A linear programming formulation of Mader’s edge-disjoint paths problem

J.C.M. Keijsper, R.A. Pendavingh, and L. Stougie

Technische Universiteit Eindhoven Department of Mathematics and Computer Science Den Dolech 2 Postbus 513 5600 MB Eindhoven

Proposed running head: LP-formulation of Mader’s edge-disjoint paths problem

Correspondence: Dr. J. Keijsper (address above) tel : +31-40-2475583, fax: +31-40-2465995, email: J.C.M.Keijsper@tue.nl

December 19, 2003

Abstract

We give a dual pair of linear programs for a min-max result of Mader describing the maximum number of edge-disjoint T -paths in a graph G = (V, E) with T ⊆ V . We conclude that there exists a polynomial-time algorithm (based on the ellipsoid method) for finding a maximum number of T -paths in a capacitated graph, where the number of T -paths using an edge does not exceed the capacity of that edge. Keywords: disjoint paths, path packing, ellipsoid method

1 Introduction

Let G = (V, E) be a graph and T ⊆ V a set of terminals. A T -path is a path in G connecting different vertices of T . Let μ(G, T ) denote the maximum number of edge-disjoint T -paths in G.

A T -subpartition in G is a set P of |T | disjoint subsets of V , each containing exactly one vertex from T . If P is a T -subpartition in G then we denote the set of connected components of G \ ∪P by C(P). For two disjoint sets U_1, U_2 ⊆ V , we denote by δ_G(U_1, U_2) the set of edges from G with one endpoint in U_1 and the other in U_2. We write d_G(U_1, U_2) for |δ_G(U_1, U_2)| and δ_G(U), d_G(U) for δ_G(U, V \ U) and d_G(U, V \ U) respectively. If the graph G is clear from the context, the subscripts G are left out. If P is a T -subpartition in G, then the number of components U in C(P) with d_G(U) odd (these will be referred to as odd components of P) is denoted q(P). It is clear that

μ(G, T ) ≤ 1/2 min{( ∑ P ∈P

d_G(P )) − q(P) | P a T -subpartition of G},

since every T -path has to leave one element and enter another element of the T -subpartition P, whereas for every odd component of P there is at least one edge entering it (this edge has its other end in an element of P) that is not used in any path of a collection of edge-disjoint T -paths. Define

ν(G, T ) := 1/2 min{( ∑ P ∈P

d_G(P )) − q(P) | P a T -subpartition of G}.

Note that ν(G, T ) is equal to ∑ P,Q∈P dG(P, Q) + ∑ U∈C(P)⌊dG(U)/2⌋. Mader [4] proved the following min-

max relation for the maximum number of T -paths in a graph G = (V, E).

Theorem 1.1 (Mader) For a graph G = (V, E) and set of terminals T ⊆ V ,

μ(G, T ) = ν(G, T ).

In this note, we will show that the above min-max relation can be interpreted as strong duality for two dual linear programs having integer optimal solutions. We will show that it is possible to separate over the feasible region of the primal problem in polynomial time. This implies that there exists a polynomial time algorithm (using the ellipsoid method) for finding a maximum number of edge-disjoint T -paths in a graph with a capacity function c : E → ZZ_+, such that at most c(e) of the paths use edge e for every e ∈ E (the min-max result remains valid for this case, since one can simply replace an edge e with capacity c(e) by c(e) parallel edges). The question whether a combinatorial polynomial time algorithm for this problem exists remains open. The uncapacitated case however is a special case of linear matroid matching, cf. [2], and therefore it can be solved by a combinatorial algorithm, cf. [3].

