Building Metric Structures

with the Meas-Functor

J.I. den Hartog & E.P. de Vink Department of Mathematics and Computer Science Eindhoven University of Technology P.O. Box 513, 5600 MB Eindhoven, The Netherlands e-mail jhartog@win.tue.nl, evink@win.tue.nl

Abstract We introduce the functor Meas in the category of complete ultra metric spaces and nonexpansive mapping. The main result of this paper is that Meas is a welldefined and locally nonexpansive endofunctor. Therefore the functor fits naturally in the metric approach to programming language semantics. The use of Meas in the construction of probabilistic powerdomains, either directly or through the use of domain equations, is illustrated with two examples.

1 Introduction

Recently there has been a growing interest in probabilistic systems and the application of formal methods to probabilistic systems. Probabilistic models are designed to describe systems that are inherently probabilistic, such as a faulty communication channel, or programs where probability is explicitly introduced, i.e. random algorithms. These random algorithms have shown to be successful at solving many problems that deterministic algorithms cannot solve or cannot solve efficiently.

Often the most difficult problems to find and diagnose are intermittent problems which occur only in a fraction of the executions or which occur only under specific circumstances. Many properties of probabilistic programs are intermittent by nature. These probabilistic properties cannot be tested by a single or a couple of executions of a program. Instead one needs to consider the average behavior over many program runs. The difficulty in testing for errors in probabilistic systems, which may be very subtle, makes the use of formal methods even more pressing.

An important part of a formal approach is the semantical modeling of programs to give a precise description of a program and to create a setting in which one can reason about a program. Even when using a syntactical reasoning approach, such as e.g. process algebra [5, 3] or Hoare logic [20] one still needs a semantical model to check the correctness of reasoning rules. A metric approach to defining semantics uses metric spaces as semantical domains. In reasoning about the processes in these domains, the properties of metric spaces can be used. Banach’s theorem, for example, which guarantees existence of a unique fixed points for so-called ‘contractive functions’ on a complete metric space, is a useful tool for definitions and in showing equality. After initial work by

Arnold and Nivat [4, 24], a vast amount of work has been done in this area by the Amsterdam Concurrency Group led by Jaco de Bakker, see e.g. [8]. An overview of the use of metric techniques and of many of the results obtained can be found in [9, 12].

Domain equations play an important role in the specification of semantical domains. Domain equations over metric spaces were pioneered by De Bakker and Zucker [10] in the early eighties. Several types of domain equations can be solved by purely metric means. See e.g. [9]. A categorical approach to solving domain equations was developed by America and Rutten [1], while [27] provides a coalgebraic reformulation of these results. The approach of America and Rutten, translating results of [31] to the metric context, can be used to solve domain equations based on so-called locally contractive functors. Locally nonexpansive functors also play an important role in this setting as the composition of a locally nonexpansive functor and a locally contractive functor is again locally contractive.

Several methods are used to describe probabilistic choices within a semantical domain. For a probabilistic choice between finitely many options, a set or a multiset of options labeled with probabilities can be used, see e.g. [17, 15], or a discrete probability distribution over options [29]. The number of options for a probabilistic choice, however, is not always finite. When modeling the performance of a system, the amount of time needed or the achieved throughput may be probabilistic. As such an interval of real values may be possible as outcomes, at least conceptually. Programs which run indefinitely can also result in a probabilistic choice between infinitely many options even if only finite choices are possible in each step. For probabilistic choices with infinitely many options, the probability of each of the single options is insufficient to find the probability of all events. More information has to be included in the domain. A solution is the use of measures or valuations.

In this paper we will deal with a metric version of measures: The functor Meas, which yields an ultrametric space of measures over a given ultrametric space, is used to build metric domains. The functor Meas was introduced in [33] and also studied in [32]. An issue, not dealt with in these papers is the completeness of the resulting space which is required for the application of Banach’s theorem to obtain unique fixed points. We will show that the functor Meas preserves completeness, i.e. Meas(M) is complete for a given complete ultrametric space M. We will also show that the functor Meas is locally nonexpansive on the category of complement ultra metric spaces and thus fits in the America- Rutten approach to solving domain equations. This is illustrated in section 4 by building a simple probabilistic branching domain using domain equations.

Van Breugel and Worrell, inspired by work done by Desharnais, Gupta, Jagadeesan and Panangaden [16], introduce in [14, 13] a metric on a domain of measures. A key difference with their approach is that they use the Hutchinson metric to provide quantitative information about the probabilities and in this way a pseudometric rather than an ultrametric is obtained. The processes in their distance have distance zero when they are probabilistically bisimilar and close when they exhibit approximately the same probabilities. In the metric obtained by using Meas, processes that are close have exactly the same probabilities for approximately the same processes. Probabilistic bisimilar programs are assigned the same process. An advantage of the Van Breugel and Worrell approach is the intuitive way of dealing with distances between probabilities; small differences in probabilities lead to a small distance between processes. A disadvantage is that a pseudometric is obtained rather than an ultrametric. Only having a pseudometric instead of a metric means that the uniqueness of fixed points is not guaranteed. Additionally, ultrametricity is often useful in reasoning about processes in a metric domain. A property of ultrametric spaces that is exploited in this setting, for example, is the fact that two open balls are either disjoint or one is contained in the other.

