p e  

cp : p o i n t  

semp := PN : p o i n t  

1 s e m l  := PN : l i n e  

I n  o r d e r  to  t a k e  a n  a r b i t r a r y  p o i n t  i n  t h e  c o n s t r u c t i o n  p l a n e ,  a s i n g l e  b l o c k  

o p e n e r  " x : c p o i n t M  p l a y s  t h e  r o l e  o f  t h e  p a i r  " u : p o i n t " ,  "ass l l : h a v e p ( u ) "  

o f  t h e  f i r s t  imp lemen ta t ion .  We show t h i s  w i t h  t h e  fundamen ta l  c o n s t r u c t i o n  

t h a t  c o n n e c t s  two p o i n t s :  

1 1 cconn := PN : c l i n e  



The fact that cconn is the line we are looking for, is expressed (in ax21) 

by means of equality in G. 

If we have to take an arbitrary point in the S-situation we again get one 

PN less than in the corresponding case of Section 6. In order to express 

that w e  can take a point outside a line, we write 

We also show the toxt corresponding to the one with PI, Nil, H2 in Section 6: 

- 
p : cpoint 

q : cpoint 

ass 22 : semp(p) # semp(q1 

CLl := cconn(p,q,ass22) : cline 

CP1 := acp(CL1) : cpoint 

Ni2 := ax22(CLl) : NOT(incident(semp(CPI),seml(CLl))) 

Ni3 := ... : NOT(incident(semp(CPl), 

We have not displayed the proof Ni3. It will depend on applying general 

axioms about equality, and will make use of Ni2 and ax21. 



Passages  l i k e  t h e  one  from N j 2  t o  Ni3 might be  s u p e r f l u o u s  i n  many c a s e s ,  

s i n c e  it i s  p r a c t i c a l  to keep t h e  d i s c u s s i o n  i n  t h e  c o n s t r u c t i o n  p l a n e  a s  

long a s  p o s s i b l e .  To t h a t  end w e  might  copy n o t i o n s  from G t o  t h e  c o n s t r u c t -  

i o n  p lane .  The s i m p l e s t  example is  

x : c p o i n t  

: = i n c i d e n t  (semp (x) , s e m l  (y 1 )  : prop  

8. RESTRICTED OBSERVABILITY 

I n  S e c t i o n s  4 ,  6 ,  7 we d e s c r i b e d  t h e  n a i v e  p o i n t  o f  view, where every  t r u t h  

i n  t h e  g e o m e t r i c a l  t h e o r y  is  cons idered  t o  b e  "observable".  O b s e r v a b i l i t y  

h a s  i t s  meaning i n  t h e  p r o c e s s  o f  t a k i n g  d e c i s i o n s  abou t  t h e  c o u r s e  o f  o u r  

c o n s t r u c t i o n s .  

L e t  us  d e s c r i b e  two d i f f e r e n t  mot ives  f o r  r e s t r i c t i n g  o b s e r v a b i l i t y .  One is  

p r a c t i c a l ,  t h e  o t h e r  one i s  f u n d a m e n t a l i s t i c .  W e  s h a l l  d i s c u s s  t h e s e  i n  

S e c t i o n s  9 and 10,  r e s p e c t i v e l y .  

9. PRACTICAL RESTRICTIONS ON OBSERVABILITY 

The p r a c t i c a l  p o i n t  o f  view is connected t o  q u e s t i o n s  o f  p r e c i s i o n .  T h i s  can 

be compared t o  t h e  m a t t e r  o f  rounding o f f  e r r o r s  i n  numerical  a n a l y s i s .  I f  

i n  a  c o n s t r u c t i o n  two p o i n t s  t u r n  o u t  t o  be s o  c l o s e  t o g e t h e r  t h a t  o u r  con- 

s t r u c t i o n  p r e c i s i o n  d o e s  n o t  g u a r a n t e e  t h a t  t h e y  a r e  d i f f e r e n t ,  t h e n  w e  can 



n o t  c la im t o  be  a b l e  t o  connec t  them by a  l i n e .  And even i f  t h e  p o i n t s  a r e  

d j f f e r e n t ,  t h e  l i n e  w i l l  be  i l l - d e f i n e d .  

