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Abstract Applications of geometric flows to multi-orientation image processing
require the choice of an (affine) connection on the Lie group G of roto-translations.
Typical choices of such connections are called the (−), (0) and (+) connection. As
the constructions of these connections in standard references is quite involved, we
provide an overview. We show that these connections are members of a larger, oneparameter class of connections, and we motivate that the (+) connection is most
suited for our image-analysis applications. The class ∇[ν] , with ν ∈ R, is given by
∇[ν]
X Y = ν [X,Y ] for all left-invariant vector fields X,Y on G. Their auto-parallel
curves are the exponential curves. Their torsion is T[X,Y ] = (2ν − 1)[X,Y ], and the
(−), (0), and (+) connections arise for ν = 0, 21 , 1.

We propose the case ν = 1, as then the Hamiltonian flows on T ∗ (G) for Riemannian
distance minimizers on G (induced by left-invariant metric tensor field G) reduce
−1
to ∇γ[1]
Û λ = 0 and γÛ = G|γ λ, where γÛ is velocity and λ is momentum. So now
‘shortest curves’ have parallel momentum, whereas ‘straight curves’ have autoparallel velocity. We also extend this idea to sub-Riemannian geometry via a partial
connection.
The connection underlies PDE-flows for crossing-preserving geodesic wavefront
propagation and denoising in multi-orientation image processing, where we use

1. the ‘shortest curves’ for tracking in multi-orientation image representations,
2. the ‘straight curve fits’ for locally adaptive frames in PDEs for crossing-preserving
image denoising and enhancement.
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1 Introduction
The synergy between the mathematical fields of partial differential equations, geometric control, Lie group analysis, harmonic analysis, variational methods and the
applied fields of image analysis, numerical analysis, neurogeometry and neuroimaging is increasing rapidly and has attracted many researchers. An emerging field for
interaction between these fields is multi-orientation image analysis, where image
data is lifted to the space of positions and orientations. Typically such lifted data is
concentrated around lifted curves, see Figure 1.

Fig. 1 Top: Lifted paths γ(t) = (x(t), y(t), θ(t)) in R2 × S 1 (left) where the tangent γ(t)
Û is restricted
to the span of (cos θ(t), sin θ(t), 0) and (0, 0, 1), of which the green plane on the right is an example.
Bottom: Lifted image data depicted by an orange volume rendering. The meaning of shortest path
between points in an image is determined by a combination of a cost computed from the lifted data,
the restriction above, and a curvature penalization. The path optimization problem is formulated on
the position-orientation domain such as in the image on the right. The cost for moving through the
orange parts is lower than elsewhere.

There exist many ways to construct such orientation lifts of image data. For
example, it can be done linearly by means of convolving the image by rotated
and translated Gabor wavelets (where image reconstruction requires integration
over scale and orientation) [1, 2], or by proper wavelets, including cake wavelets,
(where inversion requires integration over angles only) [3, 4], or non-linearly via
orientation channel representations [5, 6]. In the experiments of this article we
constrain ourselves to invertible orientation scores [7] constructed by cake-wavelets
following standard settings as explained in [4].
In multi-orientation processing on orientation scores [8, 3, 9, 10] (or on other
orientation lifts [11, 1, 12, 13, 14]) differential geometry plays a fundamental role
in PDE- and ODE-based techniques for pattern recognition, cortical modeling, and
image analysis. Image processing applications are then provided with fundamental
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differential geometrical tools such as Cartan connections [15, 16] that ‘literally connect’ all tangent spaces in the tangent bundle T(Md ) above the space Md of positions
and orientations. Such a connection underlies flows [12], segmentations [17], detection [18], and tracking [19] on Md . In all of these PDE-based processing techniques
on Md one has the major benefit (over related algorithms acting directly in the image
domain Rd ) that the processing generically deals with complex structures (such as
crossings, bifurcations etc.). In this article we will highlight some applications in the
experimental section, to illustrate how our preferred Cartan connection enters image
analysis applications.
Here the key idea is that elongated structures that are involved in crossings, are
manifestly disentangled in orientation lifts of image data, see Figure 2. This allows for
crossing-preserving enhancements and tracking via such orientation lifts as shown
in Figure 3. Furthermore, in the space of positions and orientations it is possible to

Fig. 2 Current tracking algorithms on images often fail (left), therefore we first extend the image
domain to the space of positions and orientations (where no such crossings occur) and then apply
geodesic tracking (right), enhancement and learning to automatically deal with complex structures.

check for alignment of local orientations in the image data. Filtering well-aligned
local features in multi-orientation distributions (e.g. orientation scores) of image data
is sometimes called ‘contextual image processing’ [20, 4, 21]. It relates to cortical
models for line perception in human vision [22, 23, 1], and is highly beneficial for
data enhancement and denoising in image analysis applications, see for example
[10, 24, 13, 12, 14, 25, 26], prior to geometric tracking [27, 26, 28, 19] in the
homogeneous space of positions and orientations.
The homogeneous space of positions is formally defined as a Lie group quotient
Md = G/H = SE(d)/({0} × SO(d − 1))

(1)
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in the Lie group SE(d) of roto-translations on Rd . We shall be concerned with
applications of crossing-preserving denoising, analysis and tracking of line structures
(blood vessels) via orientation scores, as depicted in Fig. 3. In the application section
of this work, we mainly focus on the case d = 2, but we also highlight related works
and applications where the case d = 3 is tackled.
Remark 1 The multi-orientation analysis of images is much simpler for d = 2 as then
subgroup the H consists only of the unity element and thereby the Lie SE(2) group
of rotations and translations in the plane is isomorphic to the three dimensional
homogeneous space M2 of positions and orientations. In case d = 3 the subgroup
H ≡ SO(2) and thereby the homogeneous space M3 of positions and orientations is
five dimensional. In that case a multi-orientation distribution U : M3 → C can be
|U(x,n)|
2
3
visualized by a field of angular profiles on a grid: {x + 2 kU
kL∞ (M3 ) n | n ∈ S , x ∈ Z }
with color coded orientations. For such a visualization see the bottom row of Fig. 3.

