
Exercise 3 Graphs and Algorithms

The number of vertices is always denoted by n, and all graphs are assumed to be simple (no
parallel edges and self-loops) unless stated otherwise.

1. For any non-negative numbers a1, . . . , an, show using Cauchy-Schwarz that

n∑
i=1

1

ai
≥ n2∑n

i=1 ai

Can you find a case where equality holds.

Use this (together with the bound on maximum independent set α(G) ≥
∑

v 1/(dv + 1)
that we proved in the class) to deduce that if d is the average degree

α(G) ≥ n/(d+ 1).

2. Consider a random walk on 0, ..., n, that behaves as follows at each time step:

If at location i = 0, it moves to i = 1.
If at location i = n, it terminates.
If at location 0 < i < n, it moves with probability 1/2 to i+ 1 or with probability 1/2 to
i− 1.

Show that no matter wherever that walk starts, the expected number of steps until it
terminates is at most n2.

[Hint: Let h(i) denote the expected time steps to terminate, if it starts at i. Write a
recurrence for h(i) and show that h(i) = n2 − i2 is a solution.]

3. If a graph has minimum degree d, show using random sampling with alterations, that it
has a dominating set of size at most n(ln(d+ 1) + 1)/(d+ 1).

[Hint: Show for any 0 ≤ p ≤ 1, there is some dominating set of size at most pn+(1−p)d+1.
Upper bound (1− p) by e−p and find the best value of p.]

4. Show that for any general graph, size of the minimum vertex cover is at most twice the
size of the maximum matching. Given a example of a graph where this is this factor of
two gap cannot be improved.

5. Use max-flow mincut to show that for a bipartite graph, size of minimum vertex cover is
exactly equal to the size of the maximum matching.

6. If a graph does not have C4 (i.e. the cycle of length 4, then it can have at most cn3/2

edges for some constant c.

[Hint: Note that C4 = K2,2 and use the the idea in homework 2, problem 6b.]

7. Let us give another proof for the above problem. Can you show directly that there cannot
be more than

√
n vertices with degree more than, say, 5

√
n.

[Hint: For any two vertices v and w what can you say about the number of common
neighbors, i.e. |N(v) ∩ N(w)|. Now, try a proof by contraction (i.e. suppose there were
more than

√
n such vertices, and imagine adding them to the graph one by one.)]



8. Note that Problem 6a in homework 2 does not give the tight exponent of 3/2 in the lower
bound for the number of edges in a graph without C4. Here we will try to construct a
graph with roughly n3/2 edges.

Let p be a prime number. Let n = p2−1 and consider the n pairs (a, b) with 0 ≤ a, b ≤ p−1,
except the pair (0, 0). We view these pairs as vertices. Consider the following graph. We
put an edges between a vertex (a, b) and (x, y) if ax + by = 1 where the arithmetic is
modulo p.

Show that this graph has Ω(n3/2) edges (you also need to bound the number of self-loops
which happen if a2 + b2 = 1).

Show that this graph has no four cycle, by showing that any two vertices have at most one
common neighbor [Hint: In how many places can two lines in the x − y plane intersect.
Verify that this also holds in a prime field.]

9. How that if a graph has a Hamiltonian cycle if it satisfies that d(x) + d(y) ≥ n for every
pair of vertices x and y.

[Hint: This condition is very similar to the condition we saw in class that each degree is
at least n/2.]

10. Let G and H be two graphs, and consider the graph product G × H, we saw in class,
whose vertices are (g, h) and (g, h) is adjacent to (g′, h′) if either g is adjacent to g′ or h
is adjacent to h′.

Show that the chromatic number satisfies χ(G×H) ≤ χ(G) · χ(H).

(unlike independent sets, the equality does not holds for chromatic numbers)


