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Overview (wishful thinking!):

e Formal approach

Asymptotic expansions (composite, perforated materials)
Flow in porous media

Reactive porous media flow models

Double porosity models

e Mathematical techniques: IAM students

— Energy methods
— Two-scale convergence

Accompanying material:

U. Hornung, Homogenization and Porous Media, Springer, 1997

D. Cioranescu, P. Donato, An Introduction to Homogenization, Oxford University Press, 2000
Lecture notes (under development)

Schedule:
2 hours/week (lectures) & 2 hours/week (lecture + exercises)

Tue, 8:45-10:30, Potentiaal 2.19
Thu, 10:45-12:30, Potentiaal 2.19
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1. Introduction & Basic idea
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A one dimensional example: oscillations

I I I I I
0 0.2 0.4 0.6 0.8 1

Leta: R — Rbes.t. 0 <m <a(y) < M;assume a 1-periodic:
aly) =aly +1) for all y€0,1),

With 1 >> ¢ > 0, define
xr € R,

and consider
for z € (0,1),

wi(1) = 1.
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A one dimensional example: oscillations

I I I I I
0 0.2 0.4 0.6 0.8 1

Leta: R — Rbes.t. 0 <m <a(y) < M;assume a 1-periodic:
aly) =aly +1) for all y€0,1),

With 1 >> ¢ > 0, define
forall r € R,

and consider
“(z)) =0, for z € (0,1),
(P°)
us(0) =0, us(1)=1.

Pb: Find an averaged «* approximating v, but including no oscillations.
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where ¢ (z) = a(g) with a(y) = a(y + 1).

Pb: Find an averaged u* approximating ¢, but including no oscillations.
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where ¢ (z) = a(g) with a(y) = a(y + 1).

Pb: Find an averaged u* approximating ¢, but including no oscillations.

Rem: Alternatively, find an upscaled/averaged equation satisfied by u*.
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where ¢ (z) = a(g) with a(y) = a(y + 1).

Solution:

fO agl(z dz ng

1
fO a‘flz dZ fOE .

u(z) =
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where ¢ (z) = a(g) with a(y) = a(y + 1).

Solution: Effective quantities:

u*(z) x, and
I
1 1 ol )
b =z Jy sty

up(x): Leading order solution
T . T
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where ¢ (z) = a(g) with a(y) = a(y + 1).

Solution: Effective quantities:

u*(z) x, and

T 1 s _1
_ hzg® gt 1 1

1

ol = fl;dz_f%—d o R
0 as(z) 0 a(y) Yy fO aE_(z)dZ fO @dy

ea” [ a(ly) dy

T —I—sfof (% — 1>dy = u*(z) —I—sul(f), with  u(s) = fOS <%‘;) B 1>dy.
Note: u* - effective approximtion, u; - corrector (bounded!)

ju(2) —u'(z)] < Ce
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e, Ul

0

r— axis
up(x): Leading order solution
T T

0.2
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2. The asymptotic expansion method

Lete > 0 (small), 2 C R%, (d > 1) - bounded domain (02 - the boundary), Y = [0, 1]¢ - unit cube,
a:R* s Rst.0<m<a(y,...,ys) <M < o0,,and Y-periodic: forally = (y1,...,yq) €Y,

a<y17y27"'ayd) :a(y1+1ay27"'7yd) :a<y17y2+1a"'>yd) = :a(ylayQa'-->yd+1)-

With a°(z) = a(%), consider

u® 0, onof.

—V - (a*Vue) f, forallz € Q,
(P) {

Q: How to approximate u°?
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2. The asymptotic expansion method

Lete > 0 (small), 2 C R%, (d > 1) - bounded domain (02 - the boundary), Y = [0, 1]¢ - unit cube,
a:R* s Rst.0<m<a(y,...,ys) <M < o0,,and Y-periodic: forally = (y1,...,yq) €Y,

a<y17y27"'ayd) :a(y1+1ay27"'7yd) :a<y17y2+1a"'>yd) = :a(ylayQa'-->yd+1)-

With a°(z) = a(%), consider

—V - (a*Vue) f, forallz € Q,
(P) {

u® 0, onof.

Q: How to approximate u°?

Idea: Multiple scales!
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Ty
Macroscale
Microscale

r — (x,y), withy = :
£

f, forallz € Q,
0, on .
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T
Macroscale
Microscale

r — (x,y), withy = E
£

. =V - (a*VuF) f, forallz € Q,
(F7) .
u® = 0, onof.

Homogenization ansatz:
ug(x) = UO(I‘, y) + E':ul(l‘7y) + 62u2(x,y) o

with u; being Y-periodic.
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T
Macroscale
Microscale

r — (x,y), withy = E
£

. =V - (a*VuF) f, forallz € Q,
(F7) .
u® = 0, onof.

Homogenization ansatz:
ug(x) = UO(I‘, y) + E':ul(l‘7y) + 62u2(x,y) o

with u; being Y-periodic.

1
Note: (1 = lim u®, u; = lim — (u® — wy), etc.
ote: (1) g lim u®, uy = lim (u® — ug), etc
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T
Macroscale
Microscale

r — (x,y), withy = f
£

. =V - (a*VuF) f, forallz € Q,
(F7) .
u® = 0, onof.

