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Instructor: Nikhil Bansal Scribe: Partitioning in Semi-random models

1 Introduction

Last time we introduced the stochastic block model. The vertices are divided into two parts of
size n/2 each with edge probabilities p within a part, and q across it. We also saw that spectral
partitioning recovers the partition exactly if

p− q ≥ c
(

(p+ q) log n

n

)1/2

. (1)

Today we consider a more adversarial model called the semi-random model. In this model, the
adversary generates a graph as in the stochastic block model above, but then is allowed to modify
it adversarially in two ways: (a) add edges arbitrarily within clusters, and (b) delete edges across
clusters.

Intuitively, one might expect that this should only make the task of detecting the partition
easier. However, the graph also loses its nice random structure which makes the task harder. For
example, one can show that the spectral heuristic we say earlier can fail. One way to do this is for
example to take one cluster A, split into two parts A1 and A2 of size n/4 each, and add edges within
A1 and A2 randomly at a density much higher than p. This will cause the second eigenvector to
give opposite signs to vertices in A1 and A2. Most other heuristics that work in the random model
can also be shown to fail.

Today we will show that an algorithm based on semi-definite programming works! In particular
we will show the following result.

Theorem 1 Given a graph G generated according to the semi-random model above, the solution
to the natural SDP relaxation will recover the exact partition with high probability if

p− q ≥ c
(

(p+ q) log n

n

)1/2

.

We now start with the basics of semidefinite matrices and semidefinite programs (SDPs).

2 SDPs and Duality

Let A be a symmetric n×n matrix. By the spectral theorem, we know that A has real eigenvalues.
We call A positive semidefinite (PSD) if all the eigenvalues are non-negative. This is a very impor-
tant notion (analogous to positive numbers for reals) and the following are equivalent definitions
for a matrix to be PSD, each of which is useful to know.

Theorem 2 The following properties are equivalent to A being PSD.

1. A has non-negative eigenvalues, and hence A can be written as
∑

i λiuiu
T
i with λi ≥ 0 and

u1, . . . , un as some orthonormal eigenbasis.

So, A = CDCT where C has u1, . . . , un as, D is the diagonal matrix with entries λi.
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2. xTAx ≥ 0 for all x ∈ Rn.

3. There exist vectors v1, . . . , vn (wlog in Rn) such that Aij = 〈vi, vj〉 for 1 ≤ i, j ≤ n. In other
words, A = BTB where the vi are the columns of B. This is called the Gram decomposition
of A.

4. A • B ≥ 0 for any PSD matrix B where A • B is the (trace) inner product for symmetric
matrices defined as

A •B =
∑
i,j

AijBij = Tr(ATB) = Tr(AB).

Proof: It might be easiest to show the equivalence of (1) with all the other properties. 2

We write A � 0 to mean that A is PSD. For any two symmetric matrices A and B we can define
a partial order A ≺ B if B−A is PSD. Note that this is equivalent to the condition xTAx ≤ xTBx
for all x ∈ Rn. Verify that this is well-defined partial order on symmetric matrices.

2.1 Semi-definite programs

The following optimization problem is called a semidefinite program.

minC •X
Ai •X = bi for i = 1, . . . ,m

X � 0

where C and A1, . . . , Am are symmetric n× n matrices.
One can view this as a linear program on the variables xij where the variables xij are arranged

as a symmetric n× n matrix, together with an additional constraint that X � 0.
SDPs can be solved in polynomial time to any arbitrary degree of accuracy. E.g. using the

ellipsoid method (all one needs is that feasible solutions form a convex set and that there is a
separation procedure).

Note that SDPs generalize linear programs (LPs) because if X is diagonal, then this can model
any LP, as any general LP can be written as

min cx s.t. Ax = b, x ≥ 0

Another useful equivalent view of an SDP while modeling combinatorial optimization problems
is as vector programs. Here, variables correspond to vectors v1, . . . , vn, and one can have linear
constraints and objective on the dot product of these vectors. Can you check this equivalence using
property (4) in Theorem 2?

2.2 Duality

Perhaps the most important underlying all of optimization is duality and it is important to under-
stand it for SDPs. Let us recall LP duality first. Consider the linear program

min c · x
ai · x = bi for i = 1, . . . ,m

x ≥ 0
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Suppose v∗ is the optimal value for this LP given by some solution x∗. How can you convince
someone (or your boss) that there is no better value than v∗. One way could be the following:

Suppose we take a linear combination of the equations using yi ∈ R as multipliers. Then any
feasible solution must satisfy

(
∑
i

yiai) · x =
∑
i

yibi

The claim is that if you could choose yi such that for each j ∈ [n], the j-th coordinate of (
∑

i yiai)
is at most cj , and

∑
i yibi = v∗, then this would do the job.

