
Exercise 1 Graphs and Algorithms

The number of vertices is always denoted by n, and all graphs are assumed to be simple (no
parallel edges and self-loops) unless stated otherwise.

1. Prove that a graph is bipartite if and only if it is 2-colorable. Give an efficient algorithm
to determine whether a graph can be colored using two colors, and find a 2-coloring if one
exists.

2. Show that a tree has a degree one vertex, and use this to show that the number of edges
is exactly n− 1.

3. Show that any graph with maximum degree d has an independent set of size at least
n/(d + 1). Can you give an example where this bound is tight.

4. Show that any graph with an average degree d has an independent set of size at least
n/(d + 1).

5. Show that any graph with maximum degree d can be colored with d+ 1 colors. Does this
also hold when the average degree is d?

6. It turns out that the problem of determining whether a graph is 3-colorable or not is
NP-complete. Given a 3-colorable graph G, design a polynomial time algorithm to color
G using O(

√
n) colors.

[Hint: As G is 3-colorable, the neighborhood of any vertex is 2-colorable.]

[Remark: Later in the course, we will see an algorithm that uses n0.25 colors. Embarrass-
ingly nothing much better is known.]

7. Suppose we are given an algorithm which, given any 3-colorable graph G, finds an inde-
pendent set of G of size (say) n/1000. Show that this algorithm can be used to color G
using O(log n) colors.

8. Show that any planar graph with n ≥ 3 vertices can have at most 3n− 6 edges. Use this
to show that any planar graph is always 6-colorable.

[Hint: Relate the number of faces in the graph to the number of edges. Use Euler’s formula
that for any connected planar graph, n+f−m = 2, where f is the number of faces (where
this also includes the outer face).]

9. Show that a bipartite planar graph can have at most 2n− 4 edges.

10. Read and understand the proof that a planar graph is always 5-colorable.

11. A subset of vertices S is called a balanced separator if removing these vertices decomposes
the graph into connected components of size at most 2n/3.

Later in the course, we will see that any planar graph has a 10
√
n size separator (for

example, imagine what happens in a
√
n ×
√
n plane grid), and that it can be found

efficiently.

Show that this can be used to find a maximum size independent set in a planar graph in
time 2O(

√
n), using divide and conquer strategy.

[Remark: Later in the course, we will see that a 2o(n) time algorithm is very unlikely for
general graphs.]



12. The girth of a graph is defined the length of the smallest cycle. Show that any graph with
minimum degree d, where d > 2, has girth at most 1 + 2 logd−1 n (i.e. has some cycle of
length ≤ 1 + 2 logd−1 n).

13. Show that a graph with girth log n or more can have at most O(n) edges.

14. Given an example of a graph that has girth 4, and Ω(n2) edges.

15. Data Storage: There are n digital images. Being images of the same object they are
essentially similar. Let ci,j denote the size need to store the difference between images
i and j. To save space, we can just store one image, and some of the differences. For
example, given image 1 and the difference c1,2, we can reconstruct image 2. Similarly, if
we have image 1 and c1,2 and c2,3, we can reconstruct both 2 and 3. Which image and
the differences ci,j ’s should we store to minimize the total storage space?

16. Secret Agents: An intelligence service has n agents in enemy territory. Each agent
knows some of the other agents and can arrange to meet them. For each such possible
meeting, say between agent i and agent j, any message passed between these agents will
fall into hostile hands with probability pij . Agent 1 (who is the group leader) wants to
transmit a confidential message among all the agents while minimizing the probability
that the message is intercepted. How should the meetings between agents be arranged?

Note that if S is the set of pairs of agents (i, j) that communicate in your solution, then
the probability that the message is intercepted is 1−

∏
(i,j)∈S(1− pij).

[Hint: Use spanning trees and logarithms.]


