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Preface

This problem companion belongs to the course notes “Tensor Calculus and Differential Geometry” (course code
2WAHO) by Luc Florack. Problems are concisely formulated. Einstein summation convention applies to all
problems, unless stated otherwise. Please refer to the course notes for further details.

Luc Florack

Eindhoven, February 27, 2021.






1. Prerequisites from Linear Algebra

1. Let V be a real vector space, and u € V. Show that (—1) - u = —u, and 0 - u = o.

Each step in the following derivations either exploits a basic vector space axiom or reflects a trivality:

e u+0-u=1-4u4+0-u=(140)-u=1-u=wuforallu € V,whence 0 - u = o € V,i.e. the null vector;

e u+(—1)-u=1-u+(-1)-u= (14 (—1))-u=0-u=oforallu € V according to the previous result, whence (—1) - u = —u.

2. Show that £ (V, W) is a vector space.

Leto/, B € L(V,W),then \eZ +uZB € £ (V, W) is the linear operator defined by (AaZ +pB) (v) = Ao/ (v)+pdB(v) forallv € V. The proof of the
vector space structure of .2 (V, W) exploits the vector space structure of W, as follows. Let v € V be any given vector, o7, B, ¢ € £ (V, W), and consider,
say, the associativity axiom: ((« + B) + €) (v) = (F+B)(vV)+ € (v) = F (V) +B(V)+C(v) = F(V)+(B+EC)(v) = (A + (B + €)) (v),
whence (o + B) + € = o + (B + €). Note that triple sums on W do not require disambiguating parentheses as a result of its vector space structure. The

remaining seven axioms are proven in a similar fashion by evaluation on an arbitrary dummy v € V.

In analogy with the determinant of a matrix A, the so-called permanent is defined as

n n
. . 1 . . .
perm A = E |[J1""7J"}|A1jl"'Anjn:E E e,y tn] (15 dnl| Airgy - - Aijn -
J1seesin=1 i1, in =1
Jiy-vsdn =1

Note that the nontrivial factors among the weights |[¢1, . .., 4,]| and |[j1, . . ., j,]| are invariably +1.
3. Can we omit the factors |[i1, ..., %,]| and |[j1, . .., j»]| in this definition of perm A?

No. They are needed to effectively constrain the (41, ..., %) and (j1,. .., jn) sums to all n! permutations of (1, ..., n). Without these factors the sums

would effectively have n™ > n! terms.

4. How many multiplications and additions/subtractions do you need in the numerical computation of det A and
perm A for a generic n X n matrix A?

For both det A and perm A we generically have n! nontrivial terms, each consisting of an n-fold product of matrix entries. This implies that we need n! —1

additions/subtractions of terms, each of which requires n — 1 multiplications.

5. Given a generic n x n matrix A. Argue why its cofactor and adjugate matrices A, respectively AT, always
exist, unlike its inverse A~1. What is the condition for A~ to be well-defined?

By construction the entries of the cofactor and adjugate matrices are homogeneous (n — 1)-degree polynomials in terms of the original matrix entries.
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6. Let
1 2 1
A:(; 3) and B = 6 3 8
8 7 10

Compute, by hand, det A and det B. Likewise for perm A and perm B.
det A=1,det B=0,perm A = 13 , perm B = 400.

7. Cf. previous problem. Compute the following expression involving the standard 3-dimensional inner and outer
product of vectors (cf. the columns of B), and provide a geometrical interpretation of your result for det B:

1 2 1
X 3 8
8 7 10

This expression yields 0, indicating that the third column vector of B lies within the 2-dimensional plane spanned by the first two column vectors. This explains

why det B = 0.

8. Cf. previous problem. Compute the cofactor and adjugate matrices A, B, AT, and B".

-26 4 18 —26 —13 13
A:(jg ’f),fé: -13 2 9 ,AT:<7 ’3),BT: 4 2 -2
13 -2 -9 18 9 -9

9. Cf. previous problem. Compute the inverse matrices A~' and B~!, if these exist.

1 ~
A

ot A T = AT, cf. previous problem. Since det B = 0 the matrix B~ does not exist.
e

Since det A = 1 we have A™! =

10. Cf. previous problem. Compute AAT and BBT.
We have AAT = det AT = I, i.e.the 2x2 identity matrix, respectively BBT = det BI = 0, i.e. the 3 3 null matrix.

11. Given det A, det B for general n x n matrices A, B. What is det A, det AT, det(AA), det(AB), and det Ak
forNeR, ke Z?

The following identities hold: det A = (det A)" ™!, det AT = det A, det(AA) = A" det A, det A*¥ = (det A)*.