Fig. 3 Top: instead of direct processing of an image, we process via an invertible orientation score,
obtained by convolving the image with a set of rotated wavelets [3, 4, 29]. 2nd row: vessel-tracking
in a 2D image via orientation scores [4, 30, 19]. 3rd row: crossing-preserving diffusion via the
orientation score of a 3D image [29, 31]. For automation one can integrate geometric deep learning
via PDE-based G-CNNs [32] and G-CNNs [33, 34]. Here we will not elaborate on such machine
learning techniques, but rather focus on the underlying PDEs and Cartan connection.

Remark 2 The idea of crossing-preserving denoising and tracking via multi-feature
representations of images also generalizes to other ‘scores’ (multi-feature representations) on other Lie groups G (and Lie group quotients G/H):
• image processing of multi-frequency representations (Gabor transforms) [35]
defined on the Heisenberg group H(2d + 1),
• image processing of multi-velocity distributions (velocity scores) [36] defined on
the Heisenberg group H(2d + 1),
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• image processing of spherical image data [37] defined on a quotient S 2 ≡
SO(3)/SO(2) the rotation group SO(3),
• image processing of multi-orientation and scale scores (continuous wavelet transforms) [38] on the similitude group SI M(d).
In this article we shall not be concerned with applications of the other Lie group cases
mentioned in the remark above, but in order to keep generality of our theoretical
results we will initially study Cartan connections on Lie groups G in general, so that
our results also apply to the general Lie group setting.
Furthermore, we deliberately avoid technical issues [39, 32, 40, 41] that come
along with taking Lie group quotients like in (1). The differential geometrical results
in this article are easier to grasp if one just considers the whole Lie group G. For
integration of the appropriate symmetries that come along with taking Lie group
quotients, with in particular the one of primary interest (1), see [39, 32, 40, 41].

1.1 Scores on Lie Groups G = Rd o T and the Motivation for
left-invariant Processing and a left-invariant Connection on T (G).
In the general Lie group setting we consider Lie groups G = Rd o T that are
the semi-direct product of Rd with another Lie group T (reflecting the feature of
interest, e.g. orientations, velocities, frequencies, scales etc.). Then one uses a unitary
representation g 7→ Ug of such a Lie group onto the space of images modeled by
L2 (Rd ). to construct the ‘score’ (or ‘lifted image’) by probing image f by a family
of group coherent wavelets constructed from a wavelet ψ ∈ L2 (Rd ) ∩ L1 (Rd )
Wψ f (g) = (Ug ψ, f )L2 (R d ) .
Clearly, not every (square integrable) function on the Lie-group is the orientation
score of an image. It turns out that such a transform Wψ : L2 (Rd ) → CG
K is a
unitary map onto its range which is the unique reproducing kernel Hilbert space
CG
K consisting of functions on the Lie group G with reproducing kernel K(g, h) =
(Ug ψ, Uh ψ)L2 (R d ) . For details see [42, 43, 44].
Remark 3 In our special case of interest where the score is an ‘orientation score’, we
set Lie group G = SE(d) = Rd o SO(d), for d ∈ {2, 3}, with group product
g1 g2 = (x1, R1 )(x2, R2 ) = (R1 x2 + x1, R1 R2 ),

gi = (xi , Ri ) ∈ SE(d),

(2)

for i = 1, 2. Furthermore, we obtain the group coherent wavelets via the action
Ug ψ(x) = ψ(R−1 (x − b)),

(3)

for all g = (b, R) ∈ SE(d), x ∈ Rd . In this case the family of group coherent
wavelets are rotated and translated versions of ψ. For d = 3 one must assume that
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ψ is rotationally symmetric around the reference axis in order to ensure that the
orientation score Wψ f is well-defined on M3 . For details see [45].
The reproducing kernel norm coincides with a (constrained) L2 -norm if U is irreducible [46]. This essentially follows by a generalization of Schur’s lemma1 [47].
Remark 4 If U is reducible, which is the case for the representation given by (3),
one can apply a decomposition into irreducible subspaces [7, App.A]. Then one
either must restrict the space of images (e.g. to the space of ball-limited images
[44, ch.5.2],[42, ch.4.5]) or one must rely on distributional wavelet transforms [48,
App.B]. In both cases one must take care that all coherently transformed wavelets
Ug ψ together ‘cover all the frequencies in the Fourier domain’, see [42, 44, 49].
Let us define W̃ψ : L2 (Rd ) → L2 (G) by W̃ψ f = Wψ f . We can rely on the
following commutative diagram to design operators in the enlarged image domain
G = Rd o T. As a consequence of the following Lemma, processing on scores must
be left-invariant and not right-invariant.