In [14] a real-valued logic is introduced which can be used to characterize the distance between processes. In this paper a comparison is also given with the pseudo metric introduced by Desharnais, Gupta, Jagadeesan and Panangaden in [16], the metric on compact support measures from [33] also used here and with the pseudometric introduced by Norman in his thesis [25, section 6.1].

In [6] Baier and Kwiatkowska present a metric space of valuations and compare it with spaces defined using a set-theoretic and a complete partial order approach. The valuations introduced in [6] are similar to the compact support measures used here.

Slightly different are the valuations used in the thesis work of Jones [21] to introduce probabilistic semantical domains. These valuations are a slight simplification of measures. Not every measure necessarily has a corresponding valuation. In the setting of metric spaces each valuation does have unique extensions to a measure, though not necessarily a compact support measure.

The remainder of this paper is organized as follows: Section 2 collects some metric and measure theoretic definitions and results. Section 3 introduces the functor Meas. It is shown that this functor is well-defined and locally nonexpansive on the category of complete ultrametric spaces with nonexpansive mappings. Finally, section 4 illustrates the use of the functor for the construction of a probabilistic semantical domain.

2 Mathematical preliminaries

We assume the reader to be familiar with the basic notions from metric topology, measure theory and category theory. (See, e.g., [9, 30], [18, 26], and [22, 11], respectively.)

Definition 2.1 A function d: M ×M → [0, 1] is a 1-bounded ultrametric on the nonempty set M if the following conditions are met: (i) d(x, y) = d(y, x) (ii) d(x, y) = 0 ⇐⇒ x = y (iii) d(x, z) ≤ max{ d(x, y), d(y, z) } for all x, y, z ∈ M. Condition (iii) of Definition 2.1 is referred to as the strong triangle-inequality. For a function d to be a metric on M, only the weaker triangle-inequality d(x, z) ≤ d(x, y) + d(y, z) is required. An immediate consequence of the strong triangle-inequality is that two ε-balls B_ε(x) and B_ε(z) are either disjoint or coincide. For, suppose y ∈ B_ε(x)∩B_ε(z), then d(x, z) ≤ max { d(x, y), d(y, z) }<ε. Now, if w ∈ B_ε(x), then d(w, z) < max{ d(w, x), d(x, z) } < ε. Hence, w ∈ B_ε(z). So B_ε(x) ⊆ B_ε(z). By symmetry, B_ε(x) = B_ε(z) follows. Similarly one can show that B_δ(x) ⊆ B_ε(z) if δ ≤ ε and x ∈ B_ε(z).

Clearly, an ultrametric on a set is also an metric on that set. So, an ultrametric induces a topology, viz. the topology O generated by the open balls. The notation O_ε denotes the collection { O ∈ O | x ∈ O ⇒ B_ε(x) ⊆ O }. It follows that, in an ultrametric space, each O ∈ O_ε is the union of ε-balls, viz. O = ⋃ { B_ε(x) | x ∈ O }, and that the complement M \ O is also in O_ε, hence open, since M \ O = ⋃ { B_ε(x) | x /∈ O }. We use O_∗ as shorthand for the set ⋃ n O_2−n . A metric d on a set M also induces a distance-function on the collection of subsets of M. This is the so-called Hausdorff-distance d_H , given by d_H (X, Y ) = { ε > 0 | ∀O ∈ O_ε: X ⊆ O ⇐⇒ Y ⊆ O }. The Hausdorff-metric enjoys various nice properties. For example, if d is an ultrametric on M, so is d_H on P_{cl}(M) with P_{cl}(M) the collection of closed subsets of M. A similar results holds for the hyperspace P_{co}(M) of compact subsets of M. See, e.g., [10, 9].

Lemma 2.2 If M with distance function d is a complete ultrametric space, then P_{co}(M) endowed with the Hausdorff-distance induced by d is also a complete metric space.

The metric d on M also induces a metric on the collection A → M of mappings from A to M. This distance is called the distance of pointwise convergence and is given by d_F (f, g) = sup{ d(f(a), g(a)) | a ∈ A } for f, g: A → M. Again, as can be straightforwardly shown, ultrametricity and completeness of d implies ultrametricity and completeness of d_F .

The notation B(M) for an ultrametric space M denotes the Borel-σ-algebra on M, i.e. the least σ-algebra containing all open sets of M. Recall that a Borel probability measure is a Borel-measure μ such that μ(M) = 1.

From a technical point of view it is attractive when a Borel probability measure ‘lives’ on a compact set. This will be instrumental in our proof of the preservation of completeness by the functor Meas below.

Definition 2.3 Let M be an ultrametric space. A Borel probability measure μ is said to have compact support if μ vanishes outside some compact set K, i.e. μ(M \ K) = 0 or, equivalently, μ(K) = 1. In this case the support spt(μ) of μ is defined as the smallest compact set K for which μ(M \ K) = 0.

