
CHAPTER 1

Introduction to probabilistic arguments

In this lecture, we introduce the probabilistic method. In particular, we will look at two
important principles that lie at the heart of the probabilistic method: the averaging principle,
and the counting principle. We will see a number of examples of both methods.

1. The averaging principle

Proposition 1.1 (Averaging principle). Let a1, a2, . . . , an be a finite sequence of real num-
bers, and let ā = n−1

∑
i ai be their average. Then maxi ai ≥ ā and mini ai ≤ ā.

Theorem 1.2. Let G = (V,E) be a graph with n vertices and at most n− 2 edges, then G
is disconnected.

Proof. We prove the assertion by induction on n, the claim being trivial for n = 1 and n =
2. So suppose that G has at least three vertices. The average degree of a vertex satisfies

1

n

∑
v∈V

dv ≤
2(n− 2)

n
< 2, (1)

so, by the averaging principle, the minimum degree of G is 0 or 1. If the minimum degree is 0,
then G contains an isolated vertex, which proves the theorem. Otherwise, let v be any vertex
of degree 1, and let G′ be the graph obtained from G by removing v and the edge incident to it.
Clearly, G′ has n− 1 vertices, and at most n− 3 edges. Hence, by induction, it is disconnected.

As the vertex v is connected to only one of the components of G′, it follows that G is
disconnected as well. �

Note that the average degree in G, n−1
∑

v∈V dv, can be interpreted as the expected degree
of vertex that is chosen uniformly at random from all the vertices in G. There is nothing
special about the uniform distribution in the formulaion of Proposition 1.1. In fact, we have
the following more general result.

Proposition 1.3 (Averaging principle). Let a1, a2, . . . , an be a finite sequence of real num-
bers, and let p1, p2, . . . , pn be a probability distribution, then

n
min
i=1

ai ≤
n∑
i=1

piai ≤
n

max
i=1

ai. (2)

2. Independent sets

An independent set in a graph G is a set of vertices, no two of which span an edge. The
independence number α(G) is the size of the largest independent set in G. In general, it
is hard to compute α(G). There are, however, a number of lower bounds that work in great
generality.

One example of such a lower bound, that is easily proved by induction, is the following: if

the maximum degree in G is ∆, then α(G) ≥ |V |
∆+1 . The following theorem is a more refined

version of this result.

Theorem 1.4 (Caro [Car79], Wei [Wei81]). For any graph G = (V,E) in which vertex v
has degree dv, we have α(G) ≥

∑
v∈V

1
dv+1 .
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Proof. We will construct a random independent set I with expected size
∑

v∈V
1

dv+1 , from
which the claim follows immediately by the averaging principle.

Order the vertices of G uniformly at random, and call the k-th vertex in this ordering vk.
Define the random set

I = {vk : N(vk) ∩ {v1, . . . , vk−1 = ∅} ,
that is, a vertex is added to I if and only if it appears before its neighbours in the ordering.
Obviously, I is an independent set. Let Xv be the indicator function of the event {v ∈ I}, and
note that |I| =

∑
v∈V Xv. Hence, by linearity of expecation,

E [|I|] =
∑
v∈V

E [Xv] =
∑
v∈V

P (v ∈ I) . (3)

As each of the vertices in {v}∪N(v) are equally likely to appear first in the ordering, it follows
that P (v ∈ I) = 1

dv+1 , which concludes the proof. �

3. Crossing numbers

A planar graph is a graph that can be drawn in the plane, without crossing edges. Not
all graphs are planar, for example the complete graph K5 is not.

Note that not all drawings of a graph G necessarily have the same number of crossings. We
define the crossing number of G as the minimum numbr of crossings over any drawing G.
Obviously, C(G) = 0 if and only if G is planar.

Suppose that G is a graph on n vertices, with m edges. Recall that if G is planar, then
m ≤ 3n− 6. The following lemma gives a slightly stronger result.

Lemma 1.5. C(G) ≥ m− (3n− 6).

