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Abstract

Formal techniques have been widely applied in the de-
sign of real-time systems and have significantly helped de-
tect design errors by checking real-time properties of the
model. However, a model is only an approximation of its
realization in terms of the issuing time of events. Therefore,
a real-time property verified in the model can not always be
directly transferred to the realization. In this paper, both
the model and the realization are viewed as sets of timed
state sequences. In this context, we first investigate the
real-time property preservation between two neighbouring
timed state sequences (execution traces of timed systems),
and then extend the results to two “neighbouring” timed
systems. The study of real-time property preservation gives
insight in building a formal link between real-time proper-
ties satisfied in the model and those in the realization.

1 Introduction

Over the past decades, we have witnessed a significant
increase in the application of formal techniques to the de-
sign of real-time systems. Various studies have been carried
out in the advance of real-time property verification tech-
niques [2, 3, 11, 10] and their applications [9, 13]. These
real-time properties are formal representations of timingre-
quirements in a realization, whose behaviour is abstracted
in the corresponding model. Typically, timed systems and
metric interval temporal logic (MITL)[3] have been used to
formalize behaviour and timing requirements respectively
and have achieved success in yielded a wide range of real-
time systems.

∗This research is supported by PROGRESS, the embedded systems re-
search program of the Dutch organisation for Scientific Research NWO,
the Dutch Ministry of Economic Affairs, the Technology Foundation STW
and the Netherlands Organisation for Applied Scientific Research TNO.

However, a model is generally only an approximation of
its realization with respect to time (or vise versa). For exam-
ple, it has been argued in [12] that a real-time formal model
M often over-specifies its corresponding physical realiza-
tions. In modelM , the issuing time of an eventp is usually
specified as some time instanttM . However, it cannot be
guaranteed that the issuing timetM of p in M is identical to
its counterparttR in R (a realization ofM ). There is a time
differenceδt between them (δt = tM − tR).
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Figure 1. Model of the intelligent light con-
troller

Example 1. Consider an intelligent lighting controller,
which can adjust the light intensity according to different
input sequences. If there is a click action at theLight off

state, the controller goes into theWait state and a timer is
activated. If there is a second click taking place within 2
seconds, the controller goes into theBright state. Other-
wise, it goes into theNormal state. The state transitions of
the controller are illustrated in Figure 1.

Consider the following example of a timing requirement
for the controller:Bright intensity lightonly occurs when
the time interval between two clicks is less than 2. This is
a real-time property clearly satisfied by the above model.
However, in a realization of this model, the timer always
has an error in the measurement of time. In case that the
timer runsε behind of than the physical time,Bright inten-



sity light may occur within2 + ε seconds after a click ac-
tion at theLight off state. Therefore, a second click taking
place at2+ 1

2ε will trigger a Bright state in the realization.
Hence, the property checked in the model does not hold in
the realization.

From the example above, we can see that the verification
results obtained from the model can not be directly carried
over to its realization. In this paper we study properties that
can be preserved from a model to its realizations and under
what conditions this preservation is guaranteed. Since in
general the model and the realization can be both viewed
as timed systems, in this paper we study the preservation of
real-time properties between two timed systems.

A timed system defines a set of timed state sequences.
We first examine real-time property preservation between
timed state sequences, the results of which can be applied
to the analysis of real-time properties of timed systems. We
address the problem by defining two functions.

• A metric dsup as a distance measure over timed state
sequences.

• A weakening functionRµ(µ ∈ R
≥0) over real-time

properties.

Based on these two functions, we derive two main conclu-
sions for real-time property preservation.

1. Relaxation property ofRµ: For real-time propertyϕ,
Rµ(ϕ) is weaker thanϕ. Furthermore, the largerµ is,
the weaker is the real-time propertyRµ(ϕ).

2. Real-time property preservation between timed state
sequences: Assume that the distance between two
timed state sequencesτ and τ ′ is less than or equal
to ε, i.e. dsup(τ , τ ′) ≤ ε. If τ satisfies formulaϕ, the
real-time propertyR2ε(ϕ) is preserved fromτ to τ ′.
Note that by the relaxation property ofRµ, R2ε(ϕ) is
also satisfied byτ .

We can then extend the results for real-time property
preservation between timed state sequences to timed sys-
tems. For example, given two timed systemsS1 and S2

such that for any traceτ2 of S2, there exists a traceτ1 of S1

whose distance fromτ2 is less than or equal toε. Thus it
can be verified thatS1 |= φ impliesS2 |= R2ε(φ). Now if
we useS1 to represent the model andS2 to represent the re-
alization, the real-time property of the realization can bede-
rived from the real-time property of the model and the dis-
tance between their execution traces. The other way around,
the satisfaction of a real-time propertyϕ in a realization can
also be checked by examining a stronger propertyϕ′ in its
corresponding model.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces some mathematical preliminaries. In Sec-
tion 3, the results of real-time property preservation are ex-
plained and proven. In Section 4 we will show how the
results can help in solving the over-specification problem
described in this section. Discussions and conclusions are
presented in Section 5.

