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SETS OF DISJOINT Lmm m PG(3, q)

Dale M. Mesner

Purdue University and University of North Carolina

l. Spreads and partial spreads. Let E be a proj ective space PG(3, q) of

dimension 3 and finite order q. Then E contains (q+l){q2+l) points and an

equal number of planes, and (q2+l)(q2+q+l) lines. It will be convenient to con

sider lines and planes as sets of points and to treat the incidence relation as

set inclusion. Each plane contains q2+q+l points and an equal number of: lines.

Each line contains q+l points and is contained in an equal number of planes.

Each point is contained in q2+q+l planes and an equal number of lines.

A s;gread of lines of E is a set of q2+l lines of E which are pairwise

disjoint, or skew; it can also be defined as a set of Jines such that each

point (or each plane) is incident with exactly cne of the lines.

A packing of line8 in 1: is a set of cf+q+1 spreads such that every line

is in eDCt~ one spread of the set. Spreads of lines exist in every PG(3, q)

and pacldngs &1'e known to exist in sane cases.

A mare general concept is that of a spread or packing of disjoint

PG(m-l, q) t s , subspaces of dimension m-l, in PG(n-l, q), where m is a divisor

of n. Generalizations to infinite geometries can also be formulated. All

spreads and packings mentioned in this paper are to be taken as spreads and

packings of lines in a finite 3-space. The terminology and the recent theory

of spreads are due to R. H. Bruck [l,2], although related ideas have been con

sidered earlier. A linear congruence [3] in E is a special case of a spread.

A finite geometry which admits a packing is an instance of a balanced incomplete

block design Which is resolvable.

Example. The l5 points of PG(3,2) may be represented as follows by

coordinate vectors over GF(2).
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0001 0100 0111 1010 1101

0010 0101 1000 1011 1110

0011 0110 1001 1100 1111

Each of the 35 lines of this geometry contains 3 points and is displayed in

one row of Table I. Each section of the table contains a spread, a set of

5 disjoint lines whose union is the set of all 15 points. The 7 spreads listed

contain each line exactly once and therefore comprise a packing. Table II

is for later use.
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Points of PG(3,2) arranged by lines,

lines arranged jnto spreads.

Spread 1, line 1 0001 0010 OOll

line 2 0100 1000 1100

line 3 0101 1010 llll

line 4 OllO lOll liOl

line 5 Olll 1001 lllO

Spread 2, line 1 0001 0100 0101

l:ine 2 0010 1000 1010

l:ine3 OOli llOl lllO

line 4 OllO 1001 llll

line 5 Olll lOll llOO

Spread 3, line 1 0001 OllO 0111

line 2 0010 1001 1011

line 3 OOll llOO 1111

line 4 0100 1010 lllO

line 5 0101 1000 1101

Sprea.d 4, line 1 0001 1000 1001

line 2 0010 llOl llll

line 3 OOll 0100 Olll

line 4 0101 lOll 1110

line 5 OllO 1010 llOO

Spread 5, line 1 0001 1010 lOll

line 2 0010 llOO 1110

line 3 OOll 0101 OllO

line 4 0100 1001 1101

line 5 Olll 1000 llli

Sprea.d 6, line 1 0001 llOO llOl

line 2 0010 0101 Olll

line 3 OOll 1001 1010

line 4 0100 lOll lill

line 5 OllO 1000 lllO

Sprea.d 7, line 1 0001 1110 llll

line 2 0010 0100 OliO

line 3 0011 1000 1011

line 4 0101 1001 llOO

line 5 Olll 1010 1101

TABU: II.

Points of PG(3,4).

OOla OOlb

laOO lbOO

lala Iblb

labl Ibal

laab lbba

OlOa OlOb

lObO 10aO

llba liab

Ibbl las.l

labb Ibaa

Olla Ollb

10aJ. lObI

libb lIaa

IblO laIO

laOa IbOb

lOOa 100b

libl llal

Olbb Olaa

laIb Ibla

IbaO labO

lOla 101b

llaO llbO

Olba Olab

laOl IbOl

Ibbb laaa

110a llOb

Olal Olbl

10ab 10ba

lail Ibll

IbbO laaO

llla llib

OlbO OlaO

10as. 10bb

IbOa laOb

laba lbab
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AIry set d of mutually disjoint lines of E will be called a partial

spread. If -1 contains q2+l-d lines, d will be called the deficiency of1 •

A spread is thus a partial spread of deficiency zero. Exactly (q+l)(q2+l-d)

points and an equal number of planes are incident with line s of K1, leaving

residual sets of points and planes defined as follows.