2 Linear programming formulation

Let T ⊆ V be a set of terminals in the graph G = (V, E), where V = {1, 2, . . . , n}. Let T denote the set of 1/2|T |(|T | − 1) ordered pairs {(u, v) | u, v ∈ T, u < v}, and let E^∗ denote the set of 2|E| ordered pairs {(i, j) | {i, j} ∈ E}. To encode a collection of edge-disjoint T -paths we will use binary vectors x = (x^{uv}_{ij} )^{(u,v)∈T}

(i,j)∈E^∗ of dimension |E||T |(|T | − 1), where x uv ij = 1 indicates that in the collection there is a T -path between u, v ∈ T with u < v, which, when it is oriented from u to v, uses edge {i, j} ∈ E in the direction from i to j. Now, it is not difficult to see that μ(G, T ) is at most equal to the optimal value of the following integer program.

max 1/2 ∑ (u,v)∈T ∑ j∈V (x^{uv}_{uj} − x^{uv}_{ju} + x^{uv}_{jv} − x^{uv}_{vj} ) s.t. ∑ (u,v)∈T ∑ j∈V (x^{uv}_{ij} − x^{uv}_{ji} ) = ∑ (v,u)∈T ∑ j∈V (x^{vu}_{ij} − x^{vu}_{ji} ) ∀u ∈ T, ∀i ∈ V \ T ∑ (u,v)∈T

(x^{uv}_{ij} + x^{uv}_{ji} ) ≤ 1 ∀{i, j} ∈ E ∑ (u,v)∈T ∑ {i,j}∈δ(X)

(x^{uv}_{ij} + x^{uv}_{ji} ) ≤ d(X) − 1 ∀X ⊆ V \ T with d(X) odd x^{uv}_{ij} ∈ {0, 1} ∀(u, v) ∈ T , ∀(i, j) ∈ E^∗ In the above integer program, the equality constraints can be viewed as flow conservation constraints: they say that for every terminal u and every non-terminal vertex i, there are equally many u–(T \ {u}) paths entering i and leaving i in a system of T -paths. The constraints of the second type are capacity constraints: they say that paths in a system of T -paths are edge-disjoint. The constraints of the third type are the odd-set constraints: they say that at least one edge from every odd cut δ(X), with X ⊆ V \ X, is not used by any path in a system of edge-disjoint T -paths. These constraints are superfluous in the integer program, but will imply integrality for the linear programming relaxation.

Next, we consider the linear programming relaxation of the above integer program: we allow the variables x^{uv}_{ij} to take values in IR_+ rather than just in {0, 1}. In addition, we introduce nonnegative slack variables y_e for every e = {i, j} ∈ E (corresponding to the capacity constraints). Now y_e = 1 means that edge e is not used (in either direction) by a feasible solution. The resulting linear program can be rewritten as follows.

max 1/2 ∑ u∈T z^u s.t. ∑ (u,v)∈T ∑ j∈V (x^{uv}_{ij} − x^{uv}_{ji} ) − ∑ (v,u)∈T ∑ j∈V (x^{vu}_{ij} − x^{vu}_{ji} ) = z^u_i ∀u ∈ T, ∀i ∈ V z^u_i = 0 ∀u ∈ T, ∀i ∈ V \ T ∑ (u,v)∈T

(x^{uv}_{ij} + x^{uv}_{ji} ) + y_e = 1 ∀e = {i, j} ∈ E ∑ e∈δ(X)

y_e ≥ 1 ∀X ⊆ V \ T with d(X) odd x^{uv}_{ij} , x^{uv}_{ji} , y_e ≥ 0 ∀(u, v) ∈ T , ∀e = {i, j} ∈ E z^u_i ∈ IR ∀u ∈ T, ∀i ∈ V.

The dual of the above linear program is the following. min ∑ e∈E λ_e − ∑ X⊆V \T odd

σ_X s.t.

λ_e + π_{ui} − π_{uj} − π_{vi} + π_{vj} ≥ 0 ∀(u, v) ∈ T , ∀e = {i, j} ∈ E π_{uu} = −1/2 ∀u ∈ T π_{uv} = 0 ∀u, v ∈ T, u ≠ v λ_e − ∑ X⊆V \T odd: e∈δ(X)

σ_X ≥ 0 ∀e = {i, j} ∈ E

σ_X ≥ 0 ∀X ⊆ V \ T odd λ_e, π_{ui} ∈ IR ∀e ∈ E, ∀u ∈ T, ∀i ∈ V It can be shown that the optimal value ν(G, T ) of a Mader-dual is greater or equal to the optimal value of the above dual linear program. Indeed, if we are given an optimal T -partition P, where the element of P containing u ∈ T is denoted P_u, then a feasible solution for the dual linear program can be defined from it as follows.