From the definition of a compact support it follows that for any open O in M we have that μ(O) = 0 ⇐⇒ spt(μ) ∩ O = ∅, (1)

since the intersection of a closed and a compact set is again compact. The property 1 is used in the proof of the following lemma. which stretches σadditivity of measures to arbitrary additivity of certain collections of balls.

Lemma 2.4 If μ is a measure on M and { B_ε(x_i) | i ∈ I } a collection of pairwise disjoint ε-balls in M, then it holds that μ( ⋃ { B_ε(x_i) | i ∈ I }) = ∑ { μ(B_ε(x_i)) | i ∈ I }. Proof Let K = spt(μ). As { B_ε(x) | x ∈ K } is an open cover of K, it follows from ultrametricity of d and compactness of K, that K ∩ B_ε(x_i) ≠ ∅ iff i ∈ I^′, for some finite subset I^′ ⊆ I. Hence μ(B_ε(x_i)) = 0 for i ∈ I \ I^′. Likewise, since K ∩ ⋃ { B_ε(x_i) | i ∈ I \ I^′ }= ∅, we have that μ( ⋃ { B_ε(x_i) | i ∈ I \ I^′ }) = 0.

Therefore, μ( ⋃ { B_ε(x_i) | i ∈ I }) = μ( ⋃ { B_ε(x_i) | i ∈ I^′ }) + μ( ⋃ { B_ε(x_i) | i ∈ I \ I^′ }) = μ( ⋃ { B_ε(x_i) | i ∈ I^′ }) = ∑ { μ(B_ε(x_i)) | i ∈ I^′ } = ∑ { μ(B_ε(x_i)) | i ∈ I }. which was to be proven. □

We have the following extension result for measures defined on O_∗. A proof, in a more general setting, can be found in [19, Sec. 13].

Theorem 2.5 If μ is a Borel probability measure on O_∗ then there is a unique extension to a measure μ̄ on B.

The next lemma states that two measures coincide if they agree on the open balls.

Lemma 2.6 If μ, ν are two Borel probability measures of compact support on an ultrametric space M such that μ(B_ε(x)) = ν(B_ε(x)) for all ε > 0 and x ∈ M, then μ = ν.

Proof It is first shown that the two measures coincide on all sets in O_ε = { O ∈ O | x ∈ O ⇒ B_ε(x) ⊆ O } (for all ϵ > 0). A basic result from measure theory can then be used to show that the two measures are the same.

For a given ϵ > 0 take a finite collection of points x_1, . . . x_n such that both μ and ν vanish outside B_ε(x_1) ∪ . . . ∪ B_ε(x_n). Clearly such points exists as the collection of all ϵ-balls is a cover of spt(μ)∪spt(ν). This set is compact and consequently has a finite subcover. By ultrametricity, the balls B_ε(x_1), . . . , B_ε(x_n) can be assumed to be pairwise disjoint. Also, for a given set O ∈ O_ε, a ball B_ε(x) is either completely inside O or completely outside O. We now reason as follows:

μ(O) = μ(∪^n_{i=1}B_ε(x_i) ∩ O) = μ(∪{ B_ε(x_i) | x_i ∈ O, i = 1, . . . , n }) = ∑ { μ(B_ε(x_i)) | x_i ∈ O, i = 1, . . . , n } = ∑ { ν(B_ε(x_i)) | x_i ∈ O, i = 1, . . . , n } = ν(∪{ B_ε(x_i) | x_i ∈ O, i = 1, . . . , n }) = ν(∪^n_{i=1}B_ε(x_i) ∩ O) = ν(O). The two sums are equal because the two measures coincide on balls.

We have now shown that the measures coincide on the ring O_∗ = ⋃ ϵ>0 O_ε. The σ-ring generated by O_∗ is the collection of all Borel sets. A basic result from measure theory states that a measure on a ring extends uniquely to a measure on the generated σ-ring (cf., e.g., [18]). Therefore, two measures which coincide on O_∗ must also coincide on all Borel sets. Hence μ = ν. □

The following property claims that if two Borel probability measures of compact support coincide on small balls, the also coincide on all bigger balls.

Lemma 2.7 Let μ, ν be two Borel-measures of compact support on an ultrametric space M. Let δ > 0 be such that μ(B_δ(x)) = ν(B_δ (x)) for any x ∈ M. Then μ(B_ε(x)) = ν(B_ε(x)) for any x ∈ M and ε ≥ δ. Proof Pick x ∈ M and ε ≥ δ. We have, by ultrametricity, that

B_ε(x) = ⋃ { B_δ(x^′) | d(x, x^′) < ε }. Moreover, { B_δ(x^′) | d(x, x^′) < ε } is a collection of pairwise disjoint δ-balls (although for some x^′, x^{′′} the balls B_δ(x^′), B_δ (x^{′′}) may coincide). By applying Lemma 2.4 we obtain

μ(B_ε(x)) = μ( ⋃ { B_δ(x^′) | d(x, x^′) < ε }) = μ( ⋃ { B_δ(x^′) | d(x, x^′) < ε, B_δ (x^′) ∩ spt(μ) ≠ ∅ }) = ∑ { μ(B_δ (x^′)) | d(x, x^′) < ε }.