(1.1) It the set of d(q + 1) points of E not on lines of ,<>(1

(1.2) '-A the set of d(q + 1) planes of E not containing lines of ,)

A line I- is disjoint from all lines of 1;:'1 if and only if the q+l

points contained in I- are all points of Ct. Equivalently, the q+1 planes con

taining £ are all planes of 13. If no such line exists, of will be called a

complete partial spread.

The procedure of choosing lines of E one at a time, each disjoint from

those previously chosen, will terminate in a complete partial spread and possibly

in a spread. The conjecture and question which are taken up in this paper are

motivated by the following observations, accumulated by the author (and his

children) in empirical trials of this procedure with the 35 lines of PG(3,2)

and the 130 lines of PG(3,3). Every partial spread in PG(3,2) can be completed

to a spread of 5 lines, but not all partial spreads in PG(3,3) can be completed

to spreads of 10 lines. The choice procedure is sometimes blocked at 7 lines.

On the other hand, once we get as far as 8 or 9 lines, it alw'ays seems to be

possible to find the remaining lines required for a spread.

Conjecture: There exists a critical size dO = dO(q) such that for

d < dO ' every partial spread of deficiency d can be completed to a spread.

Question: If a partial spread of positive deficiency d is complete,

'''hat can be said about its structure, or abmt the structure of the residual

sets a and 13 of points and planes?

TillS paper shows tll8.t the cCtljecture is true for dO = 1 + ,lq , gives
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d and is complete, then

an answer to the question in the case d = 1 + .[~ and sho"rs by an example

with q = 4 that this case actually arises.

points and lie in distinct planes on J,. The remaining q+l-v points on t

are the points ofa on t , while rems.ining q+l-v planes on t are the planes

of ;{3 on t. Therefore the statement is true for J, ¢~ , with

1C contains,

If a partial spread / in E = ro(3, q) has positive deficiencyTHEOREM 1.

" = q+l-v •

v( q+1) + q2 + 1 - d - v = q-2 + vq + 1 - d

points of 1C on lines of~. By subtraction plane

(2.2) q + d points of a , 1C € ~ ,

(2.3) d points of a , 1C 1- Ll.

points, accounting for

2. A lower bound for positive deficiency of a complete partial spread.

LEMMA. 1. Let cI be a partial spread in E = PG{3, q) with residual sets

a and t3 of points and planes. Then any line t in E is incident with

the same number, say " =" (t), of points of a as planes of g .
PROOF. The state~nt is trivial, with" = 0 for t € d. To see it

for t l:..eI' , let v be the number of lines of~ which intersect J,.

Since the lines of~ are mutually skew, these lines meet t in distinct

(2.1) d > 1 + .[q.

IpROClF. ~ con~ains q2 + 1 - d lines. The residual sets t:? and I:f
of points and planes are not incident with lines Of;/'have been defined and.

enumerated in (1.1) and (1.2). A plane 1C which contains v lines Of~,

v = 0 or 1, meets the remaining r:f + 1 - d - v lines of / in distinct

I

..
I
I
I
I
I
I
I

-
I
I
I
I
I
I

Ie
I
I



whicD reduces to

we have

6

A-q-l<O
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and let ~ be the mean of A..
~J

j. There are dq+d poi nts of Q

of points of ~ which axe on the line of inter-

A - d < 0

be the nwnber

d( q -+- 1) - A > A( q + d - A )

~ < d

Let \j

(2.6)

inequality

(2.8)

(2.10)

d(dq + d - 1) 2: (q + d)(q + d - 1).

(2.6) (A - d)( A - q - 1) 2: 0

Now talte t ft pJ , and let ~ be complete. Then t contains fewer than

q+l points of CZ otherw:i.se it could be adjoined to f?(j That is,

By a dual argument, a point P is contained in

(2.4) q + d planes of 73 , P € C{

(2.5) d planes of '8 , P f. C{ •

Let t be incident ",ith A points of (1 and, by Lemma 1, with A planes

of E. Using (1.1) and (2.2), there are d(q+l)-A points of C£ not on t

of ,vi1ich q+d-A lie on each of the A planes of ·13 on t. This gives the

in all, each of which is on q-+-d planes of 13 and therefore on the lines of

section of the i-th and j-th planes of 16 ,

intersection of (q+d)(q+d-l) pairs of planes. Counting points two ways,

which with (2.7) implies

Solving for d, and disregarding negative solutions, vle obtain (2.1),

over the (dq+d)(dq+d-l) ordered pairs i,

Taldng ~ with positive deficiency, d 2: 1, statements (2.9) and (2.10) imply

(2.9) ~(dq + d)(dq + d - 1) = (dq + d)(q + d)(q + d - 1)

Taldng ~ complete, (2.8) implies
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noting for 1.a.ter use that equality holds only if equaJ.ity holds in (2.10).

