
I
Ie
I
I
I
I
I
I
I
Ie
I
I
I
I
I
I
I.e
I

ON THE BLOCK STRUCTURE OF CERTADif PBIB

DESIGNS OF PARTIAL GEOMETRY TYPE

By

Dale M. Mesner
Purdue University and University of North Carolina

Institute of Statistics Mimeo Series No. 457

January 1966

This research was supported by the-'''National
Science Foundation Grant No. GP -3792.

DEPARTMENT OF STATISTICS
UNIVERSITY OF NORTH CAROLINA

Chapel Hill, N. C.



No pair of points is contained in more than one line.

Each point is contained in p lines.
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1. Introduction. The association relation in an m-class partially balanc­

ed incomplete block (PBIB) design is a partition of the ordered pairs of distinct

objects (or varieties, or treatments) of the design into m classes in accord-

ance ldth certain well-knovffi regularity conditions. If this partition is re­

stricted to the pairs of the k objects of a single block, the restricted partition,

which in this note will be called the association pattern of the block, is not

specified by the definition of the design and in general appears to be quite

irregular. The blocks of semi -regular group divisible designs were shovm by

Bose and Connor [2] to have association patterns of particularly simple form.

A similar result was proved by Raghavarao [4] for certain designs of triangular

type and Latin square type 'Vdth t,,,o constraints (L2). Theorem 1 of the present

paper proves the same result for a more inclusive family of designs, designated

here as SG designs. SG designs are related to partial geometries and are defined

at the end of this section.

Majindar [3] proved several theorems on the intersection of blocks of BIB

designs by means of enumeration methods which are not applicable in general to

PBIB designs. Shah [5, 6] generalized these methods and theorems to the

designs Whose block association patterns had been analyzed in [ 2 ]

and [4]. Theorems 2 to 5 of the present paper, on the intersection of blocks

of SG designs, are a further extension.

Follovdng Bose [1], I'le define a p'artial geometry with parameters (1', K, t)

as a finite collection of undefined objects called points and subsets called

lines, subject to the follo1'ling four axioms, where I' ~ 2, K :: 2, t > 1 are

integers.
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A3. Each line contains 1(' points.

Alj.. Given a point P and a line J not containi~ P, exactly t points of

J are contained 17ith P in lines.

The nrr~ber of points is denoted by v. A partial geometry may be used to generate

a two-class association relation for a set of v objects, vn1ich are identified

with points. ~vo objects are defined to be first associates if some line of

the geometry contains both of the corresponding points, and are defined to be

second associates othe~fise. It is shown in [1] that such an association rela­

tion satisfies the conditions for partial balance. A PBIB design will be said

to be of partial geometry type if its association scheme can be generated in this

A group divisible association scheme with m groups of n objects can be

regarded as a trivial case of a partial geometry, the groups comprising the lines.

The above axioms are satisfied with p = 1, I( = n, t = O. Conversely, we may

deduce that a system Which satisfies the axioms with p =1 or t = 0 must correspond

to an association. scheme of group divisible type.

Association scheme parameters of partial geometry type are given in part

by

(1.1) v = [(p - 1)( K- 1) + t]/t,

(1.2) nl = p( 4- 1),

(1.3) ~ = (p - l)CK- l)(~ - t)/t.

Let a PBIB design of partial geometry type have parameters r, k, b, \' ~,

and let N be the v x b incidence matrix of the design. n1en the symmetric

matrix NN' has at most three distinct characteristic roots GO' Gl , G
2

given by

GO =rk,

(1. 4) Gl = r + (I( i - t - 1) \ - (I( - t)~,
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ThUS,

3

If a design is of group divisible type with m groups of n objects, we set

Except in degenerate cases which do not arise in this investigation,.these roots

~ - \ = rev - k)'Y'v{K: - 1)( K: - t).(1.11)

v = mn,

n~ = {m - l)n,

(Xl = m - 1,

have multiplicities % = 1, C1.' ~, "There

(1.5) ~ = pfC(p - 1){~ - l)/t{ K+ P - t - 1),

(1.6) ~ = (I( - l)C~ - t) [(p - 1)( l( - 1) + t]/t(K +p - t - 1).