2 Preliminaries

In this section we introduce the mathematical structures
employed in this paper.

2.1 Behaviour of real-time systems

In this paper, a real-time system is formalized as a timed
system consisting of a set of timed state sequences. Each se-
quence represents a possible execution path of the real-time
system. The related concepts are introduced as follows:

• Proposition set Prop is a (finite) set of atomic propo-
sitions. An observable state of a system can be inter-
preted by a subset ofProp in which all true-valued
propositions are included.

• A state sequence σ over proposition setProp is an in-
finite or finite sequenceσ0σ1σ2..., whereσi ∈ 2Prop ,
for i ∈ N. We useσ(i) to denoteσi in the sequence.

• A time interval I has one of the following forms:[a, b)
and [a,∞), where a < b and a, b ∈ R

≥0. The
lower(upper) bound of the interval is represented by
l(I)(r(I)). |I| = r(I) − l(I) denotes the length of
time intervalI. If the time intervalI is unbounded,|I|
is infinite.

• A time interval sequence I = I0I1I2... is an infinite
or finite sequence of time intervals. The length (num-
ber of time intervals) of a sequenceI is represented by
N(I) which can be finite or countable infinite.I is ad-
jacent, i.e. r(Ii) = l(Ii+1) for every i < N(I) and
i ∈ N. I is diverging, i.e. for anyt ≥ l(I0), there ex-
ists somei ∈ N, such thatt ∈ Ii. Hence, a finite time
interval sequence ends with an unbounded interval.

• A metric d on time interval sequences is given as fol-
lows1.

d(I, I
′
) =







sup{|l(Ii) − l(I ′i)||i < N(I) ∧ i ∈ N}

if N(I) = N(I
′
);

∞ otherwise.

1In R, The supremum (sup) is only exists on bounded sets. In this
definition, we definesupS = ∞ whenS ⊆ R

≥0 and is unbounded.



If the lengths of two time interval sequences is equal,
the distance between them is defined by the least upper
bound of the absolute difference between the left-end
points of the corresponding intervals. Otherwise, the
distance between them is infinite.

• A timed state sequence τ overProp is a sequence pair
(σ, I), whereσ is a state sequence overProp and I
is a time interval sequence in whichl(I0) = 0. The
length ofσ andI is identical.τ(t) stands for the state
presented at the timet.

The untimed behaviour of a system is often abstracted as
a set of states and a set of actions representing possible tran-
sitions between the states. There are two approaches com-
monly in use to formalize this behaviour, Kripke Structures
(KSs) and Labelled Transitions Systems (LTSs). In KSs, a
state is annotated with atomic propositions and a transition
is given by a pair of states. In LTSs, a transition is labelled
by a single action and states are not annotated. There are
various ways to encode a KS to an LTS or vice versa. In
this paper, we adopt the approach of KSs to represent the
untimed behaviour of a system and a timed system can be
interpreted as a set of timed state sequences, each of which
represents an execution trace of the system.

2.2 Properties of real-time systems

Basically temporal logics can be classified into branch-
time logics and linear-time logics [5]. The main differ-
ence between them is that they are interpreted over different
structures of states. Branch-time logics are interpreted over
tree structures of states such as inCTL [6, 7] andTCTL[1].
Linear-time logics, on the other hand, are interpreted over
trace semantics (linear structures of states) such as inTPTL

[4] andMITL [3].
In this paper, we adoptMITLR (an extension of real-

time logicMITL ) to formalize properties of real-time sys-
tems.MITLR formulas are formed by the following struc-
tures.

ϕ ::= p | ¬p | ϕ1 ∨ ϕ2 | ϕ1 ∧ ϕ2 | ϕ1UIϕ2 | ϕ1VIϕ2

whereI is a time-bound interval of nonnegative reals. It
takes one of the following forms:[a, b], [a, b), (a, b], (a, b),
[a,∞) and(a,∞), wherea ≤ b for a, b ∈ R

≥0. Now we
define two scaling operators on time-bound interval. Let
ε ∈ R

≥0. ⊕ and	 are defined:

I ⊕ ε = {t ∈ R
≥0 | ∃t′ ∈ I ∧ |t − t′| ≤ ε}

I 	 ε = {t ∈ R
≥0 | ∀t′ ∈ R

≥0 ∧ |t − t′| ≤ ε → t′ ∈ I}

Informally speaking,I⊕ε represents the time interval which
elongates the end points ofI to l(I)−ε andr(I)+ε respec-
tively in nonnegative reals. Similarly,I 	 ε represents the

time interval which shrinks the end points ofI to l(I) + ε
andr(I) − ε respectively. Several examples are:

• if I = [2π, 4π] thenI ⊕ π = [π, 5π];

• if I = (3,∞) thenI ⊕ 5 = [0,∞);

• if I = [1.1, 2) thenI 	 3 = ∅.