12. Consider the collection A;, , foralliy,..., i, =1,...,n. Suppose A;, ... ip...in = —Aiy. ip...ix...i,, fOI
any 1 < k < £ < n (complete antisymmetry). Show that A;, ; o [i1...5p].

From complete antisymmetry under each index exchange it follows that all symbols with two or more equal index labels (say 73, = i¢) must necessarily vanish (as
0 is the only number equal to its opposite). This implies that for nontrivial symbols A;, .. ;,, the index set (41, . . . , i, ) must be a permutation of (1, ..., n).
Setting A1..., = C' for some constant C, all A;, . ;, can be obtained as =C' through repetitive index exchanges exploiting the antisymmetry property, viz.

has in fact only a single degree of freedom.

cin

Aiy. . in = Cli1...1ip]. Thus the underlying “hypermatrix” A, comprising all n"* entries A; .
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13. Prove the following identities for the completely antisymmetric symbol in n = 3:

[i,7,k] [6,m,n] = 6i40jmOkn + 0im0;n0ke + 0in0;e0km — Oim0;je0kn — 0i60jn0km — OindjmOke
3
Z i ]7 Z m n] = 5]m5kn - 5]n5km
i=1
3
D [h5,k G0 = 26k
i,j=1
3
[Z7j7k] [Z7jak] = 6
i,4. k=1

The first identity follows from the following observations. The 1.h.s. is notrivial iff the three entries of each triple (%, j, k) and (£, m, n), with ¢, 5, k, £, m,n =
1, 2, 3, are all distinct, and therefore equal to some permutation of (1, 2, 3). This implies that the entries of (¢, j, k) should pairwise match those of (¢, m, n).
The six possible matches are reflected in the Kronecker symbols on the r.h.s. The sign in front of each term expresses whether one needs an even (+) or odd
number (—) of reorderings of pairs in (¢, m, n) in order to bring these three indices in the same ordering as their matching indices in (%, j, k). Note that once
this reordering has been carried out, the product is invariably 1, explaining the amplitude £ 1 of each term.

Subsequent expressions follow by conducting the indicated index contractions, using 27,1 i+ = 3 (in 3 dimensions) and Z 0ij0ik = Ojk-

i=1

* 14. Compute the Gaussian integral y(A) = / exp(—xiAijxj ) dx for a symmetric positive definite n X n

matrix A. Hint: There exists a rotation matrix R such that RTAR = A, in which A = diag (A, ..., \,), with
allA, >0,p=1,...,n

As Tymmetnc matrix can be diagonalized via a rotation. Thus consider the followmg substitution of variables: z = Ry, whence 7 = yT RT (note that

Yyand dz = det Rdy = dy. Define the diagonal matrix A = RT AR = diag (A1, ..., An), with Ay, > Oforallp = 1,...,n by virtue of
positive definiteness. Then, with parameters A, considered implicitly as a function of matrix A as indicated,

_ & xp(— P2 P
”(A)‘,EI/RQ P(=Ap (u7)?) dy

If desired, one may absorb the eigenvalues A, into the integration variables by another substitution of variables in order to further simplify the result, viz. consider
the rescaling zP = /A, y?. Then, again assuming A, to be given as functions of A,

v(A) =

f/exp( (7)) d?
p=1

This reduces the problem to a standard one-dimensional Gaussian integral: /exp(—&z) d¢ = /7. Note that ngl Ap = det A, so that we finally obtain
R

o
v = Vdet A

* 15. Compute the extended Gaussian integral y(A, s) = / exp(—a*Ay;x? + spa®) dx for a symmetric positive

definite n x n matrix A and arbitrary “source” s € R".

Rewrite the exponent as a quadratic form in z — a for some vector @ € R™ and an z-independent (a-dependent) remainder, and solve for a in terms of the
source s and the matrix A. In this way one obtains

) ) ) 1 . R 1 i 1
exp(—z'A;;z? + spa’) = exp <7(x1' — EskBkl)A,;j (=7 — 55@B“)) exp (Zsmesq> s

inwhich B = A1 ie. A; BJk = 6’“ With the help of a substitution of variables, Y =a' — 7skB *_for which dy = da, we then obtain

1 ; . Nz 1 V" 1.
A, s) = ex ~s,BP%s > / exp (—y' Ai;97)) dy = ———= ex <7s BP%s > = ——— ex <7s A 1s> .
(A, s) p<4p i) Jon p(y uy)) V= Jiea P g q Jaea P 1
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«16. Cf. previous problem. Consider the following integral: ~"1-(A) = / z . x' exp(—atAjad) d.

n

Express 7% (A) in terms of 7(A, s). (You don’t need to compute *1-%» ( A) explicitly.)