It is easily verified from (1.1) that

(1.9) \ = [r(k K: - v)/v(K: - 1)] + K: (p - 1) eJvt.

82 = r - P'\ + (p - 1)~.

p = 1, K: = n, t = 1. Then eA"Pressions (1.2) and (1.4) for 111, 80, e
1

, 82 are

valid and other parameters include

(1.7) v{K- t) =K;(v - pl(+K:: + p - t - 1),

and from (1.1) and (1.6) t11at
I

(1.8) v{~ - l)(K:I- t) =I(~( K+ p - t - 1).

~1e relations r(k - 1) = nl~ + n2~' v = n1 + n2 + 1, and (1.4) reduce to

r(k - 1) = (iv- - 1) \ + ('2 - "A.!)n2,

81 - r + '\ = ("\ - ~) (I( - t).

Eliminating '2 - "\ and employing (1. 3) leads to

(p - 1)(1( - l)e/t = v\ - rk + rver - "\MeJ.

AlSO, the condition e1 = 0 is equivalent to

(1.10) rk - v\ = vCr - "\),Ik

and vdth (1.4) implies
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t,le natrix NUl is singular.

of tJ.le design, \'Te obtain

line of the geometry

Enuneration of the occurrences' of objects of J singly and in pail'S \·rithin blocl:s
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"1 = [r(I: - m)/ra(n - 1)] + [(m - 1) eJim(n - 1)].

b , 2 2
E (Y.. -;.;: KIv) :::: K( K- 1)1\'1\1 + rX: - 4c 1']:1v) •

i=l l

(1.12)

(2.1)

2. Block association patterns.

THEOREM 1. Let a tm··class FBIB design be of grOt'-p ci.ivisible type or of

l£eC?Ll<:!_:LJT t;,rpe and has the. pj~operty el • O. Tlms SG desic;ns incluo.e semi-regnlar

gro'.].p elivisible designs ami. c81'tain designs of partial c;e<::rcletry t;ype for \il1icll

0:
2

= m(n .. 1).

It i3 J:'eadi1~r 'IIerified that (1.7) and (1.8) hold andtJ:at (~-.9) can be replaced

b
E y. :::: l'X: ,

i=l l

b
E y. (y. - 1) == x: ( K - 1) A •

. 1 l l '1-l=

design is a t,;Q-class FBIB c1esigl~ '.:llicI1 is of group divisible or pE!-rtial

A Group divisible design is semi-regular by definition if rJ: - v\ = O.

It is easy to s11o', , that tllis is equivalent to e
l

== 0 and Y·l"'-S implies (1.11).

For convenient reference in tllis paper, 1'~e givo tllis DEFJJUTION. An SG

.by

partial geometry type, (p" K, t). Tllen 8
1

= 0 if and only if ]e 'no Iv is an

integer and each bloc1e of tJle design contains exactly 1:: KIv objects from eae}l

PROOF. Let J be an arbitrary but fixed line, and let y. denote the number
l '

of objects of J "rIlicll occm' in tIle i-tIl blod;: of tIle design, i = 1, •.. , b.

T:i.lorefore}



3. Intersection of blocks.

11~rpot~leses ":lllich are assumed in [4] for the design pal'aneters are the appropriate

special cases of (1.9).

Bl ':Jill denote an arbit:::-ar~r but fixed block of a cl.esign, and B
i

, i = 2, ••• , b

iC. denotes the number of objects common to B~
1 ~

anel. only if e
l

= 0, proVing tIle tlleorem.

T~leorem 4 of [2] and Theorems!.l and 2.1 of [4] are special cases. TIle

Designs vath the follO\Ting parameters cannot exist ':'litIl partial geomet:::-ies

as association schemes bece;use e
l

= 0 Vlhile k I( Iv is not an integer. This list

of exaraples is confined to tIle range r ~ 15, k ~ 15 &1d to partial geometries

not covered by [1.~] •

k b ~ '2
1

K tv r n1 Pll p

16 12 6 32 2 7 9 4 3 4 2

27 12 12 27 2 7 10 1 5 3 1

36 10 9 40 1 4 20 10 )+ 6 3

1.~5 12 15 :. 36 2 7 28 15 7 5 3

50 15 15 50 3 6 28 15 l~ 8 1.~

\1111 denote the otl1er blocks.