To see this, note that if
∑

i yiaij ≤ cj for each j, then as x ≥ 0,∑
i

yibi = (
∑
i

yiai) · x ≤
∑
j

cjxj

for any feasible x, and hence yibi is always a lower bound on the value of any feasible solution to
the LP.

Now, one can find the best such yi using the following linear program, called the dual program.

max b · y∑
i

yiaij ≤ cj for j = 1, . . . , n

y ∈ Rm

The above discussion shows that

Theorem 3 (Weak Duality) The value of the dual problem is always a lower to the value of the
primal program.

In fact, the strong duality for LPs shows that the optimal dual solution matches the optimum
primal solution (unless the primal is infeasible). However, we will not need strong duality in this
lecture.

Similarly, one can show weak duality for SDPs.

minC •X
Ai •X = bi for i = 1, . . . ,m

X � 0

Pick scalar multipliers yi for the i-th constraint. If
∑

i yiAi ≺ C, then as X is PSD (and using
property (4) in Theorem 2), for any feasible X it holds that∑

i

yibi = (
∑
i

yiAi) •X ≤ C •X.

The following dual program would find the best choice of yi.

max

m∑
i=1

biyi

m∑
i=1

yiAi � C

y ∈ Rm
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Again strong duality holds for SDPs (under a slightly technical condition), but we do not discuss
this here as will not use it.

3 The Algorithm

We can write the following quadratic program for finding the minimum bisection.

min
∑
i,j∈E

1

2
(1− xixj)

x2i = 1 for i ∈ [n]

(
∑
i

xi)
2 = 0

xi ∈ R

Note that this is a valid formulation, as the variables xi can only take value −1 or +1, which models
which side of the partition vertex i belongs to, and the objective function contributes exactly 1
for every edge in the partition and 0 for an edge that does not cross the partition. The condition
(
∑

i xi)
2 = 0 ensures that the two sides have size n/2 each.

Of course, solving such a quadratic program is NP-Hard, but we can consider the SDP formu-
lation by relaxing the variables xi to be vectors instead of real numbers, and where we replace the
product xixj by 〈vi, vj〉. This gives,

min
∑
i,j∈E

1

2
(1− 〈vi, vj〉)

‖v‖2i = 1 for i ∈ [n]∑
i,j

〈vi, vj〉 = 0

Writing Xij = 〈vi, vj〉 we get

min
∑
i,j∈E

1

2
(1−Xij)

Xii = 1 for i ∈ [n]∑
i,j

Xij = 0

X � 0

The objective can be written as |E|/2− (1/2)A •X where A is the adjacency matrix and thus we
can equivalently write the program as

maxX •A/2
eie

T
i •X = 1

J •X = 0

X � 0
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Note that if X = χχT , where χ is a ±1 vector, then this modified objective counts the number of
edges with in partition minus those across the partition.

We will show that this SDP recovers the hidden partition. The proof will follows from the
following two results.

Theorem 4 For the stochastic block model, let (A,B) denote the hidden partition, and let b(G)
denote the number of edges crossing (A,B). If p and q satisfy (1), then with high probability, the
SDP value v(G) is equal to b(G). Moreover, X = χχT is the optimum solution where χ is the ±1
vector corresponding to the partition (A,B).

The proof of this result will be based on SDP duality.
The second key idea is that modifying the graph adversarially using the rules of the semi-random

model, the property b(G) = v(G) continues to hold (if it was true initially). More precisely,

Theorem 5 For a graph G, let b(G) denote the (integral) value of some bisection (A,B). Let v(G)
denote the optimum SDP value. Let G′ be obtained from G by arbitrarily removing ` edges across
(A,B) and adding some k edges within A or within B. Then if v(G) = b(G), then it also holds that
v(G′) = b(G′).

The proof of theorem 5 follows from the following simple observation.

Theorem 6 Let v(G) denote the optimal value of the min-bisection SDP for a graph G. Then, if
G′ is obtained by adding one edge to G, then v(G) ≤ v(G′) ≤ v(G) + 1. Similarly, if G′ is obtained
be deleting one edge of G, then v(G)− 1 ≤ v(G′) ≤ v(G).

