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RE-EXAMINATION TENSOR CALCULUS AND DIFFERENTIAL GEOMETRY

Course code: 2F800. Date: June 15, 2009. Time: 14h00-17h00. Place: HG 10.30 E.

Write your name and student identification number on each paper.

The exam consists of 5 problems. The maximum credit for each item is indicated in the margin.

Motivate your answers.

e You may consult the course notes “Tensorrekening en Differentiaalmeetkunde (2F800)” by Jan de Graaf,
and the draft notes “Tensor Calculus and Differential Geometry (2F800)” by Luc Florack without warranty.

1. ANTISYMMETRIC COTENSORS IN R3

Let Z(V) = {e1, ez, e3} be a basis of Euclidean 3-space V' = R3. Let Z(A\”(V)) denote the in-
duced basis for AP(V), i.e. the linear space of antisymmetric contravariant tensors of rank p on V, and
PB(\J?(V)) the induced basis for \/*(V), i.e. the linear space of symmetric contravariant tensors of rank
pon V.

a. Complete the table for Z(/\’(V)) in the appendix by providing the induced bases and their dimensions.
Cf. appendix, first table.
b. Complete the table for Z(\/”(V')) in the appendix by providing the induced bases and their dimensions.

Cf. appendix, second table.

2. THE “INFINITESIMAL VOLUME ELEMENT”.

We consider an open subset {2 C M of a Riemannian manifold M with a single smooth coordinate chart

§: Q=R pE(p) = (€ (p), ..., 6" (p) ERF.

Furthermore we take €2 to be correspond to the open box £(2) = (a',b') x ... x (a*,b¥) C R*.

Recall the classical change of variables theorem from integral calculus.

Theorem. If £ = £(&) represents a coordinate transformation, then, using self-explanatory notation for
the boundary values,
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Also recall the following “tensor transformation law”.

Lemma. Let ' € T4 (V) be a mixed tensor, {e;} a basis of the n-dimensional real linear space V,
f; = Aé-ei a change of basis, with transformation matrix A, and B = AL e, A}CB;? = 5;. Then

L def . .
T = Tj’l1 ;”e“@...@eip@eﬁ@ . ® &l 2?;11 ’]"f Lef, 9t ®.. e,

if and only if the holor adheres to the tensor transformation law,

Ailp 4l Ly it ip k1. kp
Tj1...jq = Aj1 .. 'quBkl . By Tél A

A scalar is defined as a tensor of type (p, q) = (0,0).

a. Argue that the “infinitesimal volume element” d¢' ... dé* does not formally transform as a scalar,
and derive the correct “relative scalar transformation law” to which it adheres.

From the theorem it is apparent that

det ... dE" :derlg—gdgl...dgk.

The appearance of the Jacobian determinant violates the formal scalar transformation rule.

If v(p) = v'(£(p))dilp € TM, w(p) = w'(£(p))dil, € TM,, in which TM,, is the tangent space to M
atp € €, then we indicate the inner product on TM,, by G (p) (€, 1) = (€]n),, = 9i;(£(p))v* (€(p))w? (£(p)),
in which g;;(£(p)) is the (holor of the) metric tensor at p € €.

For notational simplicity we suppress the explicit base point label p and its reference coordinates &(p)
in the above notation, and simply write v = v'0;, w = w'0;, G(&,n) = (£]n) = gijv'w?, et cetera.
The determinant of the matrix g;; is abbreviated as g.

b. Show that the “invariant infinitesimal volume element”, av 4 \f det . , transforms as a
“pseudo scalar”, i.e. in a way identical to a scalar up to a p0351ble minus sign: When does the minus
sign arise?

Using
_ ag) 2 - ag’
= | det = whence = |det = R
g ( o) ¢ V3 | VI
and the change of variables theorem, we observe that
def = ;= 9 1 k 1 o¢
dv = \/§d£ df = |det —\ Vg det —E dg . = sgn det — | Vgd¢ . = sgn ( det a—g dv .

A minus sign shows up if the orientation of the coordinate system changes.

c. Show that the Levi-Civita tensor, € = /g dét A ... AdeP = €l ooy AEH N N AEME € N (TM),
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with €1 = /g, formally transforms in the same way as dV'.

