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Abstract
We describe a new potential function based proof for an O(log k)-competitive algorithm for weighted
paging, and more generally an O(log k/(k−h+1))-competitive algorithm for the weighted (h, k)-paging
problem. In contrast to previous results that are based on the online primal-dual framework, our analysis
is extremely simple, and we believe that the technique might be useful in the analysis of other related
problems.

1

Introduction

The classic online paging problem is the following. We are given a collection of n pages, and a fast memory
(cache) which can hold up to k of these pages. At each time step one of the pages is requested. If the
requested page is already in the cache then no cost in incurred, otherwise the algorithm must bring the page
into the cache, possibly evicting some other page, and a cost of one unit is incurred. In the weighted version
of the problem, each page has an associated weight that indicates the cost of bringing it into the cache. This
models situations where some pages are more expensive to fetch than others because they may be on far
away servers, or slower disks, and so on. The goal is to minimize the total cost incurred by the algorithm.
Unweighted paging is one of the earliest and most extensively studied problems in competitive analysis and is well understood. Any deterministic algorithm must be at least k-competitive, and various kcompetitive algorithms are known [13]. When randomization is allowed, it is known that any algorithm
must be at least Hk -competitive against an oblivious adversary, where Hk is the k-th Harmonic number.
The first O(log k) competitive algorithm was obtained by Fiat et al. [9] and subsequently optimum Hk competitive algorithms have been developed [11, 1].
The more general (h, k)-paging problem has also been studied. Here the online algorithm with cache
size k is compared to the offline algorithm with cache size h, where h ≤ k. Here a tight k/(k − h + 1)competitive deterministic algorithm is known [13], and with randomization, an essentially tight 2 ln(k/(k −
h))-competitive algorithm is also known [15]. There has been extensive work on paging along several other
directions, and we refer the reader to the excellent text by Borodin and El-Yaniv [6] for further details.
For weighted paging, a tight k-competitive deterministic algorithm follows from the work of Chrobak et
al. [8] on the (more general) k-server problem on trees. Young [14] gave a tight k/(k − h + 1)-competitive
deterministic algorithm for weighted (h, k)-paging. However, until recently, o(k)-competitive randomized
algorithms were known only in few special cases [12, 5, 10] of weighted paging. The first O(log k) competitive algorithm for general weighted paging was obtained by [2], based on the primal-dual framework for
online algorithms developed by [7]. The algorithm and its analysis were simplified in the journal version [3],
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and subsequently simplified even further in [4], where an alternate primal-dual formulation for the problem
was presented. However, all these results are still based on the primal-dual framework.
In this paper, we use a more traditional potential function based analysis to show O(log k)-competitiveness
for an algorithm for weighted paging, and more generally O(log k/(k−h+1))-competitiveness for weighted
(h, k)-paging. The algorithm we consider here is identical to that in [4], which is closely related to the one
in [2] and [3], but the analysis is different. We feel that the new analysis might be more insightful than the
previous primal-dual proofs and could be useful in other contexts.

2

Weighted Caching

We first define the problem formally. There is a universe of pages 1, . . . , n and a cache that can hold up
to k pages. To fetch page p into the cache the algorithm incurs a cost of wp . At each time step t, some
page pt ∈ [n] is requested. If pt is already in the cache, the algorithm does nothing and no cost in incurred.
Otherwise, the algorithm must fetch pt into the cache, possibly evicting some other page from the cache.
The goal is to minimize the total cost.
Instead of describing a randomized algorithm, it is easier to work with the following fractional view of
the problem. Let xp,t denote the amount of page p present P
in the cache at time t. A feasible solution to
the problem must satisfy at each time t that xpt ,t = 1 and p xp,t ≤ k. The fetching cost is measured
fractionally. That is, for any p and time t, it costs wp ∆xp,t to increase xp,t by ∆xp,t , and nothing to decrease
xp,t . Using standard techniques, an α-competitive algorithm in the fractional view can be converted to a
5α-competitive randomized (integral) algorithm [2].
For further ease, we define variables yp,t = 1 − xp,t , i.e. the amount of page p missing
from the cache
P
at time t. The fractional view can equivalently be described as ypt ,t = 0 and that p yp,t ≥ n − k. It
costs wp ∆yp,t to increase yp,t by ∆p,t and nothing to decrease (we can charge for evicting pages instead of
fetching, since any page that is fetched must eventually be evicted, except possibly for the last k pages).
Algorithm: Let η = (k − h + 1)/k. At time t when request for page pt arrives, do the following:
1. Set ypt ,t = 0.
2. For each page p,Pp 6= pt , for which yp,t < 1, continuously increase yp,t in proportion to (1/wp ) ·
(yp,t + η), until p∈[n] yp,t = n − k.