Image

Wψ

f

Uf

Υψ
Processed
Image

Orientation Score

Φ
Wψ∗

Processed
Orientation Score

Fig. 4 A schematic view of image processing via scores. According to Lemma 1, Φ must be
left-invariant and not right-invariant. The same applies to the other Lie group cases mentioned in
Remark 2, where the score is not an ‘orientation score’ but for example a ‘frequency score’ [35].

Remark 5 In this article we will not address the issue of choosing a proper wavelet
ψ. For the setting of G = SE(3) or more precisely for M3 = G/H we prefer to
use so-called ‘cake-wavelets’ to construct invertible orientation scores [42]. For
quick practical explanations on 2D cake-wavelets see [48], for the same on 3D
cake-wavelets see [31]. All experiments in this chapter use cake-wavelets ψ with
standard parameter settings [50]. For detailed educational background on invertible
orientation scores, proper wavelets and cake-wavelets, see [49].
1 The overall idea is that W̃ψ∗ ◦ W̃ψ commutes with the unitary irreducible representation and is
thereby a multiple of the identity. Subtleties arise as it is not obvious that W̃ψ is bounded, cf. [46].
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Definition 1 An operator Φ : L2 (G) → L2 (G) is left-invariant iff
Φ[Lg V] = Lg [ΦV], for all g ∈ G, V ∈ L2 (G),

(4)

where the left-regular action Lg of g ∈ G onto L2 (G) is given by
Lg V(q) = V(g −1 q) for almost every q ∈ G.

(5)

Similarly, the right-regular action is given by
R g V(q) = V(qg), for all g, q ∈ G,V ∈ L2 (G),
and an operator Φ is right-invariant Φ[R g V] = R g [ΦV], for all g ∈ G, V ∈ L2 (G).
Lemma 1 Let U : G → B(L2 (Rd )) be a unitary representation.
Let Φ : CG
K → L2 (G) be a bounded operator. Then the corresponding operator Υψ
on L2 (Rd ) given by Υψ [ f ] = (W̃ψ )∗ ◦ Φ ◦ W̃ψ [ f ] on the images f ∈ L2 (Rd ) satisfies
Ug ◦ Υ = Υ ◦ Ug for all g ∈ G
if and only if the effective operator on the score Pψ ◦ Φ is left-invariant, i.e.
Lg (Pψ ◦ Φ) = (Pψ ◦ Φ)Lg, for all g ∈ G,
which shows that score processing must be left-invariant. Moreover, we have
Φ ◦ R g = R g ◦ Φ ⇒ Υψ = ΥUg ψ for all g ∈ G,
which shows that right-invariance is a highly undesirable property for score processing.
See Figure 5 to get a visual impression what the above theorem means for the group
of roto-translations in the plane G = SE(2) ≡ M2 , recall Remark 3.
Proof This Lemma essentially gathers earlier results of the first author [42, Thm.21]
and [35, Thm.1] where the proof can be found.

Corollary 1 We want to apply (second order) PDE-based operators Φ that involve
covariant derivatives based on a connection. Both Φ and the connection should be
left-invariant, and not right-invariant.
In the sequel we will therefore study a specific family of left-invariant connections:
A parameterized family (ν ∈ R) of Lie-Cartan connection, which, as we will see,
contains one very special member: the case ν = 1.
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Fig. 5 A roto-translation of the image corresponds to a shift-twist of the orientation score, both
defined via a group representations of G = SE(2) on the image and the orientation score. Shifttwist of images and orientation scores are denoted respectively by the left-regular representations
Ug (3) and L g (5). In this illustration of Wψ ◦ Ug = L g ◦ Wψ we have set g = (0, θ), with θ
increasing from left to right.