A similar argument holds for the Borel measure ν. We conclude that

μ(B_ε(x)) = ∑ { μ(B_δ (x^′)) | d(x, x^′) < ε } = ∑ { ν(B_δ (x^′)) | d(x, x^′) < ε } = ν(B_ε(x)), since μ and ν coincide on δ-balls. □

Next we give the definition of a locally contractive and locally nonexpansive functor on the category CUMS of complete ultrametric spaces and nonexpansive mappings.

Definition 2.8 Let F: CUMS → CUMS be a functor.

(a) F is called locally contractive if, for some α, 0 ≤ α < 1, it holds, for all arrows f, g, that d_F (F(f), F(g)) ≤ α · d_F (f, g).

(b) F is called locally nonexpansive if it holds that d_F (F(f), F(g)) ≤ d_F (f, g) for all arrows f, g.

It is readily checked that, e.g., the composition of a locally contractive and a locally nonexpansive functor is itself locally contractive. In the literature various semantical domains are constructed using different combinations of locally contractive and locally nonexpansive functors, usually given by domain equations. We mention • P = {p_0} ∪ P_{cl}((A ∪ {ϵ}) × P/2 from [10] • P = {p_0} ∪ P_{co}((A ∪ {τ}) × P/2 from [7] • P = {p_0} ∪ (Σ → P_{cl}(Step))/2 where Step = (Σ × P) ∪ Send ∪ Answer from [2].

The result underpinning these equations, stated in the theorem below, is proven in [1].

Theorem 2.9 Let F be a locally contractive functor F : CUMS → CUMS Then the domain equation P ≃ F(P) has a unique solution up to isomorphism.

μ(B_ε(x)) = μ( ⋃ { B_δ(x^′) | d(x, x^′) < ε }) = μ( ⋃ { B_δ(x^′) | d(x, x^′) < ε, B_δ (x^′) ∩ spt(μ) ≠ ∅ }) = ∑ { μ(B_δ (x^′)) | d(x, x^′) < ε, B_δ (x^′) ∩ spt(μ) ≠ ∅ } = ∑ { μ(B_δ (x^′)) | d(x, x^′) < ε } since μ( ⋃ { B_δ(x^′) | d(x, x^′) < ε, B_δ(x^′) ∩ spt(μ) = ∅ }) = 0 and μ(B_δ (x^′)) = 0 for x^′ ∈ M such that d(x, x^′) < ε and B_δ (x^′) ∩ spt(μ) = ∅. A similar argument holds for the Borel measure ν. We conclude that

3 The functor Meas

In this section we introduce the functor Meas on the category of CUMS of complete ultrametric spaces and nonexpansive mappings. At the object-level Meas yields the metric space of all Borel probability measures of compact support; at the arrow-level Meas the construction of a measure-along-a-mapping is used. We will show that Meas is a well-defined and locally nonexpansive functor, which makes it a useful building block for the definition of metric domains for probabilistic program constructs.

Definition 3.1 Let M be an ultrametric space with metric d.

(a) Meas(M) denotes the space of all Borel probability measures on M of compact support.

(b) The distance d_{Meas} on Meas(M) is defined by

d_{Meas}(μ, ν) = inf{ ϵ > 0 | ∀x ∈ M : μ(B_ε(x)) = ν(B_ε(x)) }.

In the remainder of this paper the term measure refers to a Borel probability measure with compact support. We also fix an ultrametric space M with distance d. Lemma 3.3 states that d_{Meas} is an ultrametric on Meas(M). For the proof of the lemma we need a technical property first.

Lemma 3.2 If μ, ν ∈ Meas(M) are such that d_{Meas}(μ, ν) ≤ ε for some ε > 0, then μ(O) = ν(O) for any O ∈ O_ε.

Proof By ultrametricity of M, any O ∈ O_ε can be represented as a disjoint union of ε-balls. From Lemma 2.7 we have that μ and ν coincide on ε-balls. Therefore we conclude μ(O) = ∑ { μ(B_ε(x_i)) | i ∈ I }= ∑ { ν(B_ε(x_i)) | i ∈ I }= ν(O) using Lemma 2.4 twice. □

We are now ready to show that d_{Meas} is a distance function on Meas(M).

Lemma 3.3 For an ultrametric space (M, d) the pair (Meas(M), d_{Meas}) is an ultrametric space as well.