Although t h e s e  p r a c t i c a l  m a t t e r s  g i v e  rise t o  q u i t e  complicated cons idera -  

t i o n s ,  w e  cannot  s a y  t h a t  t h e y  are n e c e s s a r i l y  e s s e n t i a l l y  d i f f e r e n t  from 

what we d i d  i n  S e c t i o n s  6 and 7 .  Once can s t i l l  g o  on t h e  b a s i s  t h a t  t r u t h  

i s  observab le :  t h e  q u e s t i o n  i s  j u s t  a m a t t e r  o f  which p r o p o s i t i o n s  w e  con- 

s i d e r  t h e  t r u t h  o f .  I n s t e a d  o f  c la iming  t h e  p o s s i b i l i t y  to c o n n e c t  two 

p o i n t s  p, q i f  p  # q  i n  t h e  g e o m e t r i c a l  world G I  we t a k e  a t h i n g  l i k e  

d ( p , q )  > 1  ( d i s t a n c e  exceeds  u n i t y )  as our  c r i t e r i o n .  

Never the less  w e  can make t h i n g s  a l i t t l e  l i v e l i e r  t h a n  t h i s .  L e t  u s  s tar t  

from what w e  developed i n  t h e  beg inn ing  o f  S e c t i o n  7: j u s t  t h e  f o u r  PN's 

t h a t  were c a l l e d  c p o i n t ,  c l i n e ,  semp and seml. W e  now i n t r o d u c e  a  p r i m i t i v e  

n o t i o n  "obsd i f "  ( " o b s e r v a t i o n a l l y  d i f f e r e n t " )  i n  t h e  c o n s t r u c t i o n  p lane :  

1 I o b s d i f  := PN : p r o p  

And now i n s t e a d  o f  i n t r o d u c i n g  thecconn ,  ax21, e t c .  o f  S e c t i o n  7 ,  w e  g o  on 

l i k e  t h i s :  

r 
a s s 3 1  : o b s d i f ( x , y )  

cconnl := P N  : c l i n e  

a x  31 := P N  ; s e m l  ( cconnl )  = corm (Semp(x) , semp(y) , a ss31  ) 



Knowledge a b o u t  o b s d i f  can  come from d i f f e r e n t  s o u r c e s .  I n  t h e  f i r s t  p l a c e  

w e  can  ax iomat ize  t h i n g s  l i k e :  i f  d ( semp(x) ,  semp(y))  > 1 t h e n  x  and y  are 

o b s e r v a t i o n a l l y  d i f f e r e n t .  A second source  arises i f  we ax iomat ize  i n  t h e  

c o n s t r u c t i o n  p l a n e ,  i n  some s i t u a t i o n s ,  t h a t  i f  c p o i n t s  u  and v  are obser-  

v a t i o n a l l y  d i f f e r e n t ,  t h e n  t h e  c p o i n t s  x a n d y ,  d e r i v e d  from u and v  i n  one 

way o r  o t h e r ,  a r e  o b s e r v a t i o n a l l y  d i f f e r e n t .  A v e r y  s imple  c a s e  o f  t h i s  is  

a n  axiom s t a t i n g  t h a t  o b s d i f ( x , y )  i m p l i e s  o b s d i f ( y , x )  . 

I t  w i l l  be clear t h a t  t h i s  s u b j e c t  w i l l  become v e r y  complicated w i t h o u t  

b e i n g  v e r y  rewarding.  T h e r e f o r e  it seems d e f i n i t e l y  u n a t t r a c t i v e .  