1.2 Motivation: Choosing a Cartan Connection for Geometric
(PDE-based) Image Processing via Scores
Geometric image processing via scores on Lie Groups requires a choice of underlying
Cartan connection on T(G). For geometric image processing we literally need to
‘connect’ tangent spaces Tg (G) at different base-points g ∈ G in the domain of a
score. Such a connection gives rise to (coordinate free) covariant derivatives that
we need in PDE-based image processing via scores on Lie groups. Next we will
illustrate this on two geometric (PDE-based) image processing techniques:
1. Crossing-preserving image enhancement and denoising via scores, via geometric
PDE’s expressed in left-invariant/covariant derivatives.
2. Shortest paths (and optimal control) in orientation scores.
Crossing-preserving image enhancement and denoising via scores requires leftinvariant PDE’s and data-driven locally adaptive frames (‘gauge frames’) on G.
The PDEs expressed in left-invariant frames include geometric flow along ‘straight
curves’ curves (with parallel velocity), which are exponential curves in Cartan
connections. The PDEs expressed in gauge frames include geometric flow along
‘straight curve fits’ that solve a local curve optimization problem where straightcurve fits follow the data at each base-point g ∈ G in a locally optimal way.
‘Shortest curves’ are paths that minimize a distance in G. We will show such
shortest paths have parallel momentum with respect to a specific choice of Cartan
connection. This will be the Lie-Cartan connection with ν = 1.
The geometric notions of ‘short’ and ‘straight’ for curves will depend on the
connection. Recall that such a connection must be left-invariant by Corollary 1,
moreover it must account for torsion visible in the score (see Fig. 1).
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1.3 Structure and Contributions of the Article
In this section we have so far provided an overview of geometric image processing
via scores on Lie groups, with a particular focus on the case where the score is an
orientation score defined on the homogeneous space of positions and orientations
Md as a Lie group quotient in SE(d), recall (1). We also motivated the quest for
choosing an effective Cartan connection as we need to ‘connect’ tangent spaces in
PDE-flows for (crossing-preserving) enhancement and geodesic tracking in scores.
In Section 2 we will study a parameterized class (parameterized ν ∈ R) of
Cartan connections, that we call ‘Lie-Cartan’ connections, that we will employ later
on Riemannian geometry and Riemannian geometrical methods in later sections.
We also consider partial Lie-Cartan connections to deal with the sub-Riemannian
geometry setting. In sub-Riemannian geometry motions on T(G) are constrained to a
sub-bundle as other directions carry an ‘infinite cost’, this amounts to ‘nonholonomic
systems’ in mechanics (cf. the green tangent plane restriction in Fig. 1).
In Section 3 we show that the Lie-Cartan connection with ν = 1 is the best choice
for geometric image processing on scores. We motivate this mainly with our new
general result: Theorem 1. Roughly speaking, we show that shortest curves have
parallel momentum as straight curves have parallel velocity.
In the remaining sections we drop the generality and focus on the case where
the score is an orientation score defined on the homogeneous space Md of positions
and orientations, recall (1). We start in Section 4 to outline the details regarding this
homogeneous space.
In Section 5 we study the shortest curves and the induced spheres on Md where
we put emphasis on the sub-Riemannian setting, with pointers to the literature.
In Section 6 we study the straight curves and data-driven straight curve fits in
SE(d) and their projections in Md .
Finally, in Section 7, we consider several image analysis applications. Three
applications where the shortest curves in Md play a central role, and four applications
where the straight-curve fits in Md play a central role:
• In Subsection 7.1 we use shortest curves (geodesics) in Md to show that
geodesic vessel tracking in Md outperforms geodesic tracking in Rd , and that
sub-Riemannian geometric tracking outperforms isotropic Riemannian geometric tracking in Md . Initially we consider d = 2, but then in Subsection 7.1.1 we
also address applications [19] for d = 3, and a new 3D vessel tracking experiment.
• In Subsection 7.2 we use straight curve fits in M2 ≡ SE(2) for biomarkers of
diabetes in retinal images.
• In Subsection 7.3 we use straight curve fits in M2 ≡ SE(2) for image denoising.
We also address extensions to M3 :
– In Subsection 7.3.1 we briefly highlight applications of the M3 -case in enhancing fiber bundles in diffusion-weighted MRI (DW-MRI). For details see
[51, 41].
– In Subsection 7.3.2 we briefly highlight applications of the M3 -case in denoising of 3D X-ray data. For details see [45].
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Contributions: This article summarizes results and image analysis applications
from previous works on PDE-based image processing via (orientation) scores
[7, 30, 19, 52, 4, 35, 33, 41, 10], and more importantly, it puts them in a single novel geometrical perspective via a specific Lie-Cartan connection. Theorem 1
and Theorem 2 contain new general results. Lemma 2, Lemma 3 and Corollary 2
gather (standard) differential geometrical computations that are relevant in our quest
of choosing an appropriate Cartan connection on Lie groups for geometric image
processing via scores.
On the experimental side, we provide new experiments (e.g. Fig. 14), and illustrations (e.g. Fig. 18) and Tables (Tables 1,2), in addition to our previously published
work. However, this is only with the intention of providing a general overview of the
possibilities and impact of the differential geometric theory on many medical image
analysis applications.

2 A Parameterized Class of Cartan Connections and their Duals
In this section we will address a parameterised class of Cartan connections on Lie
groups that we will call ‘Lie-Cartan’ connections as they are induced by the Liebracket on the Lie group. We will adhere to references and conventions in the book
by Kobayashi [53] and the recent review article by Cogliati [54].
Let G be a Lie group of dimension n. Let L2 (G) denote the space of square
integrable functions on G endowed with the left-invariant Haar measure. Let Te (G)
be the tangent space at unity element e. Let G be a Lie group such that the exponential
map exp : Te (G) → G is surjective. Then Te (G) is a Lie Algebra with Lie-Bracket
√
√
√
√
d
(γ −B ( t) γ −A( t) γ B ( t) γ A( t)) ∈ Te (G),
[A, B] = − dt
t=0
(6)
d2
= − 12 dt
(γ −B (t) γ −A(t) γ B (t) γ A(t)),
2
t=0

γ X (t)

where t 7→
=
is a differentiable curve in G with γ X (0) = e and (γ X )0(0) =
X for X = A, B. For details on Lie brackets see [55].
Let the right-regular representation R : G → BL(L2 (G)) be given by R g V(h) =
V(hg). Then dR is given by
et X

(dR(A))V(g) = lim
t ↓0

(R e t A − I)V(g)
, for V ∈ D(dR(A))
t

and the domain D(dR(A)) of this unbounded operator R(A) is the subset of L2 (G)
for which the above limit exists in L2 -sense.
Let Lg : G → G denote the left-multiplication given by Lg h = gh. Let us choose
a basis { A1, . . . , An } in Te (G) and let us define the corresponding vector fields
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Ai | g = (Lg )∗ Ai , for i = 1, . . . , n.
Let us define the corresponding dual basis (‘left-invariant co-frame’) in Tg∗ (G) by
D

ωi g , A j

E
g

= δij

(7)

with δij denoting the usual Kronecker delta. Then one has Ai = dR(Ai ) and the
structure constants cikj of the Lie algebra relate via
[Ai , A j ] =

n
Õ

cikj Ak ⇔ [Ai , A j ] = Ai ◦ A j − A j ◦ Ai =

k=1

n
Õ

cikj A k .

