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1 Independent set problem for bipartite graphs

Last lecture, we started a discussion about the independent set (“stable set”) problem. For a given
graph G = (V,E), an independent set is a subset of vertices that are mutually non-adjacent. The
independent set problem asks to find the maximum cardinality of such a vertex set. We saw this
problem is notoriously NP-hard: it is NP-hard to approximate within a factor n1−ε for any ε > 0.
However, we saw that for planar graphs the problem is still NP-hard but less difficult: for any

ε > 0 one can find an independent set of size (1− ε)α(G) in time 2O( 1
ε2

)n, where α(G) denotes the
maximum size of an independent set in G.

This lecture, we will concentrate on the independent set problem on bipartite graphs. We
denote a bipartite graph as G = (V,E) = (L ∪R,E), where L and R are the two vertex classes of
the bipartite graphs such that all edges are of the form (u, v) where u ∈ L and v ∈ R. We will look
at this problem from the view of an integer programming formulation (IP):

Maximize
∑
u∈V

xu

Subject to xu + xv ≤ 1 ∀(u, v) ∈ E,
xu ∈ {0, 1} ∀u ∈ V.

(1)

As integer problems are in general hard to solve, we relax it to a linear programming formulation
(LP):

Maximize
∑
u∈V

xu

Subject to xu + xv ≤ 1 ∀(u, v) ∈ E,
xu ∈ [0, 1] ∀u ∈ V.

(2)

Instead of the integer constraint that xu ∈ {0, 1}, we now have the constraint that 0 ≤ xu ≤ 1.
Let us denote the best value of the IP by A and the best value of the LP by A∗. Then obviously
A ≤ A∗, as the LP allows more solutions so it can only be better. In general, the gap between A and
A∗ can be really bad. Last lecture, we saw that for a complete graph on n vertices, Kn, A equals
1 (as all vertices are adjacent) while A∗ equals n

2 (by giving every vertex a value 1
2). However, for

bipartite graphs, we have the following theorem.

Theorem 1 For bipartite graphs, A = A∗, i.e. the linear program from Equation (2) finds the
maximum cardinality of an independent set.

The rest of this section will be dedicated to the proof of this theorem. At the end of the proof we
will have found an algorithm that runs in polynomial time.

Denote the bipartite graph again by G = (V,E) = (L ∪ R,E) and let xu be the value given to
vertex u by the LP. The proof starts by picking some t randomly in the interval [0, 1], and defining
the following two sets:

SL := {u ∈ L : xu ≥ t} ⊆ L,
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SR := {u ∈ R : xu > 1− t} ⊆ R.

These are two random sets depending on the value of t. The proof contains three steps in the form
of three claims, which we will prove one by one.

Claim 2 For all values of t, SL ∪ SR is an independent set.

Proof: Assume on the contrary that SL ∪ SR is not an independent set. Then there exist two
vertices in SL ∪ SR that are adjacent. As there are no edges within SL or within SR, there exist
vertices u ∈ SL and v ∈ SR such that (u, v) ∈ E. Since u ∈ SL, we know xu ≥ t, and similarly
xv > 1− t. Hence xu +xv > 1. But this is a contradiction as the sum of values of adjacent vertices
is upper bounded by 1.
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The proof proceeds with the next claim, which shows that on average |SL ∪SR| is big enough.

Claim 3 We have Et [|SL ∪ SR|] = A∗, i.e. the expectation for different values of t (the average
value over t) equals the optimal value of the LP.

Proof: Look at a fixed u ∈ SL. When xu ≥ t, u is included in SL ∪ SR. As t is chosen randomly
between 0 and 1 and xu is also between 0 and 1, the probability that xu ≥ t equals xu. So the
probability that the algorithm picks u equals xu. Similarly, look at a fixed v ∈ SR. As t is random
between 0 and 1, so is 1− t. So the probability that xv > 1− t equals xv for similar reasons. Hence,
the probability that the algorithm picks v equals xv.

So the probability that some vertex in SL ∪ SR is picked, i.e. included in the set, is equal to its
contribution to the objective value of the LP. More explicitly, if some vertex u is picked, then it
contributes 1 to the independent set, while if u is not picked, it contributes 0. So by conditioning on
the fact whether or not a vertex u is picked, we have E [contribution of xu] = 1·xu+0·(1−xu) = xu.
But then we have

E [|SL ∪ SR|] = E

[∑
u

(contribution of xu)

]
=
∑
u

E [contribution of xu] =
∑
u

xu = A∗,

and the claim follows. 2

Finally, we have the last claim.

Claim 4 For all values of t we have |SL ∪ SR| = A∗.

Proof: By the previous claim, we know that on average |SL ∪ SR| equals A∗. As A∗ is the best
solution of the LP, no solution can in fact be better than A∗. This immediately implies that
|SL ∪SR| cannot be less than A∗ for some value of t, because to balance that out there would exist
a t for which |SL ∪ SR| > A∗ which is not possible. 2

We have now found an algorithm that finds a non-fractional independent set whose cardinality
equals the value of the relaxed linear program. This implies A ≥ A∗. As we already noted that
A∗ ≥ A, we find that for bipartite graphs in fact A = A∗, and using the xu values of the LP, for
any t the set SL ∪ SR is a maximum independent set.
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2 A puzzle proving R(3, 3) = 6

Lemma 5 There are six people in a room. Assume two people either are friends or are strangers.
Then there are either three people that are mutual friends, or there are three people that are mutual
strangers.