MITLR extendsMITL in the following aspects: In order to
make model-checking feasible, there are two constraints on
time-bound intervals in theMITL formulas.

• Every time-bound intervalI should be nonsingular and
nonempty.

• The end-points ofI are restricted to integer values2

Since we only useMITLR to express real-time properties of
a system, it is not necessary to employ the same constraints
on the representation of time bound inMITLR formulas.

The interpretation ofMITLR formulas over timed state
sequences is standard and given in Definition 1.

Definition 1. Let τ be a timed state sequence and lett ∈
R

≥0. For anyMITLR formula ϕ, the interpretation ofϕ
over(τ , t) is given as follows:

• (τ , t) |= p iff p ∈ τ(t);

• (τ , t) |= ¬p iff p /∈ τ(t);

• (τ , t) |= ϕ1 ∨ ϕ2 iff (τ , t) |= ϕ1 or (τ , t) |= ϕ2;

• (τ , t) |= ϕ1 ∧ ϕ2 iff (τ , t) |= ϕ1 and(τ , t) |= ϕ2;

• (τ , t) |= ϕ1UIϕ2 iff there is somet2 ∈ I, such that
(τ , t+ t2) |= ϕ2 and for all0 ≤ t1 < t2, (τ , t+ t1) |=
ϕ1;

• (τ , t) |= ϕ1VIϕ2 iff for all t2 ∈ I, (τ , t + t2) |= ϕ2 or
there is some0 ≤ t1 < t2, (τ , t + t1) |= ϕ1.

In case thatI is empty,(τ , t) |= ϕ1UIϕ2 is always false
and (τ , t) |= ϕ1VIϕ2 always holds. we use(τ , 0) |= ϕ
(τ |= ϕ, in short) to denote that a timed state sequenceτ
satisfiesMITLR formulaϕ. We extend the interpretation of
MITLR to sets of timed state sequences as follows.

Definition 2. Let ϕ be anMITLR formula, and letT be a
set of timed state sequences.T |= ϕ iff for each timed state
sequenceτ ∈ T , τ |= ϕ.

Now we introduce two additional operators:♦Iϕ (time-
bounded eventually) and�Iϕ (time-bounded always) ab-
breviatetrueUIϕ andfalseVIϕ respectively.

2TheMITL logic employs the nonnegative real-valued time domain,
but it constrains the endpoints ofI as integers.



2.3 Normalization of timed state sequences

A timed state sequenceτ = (σ, I) can be viewed as a
function from a time domainR≥0 to a state space2Prop

[3]. Through this function, every time instantt along the
time line is assigned a stateτ(t) From this point of view,
some timed state sequences with different state sequences
and time interval sequences may represent the same func-
tion and can not discriminated byMITLR.

Example 2. Define two timed state sequencesτ andτ ′ as
follows. τ = (σ, I) where for all i ∈ N, σ(i) = δi and
I(i) = [2i, 2i + 2). τ ′ = (σ′, I

′
) where for all i ∈ N,

σ′(2i) = σ′(2i+1) = δi andI
′
(i) = [i, i+1). It is not hard

to see that for anyt ∈ R
≥0, τ(t) = τ ′(t). Therefore, the

timed state sequencesτ andτ ′ represent the same function
from time domainR≥0 to state set{δi | i ∈ N}.

Definition 3. Two timed state sequencesτ = (σ, I) and
τ ′ = (σ′, I

′
) are equivalent (≡) iff for all t ∈ R

≥0, τ(t) =
τ ′(t).

Any timed state sequenceτ can be normalized to a timed
state sequenceτ∗, which is the normal form ofτ , by per-
forming the following operations. Along the state sequence
of τ , successive identical states are replaced by one single
state, and their corresponding time intervals are also merged
into one single time interval. It can be shown thatτ ≡ τ ′ iff
they have the same normal form. In Example 2, if no two
sequential statesδi andδi+1 (i ∈ N) are identical, we can
conclude thatτ is the normal form ofτ ′.

Recall the interpretation ofMITLR formulas over timed
state sequences in Definition 1. Notice that the satisfaction
relationτ |= ϕ depends on the mapping from the time do-
main to its state set only, so it is independent of various
choices of time interval sequences.