Proof We check the conditions of Definition 2.1. Symmetry is obvious. Clearly d_{Meas}(μ, μ) = 0 for any μ ∈ Meas(M). Suppose d_{Meas}(μ, ν) = 0. In order to prove that μ = ν it suffices, by Lemma 2.6, to check that μ(B_ε(x)) = ν(B_ε(x)) for any ε > 0 and x ∈ M. This is immediate from the definition of d_{Meas}. Finally, in order to verify the strong triangle-inequality d_{Meas}(μ, ρ) ≤ max{ d_{Meas}(μ, ν), d_{Meas}(ν, ρ) } we reason as follows: Suppose that we have that max { d(μ, ν), d(ν, ρ) } < ϵ. Then both d_{Meas}(μ, ν) < ε and d_{Meas}(ν, ρ) < ε. Then, by Lemma 2.7, we have that μ(B_ε(x)) = ν(B_ε(x)) and ν(B_ε(x)) = ρ(B_ε(x)) for any x ∈ M. Therefore, μ(B_ε(x)) = ρ(B_ε(x)) for any ε-ball, thus d(μ, ρ) ≤ ε. So we have max { d(μ, ν), d(ν, ρ) } < ε ⇒ d(μ, ρ) ≤ ε and, subsequently, d(μ, ρ) ≤ max{ d(μ, ν), d(ν, ρ) }. □

Before addressing the completeness of Meas(M) we need a property relating the Hausdorff-distance and the distance on measures.

Lemma 3.4 Let μ, ν ∈ Meas(M) and ε > 0. Then it holds that d(μ, ν) ≤ ε ⇒ d_H (spt(μ), spt(ν)) ≤ ε. Proof Pick μ, ν ∈ Meas(M). Put K = spt(μ), L = spt(ν). If d_{Meas}(μ, ν) ≤ ε, then, by Lemma 3.2, μ(O) = ν(O) for O ∈ O_ε. In particular ∀O ∈ O_ε: μ(O) = 0 ⇐⇒ ν(O) = 0. This is equivalent to ∀O ∈ O_ε: K ∩ O = ∅ ⇐⇒ L ∩ O = ∅. Since, by ultrametricity, O ∈ O_ε ⇐⇒ M \ O ∈ O_ε, it follows that ∀O ∈ O_ε: K ⊆ O ⇐⇒ L ⊆ O, i.e. d_H (K, L) ≤ ε. □ So far we have that Meas(M) is an ultrametric space if M ∈ CUMS. For Meas(M) ∈ CUMS we need to show the completeness of Meas(M).

Theorem 3.5 If the ultrametric space M is complete, so is the ultrametric space Meas(M).

Proof Suppose that M is an ultra-metric space and let (μ_i)_i be a Cauchy sequence in Meas(M). Let the index i_n be such that ∀i, j > i_n: d_{Meas}(μ_i, μ_j ) ≤ 2^{−n}. So, by Lemma 3.2 we have that ∀i, j > i_n: μ_i(O) = μ_j (O) for O ∈ O_2−n . Additionally, we can assume i_{n+1} > i_n. Define the mapping μ: O_∗ → [0, 1] by μ(O) = lim_i μ_i(O).

Claim 1 : μ is finitely additive. Proof of claim 1: Suppose O_1, . . . , O_r ∈ O_∗ are disjoint. Pick n such that O_1, . . . , O_r ∈ O_n. Note O_1 ∪ . . . ∪ O_r ∈ O_n. Pick i > i_n. Then μ(O_1 ∪ . . . ∪ O_r) = μ_i(O_1 ∪ . . . ∪ O_r) = μ_i(O_1) + · · · + μ_i(O_r ) = μ(O_1) + · · · + μ(O_r) by additivity of μ_i.

Claim 2 : μ has a compact support. Proof of claim 2: Put K_i = spt(μ_i). By Lemma 3.4 it holds that (K_i)_i is a Cauchy sequence in the hyperspace P_{co}(M) of compact subsets of M. By completeness of M, the hyperspace P_{co}(M) is complete. Therefore K = lim_i K_i exists and is compact. Let O ∈ O_n. Pick i > i_n. Then

O ∩ K = ∅ ⇐⇒ [lemma 3.4a, d(K, K_i) ≤ 2^{−n}] O ∩ K_i = ∅ ⇐⇒ [K_i support of μ_i] μ_i(O) = 0 ⇐⇒ [i > i_n] μ(O) = 0. So, K = spt(μ) and K is compact.

Claim 3 : μ is σ-additive. Proof of claim 3: Let (O_i)_i be a disjoint sequence in O_∗ such that ⋃ i O_i ∈ O_∗. Pick n such that ⋃ i O_i ∈ O_2−n . Put O^′ = M \ ( ⋃ i O_i). Note that O^′ ∈ O_2−n . In particular, O^′ is an open set. We have that { O_i | i ∈ N }∪{O^′} is an open cover of K. Since K is compact, we derive that the index-set I = { i | O_i ∩ K ≠ ∅ } is finite. Note, by disjointness, ( ⋃ i /∈I Oi) ∩ K = ∅, hence μ( ⋃ i /∈I Oi) = 0. Also, for i /∈ I we have μ(Oi) = 0.

Therefore μ( ⋃ i /∈I Oi) = ∑ i /∈I μ(Oi). We conclude μ( ⋃ i O_i) = μ( ⋃ i∈I O_i ∪ ⋃ i /∈I O_i)

= [finite additivity] ∑ i∈I μ(O_i) + μ( ⋃ i /∈I O_i) = ∑ i∈I μ(O_i) ∑ i /∈I μ(O_i) = ∑ i μ(O_i). Define μ: B → [0, 1], using Theorem 2.5, as the unique extension on B of μ on O_∗. Then we have that μ ∈ Meas(M) by the above and d_{Meas}(μ, μ_i) ≤ 2^{−n} for i > i_n, so μ = lim_i μ_i. □

We are now in a position to define Meas as a functor on the category CUMS of complete ultrametric spaces with nonexpansive maps.