10, FUNDAMENTALISTIC RESTRICTIONS ON OBSERVABILITY 

I n  S e c t i o n  9 w e  st i l l  had t h e  u n c r i t i c a l  accep tance  o f  a l l  t r u t h  t h a t  can 

be o b t a i n e d  i n  t h e  g e o m e t r i c a l  world. There  is a  c l e a r  reason  f o r  restrict- 

i o n .  I f  we have to u s e  g e o m e t r i c a l  p r o p o s i t i o n s  f o r  t a k i n g  d e c i s i o n s  i n  t h e  

world o f  c o n s t r u c t i o n s ,  it i s  reasonab le  to r e q u i r e  t h a t  w e  a l s o  have a  

" c o n s t r u c t i v e "  way f o r  a c t u a l l y  d e c i d i n g  whether such  p r o p o s i t i o n s  ho ld  o r  

d o  n o t  hold .  

W e  can implement such  r e s t r i c t i o n s  i n  AUTOMATH by s e l e c t i n g  some "con- 

s t r u c t i v e "  b a s i s  f o r  l o g i c  and mathematics,  l i k e  i n t u i t i o n i s t i c  mathematics,  

and b u i l d i n g  o u r  geometry G accord ing  to t h e s e  p r i n c i p l e s .  W e  might  even 

mix a c o n s t r u c t i v e  k i n d  o f  mathematics w i t h  t h e  o r d i n a r y  k i n d ,  u s i n g  ?prop 

and c t y p e  f o r  t h e  c o n s t r u c t i v e  kind.  I n  p a r t i c u l a r  it seems t o  be reasonab le  

t o  t a k e  t h e  "obsd i f "  we had i n  S e c t i o n  9 a s  a  pprop  r a t h e r  than  a s  a  prop.  



The l a t t e r  remark s u g g e s t s  t h a t  i t  might  be s i m p l e r  t o  s h i f t  l i f e  e n t i r e l y  

to t h e  c o n s t r u c t i v e  p l a n e ,  and t o  f o r g e t  G a l t o g e t h e r .  But  t h i s  i s  n o t  what 

we u s u a l l y  want. L e t  u s  imagine t h a t  w e  want t o  d e s c r i b e  t h e  t h e o r y  o f  

Mascheroni cons t ruc t io r l s  ( c o n s t r u c t i o n s  wi th  compass b u t  w i t h o u t  r u l e r ) .  

The s u b j e c t  m a t t e r  concerns  bo th  circles and s t r a i g h t  l i n e s ,  t h e  c o n s t r u c t -  

i o n s  d e a l  w i t h  circles on ly .  T h i s  d i f f e r e n c e  can be  implemented by d i s c u s -  

s i n g  b o t h  c i r c l e s  and s t r a i g h t  l i n e s  i n  G,  b u t  j u s t  "cpo in t s"  and " c c i r c l e s "  

i n  the c o n s t r u c t i o n  p lane .  

11. COMPARISON W I T H  COMPUTER PROGRAM SEMANTICS 

I t  i s  v e r y  n a t u r a l  t o  compare t h e  f i e l d  o f  g e o m e t r i c a l  c o n s t r u c t i o n s  w i t h  

t h e  one o f  computer programming. I n  b o t h  c a s e s  t h e r e  i s  a number o f  a c t i o n s  

t h a t  produce one o r  more o b j e c t s ,  and i n  b o t h  cases i t  i s  v e r y  e s s e n t i a l  

t h a t  it i s  proved t h a t  t h e s e  o b j e c t s  s a t i s f y  t h e  problem s p e c i f i c a t i o n  t h a t  

w a s  g i v e n  beforehand. 