The next theorem is obvious but useful.

THEOREM 2. A partial spread eJ in E = ro(.3, q) witil deficiency d ~ q

can be completed to a spread in at most one way.

PROClF. Suppose the residual set a contains d disjoint lines with

which the spread can be completed. Then any other line can contain at mst

one point of each of these lines and Imlst have points not in a . Thus cl

does not contain any other sets of d lines, disjoint or otherwise.

Theorems 1 and 2 give the following.

COROLLARY 1. A partial spread in ro(.3, q) with more than q2 - '[q lines

can be completed uniquely to a spread.

PROOF. The partial spread has deficiency less than '[q + l. It follovrs

from Theorem 1 that if it is not a spread, it is not complete and at least

one more line can be adjoined. Continuing, we obtain a spread. Theorem 2

implies uniqueness.

It is easy to enumerate partial spreads in PG(.3, q) with up to four or

five lines, while partial results can be obtained for the number of spreads.

It can be proved that if l , m, n and l f , mf, n f are two sets of three

MLttually skew lines in E , there exists a collineation mapping l onto If ,

m onto mt and n onto n f • In thi s sense, all partial spre ads of th ree or

fewer lines are equivalent.

In ro(.3, 2), a partial spread with .3 lines has mare tban q2 - ~rq lines

and it follows from Corollary 1 that any partial spread in this geometry can

be completed to a spread.

In PG(.3,.3), Corollary J. impJ.ies that a partiaJ. spread with more than

.32 -.J3 i"J 7.27 J.ines can be compJ.eted to a spread, confirming the empirical

fimings mentioned for partial spreads of 8 or 9 lines. On the otrer hand,
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the existence of complete partial spreads with 7 lines shows that the inequality

of Theorem 1 is essentially the best possible for q = 3.

With q = 4, the possibility arises that (2.1) may hold with equality.

TIns situation is discussed in the next theorem, and an example with q = 4

follows.

3. Complete partial spreads in PG(3,S2) with deficiency 1 + s

DEFINITION. With E, d , 0..., and 13 as defined before, the

residual geometry of ~ is a system r whos e elements are certain points,

lines, and planes of E specified as follows:

the points of ({,

the planes of 13 ,
the lines of intersection of planes of 13.

An incidence relation for elements of r is defined to coincide with the inci-

dence relation for the same elements, regarded as elements of E.

We are now ready to investigate a complet e partial spread .whose deficiency

d is equal to the lower bound 1 +.fq of Theorem 1. Without loss of generality

we ma;{ assume that q is a square, say

(3.1) q = S2

(3.2) d = 1 + s

THEOREM 3. Let r-d) be a complete partial spread of deficiency d = s + 1

in E = PG(3, S2). Then the re sidual geometry r of ,'0 is a PG(3, s).

PROOF. For easy reference, we specialize (1.1), (1.2), (2.2), (2.3),

(2.4) , (2.5) to the present case as follows.

(3.3) r contains (s + 1)(S2 + 1) points

(3.4) r contains (s + 1)(s2 + 1) planes

I
,}
I
I
I
I
I
I
I

-
I
I
I
I
I
I

..
I
I



If these are enumerated by the lines in which they intersect. By (3.12), each
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•

P € r

P fi r

points of r, 1( fi r

planes of r,

Since (2.1) holds with equality, the same is true for (2.10),

S2 + S + 1 points of r, ~ € r

s + 1

s + 1

S2 + S + 1 planes of r,

any two planes of r intersect in exactly one line of r.

contains

I: is contained in

every line of r is contained in exactly s + 1 planes of r .

{S+1)(s2+s+l)S/[(S+1)S] = (S2 + 1)(s2 + S + 1)

Let the line of intersection of t:re i-th and j -th planes of r contain

By definition of lines of r and the geometric properties of I:,

(D)

(3.10) \j ~ d, all i,j •

(3.9) anc_ (3.l0)imply \j = d, all i, j, proving that

(3.11) every line of r contains exactly s + 1 points of r

A plane 1( of I:

(3.12)

A point P of

Two points of r are on a unique line of I: and hence on at JOOst one line

\j points of r.

implying

(3.9) I: (A.. - d) = 0
. • '~J
~,J

But J is complete and from (2.8) we have

of r. We must show that it is a line of r. From (3.4), r contains

(3.13) (s + 1)(s2 + S + 1)(s3 + S2 + s) ordered pairs of planes.

line accounts for (s+l)s ordered ppirs, showing that tl:ie number of distinct

lines of r is

By Lemma 1,

By (3.11), each of these lines contains s+l points of r and accounts for
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(s+l)S or<!ered pairs of points. Taken jointly, the lines of r account fo:".'