We have
1 ' o€ og"
€ = GdE A ndEE L Jdet 28 A A det 2 =2 dET AL A dER
e Vg dé £ ‘f(ael ) <a§,k dg' > ‘ ‘fagu o % ¢
_ 82 . . 1 kox 85 1 k_ 85
= ‘dti‘f&slln'agik i1 .. 8] dE" N .. N dE _sgndeta—g\/gjdé AN /3 _sgndeta—ge.
o ag” o 9€ ae
In * we have made use of —— ... —— [i1 ...i] = det — and of det — = det™! 2.
a¢n O¢ik ¢ 73 3

The Levi-Civita (or metric) connection provides a covariant derivative operator V, with formal compo-
nents D; relative to a coordinate basis {dz’}. Recall that for the contravariant components of a vector
field we have Djvk = 8jvk + Ff’jvz, with

1
ri.fj = Egke (0ig¢; + 03 9¢i — Orgij) -

d. Show that if v = v;dz’ € T*M and w = w’0; € TM are smooth covector, respectively vector fields
“of rapid decay”, i.e. such that all derivatives of the component functions v; : R¥ — R : ¢ — v;(¢) and
w' : RF = R : ¢ — w’(q) vanish in the limit ||¢|| — oo, then

[ @ 0u©) V€ det ..t = - [ (Dyu(©)w'(€) va©)de! .. de".

By construction of the Levi-Civita connection the metric is “covariantly constant”, i.e. Dyg;; = 0, whence also Dy /g = 0. Therefore
D; (’ini\/g) = (Djviwi + viDjwi) NOR

from which the result follows by integration, taking into account that integration of the left hand side yields zero by virtue of rapid decay.
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3. CARTESIAN TENSORS

Let M be a smooth manifold furnished with an atlas of coordinate charts, and consider a coordinate
transformation y* = y*(z!,...,2"), i = 1,...,n. (For simplicity we write y* = y(2/) henceforth.)
The Jacobian matrix is indicated by A, with components A; = Jy'/0x7, and its inverse by B, with
B; = 0x'/0y’. (The upper index acts as the row index.)

For p € M, {0,:} denotes the coordinate basis of the local tangent space TMy, in z-coordinatization.
An arbitrary vector can be decomposed as v = v°0, relative to {0, }. The cotangent space T*M, is
spanned by {dz'}, and an arbitrary covector can be written as v = v;dz" relative to {dx"}.

a. Show that if v = w'd,; and v = w;dy’, then w' = A%v7, respectively w; = Blv.

We have v = v79_; = ’UjA;Byi = wiayi, from which we infer that w? = A;'.vj. Likewise, v = vjdz? = v; deyi = w;dy’, whence

w; = vaj.

We impose a Riemannian structure on M by stipulating an inner product (on each tangent space). If
v,w € TMp, then (v|lw) = G(v,w) = g;jv'w’, in which g;; = (8,:|0,5) are the components of
the corresponding Gram matrix G relative to {0, }. (Notice the distinction between the coordinate
independent rank-2 cotensor GG and its coordinate dependent matrix representation G.)

b. Show that if G = g;; dr' @ da’ = hi; dy' ® dy’, in which h;; are the components of the Gram matrix
H in y-coordinatization, then H = BTGB.

We have G = g;; dr' @ dz? = gijB,i Bg dyk ® dye, whence it follows that Ay = B}'C ngij. In matrix notation, identifying upper (lower)

or leftmost (rightmost) indices as row (column) indices, this can be expressed as H = BTGB.

Definition. The converters § : TMp —T*Mp, and b : T*Mp —TM}, are defined as follows. If v € TM,,
v € T*Mp, then

def . def

tv = G(v,-) € T*"M, respectively bv = G71(¥,-) € TMp .

The dual metric G~ is the rank-2 contratensor uniquely defined in terms of G by the requirement that
the converters be eachother’s inverse:

fob=idr-v, respectively boff=idrm, -

c. Show that G~! = ¢¥9,; ® d,;, in which g% are the components of the inverse Gram matrix G 1.
(Hint: Work out (b o f)v = v for all v € TM, in coordinate form.)

Suppose bdz? = %9 _, for some v7*, which is possible by definition of the prototype of the operator b. We then have botiv = bG(v, ) =
bgijvidzj = gijvibda:j = gijvivjkézk def vkc’?wk = v. Since this must hold for all v € TMjp, it follows that gij'yjk = 5?, in other

words, v% = g7,

We now assume that M is a Euclidean space, and that, in z-coordinatization, G = I, the identity matrix
(i.e. 2* are Cartesian coordinates, and {0, } is an orthonormal basis of TMp,).

Definition. A coordinate transformation relating Cartesian coordinate systems is called a Cartesian
coordinate transformation.
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d. Give the explicit form of an arbitrary Cartesian coordinate transformation ' = y*(27).

The defining equation for Cartesian coordinate systems x and y is G = H = I. According to b we thus have in y-coordinatization I = BTB.