Observe that ) ) ) )
’Yzl...tp(A) — 91 . .811)’}/(1473)’ o

in which 8° = 8/ds;. Together with the expression obtained for (A, s) in the previous problem this admits a closed-form solution.



2. Tensor Calculus

1. Expand in n = 2 and n = 3 dimensions, respectively: X;Y X j. Argue why we may assume, without loss of
generality, that Y7 = Y7 in this expression (‘“‘automatic” symmetry).

In the following expressions all superscripts are to be interpreted as contravariant indices (labels), except if attached to a parenthesized expression, in which case
they denote powers, i.c. squares:

o forn=2: X;YVX; =Y (X1)? +2Y"2 X1 X2 + Y2 (X2)%

o forn =3 X;YVX; = Y (X1)? +2Y"2 X1 X2 + 2V 3 X1 X5 + Y2 (X2)? + 2Y P X0 X5 + V33(X35)2

Note that we have used symmetry to simplify the expressions by noting that Y21 = Y12, v3l = y13 y32 = y23 e the effective indices of Y'*/ may
be rearranged such that ¢ < j provided one takes into account a proper combinatorial factor, i.c. a factor 2 for the mixed terms. The legitimacy of the symmetry
assumption Y/ = Y7* can be seen as follows. In general one may write any square matrix as a sum of a symmetric and an antisymmetric part: Y = Y; + Y,,

with entries
Y= (Y7 +v7) and ¥ = 5

s

(Y”’ - YJ"") .

*

Asaresult, X; Y X, = X;(YY + Y, 9)X; = X,V X, + X;Y,"X; = X;Y," X;. The latter step follows from X,;Y,"" X; £ X,;Y X, =
—X; YW X; = —X;Y,"9 X;. In step » we we have merely relabelled dummies, in step # we have used antisymmetry Y,/ = — Y%, the final step is trivial.

Since the antisymmetric part of Y~ does not contribute to the result we may as well assume Y to be symmetric from the outset, as done in the above.

2. Expand in n =2 and n = 3 dimensions, respectively: X;;Y. Are we allowed to assume that X;; or Y% is
symmetric in this expression?

We now have (again all superscripts are labels, not powers)

o forn=2:X;; Y = X1 Y 4+ X1V X0 V2 4 X0 YV22

o forn =3 X;; Y = X1 Y + X1V 4 X3V 4+ X1 Y2 4+ X0 V22  Xo3 V2 4 X531 Y3 4 X32Y32 4 X373,

There is no reason why there should be any dependencies, such as symmetries, among the X; ; or Y,

3. Show that §; = n and 6;0% = 4t

Wehave 5! =8} + ... +6" =1+...+ 1 = n. Furthermore, 6;5;" =30 6;6;‘ = 6;, because the first Kronecker symbol in the sum, 5%, singles
n terms

out only the term for which k = 4, in which case it evaluates to 1, leaving for the second Kronecker symbol 5f:i as the only effective term.
4. Show that 8¢ X7 = X.

Of all the j-labelled terms in the double sum 6; XZ =>r, ;.Lzl 6; XZ the only ones that are effective due to the 6]' factor are those terms with j = 1,

leaving Xg:i = 3" | X/ ie ninstead of the n? terms that are a priori present in the full 327, > -sum.

5. Suppose ' = A%y? and y* = BiaJ for all y € R™. Prove that A} B = §%.
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Multiply the first equation with Bf and sumoveri = 1, ..., n. Using the second identity we then obtain yk = B:‘x7 = B:‘ A; y? forall yk, k=1,...,n,

which implies that Bf’ A; =4 f Alternatively you can see this by differentiating y* = Bf A; y? w.rt. y7, yielding & f = Bf’ A;

6. Consider a Cartesian basis {01 = 0,,0> = 0,} spanning a 2-dimensional plane. (Here 0, is shorthand for
0/0x" if z* denotes the i-th Cartesian coordinate; in R? we identify ! = x, 22 = y.) Let 7° denote the i-th polar
coordinate, with Z! = r (radial distance) and 72> = ¢ (polar angle), such that x = r cos ¢, y = 7 sin ¢. Assume
9; = A;- 0; (with 81 = 0,., 5 = ;). Argue why this assumption holds, and compute the matrix A.