Proof. We prove the claim by induction on K = K(G) = m−(3n−6). The claim obviously
holds for K ≤ 0. If G is any graph with K > 0, consider a drawing with C(G) crossings. Select
any edge e that crosses at least one other edge, and let G′ be the graph obtained by deleting e
from G. Note that K(G′) = K(G)− 1. Removing e from the drawing of G removes at least one
of its crossings, thus showing that C(G′) ≤ C(G)− 1. By induction,

C(G) ≥ C(G′) + 1 ≥ K(G′) + 1 = K(G), (4)

which proves the claim. �

Theorem 1.6. If m ≥ 9
2n, then C(G) ≥ 4m3

243n2 .

Proof. Let 0 ≤ p ≤ 1. Construct a random induced subgraph G′ of G, by keeping each
vertex with probability p (and deleting it with probability 1− p), independently from all other
choices. By Lemma 1.5, the resulting subgraph satisfies C(G′) ≥ m(G′) − 3n(G′), and upon
taking expectations on both sides, we obtain

E
[
C(G′)

]
≥ E

[
m(G′)

]
− 3E

[
n(G′)

]
. (5)

As each vertex of G is a vertex of G′ with probability p, we know that E [n(G′)] = np (in
fact, the number of vertices in G′ follows a binomial distribution). Computing the expected
number of edges in G′ is only slightly more difficult: an edge in G is still an edge in G′ if
and only if both its endpoints are kept, which, by independence, happens with probability p2.
So E [m(G′)] = mp2.

Suppose that we have a drawing of G with exactly C(G) crossings. This gives rise to
a drawing of G′, in which a crossing is present if and only if the four endpoints of the two
involved edges are all kept, which happens with probability p4. Hence E [C(G′)] ≤ C(G)p4.
(This is an inequality due to the fact that this particular drawing of G′ is not necessarily the
one with the smallest number of crossings.)

Combining these results with (5), we obtain

C(G) ≥ mp−2 − 3np−3, (6)
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in which we are still free to choose the parameter p. An exercise in calculus gives that the
right-hand side is maximised for p = 9n

2m , which gives the desired bound. �

Remark. A different (and perhaps more well-known) version of Theorem 1.6 asserts that C(G) ≥
m3

64n2 , whenever m ≥ 4n. Note that the conclusion of this version is slightly weaker, but it holds

for more values of m and n. This version is proved by taking p = 4n
m in the proof of Theorem 1.6.

4. The counting principle

The second principle that we will discuss in this lecture is the counting principle. Like the
averaging principle, it has a surprisingly simple statement, but it has very interesting conse-
quences.

Proposition 1.7 (Counting principle). Let Ω be a finite collection of objects, and let Π be
a property. If none of the objects in Ω satisfy property Π, then the probability that an object
that is selected uniformly at random from Ω satisfies Π is zero.

The contrapositive of this statement is: if an object that is selected uniformly at random
from Ω satisfies some property Π with positive probability, then there must be an object in Ω
satisfying property Π.

This immediately gives a non-constructive strategy for proving the existence of objects
satisfying some given property: draw a random element from a suitably chosen ambient space,
and show that the random object satisfies the property with positive probability.

In the remainder of the lecture, we discuss two examples of the counting principle.

5. Ramsey numbers

Let G = (V,E) be a graph. An edge colouring of G is an assignment of “colours” to the
edges of the graph. (The colouring is called proper if no two incident edges get the same colour,
but for now we will focus on general colourings.) An edge-c-colouring is an edge colouring using
at most c colours. In this section, we conisder edge-2-colourings of the complete graph Kn.

The Ramsey number R(k, l) is the minimal n such that every edge-2-colouring of Kn

contains a copy of Kk in which all edges are coloured using a colour (say red), or a copy of Kl

in which all edges are coloured using a different colour (say blue). Alternatively, R(k, l) is the
minimal n such that every n-vertex graph contains either an independent set of size k, or a
clique of size l. Ramsey showed that R(k, l) is finite for all values of k and l. It is a nice puzzle
to show that R(3, 3) = 6.

