
Homework 2 Graphs and Algorithms

Date: 28/3/2013 Due: 23/4/2013

Topic: Probabilistic Techniques, Extremal Graphs, Topological Methods.

1. Recall that a tournament is obtained from the complete undirected graph Kn by directing
each edge in some direction. A tournament is called transitive if the directed edges (i, j)
and (j, k) imply the edge (j, k). Or equivalently, there is an ordering of the vertices (say)
1, . . . , n such that every directed edge (i, j) satisfies i < j. Show that

(a) (5 pts) Every tournament contains a transitive sub-tournament on blog2 nc vertices.

(b) (5 pts) There is a tournament on n vertices which does not contain any transitive
sub-tournament on 2 + 2 log2 n vertices.

2. (5 pts) List coloring. Let G be a bipartite graph with n vertices (in total). For each vertex
v you are given a list of colors S(v), from which the color of v must be chosen. Show that
it is possible to find a valid coloring of G, if |S(v)| > log2 n for each v.

[Hint: Consider all the colors ∪vS(v), and split them into two random sets A and B.]

3. Let ex(n,Kr,r) denote the maximum number of edges that an (n, n) bipartite graph (i.e.
with both left and right partitions of size n) can have without containing Kr,r as a sub-
graph. Show that

(a) (5 pts) There is a constant c (that only depends on r) such that

ex(n,Kr,r) ≥ c1n2−
2

(r+1) .

[Hint: It suffices to construct one graph G with these many edges.]

(b) (10 pts) There is a constant c2 that depends only on r such that

ex(n,Kr,r) ≤ c2n2−
1
r .

[Hint: If G does not contain Kr,r, then show that∑
x∈A

(
d(x)

r

)
≤ (r − 1)

(
n

r

)
.

where A is the left partition of G, and d(x) denote the degree of vertex x.]

4. Speeding up Karger’s min cut algorithm: Given an undirected graph G on n nodes as
input, let Shrink(G) denote the (random) graph obtained by applying the random con-
traction procedure to G until max(2, n/

√
2) nodes remain (you can ignore the technicality

of whether n/
√

2 is an integer or not).

Consider the following algorithm. Given G, compute Shrink(G) twice to obtain two
graphs T1 and T2. Recursively apply this algorithm on T1 and T2 (i.e. compute Shrink(T1)
twice and Shrink(T2) twice to get four graphs on n/(

√
2 ·
√

2) = n/2 vertices, and so on)
until the contracted graphs obtained have two nodes left. Return the smallest cut among
all the 2-node graphs obtained.

This algorithm can be viewed as a (binary) recursion tree where the root corresponds to
the graph G, the vertices at depth i correspond to contracted graphs with n/(2i/2) nodes,
and the leaves correspond to 2-node graphs.



(a) (5 pts) Assuming that two nodes in an n-node graph can be contracted in O(n) time,
show that the running time of this algorithm is O(n2 log n).

[Hint: Write a simple recurrence relation.]

(b) (10 pts) Show that the probability that the algorithm returns a mincut is at least
Ω(1/ log n).

[Hint: Consider a particular mincut C of G and lower bound the probability p(n)
that it survives in at least one leaf of the recursion tree. Show that p(n) satisfies the
recurrence p(n) ≥ 1− (1− p(n/

√
2)/2)2 and solve it.]

Note that this gives a min-cut algorithm with running time O(n2 log n) and success prob-
ability 1/ log n. Repeating this algorithm log2 n times, gives an algorithm with running
time O(n2 log3 n) and success probability 1− 1/n.

5. (15 pts) General matchings via determinants. Let G be a graph (not necessarily bipartite)
on n vertices, where n is even. Consider the following n × n matrix A (with entries aij)
defined using O(n2) variables xij as follows:

aij =


xij (i, j) ∈ E(G) and i > j

−xji (i, j) ∈ E(G) and i < j

0 (i, j) /∈ E(G)

Show that det(A) is a non-zero polynomial if and only if G contains a perfect matching.

[Hint: Each term in the determinant can be viewed as a cover of vertices by oriented
cycles. Furthermore, all the cycles must be of even length.]

6. (10pts) Necklace Splitting. Recall the mapping we saw in class: We have a necklace
(chain) 1, . . . , n with k different types of jewels. Let 2nj denote the number of jewels of
type j. Consider the moment curve f(x) = (x, x2, . . . , xk) and for i = 1, . . . , n associate
the segment x ∈ [i − 1, i) of this curve with jewel in position i of the necklace. Define k
measures µ1, . . . , µk corresponding to each jewel type, and assign the segment x ∈ [i−1, i)
of the moment curve the j-th measure equal to 1 (and all other measures 0) if the jewel i
is of type j.

By the ham-sandwich theorem, there is a hyperplane that intersects the moment curve in
≤ k places, and splits each measure equally. However, the hyperplane may intersect the
curve at non-integral values of x, which is problematic because as would like to cut the
necklace without harming the jewels.

Show that any non-integral solution can always be modified into another solution, such
that (i) the number of cuts does not increase, (ii) and all the cuts are at integral positions.

7. (10 pts) Girth versus Degree. The girth of a graph is the length of the smallest cycle.

(a) (4 pts) Show that any graph with minimum degree d, where d > 2, has girth at most
1 + 2 logd−1 n (i.e. has some cycle of length ≤ 1 + 2 logd−1 n).

(b) (4 pts) Show that a graph with average degree d has girth at most 1 + 2 logbd/4c n.

[Hint: Repeatedly remove the vertices of degree d/4 or less.]

(c) (2 pts) Show that a graph with girth log n or more can have at most O(n) edges.
Given an example of a graph that has girth 4, and Ω(n2) edges.