_ 9al

The assumption holds by virtue of the chain rule, viz. A;- = o7 Taking % and j as row, respectively column index, we have
A= g g; _ ( cos¢p —rsing >
- Ay dy - -3 S .
52 or sin ¢ T COS ¢

7. Cf. previous problem, but now for the relation between Cartesian and spherical coordinates in R3, defined by

T = rsinfcos ¢, y = rsinfsin ¢, z = rcos §, with radial distance Tzl =7, polar angle T2 = 6 and azimuthal
angle 7° = ¢, and, correspondingly, 91 = 9, 02 = 9y, 03 = 0.
The assumption holds by virtue of the chain rule, viz. A;’ = g;; . Taking ¢ and j as row, respectively column index, we have

dx dx ok

or 96 ET; sinfcos¢ rcosfcos¢ —rsinfsing

A= % g—g % = sinfsin¢  rcos@sin ¢ 7 sin 0 cos ¢
9z 9z 9z cos 6 —7rsin @ 0
or 96 9¢

8. Cf. previous two problems. Consider the dual Cartesian bases {dz! = dz,dx?> = dy} in two dimensions,
respectively {dz' = dx,dz? = dy,,dz*® = dz} in three dimensions. Assume dz’ = Cidz’, with dual bases
{dz' = dr,dz* = d¢}, respectively {dz' = dr,dz* = df, ,dz> = d¢}. Show that C' = A, i.e. the same matrix
as computed in the previous two problems. (Notice the difference!)

By virtue of the chain rule for differentials we have da® = C’; dz?, with C; = 2712" i.e. the same matrix C' = A as evaluated in the previous problem.
Whereas in the previous problem the new derivatives ; were expressed as linear combinations of the old ones 0j, we now have the old differentials da?

expressed as linear combinations of the new ones dZ7, with the same coefficients.
9. Let x = z'e; € V. Show that the map &4 : V — R defined by a(x) = a;z° is a linear operator.
Forx,y € V, A, u € R, we have A(Ax + py) = ai(Az® 4+ py®) = dasz® + paiy’ = Ma(x) + pa(y).

10. Cf. previous problem. A linear operator of this type is known as a covector, notation & € V* = Z(V,R).
Explain why a covector a (respectively covector space V*) is formally a vector (respectively vector space).

For A\, u € R,4,b € V*, and arbitrary x € V, we have, by definition, (A& + ub)(x) = Aa(x) + pb(x). With this definition, V* acquires a vector space

structure, and its elements, i.c. &, b e V*, are, by definition, vectors.

11. Consider & € V* with prototype & : V' — R : x + a(x) = a;z'. Argue why this naturally provides an
alternative interpretation of x € V as an element of V** = (V*)* ~ V.

Notice the symmetric role played by the coefficients a; of the linear map & € V™ and its arguments z'. We might as well call z* the coefficients, and a; the

. . . . N - o def o
arguments, if we reinterpret the linear map as x € V**,ie.x: V* = R: &+ a;z°, ie. x(a) = a(x).

12. Suppose (w,v) = Ciwjv/ = ﬁéwmj relative to dual bases {e;, &'} (middle term), respectively {f;, f’}
(right hand side), in which C;» and 6;. are coefficients (“holors”) to be determined. Show that the holor is basis

independent, i.e. C} = 6;-, and compute its components explicitly.
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Inserting the decompositions & = w;&% and v = v7 e; into the Kronecker tensor yields, using bilinearity and duality, (@, v) = wiv? (éi’ ,ej) = wiv? 5;,

so that apparently C’; = 6; This is basis independent, so by the same token we have 5; = 6;.

13. Suppose {e;} and {&'} are dual bases of V, respectively V*, and e; = Agf—, &l = B}fj for some (a priori
unrelated) transformation matrices A and B. Show that if {f;, fi } constitute dual bases then Bi Ar = 53' .

By virtue of duality we have 87 = (&7, e;) = (BI#*, A%f,) = BI A%(E", £,) £ B ALSF = BI AP, The equality marked by  follows if {f;, £’}
define dual bases, i.e. if (f%, f;) = 6;

* 14. Show that the following “length functional” .Z(y) for a parameterized curve v : [T, T4] — R™ : ¢t — ~(¥)
with fixed end points X+ = (74 ) is independent of the parametrization:

Ty
20)= [ \asbo) s a.

Here 5(t) = 4/ (t)e; denotes the derivative of the curve, expanded relative to a fiducial basis {e; }, and v;; (z) are
the components of the inner product defined at base point x € R". To this end, consider a reparametrization of
the form s = s(t), with 5(¢) > 0, say.

