
Homework 3 Graphs and Algorithms

Date: 22/5/2014 Due: 17/6/2014

1. (8 pts) Given sets A1, . . . , An on some universe of elements U , show by induction that

|A1 ∩A2 ∩ · · · ∩An| =
∑

S⊂{1,...,n}

(−1)|S|| ∩i∈S Ai|.

Here the summation is over all the subsets S including the empty set (where we use the
convention that | ∩i∈S Ai| = U for S = ∅), and Ai denotes the complement of Ai.

2. (5 pts) Given a graph G, and a subset of vertices S, let i(S) denote the number of independent
sets in the subgraph of G restricted to vertices in S. Show how to compute i(S) for every
subset S in (total) time O(2n · poly(n)).

[Hint: Make a table of size 2n with entries i(S) for each set S and fill it.]

3. (12 pts) Recall that the Fibonacci sequence 1, 1, 2, 3, 5, 8, . . . defined by f(1) = 1 and f(2) = 1
and f(i) = f(i− 1) + f(i− 2) for i > 2.

(a) (4 pts) Show that for any integer n ≥ 1

f(n) =
1√
5

(
1 +
√

5

2

)n

− 1√
5

(
1−
√

5

2

)n

.

(b) (1 pts) Show that f(n) is equal to 1√
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)n
rounded (either up or down) to the

nearest integer.

(c) (2 pts) Let Pn denote the path with n vertices. Show that the number of independent
sets of Pn is equal to the n-th Fibonacci number.

(d) (2 pts) Let Cn be the cycle with n vertices. Give an expression in terms of the Fibonacci
sequence for the number of independent sets of Cn.

(e) (3 pts) Use these observations to give an algorithm for computing the number of inde-
pendent sets in graph of size n in time O(1.4657n). Use the fact that the largest root of
the equation 1/x3 + 1/x = 1 is 1.4656 . . ..

4. (10 pts) Let R(s1, . . . , sk) denote the smallest number n, such that no matter how the edges
of the complete graph Kn are colored using colors 1, . . . , k, there must exist some mono-
chromatic Ksi with all edges colored i, for some i. (If k = 2, this is just the regular Ramsey
number we saw in class).

For any integers k and s1, . . . , sk, show that R(s1, . . . , sk) ≤ ks1+...+sk .

5. (5 pts) Consider the complete graph Kn, and suppose we randomly color each vertex either
red or blue with probability 1/2 each. Show that with high probability, for every vertex,
the number of blue neighbors and the number of red neighbors does not differ by more than
10
√
n log n.



6. (10 pts) Show that if a graph does not contain a C4 (i.e. the cycle of length 4, then it can
have at most cn3/2 edges for some constant c.

[Hint: For any two vertices v and w what can you say about the number of common neighbors,
i.e. N(v) ∩N(w). Now, show inductively that there cannot be more than

√
n vertices with

degree more than, say, 5
√
n.]

7. (10 pts) Use dynamic programming to solve the following problems in time polynomial in n:

(a) (5 pts) Given n coins where coin i has probability of appearing heads pi. For any integer
k ≤ n, compute exactly the probability that exactly k coins appear heads.

(b) (5 pts) Given an unlimited supply of coins with values x1, x2, . . . , xn, we wish to make
change for a value v; that is, we wish to find a set of coins whose total value is v. This
might not be possible: for instance, if the values are 5 and 10 then we can make change
for 15 but not for 12. Give an O(nv) time dynamic-programming algorithm to determine
if exactly value v can be achieved.

8. (15 pts) In the class we saw that if we throw n balls in n bins at random, then the maximum
load is O(log n/ log log n) with high probability. Now we will show that this upper bound is
close to the truth.

In particular, show with high probability (say, probability at least 1 − 1/n10), it is actually
the case that some bin contains at least Ω(log n/ log log n) balls.

(a) (5 pts) Imagine first throwing n/ log n balls. Show that with high probability at least
n/(10 log n) bins contain at least 1 ball.

(b) (5 pts) Now throw the next n/ log n balls. Show that with high probability at least
n/(20 log2 n) balls end up in the previously non-empty bins. Now argue that with high
probability at least n/(100 log2 n) bins have load at least 2.

(c) (5 pts) Give a convincing argument why you can iterate this process for Ω(log / log log n)
steps, and hence ensure that with high probability, there are bins with Ω(log n/ log log n)
balls (you can skip working out precise constants, but the argument should be mathe-
matically sound).

9. (15 pts) Let G be a n × n bipartite graph. Given an algorithm (using inclusion-exclusion)
with running time 2npoly(n) to count the number of perfect matchings (i.e. matchings of size
n).

[Hint: Your universe is the set of all possible functions f : L → R, where L and R left and
right sides of G. This is called Ryser’s method/formula (you can look up on the internet, but
the explanation should be your own]

10. (10 pts) Given a graph G, use color-coding to find k vertex disjoint triangles in G, in expected
time kO(k)n3.