I n  a computer program w e  u s u a l l y  t h i n k  of a "state space";  t h e  i n p u t  i s  a n  

e lement  o f  t h a t  s t a t e  space and t h e  o u t p u t  is  a g a i n  such a n  e lement .  I n  t h e  

c a s e  o f  g e o m e t r i c a l  c o n s t r u c t i o n s  one would s a y  t h a t  t h e  i n p u t  is (vaguely  

speak ing)  t h e  g i v e n  f i g u r e ,  and t h e  o u t p u t  is t h e  r e q u i r e d  f i g u r e .  L e t  u s  

admi t  d i f f e r e n t  s p a c e s  f o r  i n p u t  space and o u t p u t  space ,  and t r y  t o  d e s c r i b e  

a t  l e a s t  t h e  s p e c i f i c a t i o n  o f  a geomet r ica l  c o n s t r u c t i o n  i n  t e r m s  o f  i n p u t  

and o u t p u t .  A s  an  example w e  t a k e  t h e  fo l lowing  ( t r i v i a l )  c o n s t r u c t i o n  pro- 

blem. Given two d i f f e r e n t  p o i n t s  P ,  Q and a l i n e  m. C o n s t r u c t  a l i n e  q t h a t  

i n t e r s e c t s  m ,  p a s s e s  through P b u t  n o t  through Q. 



L e t  u s  t a l k  i n  t h e  s t y l e  o f  S e c t i o n  7 ,  and l e t  u s  moreover d e c i d e  t o  i n t r o -  

duce a  name R f o r  a c p o i n t  o f  i n t e r s e c t i o n  o f  q  and m (o therwise  w e  would 

need e x i s t e n t i a l  q u a n t i f i c a t i o n ) .  An e lement  o f  t h e  i n p u t  space  is a t r i p l e  

(P,Q,m) where P  : c p o i n t ,  Q : c p o i n t ,  m : c l i n e ,  and where w e  have semp!P) # 

semp(Q). An e lement  o f  t h e  o u t p u t  space  is  a p a i r  ( q , R )  where q : c l i n e  and 

R : c p o i n t .  The problem s p e c i f i c a t i o n  is g i v e n  by t h e  c o n d i t i o n s  t h a t  seml(q)  

i s  i n c i d e n t  w i t h  semp(P) and semp(R1 b u t  n o t  w i t h  semp(Q). 

T h i s  k i n d  o f  problem s p e c i f i c a t i o n  is e n t i r e l y  i n  t h e  s t y l e  o f  what i s  c a l -  

l e d  " r e l a t i o n a l  semant ics"  i n  computing s c i e n c e .  

I f  w e  d e a l  w i t h  g e o m e t r i c a l  c o n s t r u c t i o n s ,  t h e  r o l e  o f  " subrou t ines"  is more 

o r  less t h e  same as i n  computer programming. I n  p a r t i c u l a r  w e  can s a y  t h a t  

d e s c r i p t i v e  geometry c o n s i s t s  o f  a  l a r g e  body o f  subrou t ines .  

I n  computer programs w e  can have loops .  Sometimes p i e c e s  o f  a  program have 

t o  be  r e p e a t e d  u n t i l  some c o n d i t i o n  i s  s a t i s f i e d .  The geomet r ica l  c o n s t r u c t -  

i o n s  w e  d i s c u s s e d  i n  t h e  p r e v i o u s  s e c t i o n s  have no such loops .  T h i s  shows 

an  e s s e n t i a l  r e s t r i c t i o n  on t h e  c l a s s  o f  c o n s t r u c t i o n s  we can d e s c r i b e  i n  

t h e  v a r i o u s  s y s t e m s t h a t w e r e  s u g g e s t e d i n  t h e s e  s e c t i o n s .  An example o f  a 

d i f f e r e n t  n a t u r e  i s  t h e  fo l lowing  one.  L e t  A,  B, C be g iven  p o i n t s  on a  

g i v e n  l i n e ,  B between A and C. I t  i s  r e q u i r e d  t o  c o n s t r u c t  a  p o i n t  D on t h a t  

l i n e ,  such t h a t  C is  between B and D,  and such t h a t t h e l e n g t h o f t h e l i n a s e g -  

ment BD i s  a n  i n t e g r a l  m u l t i p l e  o f  t h e  l e n g t h  o f  t h e  segment AB. T h i s  con- 

s t r u c t i o n  r e q u i r e s  a loop.  