Proposition 1. Let ϕ be anMITLR formula. If two timed
state sequencesτ and τ ′ are equivalent, thenτ |= ϕ iff
τ ′ |= ϕ.

Since MITLR formulas cannot distinguish equivalent
timed state sequences, we assume in the sequel that timed
state sequences are in normal form if not explicitly stated
otherwise.

2.4 Measuring timed state sequences

Let setSProp consist of all timed state sequences in nor-
mal form over a proposition setProp. We define another
equivalence relation (≡s) that dividesSProp into groups
sharing the same state sequenceσ.

Definition 4. An equivalence relation (≡s) on setSProp

is defined as follows. For any two timed state sequences

τ , τ ′ ∈ SProp , if τ = (σ, I) andτ ′ = (σ′, I
′
), thenτ ≡s τ ′

iff σ = σ′.

In order to evaluate the distance between two timed state
sequences inSProp , we adopt a metricdsup . For two timed
sequences in the same partition ofSProp , dsup is defined
as theleast upper boundof the absolute difference between
time-stamps of corresponding state transitions in two state
sequences. For example, Figure 2 shows two timed state se-
quences which have the same state sequence. There are four
state transitions in each timed state sequence.dsup(τ1, τ2)
is computed assup{|0 − 0|, |1.1 − 1.2|, |2.3 − 2.2|, |3.3 −
3.4|, |4.4 − 4.2|} = 0.2.
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Figure 2. Two finite timed state sequences

Definition 5. The metricdsup onSProp is formally defined
as follows. Forτ , τ ′ ∈ SProp ,

dsup(τ , τ ′) =

{

d(I, I
′
) if τ ≡s τ ′;

∞ otherwise

whered(I, I
′
), which is defined in Section 2.1, denotes

the distance between two time interval sequences.
Gupta et al. proposed several metrics over finite timed

state sequences in [12]. We only adoptdsup (similar to
the metricdmax in [12]) as a measure overSProp includ-
ing both infinite and finite timed state sequences.

Definition 6. For τ = (σ, I) and ε ∈ R
≥0 we define an

ε-close setT τ
ε = {τ ′ ∈ SProp | dsup(τ , τ ′) ≤ ε}.

SetT τ
ε includes all timed state sequences whose distance

from τ is less than or equal toε in setSProp .

3 Real-time property preservation

Real-time property preservation between timed state se-
quences is based on their distance inSProp . Given a real-
time property of one timed state sequence and (an upper
bound of) its distance to another timed state sequence, a
related property of the latter one is guaranteed without ad-
ditional computation.

In this section, the results of real-time property preserva-
tion are presented in the following order.

1. The introduction of theε-neighbouring function (ε ∈
R

≥0) and the proof of its existence for two timed in-
terval sequences whose distance is less than or equal



to ε based on metricdsup (see Section 3.1). In fact,ε-
neighbouring function between two timed interval se-
quences provide another representation of the distance
between them.

2. The definition of a weakening functionRµ (parameter-
ized withµ ∈ R

≥0) over the set ofMITLR formulas
in which Rµ(ϕ) is called theµ-weakened formula of
ϕ (see Section 3.2).

3. The results of real-time property preservation are ex-
plained and proven (see Sections 3.3 and 3.4).

3.1 ε-neighbouring function

Recall that metricdsup defines the distance between two
timed state sequences in setSProp by calculating the least
upper bound of the absolute time difference of their cor-
responding state transitions. In other words, the distance
between two timed state sequences which share the same
state sequence is equal to the distance between their timed
interval sequences.

Given two time interval sequencesI and I
′
, an ε-

neighbouring function establishes a one-to-one mapping
from a time instantt in I to a time instantt′ in I

′
. The

definition of theε-neighbouring function is given in Defini-
tion 7.

Definition 7. Let ε ∈ R
≥0. A functionF : R

≥l(I0) →
R

≥l(I′

0
) is called anε-neighbouring function from time in-

terval sequenceI to I
′
, if and only if it has all of the follow-

ing properties3.

• Interval consistency: For everyt ∈ R
≥l(I0), t ∈ Ik

impliesF (t) ∈ I ′k wherek < N(I) andk ∈ N.

• One to one mapping: For all t1, t2 ∈ R
≥l(I0), t1 6=

t2 implies F (t1) 6= F (t2). Furthermore, for every
t′ ∈ R

≥l(I′

0
), there exists at ∈ R

≥l(I0), such that
t′ = F (t).

• Monotone increasing mapping: For any t1, t2 ∈
R

≥l(I0), t1 > t2 impliesF (t1) > F (t2).