For obvious reasons, the values R(k, k) are called diagonal Ramsey numbers. The following
lower bound for diagonal Ramsey numbers, due to Erdős [Erd47], is actually one of the first
applications of the probabilistic method.

Lemma 1.8. If
(
n
k

)
21−(k2) < 1, then R(k, k) > n.

Proof. Let n be some integer satisfying the inequality in the statement of the lemma. We
will show that R(k, k) > n, by showing that a random edge-2-colouring of Kn does not contain
a monochromatic Kk with positive probability.

Consider a random 2-colouring of the edges of Kn, in which each edge is coloured either
red or blue, with equal probability, independently of the other edges. For a k-set of vertices S,
let AS be the event that the subgraph induced by S is monochromatic. Note that

P (AS) = 2

(
1

2

)(k2)
= 21−(k2). (7)

By the union bound,

P (some S is monochromatic) = P

(⋃
S

AS

)
≤
∑
S

P (AS) =

(
n

k

)
21−(k2) < 1, (8)
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where the final inequality follows by the choice of n. It follows that the random colouring of Kn

does not contain a monochromatic Kk with positive probability, and hence R(k, k) > n. �

Careful analysis of the requirement on n yields the following exponential lower bound
on R(k, k).

Theorem 1.9. If k ≥ 3, then R(k, k) >
⌊
2k/2

⌋
.

Proof. The result follows from an application of Lemma 1.8 with n =
⌊
2k/2

⌋
. We find that(

n

k

)
21−(k2) ≤ 2k

2/2

k!
21−(k2) ≤ 21+k/2

k!
< 1, (9)

whenever k ≥ 3. �

6. Tournaments

A tournament T is a directed graph in which every pair of distinct vertices is connected
by exactly one arc. It can be obtained by orienting the edges of a complete graph.

Suppose that n teams play each other team in a tournament; we identify the teams with
vertices of the complete graph Kn, and include an arc (u, v) if team u beats team v (we exclude
the possibilit of a draw). This explains the term tournament for such graphs.

Let us call a set of k vertices a winning set if there is no other vertex beating each of the k
winners. Let us say that a tournament T has the property Sk if there is no winning set of k
vertices.

Theorem 1.10. For n sufficiently large, there is a tournament with property Sk.

Remark. The term “sufficiently large” means “there exists some n0, such that for all n ≥ n0

the following holds”. Often, it is possible to explicitly compute the lower bound n0, but if this is
not possible, or when stating the exact bound would obscure the statement of the result, we will
often use “sufficiently large”.

Proof. Start with the (undirected) complete graph on n vertices, and independently orient
each of the edges, either orientation being equally likely. Let us call the random tournament
obtained in this way T.

Let S be any set of k vertices. The probability that S is a winning set is the probability
that no vertex outside S wins from all the vertices in S. By independence,

P (S is a winning set) = (1− 2−k)n−k ≤ exp
(
−2−k(n− k)

)
. (10)

Hence, by the union bound,

P (T contains a winning set) ≤
∑
S

P (S is a winning set)

≤
(
n

k

)
exp

(
−2−k(n− k)

)
≤ nk exp

(
−2−k(n− k)

)
= exp

(
k log n− 2−k(n− k)

)
.

(11)

Note that for fixed k, the function 2−k(n − k) grows much faster than k log n. Hence, for
sufficiently large n, the probability that the random tournament T contains a winning set of
size k is at most 1/2, say (and hence there is a tournament that has no winning set of size k. �
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[Erd47] Paul Erdős. “Some remarks on the theory of graphs”. In: Bulletin of the American
Mathematical Society 53.4 (1947), pp. 292–294.

[Wei81] V.K. Wei. “A lower bound on the stability number of a simple graph”. In: Bell Lab.
Tech. Memor (1981), pp. 81–11217.

11


