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a. The transition rate matrix () is

—2A 2\ 0
W —=A—=pu A
0 2u -2/

b. Let T; (i = 1,2) denote the time, starting from state 4, it takes to enter state 0. Then

1 A 1
ET| = + ETs|, BTy = — + E|TY].
B =555 + 75 B0 B = o+ BT
Solving these equations gives
2+ A
BT = 2
1
c¢. The balance equations are:
2A\Py = uhy,
)\Pl = 2/.LP2,

from which, together with the normalization equation, follows that

i 2
PB=(——| .
0 </\ + u)
Alternatively, this can be obtained by noting that both workers are working inde-

pendently, and the probability that a working is ‘working’ is pu/(A + ).

d. Now the transition matrix becomes

—2A 2\ 0
L =A—pu A
0 Iz —p

Setting up the balance equations and solving these yields

12

T Z 20202

Py



. Now only two states are possible, state 0 and 1. Balance of flow gives

2A\Py = pl,
and thus "
Py = )
O+ 2
. We have
c 2c?
ElZ1=G'(1) = ElZ(Z-1)]=G"(1) =
2= =5 EZZ-0)=60= 1
and thus,
7l = E[Z(Z —1)] + B|Z] — E[Z]? = —¢
Var(Z] = E[2(Z — 1))+ E[2) - B2 =
G(r):ZP[Z:j]rj:(l—c)chrj,
Jj=0 J=0
and hence,

PX\=j]=PZ=j=(1-0cc, j=012,....
1—c

CElX, ) =EZ)" = (£)".

. The extinction probability mp = 1 for all ¢ for which E[Z] < 1, and thus for all
0<c< % If % < ¢ < 1, then 7y is the unique root on (0, 1) of the equation

o = G(ﬂ—0>7
yielding
1—c
T = :
c
E[TXQ] = ZE[TX2|X1 = jIP[X1 = J]
§=0
= Y EpAt (1 - o) d

§=0

G(r)’(1 —c)d
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l—c  (I-c¢)(1—cr)
1—cG(r) l1—cr—c(l—c)




Cdimy e N()/t =30, —2

M

Pl(t) = pPio(t) — APu(t),
Ply(t) = APu(t) — pPio(t).

. Substituting Pio(t) = 1 — Py (¢) gives
PL(t)=p—A+p)Put), Pu(0)=L1

The solution is

1z A O
Pu(t) = Wt >0,
u(?) )\—l—u+)\+u€ N

P =1 = ) Ph01 ~ o)

. )\<,lLA+,MB.

. The states are n, n > 0, refering to the number in the system. For n = 1, however,
we distinguish between state A (server A is busy) and state B (server B is busy).
The balance equations are

APy = paPa+ ppPp,
A+ pa)Pys = APy + uphs,
(A up)Ps = pakbs,
(At pa+up)Py = AP+ (pa+ pB)Poyr, n =2,

where P, = P4 + Pg.

L=Ps+Pg+ Y nP,.

n=2



d. The probability that an arbitrary arrival will get serviced in B is

P+ —2 3P,

MA+MBn:2
e.
5 9 15 3 1\"2 3
PhP=—, Py=—, Pg=—, P=—, P,=(= —.
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