• ε-bound: For everyt ∈ R
≥l(I0), |F (t) − t| ≤ ε.

If there exists anε-neighbouring functionF from I

to I
′
, timed interval sequencesI and I

′
are called ε-

neighbouring.

Lemma 1. If F is anε-neighbouring function fromI to I
′
,

thenF−1 is anε-neighbouring function fromI
′
to I.

3
R
≥l(I0) represents the interval[l(I0),∞)
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Figure 3. Two time interval sequences

Proof. The lemma follows straightforwardly from the defi-
nition of ε-neighbouring function.

Example 3. Given two time interval sequencesI =

I1I2I3... (whereIk = [k, k + 1)) andI
′
= I ′1I

′
2I

′
3... (where

I ′k = [k + 0.2, k + 1.2)) as in Figure 3. F (t) = t + 0.2

(t ∈ R≥1.0) is a mapping fromI to I
′
. It is not hard to

check thatF is a 0.2-neighbouring function fromI to I
′
.

F−1(t) = t − 0.2 (t ∈ R≥1.2) is a 0.2-neighbouring func-
tion fromI

′
to I.

It should be noticed that for any two time interval se-
quences and anyε (ε ∈ R

≥0), the ε-neighbouring func-
tion does not always exist. For example, there is no 0.1-
neighbouring function fromI to I

′
defined in Example 3.

The following theorem establishes the necessary and suffi-
cient condition for the existence of anε-neighbouring func-
tion over two time interval sequences.

Lemma 2. If F is anε-neighbouring function fromI to I
′

thenF (l(Ii)) = l(I ′i), for all i < N(I) andi ∈ N.

Proof. SupposeF (l(Ii)) = t andt 6= l(I ′i). By the interval
consistency property ofF , it is easy to see thatt > l(I ′i).
For anyl(I ′i) < t′ < t, there existst′′ andF (t′′) = t′.
By the monotone increasing mapping property ofF , it is
easy to see thatt′′ < l(Ii), which contradicts the interval
consistency property ofF .

Theorem 1. LetI andI
′
be two time interval sequences.I

andI
′
are ε-neighbouring, iffd(I, I

′
) ≤ ε.

Proof. (⇒) It is not hard to prove by Lemma 2 and theε-
bound property of theε-function.
(⇐) Construct a functionG : R

≥l(I0) → R
≥l(I′

0
) as fol-

lows.

G(t) = (t−l(Ik))
|I ′k|

|Ik|
+l(I ′k) t ∈ Ik , k < N(I) and k ∈ N

In case that both|Ik| and |I ′k| are infinite, we define
|Ik|
|I′

k
| = 1.
As shown in Figure 4(b), the functionG is a monotone

increasing linear function on every time interval. It is not
hard to show thatG satisfies the first three properties of the
ε-neighbouring function.

Next we show thatG also satisfies theε-bound property.
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Figure 4. ε-neighbouring function G
(a) Function G fromI to I

′
along the time line

(b) Visualization of function G

For anyt ∈ R
≥l(I0), there exists a time intervalIk, k ∈

N such thatt ∈ Ik. Construct a functiondiff (t) =
G(t)−t. Sincediff (t) is a linear function within intervalIk,
|diff (t)| ≤ Max{|diff (l(Ik))|, limt→r(Ik) |diff (t)|}. By
the continuity ofdiff (t) and the adjacent property of time
interval sequenceI, it is not hard to see that|diff (t)| ≤
Max{|diff (l(Ik))|, |diff (l(Ik+1))|}. By the definition of
G, It is easy to prove thatdiff (l(Ik)) = l(I ′k) − l(Ik).

Sincedsup(I, I
′
) ≤ ε, by the definition ofdsup , we can

see|diff (t)| ≤ ε. Hence,G satisfies theε-bound property.
We have shown thatG is an ε-neighbouring function

from I to I
′
and hence,I andI

′
areε-neighbouring.

From Theorem 1, we can see that the existence of
ε-neighbouring functions between two time interval se-
quences give another characterization of the distance be-
tween them.

3.2 Weakening functionsRµ over formulas

MITLR incorporates quantitative timing constraints in
its operators which enablesMITLR formulas to express
quantitative timing properties. At the same time, these

quantitative timing constraints in the formulas can also be
used to show weakening or strengthening relation between
formulas. For example, inMITLR, pU[0,µ]q specifies a real-
time property thatq happens withinµ time afterp. For dif-
ferent values ofµ, formulas have different quantitative tim-
ing constraints. FormulapU[0,2]q has stronger requirement
on the issuing time ofq than formulapU[0,2.5]q, because
the satisfaction of the former formula always implies the
satisfaction of the latter one. In Definition 8, functionRµ

defines such a weakening function on formulas. It offers a
quantitative way to weaken timing requirements ofMITLR

formulas.