Using (1.10), (1.9) and (1.12), the right hand side of (2.1) reduces to

K: 2( 1\ - 1) (p - 1) e/vt for a J;lartial geometry and to n(n - l)e/m for a

group divisible scheme. In either case, the sum in (2.1) is equal to zero if
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1

He define
b

L = E Xi'
i=2

b 2
Q = E xi'

i=2

LEMMA 1. For some integers x and n, let there exist blocks B. , ..• ,B.
1 1 1

n
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obtain
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[L/(b - 1)] - D ~ x ~ [L/(b - l)J + D,

D2 = [("0 - l)Q - L
2

](b - 1 _ n)/n(b _ 1)2.

L = 1\.(1'-1),

Q = 1~2[(v - 1:)("0 - 1') - <x
2

(v - rk)]/va2 •

Q = z(A1 - 1) + [k(k - 1) - z](\ - 1)+ k(r - 1),

Q = (\ - ~) [l:(k - 1) - z] + (~ - l)k(l: - 1) + l~(r - 1).

For an SG denign and for any choice of blod: B1,

(3.4)

(3.5)

(3.6)

LEMMP. 2.

',filcrc

If E ~ 1,

Q - nx2 _ [(L - nx)2/(b - 1 - n)] ~ 0,

FROOF. The "0 - 1 - n integers x. other than x. , j "" l, •.• ,n, have r.1ean
J. J..

J
(L-m:)/(b-1-n). ComputinG tIle sun of squares of deviations from the mean, ,:e

suc~:: tl1at }\:l= x, j = 1, ••• ,n. Then, provided Xi f x fo:c some i = 2, ... , b,

(3.3) neb - 1)x
2

- 2nLx -I- nQ + L2 - ("0 - I)Q ~ O.

In };Jarticular, Q - [L
2
/(b - 1)] ~ O. Nm,r the coefficient of n in (3.3) can be

eX}Jressed Q - [L2/("o - 1)] + {[L - ("0 - 1)x]2/(b - 1)) and. is positive unless

x. = x, ]. = 2, ... ,"0. Under tIle respective hypotheses, (3.3) may t11erefore be
].

solved for n to give (3.1) and. solved for x to give (3.2).

A giYen object of B
1

is contained in p lines of the partial geometry, and.

by TI1eorem 1, B
1

contains exactly k k: /v objects of each of these lines. Thus

B
l

contains exactly p(kk: - v)/v first ~ssociates of the given object, and

PROOF. Enumeration of' occurrences in other blocks of objects of B1 gives

(3.4). Let B1contain z ordered pairs of first associates. Enumeration of

occurrences 'Hithin other blocl:s of pairs of objects of B, leads to
.1..
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Z ::: l:p(k K - v)/v, for any c·J.loice of block B
l

• If the design is of partial

geomeb.~~/ type, tllis is used in (3.6), along Hitl1 (loU) and (1.9), and after

simplif:i.cation He obtain

(~/rk) + (k/r) - (k2/v) =

(v - k) (fC[k(v - pK) + v(p - 1)].+ vK(K: M t) -kv(K - t))/v2 (K - l)(K-t),

Application of (1.7) and (1.8) gives the right hand side tIle form

(v - k){K:(1:(v - pit) + v(p -1)] + vlt(lt-t) - .1'. K(v -pK + K + P .. t - 1))

/ vIC (%2 (K + P - t - 1)

and straightforward simplification gives

(~/r1~) + (kh"~) - (k
2/v) = (v - k)2/ vcx2 •

This is equivalent to (3.5). If the design is of grot'.p divisible type, Z ::: 1:(1: -·:i1.)/m.

and '.lith the aid of (loll) ane," (1.12), (3.6) again reduces to (3.5).

TtmOREM 2. If a given block B of an sa design is disjoint from d other

bloc::s, tl1en

(3.7)

'.dth equality only if

(3.8)

is an integer and each of tl"le :cemaining b - d -'1 blocks has exactly 1.1. objects

in common ',,:ith B.

PROOF. (3.7) follOJS fron (3.1) with x = 0 and Le:~ma 2. From tIle proof

of Lemma 1, equality in (3.1) holds only if eacll of tile b - n-lintegers x.
~

is equal to L/(b-l-n), leading to (3.8).