(8)

k=1

If one imposes a left-invariant metric tensor field g 7→ Gg (·, ·) : Tg (G) × Tg (G) → R
to form a Riemannian manifold (M, G) then there exists a unique constant matrix
[gi j ] ∈ Rn×n such that
n
Õ
Gg =
gi j ωi g ⊗ ω j g .
i, j=1

for all g ∈ G. We restrict ourselves to the diagonal case
gi j = ξi δi j

(9)

with ξi > 0 for i = 1, . . . , n and the Kronecker δi j . As a result for all g ∈ G the
mapping (Lg−1 )∗ : Tg (G) → Te (G) is unitary. The mapping is known as the CartanMaurer form and ‘connects’ tangent spaces in a left-invariant way. See Fig. 6 where
the Maurer-Cartan form is illustrated for the group SE(2) of roto-translations in the
plane with group product (2). The associated ‘Cartan − connection’ [53] is given by:

Fig. 6 The Maurer-Cartan form (in red) ‘connects’ tangent space Tg (G) to Te (G) in a left-invariant
way. It underlies the Lie-Cartan connection with ν = 0 as can be seen in Lemma 2. Right we depict
the Lie group case SE(2) = R2 o S 1 and left we show spatial projections x(t) of the curves
γ(t) = (x(t), θ(t)) ∈ SE(2).
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∇− :=

n
Õ



ωi ⊗ Ai ◦ ωk (·) A k ,

i,k=1

inducing a covariant derivative:
∇−X Y :=

n
Õ



ωi (X) Ai (ωk (Y )) A k .

i,k=1

Ín i
Í
More precisely, for two arbitrary vector fields X = i=1
x Ai and Y = nj=1 y j A j ,
possibly non-left-invariant, (i.e. x i and y j need not be constant) one has
!
n
n
Õ
Õ
i
k
−
x Ai y Ak .
∇X Y =
k=1

i=1

This connection ∇− has vanishing Christoffel symbols Γikj = 0 relative to the leftinvariant frame (and co-frame) of reference, since
Γikj = ωk , ∇ A i A j .

(10)

This has big limitations and is not always the right choice for a connection on a Lie
group G. Therefore, we consider a more general class of connections on the Lie group
G, the so-called Lie-Cartan connections, as we define next. Then in particular we
consider a 1-parameter class of Cartan connections. We will call these connections
‘Lie-Cartan connections’ as they are directly induced by the Lie-bracket.
Definition 2 Per [54, section 5.2], [56], a Cartan (or canonical) connection on a Lie
group is a vector bundle connection with the following additional properties:
1. left invariance:
X,Y are left invariant vector fields ⇒ ∇X Y is a left invariant vector field, (11)
2. for any a ∈ Te (G) the exponential curve and auto-parallel curve coincide:
Û =0
∇γ(t)
Û γ(t)

where

γ(t) = γ(0) exp(ta).

(12)

We now look at a specific set of Cartan connections that relate to the Lie bracket.
Definition 3 (Lie-Cartan Connection)
Lie group with Lie brackets [·, ·]
 Consider
 aÍ
and structure constants cikj ∈ R s.t. Ai , A j = k cikj A k . Then the Lie-Cartan
connection indexed with ν ∈ R equals:
∇[ν] :=

n
Õ
i,k=1

n


Õ
ωi ⊗ Ai ◦ ωk (·) A k +
ωi ⊗ ω j ν cikj A k
i, j,k=1

(13)
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Remark 6 Left-invariant vector field X can be written as X =

13
d
Í
i=1

x i Ai with constant

coefficients x i ∈ R. As a result we have that for left-invariant vector fields X, Y the
first term vanishes in (13) and we have that ∇[ν]
X Y = ν[X,Y ].
Remark 7 The Christoffel symbols Γikj (10) relative to the left-invariant moving frame
of reference equal Γikj = ν cikj and vanish iff ν = 0 and indeed one has for the classical
‘minus’ Cartan connection ∇− = ∇[0] . It is common [54, 53, 56, 57] to index the
Cartan connections in terms of their Torsion T∇[ν] given by
[ν]
T∇[ν] (X,Y ) := ∇[ν]
X Y − ∇Y X − [X,Y ] = (2ν − 1)[X,Y ],

for left-invariant vector fields X,Y , but we prefer to index the Lie-Cartan Connections
∇[ν] with the parameter ν arising in the commutator rather than with the parameter
2ν − 1 in the torsion of the connection:
∇[ν] = ∇2ν−1 and thus ∇[0] = ∇−, ∇[1] = ∇+ .
Remark 8 Lie-Cartan connections ∇[ν] are clearly connections on a vector bundle
(satisfying the standard 4 requirements for Koszul connections).
Furthermore, they are indeed Cartan connections (Def. 2). The first item follows by
Remark 6. The second item follows by anti-symmetry of the Christoffel symbols
relative to the left-invariant frame of vector fields. We will show this later in (41).
Lemma 2 For arbitrary smooth vector fields X,Y on G we have


Lg(γ(t))−1 Y (γ(t)) − Y (g)
∗
.
(∇γ[0]
lim
Û Y )(g) = t→0
t

(14)

For left-invariant vector fields X,Y on G, we have
ν=0:

∇[0]Y

= 0,

ν ∈ R : (∇γ[ν]
Û Y )(g) = lim

t→0

∇[ν]
X Y

(g
Ad(γ(νt))Y)(g)−Y(g)
t

i.e.

