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1. (5 pts) Show that any graph with maximum degree d is d+ 1-colorable. Give an example
(for every value of d) where d+ 1 colors are really necessary.

Solution: We apply induction on n. The base case is trivial for n = 1. Suppose n ≥ 2.
Pick any vertex v and consider graph G′ = G \ {v}. G′ has maximum degree at most d,
and hence is d+ 1 colorable by the induction hypothesis. Take any such coloring C of G′.
As v has at most d neighbors, we can add back v and give it a color that is not chosen by
any neighbor of v in the coloring C.

The complete graph on d + 1 vertices is such an example. It cannot be colored in fewer
than d+ 1 colors as each vertex must get a different color in a complete graph.

2. (5 pts) Show that any planar graph has a vertex of degree at most 5. Prove why this
implies that any planar graph is 6-colorable.

Solution: We saw in class that m ≤ 3n− 6 for a planar graph. If each vertex had degree
at least 6 we would get a contradiction as this would imply that m ≥ 3n.

We now apply the argument in problem 1, but with the care that instead of choosing v
as any vertex, we choose v to be the vertex with degree at most 5 (observe that this is
crucial, as a planar graph could have vertices of degree much higher than 5).

3. (5 pts) Recall that a graph is Eulerian if and only if every vertex has an even degree. Let
G be an arbitrary graph. Show how to use the algorithm for minimum cost matching (on
general graphs) to determine the fewest number of edges that must be removed from G,
to make it Eulerian.

Solution: Let G′ be some Eulerian graph of G with the highest number of edges. Consider
the subgraph X = G \G′.
We claim that X is collection of paths between odd degree vertices in G. As degree of
each vertex in G′ is even, the parity of degree of every vertex is same in X and G. Thus,
we can decompose X into a collection of paths between odd degree vertices in G, plus
possibly some cycles. But since G′ an optimum solution, we can assume that X has no
cycles. We can also assume that the paths are edge disjoint (otherwise we can find a
better solution G′).

To find such a collection, we define an auxiliary graph H where we have vertex w for each
odd degree vertex in G. We put an edge between every two vertices (w,w′) of H with
length equal to the shortest path length between the corresponding vertices in G. Finding
a min-cost perfect matching in H gives the required collection of paths. We need to be
sure that mapping these matching edges in H back to shortest paths in G does not cause
problems (that some edges in G are used multiple times). But this cannot happen, since
otherwise one can find a smaller matching.

4. (10 pts) Recall that a tournament is obtained from the complete graph Kn by directing
each edge in one of the two possible directions. A tournament is called transitive if the
directed edges (i, j) and (j, k) imply the directed edge (i, k). (Equivalently, there is some
ordering of the vertices such that the endpoints of every directed edge (i, j) satisfy i < j.)



Use the averaging principle to show that there exists a tournament on n vertices, which
does not contain any transitive subtournament on 2 + 2 log2 n vertices.

Solution: Consider a random tournament where each edges is directed randomly. Let
k = 2 + 2 log n. Fix a subset of size k and also fix an ordering of these k vertices. The

probability that all edges go from lower to higher vertex in this ordering is 2−(k2). As
there are k! orderings the probability that the particular subset of vertices is transitive is

at most k!2−(k2). As there are
(
n
k

)
possible subsets that probability that any of them is

transitive is at most(
n

k

)
k!2−(k2) ≤ n!

(n− k)!
2−(k2) ≤ nk2−(k2) = 2k logn−k(k−1)/2 = 2−k/2 =

1

2n
< 1.

So there must exist a tournament that no transitive subtournament of size k.

5. (a) (5pts) Let x ∈ Rn be a vector of length n with pairwise distinct entries. A subse-
quence of x is derived by deleting some entries from x, without changing the order
of entries. Consider a random permutation of the entries of x (chosen uniformly
at random among all permutations). Show that the probability that the permuted
vector contains an increasing subsequence of length K is at most 1

K!

(
n
K

)
.

Solution: For a fixed set of K numbers, the probability they form an increasing
sequence in a random permutation is exactly 1/K!. As there are

(
n
K

)
possible sets

of size K, the expected number is
(
n
K

)
. Let X denote the random variable counting

this number. So, by Markov’s inequality Pr[X > 0] = Pr[X ≥ 1] ≤ E[X], and the
result follows.

(b) (5pts) Show that for every real n × n-matrix with pairwise distinct entries, there
exists a permutation of the rows of A such that no column of the permuted matrix
has an increasing subsequence of length ≥ 10

√
n.

[Hint: you may use Stirlings approximation, n! ∼
√

2πn(n/e)n, as well as the
bound
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m

)
≤

(
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m

)m
.]

Solution: Permute the rows randomly. Let k = 10
√
n. The probability that a

particular column has an increasing sequence of length k is at most
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for all k ≥ 1 .

As there are n columns, applying a union bound, the probability that any of them
has an increasing sequence is at most n(1/k2) < 1.

Note: The events that column i contains such a sequence and column j constaints
such a sequence are not independent (as the rows are permuted randomly, and so the
randomness is common among columns). So, one must really use the union bound.

This was a common mistake my many of you.