Definition 8. Let µ ∈ R
≥0. The weakening functionRµ :

MITLR → MITLR is defined as follows:

Rµ(p) = p;
Rµ(¬p) = ¬p;
Rµ(ϕ1 ∨ ϕ2) = Rµ(ϕ1) ∨ Rµ(ϕ2);
Rµ(ϕ1 ∧ ϕ2) = Rµ(ϕ1) ∧ Rµ(ϕ2);
Rµ(ϕ1UIϕ2) = Rµ(ϕ1)UI⊕µRµ(ϕ2);
Rµ(ϕ1VIϕ2) = Rµ(ϕ1)VI	µRµ(ϕ2);

For everyµ ∈ R
≥0, Rµ defines a function overMITLR.

Rµ(ϕ) relaxes the quantitative timing constraints in formula
ϕ and is called theµ-weakened formula ofϕ. Next, we will
prove that formulaRµ(ϕ) is indeed weaker than formulaϕ.

Lemma 3. For anyµ ∈ R
≥0, t ∈ R

≥0, ϕ ∈ MITLR and
τ ∈ SProp , if (τ , t) |= ϕ, then(τ , t) |= Rµ(ϕ).

Proof. Suppose(τ , t) |= ϕ. We will show that(τ , t) |=
Rµ(ϕ) by induction on the structure of formulaϕ.
Case 1:ϕ = p.
By definition of functionRµ, Rµ(ϕ) = p. Hence,(τ , t) |=
Rµ(ϕ).
Case 2:ϕ = ¬p.
The proof is similar to the pervious case.
Case 3:ϕ = ϕ1 ∨ ϕ2.
By the interpretation ofMITLR over timed state sequences,
(τ , t) |= ϕ1 or (τ , t) |= ϕ2. By induction we thus have
(τ , t) |= Rµ(ϕ1) or (τ , t) |= Rµ(ϕ2). Hence,(τ , t) |=
Rµ(ϕ1) ∨ Rµ(ϕ2) = Rµ(ϕ).
Case 4:ϕ = ϕ1 ∧ ϕ2.
The proof of this case is similar to the previous case.
Case 5:ϕ = ϕ1UIϕ2.
There is somet2 ∈ I, such that(τ , t + t2) |= ϕ2 and for all
0 ≤ t1 < t2, (τ , t+t1) |= ϕ1. It is obvious thatt2 ∈ I ⊕ µ.
By induction we have(τ , t + t2) |= Rµ(ϕ2) and for all
0 ≤ t1 < t2, (τ , t + t1) |= Rµ(ϕ1). Hence,(τ , t) |=
Rµ(ϕ1)UI⊕µRµ(ϕ2) = Rµ(ϕ1UIϕ2) = Rµ(ϕ).
Case 6:ϕ = ϕ1VIϕ2.
For all t2 ∈ I, (τ , t + t2) |= ϕ2 or there is some0 ≤
t1 < t2, (τ , t + t1) |= ϕ1. By induction we thus have for
all t2 ∈ I 	 µ, (τ , t + t2) |= Rµ(ϕ2) or there is some



0 ≤ t1 < t2, (τ , t + t1) |= Rµ(ϕ1). Hence,(τ , t) |=
Rµ(ϕ1)VI	µRµ(ϕ2) = Rµ(ϕ) .
This completes our inductive proof of Lemma 3.

Theorem 2. (Relaxation property of Rµ) For any µ ∈
R

≥0, ϕ ∈ MITLR and τ ∈ SProp , if τ |= ϕ, thenτ |=
Rµ(ϕ).

Proof. Follows directly from Lemma 3.

In general, the larger the value ofµ is, the weaker is
formulaRµ(ϕ).

3.3 Real-time property preservation between
timed state sequences

In the previous sections, theε-neighbouring function is
used to characterize the distance between two neighbouring
timed state sequences in setSProp . Then we introduced the
weakening functionsRµ to quantitatively weakenMITLR

formulas. In this section, we investigate the properties that
are preserved between neighbouring sequences inSProp by
employing the above two functions.

Lemma 4. Let ε ∈ R
≥0, t ∈ R

≥0 and ϕ ∈ MITLR.
Further letτ andτ ′ be twoε-neighbouring timed state se-
quences4 and letG be anε-neighbouring function from the
time interval sequence ofτ to that ofτ ′. Then(τ , t) |= ϕ
implies(τ ′, G(t)) |= R2ε(ϕ).

