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Solutions of exercises Stochastic Processes 2 (2S480) for week 9, 2006.

1. The state space can be taken to consist of states (0, 0), (0, 1), (1, 0), (1, 1), where the
ith component of the state refers to the number of customers at server i, i = 1, 2. The
balance equations are

2P0,0 = 6P0,1,

8P0,1 = 4P1,0 + 4P1,1,

6P1,0 = 2P0,0 + 6P1,1,

10P1,1 = 2P0,1 + 2P1,0,

and the normalization equation is

P0,0 + P0,1 + P1,0 + P1,1 = 1.

Solving these equations gives P0,0 = 1/2, P0,1 = 1/6, P1,0 = 1/4 and P1,1 = 1/12.

a. P1,1 = 1/12.

b. W = L
λa

= P0,1+P1,0+2P1,1

2(1−P1,1)
= 7/22.

c. P0,0+P0,1

1−P1,1
= 8/11.

2. The state is the pair (i, j), i = 0, 1, 0 ≤ j ≤ N , where i signifies the number of customers
in service and j the number in orbit. The balance equations are

(λ + jθ)P0,j = µP1,j, j = 0, . . . , N,

(λ + µ)P1,j = λP0,j + (j + 1)θP0,j+1, j = 0, . . . , N − 1,

(λ + µ)P1,N = λP0,N .

c. 1− P1,N .

d. The average number of customers in the system is

L =
∑
i,j

(i + j)Pi,j.

Hence, the average time that an entering customer spends in the system is W =
L/λ(1 − P1,N), and the average time that an entering customer spends in orbit is
W − 1/µ.

1



3.

a. State n, n ≥ 0, refers to the number of customers in the system, where for n = 1 we
distinguish between state A (server A is busy) and state B (server B is busy). The
balance equations are

λP0 = µAPA + µBPB,

(λ + µA)PA = αλP0 + µBP2,

(λ + µB)PB = (1− α)λP0 + µAP2,

(λ + µA + µB)Pn = λPn−1 + (µA + µB)Pn+1, n ≥ 2,

where P1 = PA + PB.

b.

L = PA + PB +
∞∑

n=2

nPn.

The average number of idle servers is 2P0 + PA + PB.

c. Let β denote the probability that an arbitrary arrival will get serviced in A. Then

β = αP0 + PB +
µA

µA + µB

∞∑
n=2

Pn.

Alternatively, β can be computed by using Little’s law. We have

WQ =
LQ

λ
,

where

LQ =
∞∑

n=2

(n− 2)Pn.

Then β follows from the relation

W =
L

λ
= WQ + β

1

µA

+ (1− β)
1

µB

.

4. States are 0, 1, 1′, 2, 2′, . . . , k − 1, (k − 1)′, k, k + 1, . . . with the following interpretation

0 = system is empty,

n = n in system and server is working,

n′ = n in system and server is idle, n = 1, 2, . . . , k − 1.
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The balance equations are

λP0 = µP1,

(λ + µ)P0 = µP2,

λPn′ = λP(n−1)′ , n = 1, . . . , k − 1,

(λ + µ)Pk = λP(k−1)′ + λPk−1 + µPk+1,

(λ + µ)Pn = λPn−1 + µPn+1, n > k.

b.

WQ =
k − 1

λ
P0 +

k−1∑
n=1

[
k − 1− n

λ
+

n

µ

]
Pn′ +

∞∑
n=1

n

µ
Pn,

or via Little’s law,

WQ =
LQ

λ
,

where

LQ =
k−1∑
n=1

nPn′ +
∞∑

n=1

(n− 1)Pn.

c. λ < µ.
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