2.1

Analysis of the Algorithm

Let C(t) denote the set of pages in the offline cache at time t (we can assume that the optimal offline
algorithm is deterministic, and hence a page is either completely present or completely absent). Define the
following potential function at time t:


X
yp,t + η
Φ(t) = −2
wp · ln
.
1+η
p∈C(t)
/

As yp,t ∈ [0, 1], note that − ln
with respect to yp,t is:



yp,t +η
1+η



∈ [0, ln(1 + 1/η)]. Moreover, the rate of change of the potential
wp
dΦ(t)
= −2
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dyp,t
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(1)

Let Opt(t) and On(t) denote the cost of the optimal offline algorithm and the cost of the online algorithm
until time t, respectively. We prove that the competitive factor of the algorithm is 2 ln(1 + 1/η) = 2 ln(1 +
(k/(k − h + 1))) ≤ 2 ln(2k/(k − h + 1)). For h = k this implies an O(ln k)-competitive algorithm. To
this end, it suffices to show that at any time t the following relation holds:
∆On(t) + ∆Φ(t) ≤ 2 ln(1 + 1/η)∆Opt(t).

(2)

We show (2) in two parts. When a request arrives at time t, we first consider (2) when the optimal algorithm
services the request, and then consider (2) when the online algorithm services it.
Optimal Algorithm Moves: If pt ∈ C(t − 1) then ∆Φ = 0 and (2) holds. Else, at time t page pt is
fetched and suppose some other page p is evicted. Then, we have ∆Opt = wp . The only change to Φ is
that p may start contributing to Φ, increasing it by at most 2wp ln(1 + 1/η), while the contribution of pt
disappears, which can only reduce Φ. Thus, ∆Φ ≤ 2wp ln(1 + 1/η), and hence (2) holds.
Online Algorithm Moves: We do a continuous analysis. Suppose the online algorithm fetches an infinitesimally small dy units of of page pt , i.e. ypt ,t decreases by dy. Let S denote the set of pages
S = pt ∪ {p : ypt ,t < 1}. The online algorithm increases yp,t , for each p ∈ S \ {pt }, in proportion to
(yp,t + η)/wp , such that the sum of these increases is exactly equal to dy. Thus,
dyp,t =
where N is the normalization factor

1 (yp,t + η)
·
· dy
N
wp

1
p∈S\{pt } wp (yp,t

P

X

wp dyp,t =

p∈S\{pt }

+ η). Thus, the online eviction cost is

X
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≤
≤

(3)
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(5)

The first term in (4) follows as yp,t = 1 for p ∈
/ S, and hence
X
X
X
yp,t =
yp,t −
yp,t ≤ (n − k) − (n − |S|) = |S| − k.
p∈S

p∈[n]

p∈S
/

Finally, (5) follows as (x − 1)η ≤ x − h for any x ≥ k + 1, and as |S| ≥ k + 1.
We now upper bound ∆Φ(t). As pt ∈ C(t), a change in ypt ,t does not affect Φ. Now, as yp,t can only
increase for p 6= pt , Φ only decreases. Thus,

∆Φ(t) =

X  dΦ(t) 
p6=pt

= −2
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(6)

The second equality follows by (1) and (3), and the final inequality follows as |C(t)| ≤ h, as the optimal
algorithm has a cache of size at most h.
By (5) and (6) it follows that ∆On(t) + ∆Φ(t) ≤ 0 as desired.
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