This theorem might be surprising when you read it for the first time, but the proof is straightforward
if we use graph theory. Consider the complete graph on 6 vertices, K6, where each vertex represents
one of the persons in the room. Color an edge red if the two persons the edge is incident on are
friends, and color an edge blue if the two people connected by this edge are strangers. The theorem
now translates to the following statement:

Lemma 6 No matter how you edgecolor K6 red and blue, there is either a red triangle or a blue
triangle.

Before we prove this, note that we can find an explicit counterexample for K5, see figure 1.

Figure 1: An explicit counterexample showing R(3, 3) > 5.

Proof: We will prove that if the graph does not contain a red triangle, it contains a blue triangle:
the other way around is completely symmetric. To do so, consider some fixed vertex which we will
denote by 1. Note that this vertex has degree 5. Without loss of generality, assume it has at least
three red edges incident with it. If any pair of the vertices connected by a red edge to vertex 1 is
also connected by a red edge, then we have a red triangle on this pair and vertex 1. So assume
there are only blue edges between these (three or more) vertices. But then we have a blue triangle.

2

3 Ramsey Theory

The former lemma is an illustration of the idea that if you have a large enough structure or graph,
you can never avoid certain patterns. In other words, there exists no complete randomness or
complete chaos. There is a whole area studying this type of patterns, called Ramsey Theory [2, 6].
We define the Ramsey number R(s, t) as the smallest number n such that every red/blue coloring
of Kn contains either a red Ks or a blue Kt. The previous lemma showed that R(3, 3) = 6.

It is also known that R(4, 4) = 18, which has been proved by a lot of case analysis. For R(5, 5),
no exact value is known. It has been shown though that 43 ≤ R(5, 5) ≤ 49.Brute force computations
are just not possible, because there are simply too many possible graph colorings. For example, in

K45 there are
(
45
2

)
edges, so there are 2(452 ) possible colorings, which is completely hopeless.

For bigger values than 5, the gaps get bigger and bigger. A rather illustrative anecdote is the
following [4]. Paul Erdös asks us to imagine an alien force, vastly more powerful than us, landing
on Earth and demanding the value of R(5, 5) or they will destroy our planet. In that case, he
claims, we should marshal all our computers and all our mathematicians and attempt to find the
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value. But suppose, instead, that they ask for R(6, 6). In that case, he believes, we should attempt
to destroy the aliens.

However, the following theorem holds. In the next section we will prove the lower bound for
this theorem.

Theorem 7 For any s > 0 we have

2
s
2 < R(s, s) ≤ 22s.

4 Proving that R(s, s) > 2
s
2 probabilistically

How can we prove that R(s, s) > n for some n? We need to show that the complete graph on
n vertices, Kn, allows a red/blue coloring of the edges such that there is neither a red Ks nor a
blue Ks. However, we cannot construct an explicit counterexample as we did when we showed
R(3, 3) = 6. The best explicit counterexample that we can construct has size Ω

(
2log2(s)

)
, which is

really small compared to the bound we will now prove: n = 2
s
2 .

We will prove the lower bound using a probabilistic method. These appear all over graph theory
and algorithm designs, and are used when it is not (yet) possible to make something explicit. The
idea is to look at all possible red/blue colorings of Kn and show that at least one of them does not

contain a red or a blue Ks if n is small enough. As this graph contains
(
n
2

)
edges,there are 2(n2)

possible edgecolorings. If the expected number of red or blue Ks in an arbitrary coloring of this
Kn is strictly less than 1, we found a good bound for n, as this implies that there must be at least
one coloring without a red or blue Ks.

Consider a random coloring where every edge is red with probability 1
2 and blue with the same

probability. Looking at a specific (complete) subgraph X of |X| = s vertices, the probability that

this subgraph is monochromatic equals p = 2 ·
(
1
2

)(s2), as there are
(
s
2

)
edges.As there are

(
n
s

)
such

subgraphs, the expected number of red or blue Ks in this coloring is upper bounded by
(
n
s

)
·p. This

is an upper bound because one subgraph could contribute to more colorings (for example, if there
is a red or blue Ks+1, a lot of sets will contribute to the number of Ks), so we counted too many.

As this expectation needs to be less than 1, we have

2

(
n

s

)(
1

2

)(s2)
< 1,

and we can solve for n. As
(
s
2

)
= s(s−1)

2 = 1
2s

2− s
2 , we have

(
1
2

)(s2) = 2−
1
2
s2+ s

2 , and as
(
n
s

)
< ns

s! , we
can rewrite this to

ns

s!
· 2−

1
2
s2+ s

2
+1 < 1.

