
Exercise 2 Graphs and Algorithms

1. The crossing number of a graph G is the least number of edge-crossings in any planar
drawing of G (so G is planar if and only if its crossing number is zero). Show that the
crossing number of a graph with m edges is at least m− (3n− 6).

[Hint: Apply induction on edges.] Later in the course we will see how this bound can be
improved substantially.

2. Show that the planarity algorithm discussed in the class can be run in time O(n3).

3. Given a graph with non-negative costs on the edges. Show that the problem of deleting
the least cost subset of edges to make the graph Eulerian (i.e. each vertex of even degree)
can be solved efficiently using min-cost matching in general graphs.

4. Let G be a planar graph and let G∗ be a dual of G. Show that edges corresponding to
a cut of G for an Eulerian subgraph of G∗, and vice versa. (See the lecture notes on the
webpage, if needed).

5. Use the above two facts to give a polynomial time algorithm to solve the max-cut problem
in planar graphs.

6. Give a polynomial time to solve the following problem: Given a planar graph, remove the
least number of edges to make it bipartite.

7. Show a graph is k-edge connected if and only if, for every two vertices s and t, there exist
k-edge disjoint paths from s to t.

8. Let G be a planar graph. Show that for every three vertices x, y and z it holds that
d(x) + d(y) + d(z) ≤ 2n+ 2 where d(v) denotes the degree of vertex v.

Basic Probability Stuff

1. Show that for all 0 ≤ x ≤ 1, it holds that 1 + x ≤ ex ≤ 1 + x+ x2 and that 1− x ≤ e−x.

2. Linearity of expectation: Show that for any two random variablesX and Y (not necessarily
independent), it holds that E[X + Y ] = E[X] + E[Y ].

3. Markov’s inequality: If X is a non-negative random variable with mean E[X] = µ, then
Pr[X ≥ tµ] ≤ 1/t.

4. If A and B are two events, then show that Pr[A ∪B] ≤ Pr[A] + Pr[B].

5. If A1, . . . , An are independent events, show that Pr[A1∪ · · · ∪An] = 1−
∏

i(1−Pr[Ai]) ≥
1− e−

∑
i Pr[Ai]. The latter inequality is very useful in replacing the complicated product

by a nice sum.

6. Consider a random graph created as follows. For each pair of vertices i, j we put an edge
(i, j) independently with probability 1/2. Show that expected number of cliques of size k
is at most (

n

k

)
2−(k2).

Use this to show that it is extremely unlikely that the random graph above contains a
clique of size more than 3 log n.