Proof. We show that(τ ′, G(t)) |= R2ε(ϕ) by induction on
the structure of formulaϕ.
Case 1:ϕ = p.
By definition of functionR2ε, R2ε(ϕ) = p. By the inter-
pretation ofMITLR formulas over timed state sequences,
p ∈ τ(t). SinceG is anε-neighbouring function from the
time interval sequence ofτ to that of τ ′ and sinceτ and
τ ′ share the same state sequence, we know thatτ(t) =
τ ′(G(t)) by the interval consistency property ofG. Hence,
p ∈ τ ′(G(t)). But then,(τ ′, G(t)) |= R2ε(ϕ)
Case 2:ϕ = ¬p.
The proof is similar to the previous case.
Case 3:ϕ = ϕ1 ∨ ϕ2.
(τ , t) |= ϕ1 or (τ , t) |= ϕ2. By induction we have
(τ ′, G(t)) |= R2ε(ϕ1) or (τ ′, G(t)) |= R2ε(ϕ2). But then
(τ ′, G(t)) |= R2ε(ϕ1) ∨ R2ε(ϕ2) = R2ε(ϕ).
Case 4:ϕ = ϕ1 ∧ ϕ2.
The proof is similar to the previous case.
Case 5:ϕ = ϕ1UIϕ2.
There is somet2 ∈ I, such that(τ , t + t2) |= ϕ2 and

4We call two timed state sequencesε-neighbouring iff they are≡s-
equivalent and their time interval sequences areε-neighbouring. In other
words, the distance betweenε-neighbouring timed state sequences is less
than or equal toε

for all 0 ≤ t1 < t2, (τ , t + t1) |= ϕ1. By induc-
tion we have(τ ′, G(t + t2)) |= R2ε(ϕ2). For any0 ≤
t′1 < G(t + t2) − G(t), by the one to one mapping and
monotone increasing mapping properties ofG, there is a
0 ≤ t′′1 < t2, such thatG(t + t′′1) = G(t) + t′1. By
induction we have(τ ′, G(t + t′′1)) |= R2ε(ϕ1). Hence
(τ ′, G(t) + t′1) |= R2ε(ϕ1).
Now, we will show thatG(t + t2)−G(t) ∈ I ⊕ 2ε. By the
Triangle Inequality and theε-bound property ofG,

G(t + t2) − G(t)
= G(t + t2) − (t + t2) − (G(t) − t) + t2
≤ |G(t + t2) − (t + t2)| + |(G(t) − t)| + t2
≤ ε + ε + t2
= t2 + 2ε

Similarly, It is easy to prove thatG(t + t2) − G(t) ≥ t2 −
2ε. By the monotone increasing mapping property of G, we
knowG(t+ t2)−G(t) ≥ 0, Therefore,max{t2 −2ε, 0} ≤
G(t + t2) − G(t) ≤ t2 + 2ε. Sincet2 ∈ I, it is not hard to
check thatG(t + t2) − G(t) ∈ I ⊕ 2ε.

Hence,(τ ′, G(t)) |= R2ε(ϕ1)UI⊕2εR
2ε(ϕ2) = R2ε(ϕ).

Case 6:ϕ = ϕ1VIϕ2.
The proof is similar to the previous case. A brief proof is
given as follows.
For all t′2 ∈ I 	 2ε, it is not hard to prove that there exist
t2 ∈ I such thatG(t2 + t) = t′2 + G(t). There are two
possibilities:

• (τ , t + t2) |= ϕ2. By induction we have(τ ′, G(t +
t2)) |= R2ε(ϕ2), that is,(τ ′, G(t) + t′2) |= R2ε(ϕ2).

• There is some0 ≤ t1 < t2, such that(τ , t+ t1) |= ϕ1.
Let t′1 = G(t+t1)−G(t) and it is not hard to prove that
0 ≤ t′1 < t′2. By induction we have(τ ′, G(t) + t′1) |=
R2ε(ϕ1).

Hence,(τ ,G(t)) |= R2ε(ϕ1)VI	2εR
2ε(ϕ2) = R2ε(ϕ).

This completes our inductive proof of Lemma 4.

Theorem 3. Let ε ∈ R
≥0, t ∈ R

≥l(I0) andϕ ∈ MITLR.
Further letτ andτ ′ be twoε-neighbouring timed state se-
quences thenτ |= ϕ impliesτ ′ |= R2ε(φ).

Proof. It is not hard to prove by Lemma 4 and Lemma 2.

Recall Definition 2 and Definition 6, for any timed state
sequenceτ ∈ SProp , T τ

ε is set which contains all timed state
sequences whose distance from(τ , t) is less than or equal
to ε. We can extend the real-time preservation between two
timed state sequences to sets of timed state sequences. This
extension is given in Corollary 1.