We will now show that for n = 2
s
2 this is indeed true: the expectation is smaller than 1 so there

is a coloring without a red or blue Ks. For this value of n, the numerator of the fraction becomes
2

1
2
s2 , which cancels the 2−

1
2
s2 . We are thus left with

2
s
2
+1

s!
< 1.

This is true, as s! = 1 · 2 · 3 · . . . · s ≥ 1 · 2 · 2 · . . . · 2 = 2s−1, so 2
s
2+1

s! ≤
2
s
2+1

2s−1 < 1.
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5 The classes NP and co-NP

General references for this section: [1] and chapters of [2].
We will now take a look at some problems and determine whether or not they are in the classes

NP and co-NP. These are classes of YES/NO-problems. This is not a restriction: for example,
a maximization problem can be translated to a logarithmic number of YES/NO-problems “does
there exist a solution of value at least k?” by using a binary search on the value of k.

Definition 8 NP is the class of YES/NO-problems for which there is a short witness for a YES-
solution. Co-NP is the class of YES/NO-problems for which there is a short witness for a NO-
solution.

With a short witness, we mean that one can verify a YES-solution (or for co-NP a NO-solution)
in polynomial time: there is a short proof to convince a skeptic so to say. So if a YES-solution is
given, we can easily check that is indeed a YES-solution. Obviously P ⊆ NP and P ⊆ co-NP, and
probably NP 6= co-NP. We will now look at some problems to see whether or not they are in NP
and/or in co-NP.

Hamiltonian cycle Is there a cycle in the graph visiting each vertex exactly once?
This problem is in NP: given a YES-solution (i.e. such a cycle), one can verify whether or not

the cycle indeed visits each vertex exactly once in O(n) time.
This problem is probably not in co-NP: assuming you are an all-knowing superpower, how would

you convince a polynomial time algorithm that there is NO such cycle? No one has found a short
witness yet, but no one has been able to prove that it does not exist either.

3-SAT Given a set of literals x1, . . . , xn taking values true or false, and an expression existing of
conjunctions of clauses (disjunctions) of three literals, does there exist an assignment of true and
false values to the literals such that will make the entire expression true? For example, does there
exist an assignment such that (x1 ∨ x̄2 ∨ x3)∧ (x1 ∨ x2 ∨ x̄4) is true, where x̄i is the negation of xi?

This problem is in NP: given a YES-solution (i.e. an assignment), one can easily verify whether
or not all clauses are fulfilled.

This problem is probably not in NP: how would you show that no truth assignment exists?
Checking all assignments in a brute-force manner would cost exponential time.

Graph planarity Given a graph G, is it planar?
This problem is in NP: given a YES-solution (i.e. a drawing), just check for crossing edges.
This problem is also in co-NP by Kuratowski’s theorem: a graph is planar if and only if it has

no K3,3 or K5 as a minor. A graph H is a minor of a graph G if it is isomorphic to a graph that
can be obtained by some edge contractions on a subgraph of G [3]. So by showing a K3,3 or a K5

minor, one can verify the graph is not planar.

Perfect matching on bipartite graphs Given a bipartite graph, is there a perfect matching?
This problem is in NP: given a matching, just check whether all vertices are matched.
This problem is also in co-NP by Hall’s theorem: a bipartite graph G = (L ∪ R,E) allows a

perfect matching if and only if for all sets S ⊆ L we have |N(S)| ≥ |S|, where N(S) is the set of
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neighbours of the vertices in S. Obviously this is a necessary condition, because otherwise a vertex
in S cannot be matched. To prove the opposite direction is more involved. This theorem shows
this problem is in co-NP: using a set S ⊆ L as a witness, just check whether |N(S)| < |S|.

Maximum flow Given a graph with a source vertex and a sink vertex, is there a flow from the
source to the sink of value at least t?

This problem is in NP: given a YES-solution (i.e. a flow), just check whether the flow conser-
vation constraints are met in all vertices (except for the source and the sink), and whether or not
the edge capacities are violated.

This problem is also in co-NP by the max-flow min-cut theorem: the maximum flow between a
source s and a sink t equals the minimum capacity of an st-cut. So by showing an st-cut with a
capacity less than t, we can show that there is no flow of value t or more.

Linear program Is there a feasible solution of the following LP with objective value at most 7?

Minimize 4x+ 3y
Subject to x+ y ≥ 2

2x+ y ≥ 3

This problem is in NP: given a YES-solution (i.e. an assignment to the variables x and y), one
can easily check whether the constraints are met and the objective value is at most 7. For example,
a correct witness would be x = 1, y = 1.

This problem is also in co-NP: you can show that the question whether or not there is a feasible
solution of the LP with objective value at most 6 has a NO-solution. Multiply the first constraint
by two and add the second constraint to get 2(x+ y) + 2x+ y ≥ 2 · 2 + 3, so 4x+ 3y ≥ 7. Hence
the value 6 cannot be achieved. A witness for this NO-solution can be given by the multipliers of
the constraints: then one can check whether the linear combination of the constraints with these
multipliers add up to the objective function being strictly more than 6. This is an example of the
famous LP-duality [5].
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