Substitution of variables, with s = s(t) or, equivalently, t = t(s), setting v(t) = £(s(t)) and defining £(s) = d&(s)/ds, yields, by the chain rule,

T T " N S . .
Z() :/T ! \/gij('Y(t))';/i(t);Yj(t)dt:/:; ! \/gij(é(S(t)))ﬁ"(S(t))S'(t)Ej(S(t))S'(t)dt:/S T Vi () () €9 (5) ds,

in which we have used ds = $(t)dt, and in which S+ = s(7T'+) denote the new parameter values of the (fixed) end points X .

15. Cf. previous problem. The parameter s is called an affine parameter if, along the entire parameterized curve
€:[S_,S8;] = R™ : s = &(s), we have ||£(s)|| = 1 (“unit speed parameterization™), or ({(s)|£(s)) = 1,in

which the L.h.s. pertains to the inner product at point £(s) € R™. In other words, g;;(£(s)) €'(s) € (s) = 1. Show
that this can always be realized through suitable reparameterization starting from an arbitrarily parameterized
curve v : [T-,T4] = R™ : t — ~(¢).

Cf. previous problem for notation. Note that (§(t)|%¥(t)) = f2(t) for some positive definite function f : [T_,T.] — R : ¢t — f(t). By the
chain rule we have f2(t) = (g(s(t))s(t)\ﬁ(s(t))s(t)) = (g(s(t))|§(s(t))) 52 (t). If we now choose the reparameterization such that 5(t) = f(t)
with arbitrarily fixed initial condition s(7—) = S_ (admitting a unique solution), then we get (5(9) \{(s)) = 1 along the entire reparameterized curve

£:[S-,54] = R™ : s +— &(s). Note that the reparameterization is one-to-one.

16. The figure below shows a pictorial representation of vectors (v,w € V') and covectors (w € V*) in terms
of graphical primitives. In this picture, a vector is denoted by a directed arrow, and a covector by an equally
spaced set of level lines along a directed normal (i.e. “phase” increases in the direction of the directed normal,
attaining consecutive integer values on the level lines drawn in the figure). Give a graphical interpretation of the
contraction (w,v) € R, and estimate from the figure the values of (w,v), (w, w), and (w,v + w). Are these
values consistent with the linearity of (w, - )?
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V+W

The contraction (w, v) equals the (fractional) number of level lines of w intersected by the arrow v, with a sign depending on whether the progression along the
level lines is in forward (+) or backward (—) direction, in other words, the phase difference between tip and tail of the arrow relative to the “planar wave” pattern.

From the picture we estimate (w, v) = 3, (w, w) & 2, and (w, v + W) = 5, consistent with the linearity constraint (w, v) + (w, w) = (w, v + w).

17. An inner product on V' induces an inner product on V*. Recall that for x = z'e; € V andy = y'e; € V we
have (x|y) = gi;a'y’. Letx = 2,6’ € V*,y = y;&/ € V*, with (¢',e;) = 0’. Define (X[|y), = (bx[py). Show
that (X[y), = g"zy;, in which g** g;,; = 4%

We have (X|y), = (bx[by) = (gikxieklgﬂyrzej) = g% g iy (erle;) = g grjg" mive = g wiy;.

18. Let 1, v € V*. Prove equivalence of nilpotency and antisymmetry of the wedge product, i.e. it A Gt = 0 iff

ANV =—VAL

Starting from nilpotency, consider 0 = (@ + V) A (W + V) = @ A ¥ + ¥V A 1, in which the last step follows from bilinearity and nilpotency of the A-product.
0

Vice versa, antisymmetry implies it A 1 = —1

19. Let m, 7" : {1,...,p} = {1,...,p} : k — =m(k) be two bijections. By abuse of notation these can be
identified with permutations on any symbolic set 2, = {(a1,. .., a,)} consisting of p-tuples of labeled symbols:
T Qy = Qo (a1,...,ap) = (az1),- -, 0r(p)), and likewise for 7. Let n(1,...,p) = (7(1),...,7(p)),
respectively 7'(1,...,p) = («’(1),...,7'(p)), argue that 7" = #'r, i.e. the (right-to-left) concatenation of 7’
and 7, defines another permutation.

Consider 7’/ (1,...,p) = n'm(1,...,p) = ©'(w(1),...,m(p)) = (x'7(1),..., 7' m(p)). Since 7, 7’ : {1,...,p} — {1,...,p} are bijective,
50 is their composition 7'/ = 7’7 : {1,...,p} = {1,..., p}, whence we must define 7' : ), = Qp : (a1,...,ap) = (Aprr(1ys - prr (). In
particular, 7’/ (1, ...,p) = (7" (1), ..., 7" (p)), i.e. a permutation of (1, ..., p).