π_{uu} = −1/2 ∀u ∈ T π_{uv} = 0 ∀u, v ∈ T, u ≠ v π_{ui} = −1/2 ∀i ∈ P_u \ {u} π_{ui} = 0 ∀i ∈ V \ P_u σ_X = 1/2 ∀X ∈ C(P) odd σ_X = 0 otherwise λ_e = 1 ∀e = {i, j} ∈ δ(P_1, P_2), P_1, P_2 ∈ P with P_1 ≠ P_2 λ_e = 1/2 ∀e = {i, j} ∈ δ(P, X), P ∈ P, X ∈ C(P) λ_e = 0 otherwise With these choices for the values of the variables, the value of the dual program is equal to the value ν(G, T ) of the given optimal T -partition. Because μ(G, T ) is obviously smaller than or equal to the optimal value of the primal program, Mader’s theorem proves that the above linear programs have integer optimal solutions, and that their optimal value is μ(G, T ).

Now, to see that it is possible to separate in polynomial time over the feasible region of the primal linear program, it suffices to prove that one can separate in polynomial time over the polyhedron

{y ∈ IR^E_+ | y(δ(X)) ≥ 1 ∀X ⊆ V \ T with d(X) odd }.

Separating over this polyhedron amounts to finding an odd cut of minimum capacity in a capacitated graph, which can be done in strongly polynomial time ([5]). By the ellipsoid method (cf [1]), it is also possible to optimize over the feasible region of the primal linear program in polynomial time, and hence to determine μ(G, T ) for a given graph G in polynomial time. Consequently, an optimal system of edge-disjoint T -paths in G can be found in polynomial time (for example by iteratively deleting edges as long as this does not reduce the μ-value of the graph).

After seeing the above LP-formulation, both A. Schrijver [6, page 1285] and A. Sebő [7] (independently) suggested a more concise LP-formulation for Mader’s edge disjoint T -paths problem, which is worth mentioning.

μ(G, T ) = max 1/2 ∑ t∈T x(δ(t)) s.t.

0 ≤ x_e ≤ 1 ∀e ∈ E x(δ(X)) ≤ d(X) − 1 ∀X ⊆ V \ T with d(X) odd x(δ(t)) ≤ x(δ(X)) ∀t ∈ T, ∀X ⊆ V with X ∩ T = {t} A short proof of this identity, and of the fact that it is possible to separate in polynomial time over the feasible region of this linear program, appears in [6, page 1285].

References

[1] M. Grötschel, L. Lovász, and A. Schrijver, The ellipsoid method and its consequences in combinatorial optimization, Combinatorica 1 (1981), no. 2, 169–197.

[2] L. Lovász, Matroid matching and some applications, J. Combin. Theory Ser. B 28 (1980), no. 2, 208–236. [3] , The matroid matching problem, Algebraic methods in graph theory, Vol. I, II (Szeged, 1978), North-Holland, Amsterdam, 1981, pp. 495–517.

[4] W. Mader, Über die Maximalzahl kantendisjunkter A-Wege, Arch. Math. (Basel) 30 (1978), no. 3, 325– 336.

[5] Manfred W. Padberg and M. R. Rao, Odd minimum cut-sets and b-matchings, Math. Oper. Res. 7 (1982), no. 1, 67–80.

[6] A. Schrijver, Combinatorial optimization, first ed., Algorithms and Combinatorics, vol. 24, Springer- Verlag, Berlin, 2003, Polyhedra and Efficiency.

[7] A. Sebő, personal communication.