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Exponential closed networks: Closed Jackson Networks
e Workstations 1,..., M

e Workstation m has ¢, parallel identical machines

e N circulating jobs (N is the population size)

e Service times in workstation m are Exponential with rate 1,
e Service is in order of arrival

e Routing: job moves from workstation m to n with probability p,,,
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Exponential closed networks: Closed Jackson Networks

Fixed population Network
size N

of M work stations
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Example: Robotic barn
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e Design issues

— Number of robots

forage trough

— Number and location of feeders, troughs, drinking places, cubicles
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Example: Robotic barn
e Closed network with N circulating cows and workstations:

1. Milking robot

2. Concentrate feeder
3. Forage lane

4. Water trough

5. Cubicle

6. Walking
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Example: Robotic barn
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Example: Zone-Picking
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Example: Zone-Picking
e Key features

— Man-to-goods solution

— Work-load control at multiple levels

— Limited buffer space at zones

— Recirculation (on main and local loops)

e Design issues

— Layout of the network

— Number and size of zones
— Location of items

— Number of pickers

— Required WIP level
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Example: Single Zone

|
|
1

Weight check ! *
[ ]]C]
| U5

System / =
entrance/exit

- L Recirculation

Tote

. Ef] ||J> |

LT

Order picker &ﬁ

. Wednesday March 31



Technische Universiteit
e Eindhoven
University of Technology

Example: Single Zone
e Closed network with N circulating totes and workstations:

1. System entrance/exit
2. Conveyors
3. Picking zones
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Example: Single Zone

System
entrance/exit e

Conveyor ¢

Zone z;

Conveyor ca

Zone zo

Conveyor c3
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Example: KIVA system

Kiva robot Operating in warehouse

e Key features
— High throughput capability, flexibility and scalability
e Design issues

— Number and routing of robots
— Storage location of racks
— Number and location of pick locations
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Example: KIVA system
e Closed queueing network model with N circulating robots and workstations:

1. Picking station
2. Storage/retrieval
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Example: KIVA system
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Example: Container terminal

Straddle carrier Container terminal Schematic layout

|
=i
-]
u :!: tu|
i -3
=
|
Ll L ol @ p L]
iy
Road truck—1
Gate—i
u

e Design issues

— Number of quay cranes
— Number of straddle carriers
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Example: Container terminal
e Closed queueing network model with N circulating straddle carriers and workstations:

1. Quay cranes
2. Gantry cranes
3. Transportation
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Example: Container terminal
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Example: Container terminal
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Exponential closed Single server network: Closed Jackson Networks
e Network states k = (kq, ..., k) where k,, is number in station m: Note Z,’,\;’:l kn = N so (Nj\“/,’\_”l_l) states

e State probabilities p(ki, ko, ..., kpy) satisfy balance equations (¢, = 1)

M M M
p(k) Z wme(km) = Z Z p(k + €, — Qm)ﬂnpnme(km)

m:]. n:]_ m:]_

1 ifk>0

wheree, = (0,...,1,...,0) with 1 at place mand e(k) = { 0 else

o State probabilities p(ki, ko, ..., ki) have product form

p(k) = Cp1(ky)pa(k2) - - - prm(km)

where C is normalizing constant and

km
Vv
pm(km) = (—’”) o k,=0,1,..

Hm

with v, the “arrival rate” to workstation m: Again the product of M/M /1 solutions!
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Exponential closed Single server network: Visiting frequency
e v, is the relative arrival rate or visiting frequency to m

M
Vg = ZVnan, m=1 ..M

n=1
e Equations determine v, up to a multiplicative constant
e Set vi = 1: Then v,, is the expected number of visits to m in between two successive visits to station 1

e Product form result also valid for fixed routing

e Although p(k) is again a product, the queues at stations are dependent!
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Exponential closed Single server network: Normalizing constant

e Define
con= X (2)(2)"
’ 1 I,

ki, ..., km >0

> ki=n
e Interpretation: C(m, n) is sum of products in network with stations 1, ..., m and population n
 Normalizing constant C = %
e Question: How to calculate C(M, N)?

e Answer: Buzen’s algorithm
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Exponential closed Single server network: Normalizing constant

e Buzen’s algorithm:

with initial conditions
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C(m.n)=C(m—1.n) 4~ C(m,n—1)
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Exponential closed Single server network: Mean values
e Question: What is the real arrival rate A ,,,?

