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1 Extremal graph theory

This section deals with the so called extremal graph theory, the branch of discrete mathematics
that studies the relationship between properties and dimensions of a graph and tries to answer
questions such as: given that graph G holds property P , how big or small can it be made without
compromising P?
The Turán’s Theorem [1] is considered the founding result in this subject: it connects the appear-
ance of Kr as a subgraph with the maximum number of edges a graph can have. Here we focus on
the theorem version related to the presence of K3, also known as Mantel’s Theorem:

Theorem 1 If G = (V,E) is a triangle-free graph with |V | = n, then |E| ≤ n2

4

An immediate example of a graph with such property is Kn
2
,n
2
.

Proof It is effective to procede by induction:

• n = 2: trivially, a couple of vertices with an edge - and actually n2

4 = 1

• let’s suppose that the theorem is true for graphs of size up to n− 1 and consider a n-vertices
graph G. Define f(k) as the number of edges in k-vertices triangle-free graph; then pick an
edge - say, e - from G = (V,E).

Clearly the following inequality holds:

f(n) ≤ f(n− 2) + 1 + n− 2
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where f(n− 2) comes from E\{e}, 1 from e itself and n− 2 is the maximum number of edges
connecting e vertices with E\{e} vertices that can be drawn without creating triangles in G.

Now it suffices to check if f(n) = n2

4 satisfies the inequality:

n2

4
≤ (n− 2)2

4
+ 1 + n− 2 =

n2 − 4n+ 4

4
+ 1 + n− 2 =

n2

4

thus the theorem holds.

2 Ramsey theory

A branch of extremal graph theory is Ramsey theory, named after the british polymath Frank
P. Ramsey [2], that provides an insight in the link between number of edges and dimensions of
monochromatic clique in a bicolored (say, red and blue) complete graph.
First of all, let’s define Ramsey number R(s,t)

R(s, t) = smallest n s.t. for any 2-coloring of Kn either a red clique of size s or a blue clique of size

t shows up

It is natural to ask how large R(s,t) can be. From probabilistic methods, we know that it is possible

to take R(k, k) ≥ 2k

k ; Ramsey’s Theorem states the following:

Theorem 2

R(s, t) ≤
(
s+ t− 1

s− 1

)
Proof Let’s procede by induction on s and t.
From the definition of R(s, t) it is possible to state that:

R(s, 1) = R(1, t) = 1 ∀s, t ∈ N

(because R(s, t) is the min of all the possible n).
Let’s consider thus that R(s− 1, t) and R(s, t− 1) exist. We claim that

R(s, t) ≤ R(s− 1, t) +R(s, t− 1) (1)

In fact, consider a complete graph G on R(s− 1, t) +R(s, t− 1) vertices; pick a vertex v from the
graph, and partition the remaining vertices w into two subgraph, one with all the {v, w} colored in
red and the other with all the {v, w} colored in blue; suppose that there are m vertices in the red
subgraph and n vertices in the blue subgraph.

Clearly the structure of the graph entails

m+ n+ 1 = R(s− 1, t) +R(s, t− 1)
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One of the following conclusions can be drawn:

m ≥ R(s− 1, t) or

n ≥ R(s, t− 1)

If m ≥ R(s − 1, t), then the m-subgraph has a blue clique on t vertices, and thus we are done;
otherwise it has a red clique on s − 1 vertices, that forms a clique on s vertices with v. The
symmetric reasoning holds for the n-clique. Therefore (1) holds.
Now it suffices to show that

(
s+t−1
s−1

)
satisfies (1):(

s+ t− 1

s− 1

)
≤
(
s+ t− 2

s− 2

)
+

(
s+ t− 2

s− 1

)
=

(s+ t− 2)!

(s− 2)!t!
+

(s+ t− 2)!

(s− 1)!(t− 1)!
=

(s+ t− 2)!(s− 1) + (s+ t− 2)!t

(s− 1)!t!
=

(s+ t− 1)!

(s− 1)!t!
=

(
s+ t− 1

s− 1

)
Thus the theorem holds true.

3 3-colorable graphs

In this section we deal with the problem of coloring a 3-colorable graph.
Surprisingly, the fact of knowing that a graph is 3-colorable does not help at all in coloring it, and
the problem remains NP-hard - although the analogous problem with 2 colors can be solved in
polynomial time.
Thus, a sensible approach is to find the smalles coloring possible; however, the results are not as
good as one may hope: the best known algorithms can color the graph with n0.201 colors!
In the followings, some algorithms will be presented:

coloring with O(
√
n) colors This algorithm exploits the fact above:

In order to color with O(
√
n) colors it is required to find independent sets of size Ω(

√
n)

This is a necessary and sufficient condition:it is necessary, because a O(
√
n)-coloring immediately

yields Ω(
√
n) independet sets, whose size must be Ω(

√
n); it is sufficient, because once that the

independent sets are known, you simply have to assign each one of them a color - and they are
O(
√
n).

It is useful to point out also that if a graph is 3-colorable, the neighbourhood of each vertex must
be 2-colorable, i.e. it must be a bipartite graph (thus 2-colorable in polynomial time).
The previous considerations are exploited by the algorithm, that works as follow:

(1) Pick each vertex with degree not less than
√
n and color its neighbourhood with 2 colors; if

the vertex is uncolored, color it with another color.

(2) Pick the vertices that have degree less than
√
n and color them and their neighbourhod with√

n+ 1 colors.
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With some refinement, the algorithm can be pushed to n0.4 colors; in 1997 using semi-definite
programming it was reached the value of n0.25 ([?]).

Theorem 3 If G is 3-colorable and dense, i.e. its minimum degree is δn, δ ∈ (0, 1), then there is

an algorithm to 3-color the graph in O(n
1
δ ).

The proof of this theorem will be exposed in the next lecture.
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