Corollary 1. For anyε ∈ R
≥0, ϕ ∈ MITLR, τ ∈ SProp , if

τ |= ϕ thenT τ
ε |= R2ε(ϕ).



Proof. It is not hard to prove by Theorem 3 and interpre-
tation of MITLR formulas over the set of timed state se-
quences.

3.4 Real-time property preservation between
timed systems

In the previous part of this paper, we concentrated on
real-time property preservation between timed state se-
quences. However, in practice we often need to analyse
real-time properties of a timed system instead of those of a
single timed state sequence. Since a timed system consists
of a set of timed state sequences, the problem of examin-
ing the satisfaction of a formulaϕ in a timed systemS is
equivalent to examining its satisfaction in all of the timed
state sequences inS. Real-time property preservation be-
tween timed state sequences can also be extended to analyse
real-time properties between timed systems. The following
theorems give these extensions.

Theorem 4. LetS be a set of timed state sequences and let
ϕ be anMITLR formula. For anyε ∈ R

≥0, if S |= ϕ, then
S |= Rε(ϕ).

Proof. Follows from Definition 2 and Theorem 2.

Theorem 5. LetS1, S2 be two sets of timed state sequences
and let ϕ be anMITLR formula. Assume there is some
ε ∈ R

≥0, such that for any timed state sequenceτ in S2

there exists a sequenceτ ′ in S1 such thatτ and τ ′ are ε-
neighbouring. ThenS1 |= ϕ impliesS2 |= R2ε(ϕ).

Proof. The theorem follows from Definition 2 and Theorem
3.

4 Problem revisited

As described in Section 1, the over-specification prob-
lem often leads to the failure of transferring of verification
results from a model to its realization. The issuing time of
eventp in the realization may have aδ time shift from the
time specified in the modelM . Time shifts can be different
for each event in the realization. Although it is often impos-
sible to know the exact value of time shiftδ for each pair of
corresponding events in the modelM and its physical real-
izationR, the upper bound of allδ can be more easily es-
timated. Then for any execution tracetr in R, we can find
an ε-neighbouring execution tracetm in M . In that case,
we can establish properties ofS based on the verification
results ofM .

Reconsider the example given in Section 1. Assumep, q
andr are three atomic propositions as follows:

• p : The controller is in theWait state.

• q : The controller is in theBright state.

• r : The controller is in theNormal state.

A real-time propertyϕ = �(p → (♦[0,2)q ∨ ♦[2,∞)r))
can be described as follows: when a click happens at the
Light off state, it either goes intoBright state within 2
seconds or goes intoNormal state after 2 seconds. It is not
hard to check that this property holds in the model.

Suppose that an upper bound of the timer error in the re-
alization is 0.01 second. It is not hard to check that for any
execution traceτ of such a realization, we can always find
an execution traceτ ′ whose distance fromτ is less or equal
to 0.01. Therefore, real-time propertyR0.02(ϕ) = �(p →
(♦[0,2.02)q∨♦[1.98,∞)r)) is satisfied in this realization. No-
tice that the result also can be applied the other way around.
If our objective is to check the satisfaction of the real-time
propertyR0.02(ϕ) = �(p → (♦[0,2.02)q ∨ ♦[1.98,∞)r)) in
the realization, we can check a stronger property�(p →
(♦[0,2.02−2ε)q ∨ ♦[1.98+2ε,∞)r)) in the model, whereε is
used to measure the time difference between the model and
the realization.

5 Discussion and Conclusion

In this paper, we have investigated the preservation of
real-time properties between timed systems. For some spe-
cial cases, a better property preservation result might be
achieved. This can be illustrated in the following example.
Let τ1 andτ2 be twoε-neighbouring timed state sequences.
The issuing time of any state transition inτ1 is always no
later (or no earlier) than the corresponding issuing time in
τ2. Thenτ1 |= ϕ implies thatτ2 |= Rε(ϕ), in whichRε(ϕ)
is a stronger formula thanR2ε(ϕ). The proof of this is sim-
ilar to the proof of Theorem 3.

Since interleaving semantics is not supported in this pa-
per, which sequentialize concurrent actions as a sequence of
actions occurring at the same time instant, we are investi-
gating the real-time property preservation with interleaving
semantics for concurrent systems.

Another application of real-time property preservation
is real-time software synthesis as suggested in [8]. In
the model, actions(events) are formalized as instantaneous
events instead of events that have some time duration in the
realization. If the synthesis method can guarantee that the
absolute difference of the issuing time of the correspond-
ing events in both the realization and the model is always
less than or equal to a constant, we can obtain the real-time
properties of the realization based on those of the model.
We are extending and exploring this application and aim at
a systematic approach to develop reliable real-time systems.
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