e Answer:
L C(IM,N—-1)
M= YMTC (ML N
and y
Am = — A
Vim
e Question: What is mean number E(Ly,) in station M?
e Answer:
1 N v knm
E(Ly) = ——— kv (—) C(IM—1,N— ky)
C(M, N) kMXZ:O oy

e Question: What is expected cycle time E(C) between two visits to station 1?

e Answer: By Little’s law
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Exponential closed Multi server network
o State probabilities p(ki, ko, ..., ky) have product form

p(k) = Cp1(ky)pa(ko) - - - prm(km)

where C is normalizing constant and

km
Vm
m km -
pllen) Elum(k)

where (k) = min(k, cm) um and vy, visiting frequency to workstation m
e Product of M/M/c,, solutions with arrival rate v,, and service rate u,!

e Normalizing constant C can again be calculated via recursion
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Example: KIVA system

e N circulating robots
e Pick station is Exponential single server with rate up
o Storage/Retrieval station is Exponential infinite server with rate usg

e Visiting frequency vi = v» =1
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Example: KIVA system

o State probabilities

I A AN R BT
p(kp, ksr) = p(N — ksg, ksg) = C (—) — (—) = N ( ) , ksg=0,1,....N
mp ksr! \ LSR mp ksr! \ Lsr

e Normalizing constant
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Example: KIVA system

e Throughput
Asr = ip = pup(l — p(0, N))
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Exponential closed Single server network: Arrival theorem
e Question: What is the state seen by job moving from one station to another?

e Answer: Number of jumps per time unit that see network in state k € S(N — 1) = {k > 0| Z,"il ki=N—1)}

M
pr(ky) -+ pm (k) D Vim

m=1

M 1
Z plk+e ) um= m

e Number of all jumps per time unit in network
M
> Z pU+ e ttm = Z pr(h) - pm() Y v,
1eS(N—1) m=1 M, / S(N—1) m=1
e Fraction of jumps per time unit that see network in state k € S(N — 1)

mpl(kl) o pmCk) M v -
carw Siestv—y PLOD - pu ) My vy C(MUN = 1)

.which is probability that network with N — 1 circulating jobs is in state k
28
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Exponential closed Single server network: Arrival theorem
e Question: What is the state seen by job moving from one station to another?

e Answer: Job moving from one station to another sees network in equilibrium with population N — 1
e Remarks:

— Also valid for Multi server networks
— Also valid for jobs moving to specific station

e Question: What is the impact of the arrival theorem?

e Answer: Mean Value Analysis
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Exponential closed Single server network: Mean value analysis
e Define for network with population &

E(S5,(k)) = Mean sojourn time in station m
Am(k) = Throughput of station m
E(L,,(k)) = Mean number in station m

e For populationk =1,2,..., N

1 1
E(Sn(k)) = E(L,,(k—1))— + — (Arrival theorem)
Mm  MUm
kv,

> n=1 VaE(Sn(k))
E(Lm(k) = An(KE(Sm(k)) (Little)

(Little)

with initially E(L,(0)) =0
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Exponential closed Multi server network: Mean value analysis
e For populationk =1,2,.... N

E(Sm(k) = Mm(k—1)

+ (E(Lm(k 1y = Ptk = 1)) L4

CmMUm Mm CmMm Mm

kv,

S M VaE(Sa(K))
E(Lm(k) = Am(KE(Sm(K))

where I1,,(k — 1) is probability that all servers are busy

/\m(k) =

e [1,,(k — 1) can be approximated by probability of waiting I\, in M/M/c,, with A = A, (k—1)and u = um
e For ¢;; = oo (no waiting) .
E(Sm(k)) = —

Mm
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Example: KIVA system

e For populationk =1,2,..., N

1 1 1
E(Sp(k)) = E(Lp(k —1)— + —, E(Ssr(k)) = —
Lp WP IASR
k
E(Sp(k)) + MLSR

E(Lp(k)) = Ap(k)E(Sp(k)) = k —E(Lsr(k))
with initially E(Lp(0)) = E(Lsg(0)) =0
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General closed network: Approximate mean value analysis
e Service times is station m are General with mean E(By,), cv cg,, and mean residual E(R,) = %(1 + c%m)E(Bm)
e For populationk =1,2,..., N