(15)

= ν[X,Y ] ,

with γ(t) is an integral curve of left-invariant vector field X with γ(0) = g ∈ G, and
f
Ad(q)
= (Lg )∗ ◦ Ad(q) ◦ (Lg−1 )∗,

(16)

with Ad(g) = (Lg ◦ Rg−1 )∗ : Te (G) → Te (G), where (·)∗ denotes the push-forward,
so that (Ad)∗ = ad with ad(Xe )(Ye ) = [Xe,Ye ], and the transferred adjoint represenf
tation given by Ad(g)
= (Lg ◦ Rg−1 )∗ : Tg (G) → Tg (G) that satisfies
f ∗ (Xg )(Yg ) = [Xg,Yg ] for all g ∈ G.
( Ad)

(17)
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Proof The proof follows by direct computations, see Appendix C.



Lemma 3 (Properties of the Lie-Cartan connections)
Let X, Y , Z be left-invariant vector fields.
The torsion tensor gives
T∇[ν] (X,Y ) = (2ν − 1)[X,Y ].

(18)

R∇[ν] (X,Y )Z = ν(1 − ν)[Z, [X,Y ]].

(19)

The curvature tensor gives

Relative to the left-invariant frame on G we have the following components:
n
Í
i = (2ν − 1)ci and Rl
l cq .
Tjk
= ν(1 − ν)
ckq
ij
jk
k,i j
q=1

The Lie-Cartan connections satisfy the following identity:
(∇[ν] G)(X,Y, Z) = −ν (G([X,Y ], Z) + G([X, Z],Y )) .
Proof The proof can be found in Appendix C.

(20)


Remark 9 (from left-invariant vector fields to general vector fields)
The formulas above in Lemma 3 only hold for left-invariant vector fields. For example, the general formula for the torsion is
T∇[ν] = (2ν − 1)

n
Õ

ωi ⊗ ω j cikj A k .

(21)

i, j,k=1

so only for left-invariant vector fields do we have T∇[ν] (X,Y ) = (2ν − 1)[X,Y ]. It is
not a coincidence that vanishing torsion for arbitrary non-commuting vector fields
gives ν = 12 , whereas the same conclusion can be drawn from left-invariant noncommuting vector fields. In general, the torsion T∇ and curvature R∇ of a connection,
and the covariant derivative ∇G of the metric tensor fields, are tensor fields, so e.g.
T∇[ν] ( f1 X1 + f2 X2, g1Y1 + g2Y2 ) =
f1 g1T∇[ν] (X1,Y1 ) + f2 g1T∇[ν] (X2,Y1 ) + f1 g2T∇[ν] (X1,Y2 ) + f2 g2T∇[ν] (X2,Y2 )

(22)

for all fi , gi ∈ C ∞ (G) and all vector fields Xi ,Yi on G, i = 1, 2.
Corollary 2 Let G be a non-commutative Lie group and assume G is not 2-step
nilpotent. The Lie-Cartan connection ∇[ν] is
1. torsion free iff ν = 12 ,
2. curvature free iff ν ∈ {0, 1}
3. metric compatible w.r.t. left-invariant metric G if ν = 0.
Proof By Remark 9 we may as well restrict our Lie-Cartan connection ∇[ν] to leftinvariant vector fields, since T∇ , R∇ and ∇G are all tensor fields. Therefore they have
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C ∞ - linearity (such as in (22)) in all of their entries. This C ∞ linearity allows us to
turn arbitrary vector fields into left-invariant vector fields by linear combinations.
The first item now follows by (18) and G being non-commutative (i.e. there exist
left-invariant vector fields X,Y s.t. [X,Y ] , 0 as 2ν−1 = 0 ⇔ ν = 21 ). Note that it also
follows by (21). The second item follows by (19) and by the assumptions on G there
exist (left-invariant) X,Y, Z s.t. [Z, [X,Y ]] , 0, and thereby ν(1 − ν) ⇔ ν ∈ {0, 1}.
The third item follows by (20) as for metric compatibility the covariant derivative of
the metric tensor should vanish.

The above properties explain why the choices ν ∈ {0, 21 , 1} are the most common
choices for Cartan connections. Our application (recall Fig. 1) will require torsion
and metric-incompatibility of connections on G. Metric incompatibility allows us
to distinguish between ‘straight curves’ (auto-parallel curves with parallel velocity)
and ‘shortest curves’ (distance minimizing geodesics with parallel momentum), as
we will see in Theorem 1.