The follow"ing relation foran¥ PBIB design may be verified by straigntfo::,::arcJ.

sir;1,]?lification.

(3.9) (b - l)[(b - r)(v - k) - cx2 (v - rIc)] - 'v'CX
2

(:: - 1)2

= (b - CX:2 - 1)(b - r)(v - 1:).

7



be affine resolvable if it j.s resolvable and each blocl;: Ilas tIle same number
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Dc(r - 1)/ (;J - 1.)] - D < x < [k ( r - J. )I ('0 - l)] + D,

disjoint subsets, or replications, SUCll that each object occurs

(3.10)

(a) Some bloc:: B ~las the same number of 0b;; ects in cO\11mon'it~l eaeil

A ciesign is defined to be res'?.lv~ if it is possible to arrange tl1c

of tIle re:rr.aining blocks.

(b) b =~ + 1. (Equivalently, b = v - (Xl')

(c) x = k(r - 1)/('0 - 1) is an integer and any tll0 blocks have

PROOF. This tlleorem foJ_10'1S from (3.2) with n = 1) Le.nna 2, and some

THEOREN J.~. If x is tile number of objects C0U1r.1.0n bet;,':een tl'TO given blocl:s

to I-l = 1:(r-l)/(b-l), proving (c). It is trivial that (c) implies (a)

THEOREH 5. In an SG design; let v = ku '.·1l1ere u ~ 2 is an integer, and

PROOF. Assume (a). Then by Theorem 2 for Blod: B: (3.7) holds I-Tit},

equaJJ.t::,r and ,lith 0. = O. Using (3.9), (b) follmIs. Next aSSUr:1e (0). Conside:'

exactly x oojects in COJll1non,

TIillOREI\I 3. In an SG <lesiC:1, the follo'ding t11ree state::_lents are equivalent.

TllcoTem 2 for an arbitrar~T cJ.l0ice of blockB. (b) and (3.9) imply tl1at (3,7)

holes ~-:itll equality and Hitl~ d=O. Thus (3.8) holds. Using (b), (3,8) reduces

in an SG design, then

~··l·.o· t' (. _·'h'T (7- n)' f 1)s ...L1.-? ..l.LJ.ca lonln" lCIl :;';/' lS use lL.

blocl:s into

is an integer, representing the number of blocks in a replication. Then eaell

j.n :precisel~r one blOck of eac)l l"eplication. Necessaril;:,rJ v/I: = blr = u, say,

of objects in co:r.rmon ;;itIl each of the b - u blocl;:s not in j.ts mffi replication,

bloc1: j.s disjoint from at least 1.1. - lather blod,:s. A design is defined to



(d)

(e)

(g)

(11)

PROOF.

ing (3.11).
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let some block B I1ave u-·l blocks disjoint from it. TIlen

(3.11) b?v-a,+1'-l,
- .1 4

8.J.'1d the follOi'ling ti'TO statements are equivalent.

b=v-c>: +1'-1­1

k/u is an inte;3er and B has exactly k/u objects in common ·,i.tll

each non-disjoint block.

PROOF. Let v = ku, b = ru. Applying Theorem 2 'Hith d = u - 1, (:3. 7)

reduces to b ~a2 + 1', lmich is equivalent to (3.11). If a2 = b - l' and v = ku,

(3.8) reduces to klu = ~, and TIleorem 2 ~lies the equivalence of (d) and (e).

COROLLARY 5. L Let an SG design be resolvable. T:;'len (3. :l) Il01ds and.

thcfollo~dng three statements are equivalent.

(f) Some block B 11M tIle same number of objects in common vitIl

each block not in its replication.

b = v - al + r - 1.

The design is affine resolvable.

Theorem 5 is applicable for an arbitrary choice of block B, iraply­

Assume (f) for a particular block B. ' TIlen tIle k objects of block

B are distributed in equal l1'L1.r:J.bers over tIle u blocks of each replication not

containing B, i'nlenCe klu is an integer and (e) holds, implying (g). Assume

(g). TIlen (e) holds for any choice of block B, implying (11). It is trivial

that (h) implies (f).

9
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