Definition 3.6 The functor Meas: CUMS → CUMS is given as follows:

(a) The functor Meas assigns the complete ultrametric space Meas(M) to any complete ultrametric space M ∈ CUMS.

(b) The functor Meas assigns to each nonexpansive mapping f: M → N from a complete ultrametric space M to a complete ultrametric space N the mapping Meas(f): Meas(M) → Meas(N) given by

Meas(f)(μ)(B) = μ(f^{−1}(B)).

From Lemma 3.3 and 3.5 we have that indeed Meas(M) ∈ CUMS for M ∈ CUMS. It can be straightforwardly verified, for f: M → N nonexpansive, that Meas(f)(μ) ∈ Meas(N) using the fact that f^{−1}(B) ∈ B(M) for B ∈ B(N) and using basic set-theoretic properties of f^{−1}. In fact, Meas(f)(μ) is referred to as the measure μ along f. So, Meas is a well-defined functor on CUMS. The last result of this section states that Meas is a locally nonexpansive functor as well.

Theorem 3.7 The functor Meas on CUMS is locally nonexpansive functor. Proof Let M, N ∈ CUMS and f, g : M → N be two nonexpansive functions. If d_H (f, g) < ε, then for all y ∈ N we have that f^{−1}(B_ε(y)) = g^{−1}(B_ε(y)). For, if x ∈ f^{−1}(B_ε(y)), then f(x) ∈ B_ε(y) and, since d_H (f, g)<ε, d(f(x), g(x))<ε. So, by ultrametricity, d(y, g(x)) ≤ max{ d(y, f(x)), d(f(x), g(x)) } < ε, i.e. g(x) ∈ B_ε(y). But then Meas(f)(μ)(B_ε(x)) = μ(f^{−1}(B_ε(x))) = μ(g^{−1}(B_ε(x))) = Meas(g)(μ)(B_ε(x)) or d_{Meas}(Meas(f)(μ), Meas(g)(μ)) < ε for all μ ∈ Meas(M). Thus, d(f, g) < ε ⇒ d(Meas(g), Meas(f)) ≤ ε. Since this holds for all ε > 0 it follows that d(Meas(g), Meas(f)) ≤ d(f, g). □

Summarizing this section we have established that the functor Meas on the category of complete ultrametric spaces and nonexpansive mappings is welldefined and locally nonexpansive.

4 Examples and Conclusions

Above we have discussed the functor Meas first introduced in [33] and further studied in [32]. Using Meas, one can construct an ultrametric space of measures over a given ultrametric space. More precisely, the space of all compact support Borel probability measures is obtained. We have shown that the functor Meas preserves completeness and is locally nonexpansive on CUMS, the category of complete ultrametric spaces and nonexpansive mapping.

In definition 3.1 the ultrametric space Meas(M) is defined for any given ultrametric space M. Banach’s fixed point theorem, which is often used in the metric approach to guarantee the existence of unique fixed points, requires that the metric space used is complete. It is therefore important that completeness is preserved by Meas, i.e. if a space M is complete than so is Meas(M). That Meas does preserves completeness has been shown in theorem 3.5. Thus Meas can be used to construct suitable metric spaces.

As an example consider the space of finite or infinite action sequences Act^∞ over some action alphabet Act. Equipped with the Baire metric this space is a complete ultrametric space. The metric space of all Borel probability measures with compact support Meas(Act^∞) can be used to describe trace behavior of probabilistic process languages with alphabet Act.

Example 4.1 Let Act be a given alphabet of action. Let Act^∞ denote the space of finite and infinite sequences of actions with the distance function d_B , the Baire-distance, given by

d_B (w, w^′) = inf{^1_2^n | w[n] = w^′[n] }

for w, w^′ ∈ Act^∞. Here w[n] denote the sequence w cut of after n actions. Let the space P_l be given by

P_l = Meas(Act^∞).

It contains all compact support Borel probability measures over Act^∞ and can be used as a domain to describe behavior of (linear) probabilistic processes. For example the measure Δ_a for some a ∈ Act is an element of Meas(Act^∞) that describes that with probability 1 the sequence consisting only of a single action a is executed. The measures Δ_{aa}, Δ_{aaa} and Δ_aω (a^ω = aaaa . . .) respectively describe that the sequence aa, aaa or a^ω is executed with probability 1. More precisely, Δ_a(B) = 1 if a ∈ B, Δ_a(B) = 0 otherwise. A measure like Δ_a is referred to as a Dirac measure. Combinations of such measures are also present in Meas(Act^∞). Finite combinations such as^1_2 Δ_{aa} +^1_2 Δ_{ab} which chooses between the sequences aa and ab giving equal probability to both, but also infinite combinations such as^1_2 Δ_a +^1_4 Δ_{aa} +^1_8 Δ_{aaa} + . . . in which any finite number of actions a can be selected according to a geometric distribution.