2.1 Expressing the Lie-Cartan connection (and its Dual) in
Left-invariant Coordinates
Now that we defined the Lie-Cartan connections and that we addressed their fundamental geometric properties, we express them explicitly in left-invariant coordinates.
Ín
The covariant derivative of a field Y = k=1
y k A k , along a smooth vector field
Ín i
X = i=1 x Ai is given by (for details see Remark 10 below)
∇[ν]
X Y =

n
n
Õ
© k Õ k i jª
νci j x y ® A k .
 yÛ +
i, j=1
k=1 «
¬

(23)

d k
y (γ(t)) which equals
where we use common short notation [58, (3.1.6)] yÛ k (t) = dt
i
k
k
i
i
i
Û
along all
yÛ (t) = (X y )(γ(t)) and x = γÛ (t) where x γ(t) := γ (t) = h ωi γ(t) , γ(t)i
flow-lines γ of smooth vector field X. A ‘flowline’ is a smooth curve γ satisfying
Û = Xγ(t) ). With slight abuse of notation we write
γ(t)

∇γ[ν]
Û Y =

n
n
Õ
© k Õ
ª
Û
y
+
ν cikj γÛ i y j ® A k .

i, j=1
k=1 «
¬

(24)

The corresponding dual connection on the co-tangent bundle is given by
∇γ[ν],∗
λ=
Û

n
n
Õ
Õ
©Û
ª
ν cikj λk γÛ j ® ωi ,
λi +
i=1 «
k, j=1
¬

(25)
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where λ =

n
Í
i=1

[ν]
λi ωi ∈ T ∗ (G). Note that h∇[ν],∗
X λ,Y i = X hλ,Y i − hλ, ∇ X Y i and

from this formula we see how (25) follows from (24). The fact that both formulas
involve a plus sign for the summation reflects that the Christoffel symbols [58] of the
connection and dual connection (in the left-invariant frame) are each others inverse:
[ν]
k
k
0 = ν(ckji + cikj ) = h∇[ν],∗
A i ω , A j i + hω , ∇ A i A j i.

Remark 10 Next we explain how (23) follows by the corresponding (previously
addressed) coordinate free formulation (13):


n

Í
[ν]
∇[ν]
ωi ⊗ Ai ◦ ωk (·) (X,Y ) + ωi (X) ω j (Y ) νcikj A k
X (Y ) := ∇ (X,Y ) =
i, j,k=1

n
Í

=

xi

(Ai

y k )A

yÛ k (t) =

n
Í
i=1

n
Í

+

i, j,k=1

i,k=1

with X |γ =

k

x i Ai |γ(·) = γÛ =

d k
dt y (γ(t))

=

n
Í
i=1

n
Í
i=1

νcikj x i y j A k ,

γÛ i Ai |γ(·) and Y =

n
Í

y k A k , and

k=1

x i (Ai y k )(γ(t)) = X(y k )(γ(t)) via the chain-law.

2.2 (Partial) Lie-Cartan connections for (Sub)-Riemannian Geometry
The Lie-Cartan connections introduced will be in support of understanding Riemannian geometry when the Lie group is considered as a Riemannian manifold (G, G)
with a left-invariant Riemannian metric tensor field given by
G=

n
Õ

gi j ωi ⊗ ω j ,

(26)

i, j=1

with gi j constant relative to the left-invariant co-frame ωi given by (7) s.t. matrix
[gi j ] ∈ Rn×n is symmetric positive definite. Recall we restricted ourselves to the
diagonal case (9). The linear map associated to metric tensor field G is written as
G̃(X) = G(X, ·)

(27)

In many applications (robotics [59, 60], image analysis [30], cortical vision [61, 22])
it is useful to rely on sub-Riemannian geometry [62] where certain direction in
the tangent bundle are forbidden as they go with infinite cost. This means that
tangents of connecting curves are prescribed to be in a sub-bundle ∆ (also known as
‘distribution’) of the tangent bundle T(G), i.e.
Û ∈ ∆γ(t) ⊂ Tγ(t) (G) for all t ∈ Dom(γ) ⊂ R.
γ(t)
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Typically for a controllable system, ∆ and its commutators should fill the full tangent
space, in view of Hörmander’s theorem [63]. Here we will constrain ourselves to the
case that the Lie-algebra is 2-bracket generating:
∆ + [∆, ∆] = T(G).

(28)

Remark 11 For instance, let us consider the car in Fig. 1 that needs to move in
Lie group SE(2). As the car can proceed forward (by giving gas) and change its
orientation (by turning the wheel), it cannot move sidewards. Optimal paths for the
car boil down to sub-Riemannian geodesic problems in which the partial Cartan
[1]
connection ∇ will play a major role, as we will show in the next subsection.
Now let us assume that we label the Lie algebra in such a way that
∆ = Span{Ai }i ∈I

(29)

for some index set I ⊂ {1, . . . , n} and recall that we assumed (28) to hold.
This allows us to consider partial Cartan connections on G that will play a major
role on sub-Riemannian problems on sub-Riemannian manifolds (G, ∆, G0 ) with
Õ
G0 =
gi j ωi ⊗ ω j ,
(30)
i, j ∈I

as we will see later. Again we restrict ourselves to the diagonal case gi j = ξi δi j .
Definition 4 (Partial Lie-Cartan Connection)
Consider a Lie group with Lie brackets [·, ·] and structure constants cikj ∈ R so that


n
 Õ
Ai , A j =
cikj A k .
k=1

Consider the distribution given by (29). Then the partial Lie-Cartan connection with
parameter ν ∈ R (defined only on vector fields that map into the distribution) equals:
∇

[ν]

:=

Õ



Õ
ωi ⊗ Ai ◦ ωk (·) A k +
ωi ⊗ ω j νcikj A k ,

i,k ∈I

(31)

i, j,k ∈I

So from this definition we deduce that

Í  k
[ν]
yÛ + νcikj γÛ i y j A k ,
∇γÛ Y =
i, j,k ∈I


n
n Í
Í
Í
[ν],∗
∇X λ =
λÛi + ν
cikj λk γÛ j ωi ,
i=1

k=1 j ∈I

(32)
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where we highlighted the difference with the full Lie-Cartan connection in red,
compare to Def 3, (24), (25). Again X,Y are vector fields and λ a dual vector field
d
d k
y (γ(t)), λÛk (t) := dt
λk (γ(t)).
and γ is an integral curve of X, and yÛ k (t) := dt