E(Sm(k)) = Mp(k —1) E(R”’)+(E(Lm<k—1>>—/\m(k—1)E(Bm>) E(CB”")+E(Bm>
kv,
/\m(k) ==
S M ViE(SH(K))

E(Lm(K)) = Am(KE(Sm(k))
where I1,,(k — 1) can be approximated by probability of waiting in M/M/c

e In single server station

E(Sm(k)) = pm(k — DE(Rm) + (E(Lm(k — 1)) — pm(k — 1)) E(Bm) + E(Bm)
where p,m(k — 1) = Ap(k — 1) E(Bn)
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Example: KIVA system

e General pick times and general storage/retrieval times

e For populationk =1,2,..., N

E(Sp(k)) = pp(k — DE(Rp) + (E(Lp(k — 1)) — pp(k — 1)) E(Bp) + E(Bp), E(Ssr(k)) = E(Bsr)

k
Ap(k) = Asgp(k) = E(Sp(k)) + E(Bsg)

E(Lp(k)) = Ap(k)E(Sp(k)) = k —E(Lsr(k))
with initially E(Lp(0)) = E(Lsg(0)) = 0 and pp(k) = Ap(k)E(Bp)
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General closed network: Example
e Closed system with 4 single server stations and 10 circulating pallets

Load/Unload station 0.45 @
OO >
0.55 @

10 circulating pallets

e Processing characteristics

Station E(B,) c2

B
1 1.25 0.25
2 1.25 0.50
3 2.00 0.33
4 1.60 1.00
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General closed network: Example

e Mean value analysis: A1(10) = 0.736 parts per time unit
e Simulation: A1(10) = 0.743 & 0.003 parts per time unit

e Mean sojourn times

Wednesday March 31

Station

amva

E(5n(10))
sim

N WN -

4.417
5.050
4.181
4.086

4.890 £ 0.106
4.760 £ 0.169
3.860 £ 0.068
3.790 £ 0.118
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Exponential closed Multi-class network
e Workstations 1,..., M

e Workstation m has ¢, parallel identical machines

e Rjob types

e Population vector N = (Ny, Ny, ..., Ng) where N, is number of circulating jobs of type r
e Service times in workstation m are Exponential with rate u,,, (same for each job type)
e Service is in order of arrival

e Routing of type r jobs: type r job moves from workstation m to n with probability p;. .
e vy, is relative visiting frequency to station m of type r jobs

M
erZZVan,r,m, m=12..,M

n=1
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Exponential closed Multi-class network: Arrival theorem
e Type r job moving from one station to another sees network in equilibrium with population N — e,
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Exponential closed Multi-class network: Mean value analysis
e Define for network with population k

E(S5mr(k)) = Mean sojourn time in work station m for type r job
Amr(k) = Throughput of type r jobs of station m
E(L(k)) = Mean number of type r jobs in station m

e For population vectors k =0to k=N

d 11
ESm (k) = Y E(Lms(k —e)— + —
(Smr(k)) (Lms(k — €,)) .

s=1
Nr Vmr

Y hl VarE(Snr ()
E(Lmr (K)) — /\mr (K) E(Smr (K))

/\mr(K) —

with initially E(Ls(0)) =0

o Number of recursion steps is []%_, V!
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Exponential closed Multi-class network: Breaking the recursion
e Assume Type r job moving from one station to another sees network in equilibrium with population N

e For population vector N

1
E(Smr(N) = Z E(Lms(N))— 4+ —

—1 Mm  MUm
N,v
/\mr(ﬂ) - T
Z,/;/lzl Van(Snr(M))
E(Lmr(N) = Npr(NE(Smr(N))

e Avoid self queueing

N, —1 1 1
E(Smr(N)) = Z E(Lms(N)) + N E(Lyy(N)— + —

g Mm r Mm Mm
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Exponential closed Multi-class network: Fixed point equations
e 3MR equations for 3MR unknowns E(S,,,(N)), A, (N) and E(L,,,,(N))

3 E(Lms<N>> R (L (W) +

vy Mm r Mm Mm

E(Smr(N))

A (N) = Nrvimr
S Zyzl Van(Snr(N))
E(Lmr(ﬂ)) — Amr(ﬂ)E(Smr(N))

e Solution by successive substitutions
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