20. Argue that the concatenation 7"/ = 7’7 of two permutations 7’ and r satisfies sgn 7"’ = sgn 7’ sgn .

Although the absolute number of pairwise toggles of entries in the p-tuple 7w(1,...,p) = (7(1),...,7(p)) needed to rearrange its entries into the orig-
inal ordering (1, ..., p) is not unique, it is always either even or odd for any particular permutation. Thus sgn7m = =1, indicating whether this number
is even (+) or odd (—), is well-defined. Using “£1” as synonyms for “any even/odd number”, rearranging 7'/(1,...,p) = (z#"'(1),...,7""(p)) =
(7'7(1),...,7'7(p))intow’(1,...,p) = (x'(1),...,n (p)) requires sgn 7 pairwise toggles of entries, while subsequent rearrangement of 7' (1, ..., p) =

(7'(1),...,7'(p)) into (1, ..., p) requires another sgn 7' number. The total number is thus sgn 7’/ = sgn 7’ sgn 7.
. . . O . . . _
21. Show that the symmetrisation map . : (V) — \/,(V) is idempotent, i.e. /0 & = 7.

Consider (. o #)(T)(v1,...,vp) = % S L (D) Vr)ys s Va(p)) = ﬁ P % >t T(Varmiys -+ o5 Vil (py)- Now ' = 7'’ is

again a permutation of (1, ..., p), so we may rewrite the r.h.s. as ﬁ > ﬁ S T(ku(l), Ce Vit () ). Since the terms in the innermost 7’/ -sum
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do not depend on r, the outermost 7r-sum adds p! identical terms, cancelling one combinatorial factor: >~ ﬁ = 1. Thus (& o &)(T)(v1,...,Vp) =
p% Doatt T(Varrry, ooy Ve y) = F(T)(V1, ..., Vp). Since this holds for all vector arguments v, k = 1, ..., p, we have the operator identity

FoS =
22. Show that the antisymmetrisation map < : T (V') — A, (V) is idempotent, i.e. & o o = o

Consider (& 0 &)(T)(Vi,...,Vp) = oy 28T (T)(Vr(1)s- s Va(p)) = o1 2op SENT a1 2 SENT T(V o1y -+ o3 Vs () Now
n'm = «'"is again apermutation of (1, . . ., p), withsgn 7'’ = sgn7’sgn, so we may rewrite the rh.s.as 2y 32 2 S0 sen 7 T(Varr (1), -+ s Vst ()
Since the terms in the innermost 7'’ -sum do not depend on 7, the outermost 7-sum adds p! identical terms, cancelling one combinatorial factor: Do % =1.
Thus (o o & )(T)(vi,...,vp) = ﬁ > sgn 71'”T(vﬂ,//(1)7 oo Vi) = Z(T)(vy, ..., vp). Since this holds for all vector arguments vy,

k =1,...,p, we have the operator identity & o of = .

23. Cf. the two previous problems. Show that o 0. = ./ 0./ =0 € £ (TJ(V), Ty(V)), i.e. the null operator
on TY (V) for p > 2. Whatif p = 0,1?

For p > 2, assume T € M(Tg(\/)) n y(Tg(V)) = A, (V) NV, (V),ie T is both symmetric as well as antisymmetric. Then, for 1 < k # £ < p,
T(Vi,o o, Voo es Vo, oo, Vp) = T(Vi,. .., Ve, o, Vi, ooy Vp) L —T(Vi,- -+ Vk,s-+-sVe, ..., Vp), in which symmetry (s), respectively
antisymmetry (a) has been used in the last two steps. So A, (V) NV (V) = {0} ie. /0 S = S o/ =0 € f(Tg(V), Tg(V)). Forp = 0, 1 the
maps o and . act trivially: & = ¥ =id : Tg:o,1(v) — ngo,l(V).

24. Lett;, . ;, be the holor of T € T (V). Show that the holor of . (T) € N, (V)iste, i) def 1% D brin) (i)

‘We have
FL(T) Vi, ey Vp) =

1
o S TT(Ve)s s Vap) =

1
p!

1

1 i ip x r(1) in(p) x
o Z tiy.ipVn(yy =+ Un(p) — ) Ztiﬂ'(l)'“iw(p)’uw(l) R

) ) i1 i
Ztlﬂ(l)_,_lw@)vl ...vpp .

™

In step * we have relabeled dummy summation indices in each of the p! terms of the 7r-sum, while step x relies on a trivial reordering of commuting factors.