Homogenization ansatz:
ue(w) = UO(I‘, y) + E':ul(l‘7y) + 52u2(:c, y) o
with u; being Y-periodic.

Note: (2) In fact, for any function f we can define f(z) := f(z, g) = f(z,y), implying that

of af . of dy; Of _of 10f
aa;i (I,y) becomes axz (ZL’) - ax, (I7y) + c’hz ayz (x,y) - axz (xuy) + 88% (.T,y)
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2.1. The diffusion problem

. B
Microscale

f, forallz € Q,
0, on .

Technische Universiteit
. ) U e Eindhoven
/ department of mathematics and computer science I University of Technology



2.1. The diffusion problem

()
Microscale

f, forallz € Q,
0, on .

Recall:
uf (1) = up(z,y) + cur (w0, y) + 2us(z,y) + . .., with u,, being Y-periodic.

a*(@) = a(2) = aly)

1
V— V.t -V,
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2.1. The diffusion problem

— (VI + évy) : {a(y) (V;,,, + évy) (uo(,y) +ewr(z,y) + *us(z,y) +...)] = f.
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2.1. The diffusion problem

— (Vm + évy) . {a(y) (V;,; + évy) (uo(z,y) +euy(z,y) + e us(x,y) + .. )} = f.
Rewrites
— Vy - (a(y)Vyuo(z, y)) — % {Va - [a(y)Vyuo(z,y)] + V- [a(y)(Veuo (2, y) + Vyui (z,9))]}

= Ve - [a(y)(Vauo(, y) + Vyu (2,9))] +V - [a(y)(Vaw (2,y) + Vyus(z, )]} = Oe) = [,
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2.1. The diffusion problem

— (VI + évy) : {a(y) (V;,,, + évy) (uo(,y) +ewr(z,y) + *us(z,y) +...)] = f.

Rewrites
1

— = Vu - (a(y)Vyuolz, y)) - % {Va - [a(y)Vyuo(z, y)] + Vy - [aly) (Vauo(2, y) + Vyui (z, y))I}

= Ve - [a(y)(Vauo(, y) + Vyu (2,9))] +V - [a(y)(Vaw (2,y) + Vyus(z, )]} = Oe) = [,

Next: equate terms of the same < order

Technische Universiteit
. ) U e Eindhoven
/ department of mathematics and computer science I University of Technology



2.1. The diffusion problem

— (VI + évy) : {a(y) (V;,,, + évy) (uo(,y) +ewr(z,y) + *us(z,y) +...)] = f.

Rewrites

5 ¥ @0V 0(,)) = 2 (Vs 05) Vo, )] + ¥y - (o) (Voo ) + Ty, )]}

= Ve - [a(y)(Vauo(, y) + Vyu (2,9))] +V - [a(y)(Vaw (2,y) + Vyus(z, )]} = Oe) = [,

—Vy - (a(y)Vyuo(z,y)) = 0, forally €Y,
uo(x,y) is Y — periodic.

(Problem P~2) {
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2.1. The diffusion problem

— (VI + évy) : {a(y) (V;,,, + évy) (uo(,y) +ewr(z,y) + *us(z,y) +...)] = f.

Rewrites

5 ¥ @0V 0(,)) = 2 (Vs 05) Vo, )] + ¥y - (o) (Voo ) + Ty, )]}

= Ve - [a(y)(Vauo(, y) + Vyu (2,9))] +V - [a(y)(Vaw (2,y) + Vyus(z, )]} = Oe) = [,

—Vy - (a(y)Vyuo(z,y)) = 0, forally €Y,
uo(x,y) is Y — periodic.

(Problem P~2) {

Gives: ug(z,y) = up(x) and thus V, uo(z,y) = 0forally € Y.

Q: up(z) =7
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=55 Vi aly) Vi) = < (Ve - [aly)Vytio(w, )] + V- [ay) (ool ) + Ty (2,9))])

—{Va - [a(y)(Vauo(2,y) + Vyui (2,9))] +V, - [a(y)(Vaw (2,y) + Vyus(z, )]} = Oe) = [,

~V, - (aly)Vyui(z,y)) = V- (a(y)Veue(z)), forally €Y,
uy(z,y) is Y — periodic.

(Problem P~1) {
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=55 Vi aly) Vi) = < (Ve - [aly)Vytio(w, )] + V- [ay) (ool ) + Ty (2,9))])

—{Va - [a(y)(Vauo(2,y) + Vyui (2,9))] +V, - [a(y)(Vaw (2,y) + Vyus(z, )]} = Oe) = [,

-V, (a(y)Vyui(z,y)) = V- (a(y)Veue(z)), forally ey,

(Problem P~1) ) o
uy(z,y) is Y — periodic.

