
Algorithms beyond worst case Lecture 8 Date: 29/3/2018
Instructor: Nikhil Bansal Scribe: Spectral Partitioning (part 2)

1 Recap

Last time we introduced the stochastic block model. There are two parts of size n/2 each with
edge probabilities p within a part, and q across it.

The spectral partitioning heuristic computes the eigenvector corresponding to the second eigen-
value of the adjacency matrix A and assigns a vertex to a part based on the sign of the corresponding
coordinate in the eigenvector. We want to prove that exact recovery happens if

p− q ≥ c
(

(p+ q) log n

n

)1/2

We also discussed a bit on why this is really the best possible threshold where one can hope for an
exact recovery.

We looked at the expected adjacency matrix E[A]. It has two non-zero eigenvalues (p+ q)n/2
with eigenvector all 1’s, and (p − q)n/2 with +1 and −1 corresponding to the two parts. So if A
would behave like E[A], things would be perfect. So, our goal is to understand how the second
eigenvalue and eigenvector of A can differ from that of E[A].

2 Roadmap

Let Bn,p denote the random n×n symmetric matrix with entry 1− p with probability p and entry
−p with probability 1− p. Note that each entry is 0 in expectation.

If A was the adjacency matrix of Gn,p, then Bn,p = A− E[A] (ignoring the diagonal entries).
A key point is that for our stochastic block model also, we can view A as E[A] plus some

combinations of Bn,p and Bn,q. In particular,

A =

(
G

(1)
n/2,p 0

0 G
(2)
n/2,p

)
+

(
G

(1)
n/2,q G

(3)
n/2,q

G
(3)
n/2,q G

(2)
n/2,q

)
−

(
G

(1)
n/2,q 0

0 G
(2)
n/2,q

)

(the same superscript indicates that those are the same matrix).
So, A− E[A] can be expressed as Bn/2,p +Bn/2,p +Bn,q −Bn/2,q −Bn/2,q.

Perturbation of Eigenvalues: We recall the following. For symmetric matrices A and B,

|λi(A+B)− λi(A)| ≤ ‖B‖op (1)

This followed using the inequalities

λi(A+B) ≤ λi(A) + λ1(B)

λi(A+B) ≥ λi(A) + λn(B),

that we discussed last time (some of these in exercises).
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We also have the triangle inequality (the operator norm being a norm), ‖B +B′‖op ≤ ‖B‖op +
‖B′‖op, which can be proved directly from the definition of operator norm.

So λi(A)−λi(E[A]) ≤ ‖B‖op where B = Bn/2,p +Bn/2,p +Bn,q−Bn/2,q−Bn/2,q. We can bound
this using

Theorem 1 A random matrix R with each entry ±1 with equal probability has operator norm
O(
√
n) (with very high probability). More generally, ‖Bn,p‖op O(

√
pn), provided p = Ω((log n)/n).

So spectral norm of B = A− E[A] satisfies with high probability,

‖B‖op = O(
√
n(p+ q))

This controls the permutation of eigenvalues of A wrt those of E[A].
The perturbation for eigenvectors is controlled by the following theorem.

Theorem 2 (Davis Kahan theorem.) Let A be symmetric with eigenvalues λ1, . . . , λn with eigen-
vectors v1, . . . , vn. Let A′ = A+P where P is some symmetric perturbation matrix, and let λ′i and
v′i be the eigenvalues and eigenvectors of A′. Then the angle θ between vi and v′i satisfes

sin θ ≤ 2‖P‖op
minj 6=i |λj − λi|

In other words, if λi is not too close to other eigenvalues, and the noise P is not too large, then v′i
stays close to vi.

In our setting with i = 2, ‖P‖op = O(
√

(p+ q)n), and minj 6=i |λj − λi| = (p− q)n/2.
So, by theorem 2, sin θ ≤ O(1/

√
log n)� 1. We now show that this means that not too many

coordinates of the second eigenvector can change sign compared to that of E[A].

3 Exact Recovery

We will prove Theorems 1 and 2 later, and we first show how all this implies exact recovery. The
idea is to first recover the parts partially (say up to 90% accuracy), and then use a trick to get
exact recovery.

3.1 Partial Recovery

Theorem 3 Let u and v denote the second eigenvector of E[A] and A respectively, and let θ be the
angle between them. If sin(θ) ≤ ε, then v and u can differ in sign in at most 4ε2n coordinates.

Proof: As u has all entries ±1/
√
n, if v and u differs in sign in k coordinates, then ‖v−u‖2 ≥

√
k/n.

But ‖u− v‖2 = 2 sin θ/2 ≥ 2 sin θ (for θ ≤ π/2). So, k ≤ 4ε2n. 2

3.2 Converting partial to exact recovery

Let δ denote the fraction of vertices that are misclassified. We saw above that δ ≤ 4ε2. Let V ′
1 and

V ′
2 denote these partially (say 90%) correct parts. The idea is that since V ′

1 and V ′
2 are very close

to V1 and V2, for each vertex v we could take a “vote” on whether it has more neighbors in V ′
1 or

V ′
2 and reclassify it accordingly. Let us try to make this idea more precise.
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Consider the real partition V1, V2. For a vertex v ∈ V1, the expected number of neighbors is
np and in V2 is nq. So the expected difference is n(p − q). We show that this difference is big,
even if we take the randomness of these counts into account. In particular, by Chernoff bounds v
has np± c√np neighbors in V1 and nq ± c√qn neighbors in V2 with probability 1− exp(−Ω(c2)).
Choosing c = Ω(

√
log n), the probability is low enough that we can union bound over all vertices.

By the choice our parameters,

(p− q)n� (p+ q)
√
n log n

and hence even if we did not know which part v lies in, the “voting” strategy would work perfectly
(for every vertex, with high prob.).

Now if the δn misclassified vertices were chosen randomly, then the expected difference in
neighbors in V ′

1 and V ′
2 would still be (1− 2δ)n(p− q). So we should expect the voting to work.

In practice, this heuristic probably works well, but of course theoretically, the δn misclassified
vertices are not random at all, and could depend on edges of v (and hence mess up the voting
strategy).

The Trick: So here is the trick to make it all work. Divide the graph randomly into two parts X
and Y . We run the partial recovery algorithm on X and also run it on Y . Let X1 and X2 denote
the two parts of X such that X1 and X2 differ from V1∩X and V2∩X in O(δn) vertices. Similarly,
let Y1 and Y2 denote the two parts of Y .

We now classify the vertices in X based on their neighbors in Y1 and Y2. Similarly, we classify
the vertices in Y based on their neighbors in X1 and X2. Since the partial recovery algorithm on X
does not look at Y or the edges between X and Y at all, this now works by the argument sketched
above.

Remark 4 Note that partial recovery even works when the angle θ is a sufficiently small constant.
But we need the condition p = Ω((log n)/n). First the spectral bound of

√
np for random Bernoulli

matrices does not hold if p � (log n)/n. Second, we also need it for converting partial to exact
recovery.

4 Proof of Theorem 1

The proof of Theorem 1 can be found in the notes on the website. This proof uses the trace method.
One can also prove it using the ε-net method that we sketched in the exercises two lectures ago,

but we shall not discuss that here.
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