25. Cf. previous problem. Show that the holor of & (T) € A (V) is t[;, ] & ﬁ D orSENT br(in). (i)

‘We have
A (T)(vi,...,vp) =

1 1 i ip o+ 1 ir(1) in(p) *
- ngnﬂ'T(vw(l), - ,vﬂ(p)) =— Z sgnm ti1---ip”7r(1) vty =~ Z sgnﬂ'tiw(l)_,_,;w(p) V) Uy =
P P P
1 ; ;
) ) 1 i
HZSgnﬂ't"w(l)m’bn(p)vl .A.vpp.
ks
In step * we have relabeled dummy summation indices in each of the p! terms of the 7r-sum, while step x relies on a trivial reordering of commuting factors.

26. Write out the symmetrised holor # ;1) in terms of #;;;. Likewise for the antisymmetrised holor ;).

We have t(;jr) = 37 2 br(iym(i)m(k) = & (t123 + t2s1 + 312 + t213 + L1z + tg21), respectively t(;jx) = 37 3. SENT b (iym(j)m(k) =

& (t123 + tas1 + ta12 — ta1z — t1z2 — t321).

27. Simplify the expressions of the previous problem as far as possible if ¢;; is known to possess the partial
symmetry property tijx = tjik.

In this case we encounter identical pairs in the summation for tiijk) = % (t123 + t2s1 + t132), whereas those in tlije) =0 cancel eachother.

28. Let # = {dt, dx, dy, dz} be a coordinate basis of the 4-dimensional spacetime covector space V* of V ~ R*,
What is dim A (V') for p = 0, 1,2, 3, 4? Provide explicit bases %, of A (V) forp =0, 1,2, 3,4 induced by Z.
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We have, respectively, dim %y = 1, dim #1 = 4, dim Bs = 6, dim B3 = 4, dim B4 = 1, with bases By = {1}, B1 = {dt,dz,dy,dz} = B,
By = {dt A dz,dt A dy,dt A dz,dz N dy,dx A dz,dy A dz}, Bs = {dt AN dz A dy,dt A dz A dz,dt A dy A dz,dz A dy A dz},
By = {dt Ndx Ndy N dz}.

29. Using the definition (vi A... AVvg|x1 A...Axg) = det(fv,,x;), show that for any v,w € V (with
dimV > 2), (v Aw|v Aw) > 0, with equality iff v A w = 0. What if dim V' = 1?

Hint: Recall the Schwartz inequality for inner products: | (v|w) | < /(v|v) (w|w).

‘We have
v,V vV, W v|v v|iw
(v Awlv A w) = det ( éﬁw V>> <<§w,w>> ) — det ( ((w”v)) ((w||w)) ) — (v]v) (w]w) — (w]v) (v|w) > 0.
The last step follows from the Schwartz inequality, which also yields that equality occurs iff v oc w, which is equivalent to v Aw = 0. Note thatif dim V' =1

the inequality becomes a trivial equality, since then v A w = Oforv,w € V.

30. Cf. previous problem. Show that (v Aw|x Ay) = (x Ay|lvAw)forallv,w,x,y € V.

We have

_ v,x)  (tv.y) ) _ WIx) (V) =g (k) (xw) ) (x,v) (B, w) ) _
‘VAW"‘”)—““<<nw,x> <nw,y>)—det<(w|x> (w|y>>—det((y\v) (y\w))‘det<<ny,v> <uy,w>>—(“y'”w>'

In step * we have used symmetry of the inner product as well as the fact that det A = det A7 for any square matrix A.

31. Expand and simplify the symmetrized holor g;;h¢) in terms of the unsymmetrized holor, i.e. in terms of
terms like g;;hye and similar ones with permuted index orderings, using the symmetry properties g;; = g;; and
hij = hﬂ

There are 4! = 24 terms in total, which can be reduced to 4 identical copies of either of 6 terms as follows: g(;jhre) = % > Ir(i)ym (i) P (R)m(0) =

$(gishre + ginhje + gichjr + grehij + gjehin + gjrhie).
32. Show that for the holor of any covariant 2-tensor we have T;; = T(;;) + T}
33. Cf. the previous problem. Show that, for the holor of a typical covariant 3-tensor, T;;x 7 T(jk) + Tlijk]-

34. Expand and simplify the symmetrized holor g(;;gxe) in terms of the unsymmetrized holor, i.e. in terms of
terms like g;;gx¢ and similar ones with permuted index orderings, using the symmetry property g;; = g;;.

There are 4! = 24 terms in total, which can be reduced to 8 identical copies of either of 3 terms as follows: g(;;Gke) = 27 2 r G (i) (5) I (k)m(e) =
%(gij ke + gikgje + giegjk). This is a special case of the previous problem, with first and fourth, second and fifth, and third and sixth terms now being

identical due to the identification g;; = h;;.