Consequently B, and hence also its inverse A, must be an orthogonal matrix. This implies that y* = a* + Aj.xj (with ATA =T).

e. Argue why in this case no distinction needs to be made between a vector v.€ TMp, and its dual
Vv = #v € T*M,, or between upper and lower indices.

If we rewrite the transformation laws for vector and covector components, recall a, in matrix-vector form, we get
w 1 v 1 w1 v1 V1 V1
=A : respectively : =BT : =B~! : =A
Wn Un Un Un
Thus the contravariant components v* of v € TM and the covariant components v; of ¥ € T*M transform in the same way. In addition,
since v* = g¥ v, contravariant and covariant components coincide numerically by virtue of the fact that G = I in any Cartesian coordinate

system. As a result, no confusion is likely to arise if we label all components by lower indices only.

L)

4. GEODESIC COORDINATES

Definition. The Christoffel symbols I Z associated with the affine connection V : TR™ x TR" — TR"
are defined by Vo, 0; = T'0k (i, 5,k = 1,...,n).

k

Recall that the components of the Christoffel symbols in a coordinate system X, say flj, are given

relative to those in a coordinate system x, i.e. Ffj, by
Rl k ¢ 3 it
Fij = Sé (nmz_’znrnm + a]ﬂ) ’
in which T and S are the Jacobian matrices with components

L o ik
T = ? resp. S; = @ .
e Let FZ(L@) be given at a fixed point &, with coordinates x'(#?) = a', say. Show that there exists a

. — ; =k
coordinate system X such that 7*(#) = 0 and I';;(#) = 0.
(Hint: Postulate a transformation of the type ' = o + Z° + %aé Nz z*)

Obviously we must set o = a*. We have furthermore

. 0xt
/l 7
I o

i i =k 5 .k k
=0;tajz and O;T7 = o,

so in particular ) ) _
THP)=06. and ;T (P) =al;.

Substitution into the equation ffj (£2) =0,ie.
T (P)TIH (P (P) + O, T (2) = 0,

yields Ffj(ﬁ) + afj = 0, whence afj = —Ffj(ﬂ).
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5. CROSS PRODUCT IN R3

Given a basis {e, ez, e3} of V = R3and a corresponding decomposition v = v%0;, w = w'0;, an inner
product on V is specified by (v|w) = G(v,w) = g;jv'w’, in which g;; = (e;|e;) are the components
of the corresponding Gram matrix G.. The dual basis of V* is indicated by {é!, &2, &3}.

Definition. Let a',...,a" € V*. The Hodge star operator : A, (V) — A,,_,.(V) is defined as follows:

*1 = € fOI‘]{Z:O,
*(él/\.../\ék) — ebal,... pak fork=1,....n

In this definition € = \/§é1 nened = e“lmg‘éil A& NEB ¢ /A\3(V) is the Levi-Civita tensor, with

€123 = \[ =V det G.

Definition. Let a;,...,a; € V. The (n—k)-form e_a;u...0a, € A,,_, (V) is defined as follows:

(evaja...oag) (Xkt1,---,Xn) = €(ag, ..., a5, Xpt1,...,X,)  forall Xziq,...,%x, € V.

Definition The cross product X : V xV — V : (v, w) — v x w is defined in terms of the Levi-Civita
tensor and Hodge star operator as follows:

vXw=>b(x(fvAfw)) .
Recall problem 3 for the definition of f and b.

e Show that the components of u = v x w are given by u* = ¢;;,v'w’g*. Give the explicit formula

for (u',u?, u?) in case of an orthonormal basis.

We have o o
vxw=>b(x(vAtw)) =b(esbof)vibol)w) =b(eavow) =b <6ijkvlw]ék) = e 0wl gFley,

from which the result follows. If {e1, e2, e3} is orthonormal, then G = I and €;;, = [ijk], whence u = v x w = [ijk]viwl ey, or
ul vl wl v2w3 — v3w?
w2 = v? | x| w? | = vPw!—-vlwd .
w3 v3 w3 vlw? — 2!

THE END



APPENDIX

Name: Student number:
p BN (V) dim
0 {1} 1
1 {e1,e2,e3} 3
2 {e1 ANez,e1 Nes,ex Aes} 3
3 {e1 Nea ANes} 1
v AP (V) dim
0 {1} 1
1 {e1,e2,e3} 3
2 {e1Vei,e1 Ve, e1Ves, eaVes,eaVes, esVes} 6
3 | {e1VeiVer,e1VeiVes,e1 Ve Ves, e VeaVes,e1VeaVes, e1VesVes, eaVeaVes, eaVea Ves, eaVesVes,e3VesVes} 10