a a a a a a a b

1 2 1 2

a

. . . 1 2 1 8 1 4 a

There are also measures in Meas which cannot be depicted this easily. Define the operation^•/a on measures in P_l by μ/a(B) = μ({ w | aw ∈ B }) for all Borel sets B, then^•/a is contractive function on P_l. That a solution μ for the equation μ =^1_2 μ/a +^1_2 μ/b must be present in Meas(Act^∞) can easily be shown using Banach’s fixed point theorem. This measure μ assigns “equal probability” to all infinite sequences of a’s and b’s. More precisely, with probability 1 some infinite sequence is produced and for any given n and any given sequence of a’s and b’s of length n the probability of starting with the sequence is^1_2^n.

The space Meas(Act^∞) in the example above is a so-called linear domain; a single probabilistic choice is made to decide the sequence of actions that is produced. One also wants to be able to build branching domains in which choices are made along the way. These branching domains are typically described by domain equations. Definition 3.6 defines Meas on nonexpansive functions, the arrows of the category CUMS, turning Meas into an endofunctor on CUMS. The functor Meas is shown to be locally nonexpansive in theorem 3.7. As such Meas can be used in domain equations in composition with a locally contractive functor. A frequently deployed locally contractive functor is id 1_2 (^•) which simply reduces distances by a half but does not change the space in any other way. The space Act × id 1_2 (P), for example can be used to describe processes in P prefixed with an action in Act.

Example 4.2 Given an alphabet Act of actions, a branching probabilistic domain P_b can be specified by the domain equation

P_b ≃ Meas(Act × id 1_2 (P_b) + Act).

We have that Act × id 1_2 (^•) is locally contractive and so is Act × id 1_2 (^•) + Act and thus Meas(Act × id 1_2 (^•) + Act) is also locally contractive by local nonexpansiveness of Meas. This means that the domain equation above must have a unique solution.

The domain P_b captures branching behavior of probabilistic processes. For readability the examples below use the notation ρ · x for ρ · Δ_x. The process 1 · a produces action a with probability 1. The process p_1 given by p_1 =^1_2 · ⟨a, 1 · a⟩ +^1_2 · ⟨a, 1 · b⟩ describes a fair choice between executing a followed by a, and a followed by b. In the process p_2 given by p_2 = 1 · ⟨a,^1_2 · a +^1_2 · b⟩ the action a is executed before choosing between a and b for the next action.

1 2 1 2 a

a a

b 1 1 b 1 2 1 2 a

a

1

The domain P_b contains a process p_3 which satisfies p_3 =^1_2 · a +^1_2 · ⟨a, p_3⟩ in other words p =^1_2 · a +^1_2 · ⟨a,^1_2 · a +^1_2 · ⟨a, . . .⟩⟩. A process p_4, p_4 =^1_2 · a +^1_4 · ⟨a, 1 · a⟩ +^1_8 · ⟨a, 1 · ⟨a, 1 · a⟩⟩ + . . ., which is similar to process p_2 of example 4.1 is also an element of P_b.

The example p_4 illustrates that structures can be built that are similar to elements of P_l. However, p_1 and p_2 show that distinctions can be made that are not possible in the linear domain. For these examples it is clear which linear process corresponds to the branching process. In general additional structure is required on the domain be able to obtain a linear probabilistic process from a branching probabilistic process [15, chapter 7].

In the metric setting bisimilarity usually corresponds with equality on a metric branching domain [9]. Similarly, in a coalgebraic setting bisimilarity corresponds to equality in the final coalgebra [28]. For the basic probabilistic metric branching domain P_b in the example above we have that equality on this domain corresponds to the commonly used notion of Larsen-Skou bisimulation [23]. (See [33].) To be more precise: Giving a semantics for a basic probabilistic process language in a standard way using this domain yields an equivalence which is the same as Larsen-Skou bisimulation.

In this paper we have defined the Meas functor yielding Borel probability measures with compact support. As can be seen from the examples above (see [15] for a few more examples) the functor Meas can be used to build metric structures for modeling probabilistic languages.

References

[1] P. America and J.J.M.M. Rutten. Solving reflexive domain equations in a category of complete metric spaces. Journal of Computer and System Sciences, 39:343–375, 1989.

[2] P.H.M. America, J.W. de Bakker, J.N. Kok, and J.J.M.M. Rutten. Denotational semantics of a parallel object-oriented language. Information and Computation, 83:152–205, 1989.

[3] S. Andova. Process algebra with probabilistic choice. In J.-P. Katoen, editor, Proc. ARTS’99, pages 111–129. LNCS 1601, 1999.

[4] A. Arnold and M. Nivat. Metric interpretations of infinite trees and semantics of nondeterministic recursive programs. Theoretical Computer Science, 11(2):181–205, 1980.

[5] J.C.M. Baeten, J.A. Bergstra, and S.A. Smolka. Axiomatizing probabilistic processes: ACP with generative probabilities. Information and Computation, 121:234–255, 1995.