35. Consider the 1-form df = 0, f dx’ and define the gradient vector Vf = bdf = 0'f 0; relative to the cor-
responding dual bases {dz'} and {9;}. Here 0, f is shorthand for the partial derivative 88 a{i, whereas ' f is a
symbolic notation for the contravariant coefficient of V f relative to {9;} (all evaluated at a fiducial point). Show

that 0" f = g9, f.

36. Cf. previous problem.

e Compute the matrix entries g*/ explicitly for polar coordinates in n = 2, i.e. T+ = r and T> = ¢, starting

from a standard inner product in Cartesian coordinates ' = z = rcos ¢, 2> = y = rsin ¢. Relative to
basis {0;}={0z, 9y}, in which v = v'0; = v"0, + v¥0,, respectively w = w'0; = w”9d, + w¥0,, the
standard inner product takes the form (v|w) = n;;v"w’ with n;; = 1if ¢ = j and 0 otherwise.

e Using your result, compute the components 9 f=0fandd f = °f of the gradient vector Vf =
bdf = ' f 9; relative to the polar basis {9; }={,,dy}.
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37. Show that the Kronecker symbol 6; is an invariant holor under the “tensor transformation law”, and explain
the attribute “invariant” in this context.

. _ . . . . _ 1
38. Cf. previous problem. Defme €=,/ € /.\”(V)’ in which V is an 1.nner'product space, p = dx* A...Ndz",
and g = det g;;, the determinant of the covariant metric tensor. Consider its expansion relative to two bases,
{dz"} respectively {dZ'}, viz. € = €;,. ;, d2" ® ... @ dz'™ =€, ,; dT" ® ... ® dz'~. Find the relation
between the respective holors €;, . ;. and €;, ;. Is the holor of the e-tensor invariant in the same sense as above?



14

Tensor Calculus




3. Differential Geometry

1. Show that the definitions (i) V,8; = I'};0x and (ii) T'}; = (dz*,V,9;) are equivalent.
Using (i) we have (dz", Vo, 8;) = (da®,T{;8,) = T} (dz®, d) = T'};8; = T';. Starting with (ii), since V5, 0; € TM there exist coefficients A}

such that V. 8; = AF 8. Insertion into the second slot of the Kronecker tensor yields Tk = (dz®, V. 8;) = (da®, AL.8,) = AL (dzF,8,) =
j ij ij ' ij ij

Afj 52“ = Afj, which proves (i).

. . . —k . . - .
2. Show that if Ffj = F?i in z-coordinates, then I';; = I';; in any coordinate basis induced by an arbitrary
coordinate transformation = = z(Z).

This follows from the the fact that Tﬁ = F’;l - Ffj is the holor of a tensor, cf. the next problem.

3. Show that the holor T}; = I'¥; — T'F; “transforms as a ( : )—tensor”.

4. Show that the holor ¢, = I'}, does not “transform as a covector”, and derive its proper transformation law.

m E oyk _ : 2.7 . 2.1 Lk
IfT," = %Zyé and S; = 8% Jthenty = T "ty + %ST. (The latter term can be rewritten as aifgyk Sy = ﬁ(ln det %)')

5. Consider 3-dimensional Euclidean space E furnished with Cartesian coordinates (z,y, z) € R3. Assuming
all Christoffel symbols I‘fj vanish relative to the induced Cartesian basis (95, 0y, 0.), derive the corresponding

=k . . .
symbols I';; relative to a cylindrical coordinate system

r = pcoso
y = psing
z = ¢
5 = - —; — k
Writing z' =z, 22 =y, 2% =2,y  =p, y? =, y> =C,and 8; = 8; ,0; = B‘;i , the solution follows from Ffj = s’;aj T?, in which S’If = g?;p and
Tip = g%;. All symbols Ffj vanish except ff:d, = fip = %and fgd, = —p.

6. Cf. the previous problem. Compute the components g;; of the metric tensor for Euclidean 3-space E in cylin-
drical coordinates y°, assuming a Euclidean metric g;;(y)dy’ ® dy’ = n;;dz* ® dz? in which the z* are Cartesian
coordinates, and 7;; = 1if ¢ = j and n;; = 0 otherwise.

7. Cf. previous problems. Show that the Christoffel symbols ffj derived above are in fact those corresponding to
the Levi-Civita connection of Euclidean 3-space E (in cylindrical coordinates), and provide the geodesic equations
for a geodesic curve (p, ¢, ¢) = (p(t), d(t),{(t)) in cylindrical coordinates. Finally, show that the solutions to
these equations are indeed straight lines.

Hint: Compare the y-geodesic equations to the trivial 2-geodesic equations & = ¢ = 2 = 0.
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