(~+1)(S2+l)(s2+S+l)s pairs of points, which from (3.3) is the totality of such

pairs. Therefore,

( A ) any two points of r are contained in exactly one line of r.

From properties of :E , if two points of r lie in a pl.a.ne of r , which is

also a plane of :E , the line joining them lies entirely in the same plane.

Thus

( C ) if two points of r are in a plane of r , the line of r

containing the two points is also in that plane.

Consider 3 points of r v~1ich are not all on a line of r. Then they are

not collinear in :E and hence determine a unique plane, say 3L , of :E. From

(C) and (3.11), 3L contains at least 3 lines and at least 36 points of r.

Comparison with (3.5) and (3.6) shows that 3L must be a plane of r. Therefore',

( B ) three points of r which are not collinear lie on a unique

plane of r •

Three planes of r meet either in a common line of r or by pairs in 3

lines of r. In the latter case their intersection is a point of :E

which is on at least 3 lines of r and by (3.12) is on at least 3s planes of

r. Comparison with (3.7) and (3. 8 ) srows that it must be a point of r .

Therefore,

( E ) three planes of r which do not meet in a common line must

intersect in a unique point of r •

statements (A), (B), (C), (n), (E), taken as postulates, are sufficient

to show that r is a projective space. We need existence postulates to the

effect that r does not reduce to a degenerate form such as a single plane and

that r has order s. (3.4) and (3.D), among others, will do, and the proof

is complete.

I

J
I
I
I
I
I
I
I

-
I
I
I
I
I
I

..
I
I



I

..
I
I
I
I
I
I
I

-
I
I
I
I
I
I

Ie
I
I

11

Suppose that 1:: = roC?, S2) contains a complete partial spread .& of

s4 - s lines. A coordinate system can be set up for 1:: = ro(3,S2) so that

points are represented by non-null vectors ~ = (xo, ~, ~, x,) over the

field GF(S2) with S2 elements, 'Where! and ~ represent the same point if

ex is a nonzero field element. If x and if. are two points, then the points

of the line joining ! and if. are those which can be expressed

(3.15) ex.! + 13 if. ,

where ex and f3 are field elements not both zero.

Without going into dete.i.ls, we remark that this field has a subfield

GF(s) with s elements, and the coordinate system may be set up so that the

points of a specified subgeometry r = PG(3,s) are precisely those which can

be represented by coordinate vectors over the subfield. Let us make such a

choice of coordinate system, taking r as the residuaJ. geometry of the partial

spread ~. Two points ! and if. in r are joined by a line of r whose

s+l points may be represented by (3.15), where ex and f3 are taken from

Taking s = 2, suppose that 1:: =PG(3,4) conte.i.ns a complete partial spread

cd with 14 lines and deficiency 3, and let r = PG(3,2) be the residual

geometry of eJ. Representing the elements of the subfield GF(2) by 0 and 1

and the remaining elements of aF(4) by ~ and E, there is 00 loss of general

i ty in representing the 15 points and 35 lines of r in the form displayed in

Table I.

Each line of r contains 3 points and each line of 1:: contains 5 points.

Table II augments Table I by listing coordinate vectors for the two remaining

points of 1:: on each of the 35 lines of r. The 70 points of 1:: thus obtained

are seen to be distinct, exhausting the points of 1:: which are not in r.

These are the 70 points 'Which must occur on the lines of .:J .
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Each section of Table I lists a spread of 5 lines. Each spread deter-

mines a set of 10 points, listed in the corresponding section of Table II.

In each case this set may be observed to be the union of ty~ disjoint lines;

each of the tifO columns of each section of Table II displays one of these

lines. In all, the 7 sections of Table II contain 14 such lines, mutually

disjoint, exhausting the points of I: which are not in r, and comprising a

complete partial spread af with deficiency 3.

Thus we have an example, for q = 4, of a complete partial spread with

deficiency equal to the lower bound 1 +.Jq of Theorem 1.

It may be fairly criticized that this example has been produced like a

rabbit fran a hat. The author's defense is that it is only a small rabbit

(the assertions made for this example being easily verfied by computation),

and that the hat is now empty (since the analogous construction using spaces

r and I: for s > 2 fails to furnish enough lines in PG(3, S2) for a partial

spread of deficiency 1 + s). The author does not know whether the inequality

of Theorem 1 is the best possible for q > 4.

It would be of interest to have a lower bound for the number of lines

(upper bound for the deficienc: r ) in a complete partial spread.
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