[6] C. Baier and M. Kwiatkowska. Domain equations for probabilistic processes (extended abstract). In M. Mislove, M. Nivat, C. Papadimitriou, C. Palamidessi, and J. Parrow, editors, Proc. Express’97. Electronic Notes in Theoretical Computer Science 7, 1997.

[7] J.W. de Bakker, J.A. Bergstra, J.W. Klop, and J.-J.Ch Meyer. Linear time and branching time semantics for recursion with merge. Theoretical Computer Science, 34:135–156, 1984.

[8] J.W. de Bakker and J.J.M.M. Rutten, editors. Ten Years of Concurrency Semantics, selected papers of the Amsterdam Concurrency Group. World Scientific, 1992.

[9] J.W. de Bakker and E.P. de Vink. Control Flow Semantics. Foundations of Computing Series. The MIT Press, 1996.

[10] J.W. de Bakker and J.I. Zucker. Processes and the denotational semantics of concurrency. Information and Control, 54:70–120, 1982.

[11] M. Barr and C. Wells. Category Theory for Computing Science. Prentice Hall, 1990.

[12] F. C. van Breugel. Comparative Metric Semantics for Programming Languages. Progress in Theoretical Computer Science. Birkhäuser Verlag, Boston, 1998.

[13] F. C. van Breugel and J. Worrell. An algorithm for quantitative verification of probabilistic transition systems. In K.G. Larsen and M. Nielsen, editors, Proc. 12th CONCUR’01, Aalborg, pages 336 – 350. LNCS 2154, 2001.

[14] F. C. van Breugel and J. Worrell. Towards quantitative verification of probabilistic transition systems. In F. Orejas, P.G. Spirakis, and J. van Leeuwen, editors, Proc. 28th ICALP’01, pages 421 – 432. LNCS 2076, 2001.

[15] J.I. den Hartog. Probabilistic Extensions of Semantical Models. PhD thesis, Vrije Universiteit, Amsterdam, 2002.

[16] J. Desharnais, V. Gupta, R. Jagadeesan, and P. Panangaden. Metrics for labeled Markov systems. In J.C.M. Baeten and S. Mauw, editors, Proc. CONCUR’99, pages 258–273. LNCS 1664, 1999.

[17] R.J. van Glabbeek, S.A. Smolka, and B. Steffen. Reactive, generative and stratified models of probabilistic processes. Information and Computation, 121:59–80, 1995.

[18] P.R. Halmos. Measure Theory. Van Nostrand, 1950.

[19] P.R. Halmos. Measure Theory, volume 18 of Graduate Texts in Mathematics. Springer, reprint edition, 1974.

[20] J.I. den Hartog and E.P. de Vink. Verifying probabilistic programs using a Hoare like logic. International Journal of Foundations of Computer Science, 2002. To appear.

[21] C. Jones. Probabilistic Nondeterminism. PhD thesis, ECS–LFCS–90–105, University of Edinburgh, 1990.

[22] S. Mac Lane. Categories for the Working Mathematician, volume 5 of Graduate Texts in Mathematics. Springer, 1971.

[23] K.G. Larsen and A. Skou. Bisimulation through probabilistic testing. Information and Computation, 94:1–28, 1991.

[24] M. Nivat. Infinite words, infinite trees, infinite computations. In J.W. de Bakker and J. van Leeuwen, editors, Foundations of Computer Science III, part 2: Languages, Logic, Semantics, volume 109 of Mathematical Centre Tracts, pages 3–52. Mathematical Centre, Amsterdam, 1979.

[25] G.J. Norman. Metric Semantics for Reactive Probabilistic Systems. PhD thesis, University of Birmingham, 1997.

[26] W. Rudin. Real and Complex Analysis. McGraw-Hill, 1966.

[27] J. Rutten and D.Turi. On the foundation of final semantics: non-standard sets, metric spaces, partial orders. In LNCS 666 (Proceedings of the REX Workshop on Semantics: Foundations and Applications), pages 477–530. Springer, 1992.

[28] J.J.M.M. Rutten. Universal coalgebra: a theory of systems. Theoretical Computer Science, 249(1):3–80, 2000.

[29] R. Segala. Modeling and Verification of Randomized Distributed Real-Time Systems. PhD thesis, Massachusetts Institute of Technology, June 1995.

[30] M.B. Smyth. Handbook of Logic in Computer Science, volume 1, Background: Mathematical Structures, chapter Topology, pages 641–761. Claredon Press, 1992.

[31] M.B. Smyth and G.D. Plotkin. The category-theoretic solution of recursive domain equations. SIAM Journal on Computing, 11:761–783, 1982.

[32] E.P. de Vink. On a functor for probabilistic bisimulation and preservation of weak pullbacks. Technical Report IR–444, Vrije Universiteit, Amsterdam, 1998.

[33] E.P. de Vink and J.J.M.M. Rutten. Bisimulation for probabilistic transition systems: a coalgebraic approach. In P. Degano, R. Gorrieri, and A. Marchetti-Spaccamela, editors, Automata, Languages and Programming, pages 460–470. LNCS 1256, 1997. Proc. 24th ICALP’97, Bologna, Italy.