Our t r e a t m e n t  o f  g e o m e t r i c a l  c o n s t r u c t i o n s  i n  S e c t i o n s  3-10 might be  c a l l e d  

" o p e r a t i o n a l "  o r  anyway " f u n c t i o n a l " .  A l l  t h e  t i m e  un ique ly  determined ou t -  



p u t s  a r e  ob ta ined  s t e p  by s t e p ,  and i n  t h e  s l i g h t l y  more s o p h i s t i c a t e d  

c a s e  of t h e  u s e  o f  s u b r o u t i n e s  t h e  o n l y  t h i n g  w e  a c t u a l l y  do is  t a k i n g  

sequences  o f  s t e p s  t o g e t h e r  a n d c o n s i d e r i n g  them a s  a  s i n g l e  s t e p .  The 

reason  i s  t h a t  t h e  t r e a t m e n t  is  based on what w e  s h a l l  ca l l  t h e  i n t c ~ i o r  

approach.  I n  t h e  i n t e r i o r  approach w e  t a l k  i n  t e r m s  o f  t h e  c o n s t r u c t e d  

o b j e c t s .  The c o n s t r u c t e d  o b j e c t s  are t r e a t e d  i n  t h e  same s t y l e  as o r d i -  

nary  mathemat ical  o b j e c t s  and ( b u t  t h i s  is a t y p i c a l  AUTOUTH f e a t u r e )  

p r o o f s .  I n  o u r  AUTOMATH book w e  d i s c u s s  t h e  o b j e c t s ,  b u t  t h e  a c t i o n  o f  

c o n s t r u c t i o n  is  f e l t  as s u b j e c t  matter o f  some metalanguage. 

An e n t i r e l y  d i f f e r e n t  way t o  d e a l  w i t h  c o n s t r u c t i o n s  is t h a t  we c o n s i d e r  

c o n s t r u c t i o n s  as o b j e c t s ,  seemingly more a b s t r a c t  t h a n  t h e  o r d i n a r y  ob- 

j e c t s ,  b u t  n e v e r t h e l e s s  on t h e  same l i n g u i s t i c  l e v e l .  Le t  u s  c a l l  t h i s  

t h e  exterior approach.  (The name i s  sugges ted  by t h e  f a c t  t h a t  i f  we 

work i n  t h e  i n t e r i o r  approach t h e n  t h e  m e t a l i n g u i s t i c  d i s c u s s i o n  o f  con- 

s t r u c t i o n  i s  f e l t  a s  be ing  something a t  t h e  o u t s i d e ) .  

With t h e  e x t e r i o r  approach w e  can g e t  r i d  o f  t h e  l i m i t a t i o n s  o f  our  

" f u n c t i o n a l  s ty le ' '  o f  c o n s t r u c t i o n  d e s c r i p t i o n .  Anyway w e  can remove t h e  

l a s t  d i f f e r e n c e s  t h e r e  might  be between geomet r ica l  c o n s t r u c t i o n  and corn- 

p u t e r  programming. 

W e  {night t r y  to s t a r t  t h e  e x t e r i o r  t r e a t m e n t  w i t h  t h e  i n t r o d u c t i o n  o f  a 

p r i m i t i v e  n o t i o n  "cons t ruc t ion" ,  l i k e :  

c o n s t r u c t i o n  := P N  : c t y p e  

b u t  i t  has  t o  be more complicated t h a n  t h i s .  The n o t i o n  o f  c o n s t r u c t i o n  h a s  

t o  depend on t h e  i n p u t  space  and t h e  o u t p u t  space  a s  pa ramete rs ,  and t h i s  

i s  n o t  s o  e a s y  t o  d e s c r i b e .  
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