Proof: We consider only the first case, the second case of edge deletion is completely analogous.
Consider some optimum SDP solution for G′, this has at least as high value as for G (as G has one
fewer edge). Now, the optimum solution for G can only be better. So, v(G) ≤ v(G′).

We now show v(G′) ≤ v(G) + 1. Consider the optimum SDP solution for G. The value of the
same solution for G′ has an extra contribution of (1− vi · vj)/2 ≤ 1. Now, the best solution for G′

can only be better. 2

Proof: (Theorem 5) If we delete an edge across (A,B), then b(G′) decreases by 1. By the theorem
above v(G′) ≥ v(G) − 1 = b(G) − 1 = b(G′). But being a relaxation we also have v(G′) ≤ b(G′),
and hence v(G′) = b(G′). The other case of adding an edge within a cluster is analogous. 2

Notice that you cannot make this argument, when you add an edge across X or remove an edge
within a partition of X.

It remains to show Theorem 4.

4 Proof of SDP optimality for the stochastic block model

The dual of the partition SDP is

min
∑
i

yi

y0J +
∑
i

yieie
T
i � A/2

y0, y1, . . . , yn ∈ R
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Let χ denote the ±1 vector corresponding to the planted partition, and let b(G) denote the value
of this partition. Let X = χχT , so SDP value for this solution X is SDP (X) = b(G). Our goal is
to show that the optimal SDP solution v(G) = b(G).

The key idea is that if we exhibit a feasible solution to the dual program with objective value
b(G), then by weak duality, this directly implies that v(G) = b(G)

Let us try to guess what should be a good candidate for a dual solution? The dual objective
function is

∑
i yi, and we want it to equal b(G) = χχT • A/2. We can write this as the sum

of vertices
∑

i(ai/2 − bi/2), where ai is the number of edges adjacent to vertex i that lie in the
same cluster as i and bi the number of edges to vertices in the other part. This suggests setting
yi = ai/2− bi/2 for each i. We will show below that this indeed works (with high probability).

4.1 Dual Feasibility

Our goal is to show that yi = ai − bi is a feasible solution to the dual, i.e.∑
i

yieie
T
i + y0J � A. (2)

(we removed the factor 1/2 in A and yi here as this does not affect anything).
Let L denote the left hand side. Equivalently, we must show that xTLx ≥ xTAx for every

x ∈ Rn. First note that as we can make y0 arbitrarily large, we are good if x = (1, . . . , 1). Let us
call this all ones vector u.

Next, for x = χ we have xTLx = xTAx, as χ ⊥ u and hence χTJχ = (χTu)2 = 0 and

χT (
∑
i

yieie
T
i )χT =

∑
i

yi(χ
T ei)

2 =
∑
i

(ai − bi) = χTAχ

So we should try to write an arbitrary vector x as αu + βχ + w, with w ⊥ u, w ⊥ χ. Then
xTLx becomes

xT (y0J +
∑
i

yieie
T
i )x = α2y0 + βχTAχ+ wT (y0J +

∑
i

yieie
T
i )w = α2y0 + βχTAχ+

∑
i

w2
i yi

where wi is the i-th coordinate of w and wTJw = 0 (as w ⊥ u). Similarly,

xTAx = αuTAu+ βχTAχ+ wTAw.

Writing A = E[A] + R, and recalling that E[A] has only two non-zero eigenvalues n/2(p + q) and
n
2 (p− q) with eigenvectors u and χ, the above sum becomes

αuTAu+ βχTAχ+ wTRw

So, all we need to show (2) is that ∑
i

w2
i yi ≥ wTRw

Recall that the operator norm of R is c1
√
n(p+ q) with high probability, where we can choose c1

depending on the error probability we want.
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On the other hand by Chernoff bounds, for every vertex i the difference ai − bi is more than
n
2 (p− q)− c2

√
n(p+ q) with high probability, where again c2 only depends on the error probability

we want. So,∑
i

w2
i yi − wTRw ≥ ‖w‖2(ymin − ‖R‖op) ≥ ‖w‖2

(n
2

(p− q)− (c1 + c2)
√
n(p+ q)

)
Choose c in the theorem to be more than c1 + c2 finishes the proof.

Remark: By using complementary slackness condition in the argument above it also follows
directly that infact χχT is the unique optimum solution to the SDP.
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