Note: Solution u; depends on uy! Withe; = (0,. .., o, 0),

d
Vug(z) = Z e; Oy uo().
j=1

Suggestion: solve first the cell problems with e; replacing V u(z)!
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=55 Vi aly) Vi) = < (Ve - [aly)Vytio(w, )] + V- [ay) (ool ) + Ty (2,9))])

—{Va - [a(y)(Vauo(2,y) + Vyui (2,9))] +V, - [a(y)(Vaw (2,y) + Vyus(z, )]} = Oe) = [,

-V, (a(y)Vyui(z,y)) = V- (a(y)Veue(z)), forally ey,

(Problem P~1) ) o
uy(z,y) is Y — periodic.

Note: Solution u; depends on uy! Withe; = (0,. .., o, 0),

d
Vug(z) = Z e; Oy uo().
j=1

Suggestion: solve first the cell problems with e; replacing V,uo(z)! Forall j = 1,...,d, consider:
~Vy - (aly)Vyw'(y)) = V,-(aly)e;), forallyey,
(Problem Pj_l) wl(y) is Y — periodic,
fY wl(y)dy = 0.
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=55 Vi aly) Vi) = < (Ve - [aly)Vytio(w, )] + V- [ay) (ool ) + Ty (2,9))])

—{Va - [a(y)(Vauo(2,y) + Vyui (2,9))] +V, - [a(y)(Vaw (2,y) + Vyus(z, )]} = Oe) = [,

~V, - (aly)Vyui(z,y)) = V- (a(y)Veue(z)), forally €Y,
uy(z,y) is Y — periodic.

(Problem P~1) {

Note: Solution u; depends on uy! Withe; = (0,. .., o, 0),

Vv U() Zej 8 U,()
This gives (u; () plays actually no role)

) =ty (x ~|—ij ) O uo(
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5 Yy () Vol ) — e o) Voo )] + V- aly) (Vato(ar,v) + Vyun (o, )]}

—{Va - [a()(Vauo(z,y) + Vyui (2, 9))] + Vy - [a(y) (Ve (2, y) + Vyua(z,9))]} = Oe) = .

—Va - [a(y)(Vauo (@) + Vyur (2, )] = Vy - [a(y) (Vau (2, y) + Vyus(z, )] = 1,
us(z,y) is Y — periodic.

(Problem PY) {
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55 Yy (@) Vol 1) = 1 (o) Ty, )] + V- o) (Vatol, o) + Vyan (o )]}

—{Va - [a()(Vauo(z,y) + Vyui (2, 9))] + Vy - [a(y) (Ve (2, y) + Vyua(z,9))]} = Oe) = .

(Problem P°) { —V. - a(y)(Vauo(2) + Vyur(w,9))] = Vy - [aly) (Vo (2,9) + Vyua(z,y))] = f,

o(x,y)is Y — periodic.

Option: Find uy in terms of ug and w;... still gives no w!
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—5% Vy - (aly) Vyuo(z, y)) - é{Vx [a(y)Vyuo(z, y)] + Vy - [a(y)(Vauo (2, y) + Vyui (z, )1}

—{Va - [a()(Vauo(z,y) + Vyui (2, 9))] + Vy - [a(y) (Ve (2, y) + Vyua(z,9))]} = Oe) = .

(Problem P°) { —V. - a(y)(Vauo(2) + Vyur(w,9))] = Vy - [aly) (Vo (2,9) + Vyua(z,y))] = f,

o(x,y)is Y — periodic.
Alternative: Eliminate u, by integration!

o+ Ly a@)(Vauo(2) + Vyur (z,9)dy] = [, Vy )(Vaur (2,y) + Vyua(z,y)]dy = f(x),
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v+ Ly @) (Vato(2) + Vyur (z,9))dy] = [, Vy - [a(y) (Ve (2, y) + Vyus (2, 9))]dy = f(2)

)(Vaur(w,y) + Vyus(w,9))ldy = [py v - [a(y)(Vaw (2, y) + Vyua(z, y))]doy,

Zk 1fay y)(Vaur (z,y) + Vyus(z,y))|do, =0

QL)
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o [fy aW)(Vauo(x) + Vyui (z,y))dy| = f(x)

yul oy ?J Zaa:JU'O v w]< )

-V, - [/Y a(y) (V ug( Zamjuo (3/)) dy] = f(z).

(P {—V-(A*VU) = f, forallz e,

or, equivalently,

U = 0, onoQ,

with A* € R4, af; = / a(y) (6,5 + 0,0 (y))dy = / ay)(e; + Vyu' (y))edy
Y Y

Technische Universiteit
. ) U e Eindhoven
/ department of mathematics and computer science I University of Technology



o [fy aW)(Vauo(x) + Vyui (z,y))dy| = f(x)

yul x ?J Zaa:JU'O v w]< )

-V, - [/Y a(y) (V ug( Zamjuo (3/)) dy] = f(z).

(P {—V-(A*VU) = f, forallz e,

or, equivalently,

U = 0, onoQ,

with A* € R4, af; = / a(y) (6,5 + 0,0 (y))dy = / ay)(e; + Vyu' (y))edy
Y Y

Lemma

a) A*is symmetric, i.e. aj; = aj; foralli,j = 1,...,d.

b) A* is positive definite, i.e. there exist a constant C > 0 s.t. for all (column vectors) z € R¢,
2T(A*2) > C(2T2).
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