3 The Special Case of Interest ν = 1 and Hamiltonian Flows for
the Riemannian Geodesic Problem on G
Let C : G → R+ be an a priori smooth cost (or mobility) for moving through q
Lie group G that is bounded from below. For the moment it can be considered as
constant, but later on in the application sections it will play an important role.
Then the Riemannian metric tensor field G induces a Riemannian metric on G:
∫ 1
q
Û γ(t))
Û
d G (g0, g1 ) :=
min
C(γ(t)) G|γ(t) (γ(t),
dt.
(33)
γ ∈ Lip([0, 1], G)
γ(0) = g0 ,
γ(1) = g1 ,

0

for all g0, g1 ∈ G. The sub-Riemannian metric tensor field G0 induces a subRiemannian metric on G by d G0 : G × G → R+ on G:
d G0 (g0, g1 ) :=

min

γ ∈ Lip([0, 1], G)
γ(0) = g0 ,
γ(1) = g1 ,
∀t ∈[0,1] : γ(t)
Û ∈ ∆ |γ(t )

∫

1

C(γ(t))
0

q

Û γ(t))
Û
G0 |γ(t) (γ(t),
dt.

(34)

for all g0, g1 ∈ G. The next theorem motivates the choice ν = 1 for the Lie-Cartan
connection ∇[1] , that is underlying the Hamiltonian flow associated to (33).
Recall from geometric control theory [62, 64] that the Pontryagin Maximum Principle describes the Hamiltonian flow. It allows us to simultaneously analyze all lifted
geodesics (γ(·), λ(·)) in the co-tangent bundle T ∗ (G), where λ(·) denotes the momentum along the geodesic. This is important, as a single (analytic) description of a
geodesic typically does not say that much. It is rather the continuum of geodesics and
how their lifted versions in T ∗ (G) are organized that help us understanding their behavior. This is well-known for classical problems like the ‘mathematical pendulum’,
but it is also crucial in understanding the cut-locus [65] of the ‘sub-Riemannian
geodesic’ problem or the ‘elastica problem’ [66, 67, 68] in SE(2) as shown by
Sachkov. For cortical contour perception models [69, 1], this is equally important.
However, the underlying deep role of Cartan connections is often not mentioned,
despite its use in deriving simple solutions to cusp-free sub-Riemannian geodesics
in SE(2) solving association field models [16], and for new solutions [70] of subRiemannian geodesics in SE(3). The power of such Cartan connections is also
stressed in the Lagrangian geometric viewpoint on optimal curves by Bryant [71, 67].
In this work we take the venture point of the geometric Hamiltonian viewpoint on
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(sub-)Riemannian geometry [64, 62] and include a key element coming from Bryant’s
Lagrangian viewpoint on contact manifolds (and his analysis of ‘elastica’ [67]): That
is (partial) Cartan connections that carry torsion. They will allow us to distinguish
between ‘shortest’ and ‘straight’ curves in Lie groups. For multi-orientation image
processing this is very useful and intuitive as we show in Thm. 1, Fig. 7 and Section 7.

20

R. Duits, B.M.N. Smets, A.J. Wemmenhove, J.W. Portegies & E.J. Bekkers

Theorem 1 In a Riemannian manifold (G,T(G), G), with the tangent bundle T(G)
and metric tensor field G defined in (26) and the induced metric d G defined in (33),
and the Lie-Cartan connection ∇[ν] for ν = 1 defined in (13), we have the following
relations for "straight" curves:
γ is an exponential curve
⇔
⇔
⇔ γ has ∇[1] -auto parallel velocity ,
(35)
and the following for "shortest" curves (minimizers in (33)), recall also (27):
γ is a ∇[1] -straight curve
∇γ[1]
Û γÛ = 0

γ is a shortest curve ⇔
(
∇γ[1],∗
λ=0
Û
⇒
⇔
γÛ = G̃ −1 λ

γ is a minimizing curve in d G
γ has ∇[1],∗ -parallel momentum .

(36)

In a sub-Riemannian (SR) manifold (SE(2), ∆, G0 ) with sub-bundle ∆ defined in (31),
the sub-Riemannian metric tensor G0 (30) and distance (34), and partial Cartan
connection (31), we have the following relations for "straight" curves:
[1]

γ is a ∇ -straight curve
[1]
⇔
∇γÛ γÛ = 0

⇔ γ is a horizontal exponential curve
(37)
⇔ γ has ∇[1] -auto parallel velocity ,

and the following for "shortest" curves (minimizers in (34)):
γ0 is a shortest curve ⇔ γ0 is a minimizing curve in d G0
(
[1],∗
⇒ ∇γÛ0 λ = 0 −1 ∗ ⇔ γ0 has ∇[1],∗ -parallel momentum ,
γÛ0 = G̃0 P∆ λ

(38)

 Í
Ín
in which P∗∆ is the projection P∗∆ i=1
λi ωi = i ∈I λi ωi . For the reverse in (36)
and (38); for a minimizing curve between g1 = γ(0) and g2 = γ(t) one must have
0 ≤ t ≤ tcut = min{tcon j (λ(0)), t M ax,1 (λ(0)}, cf. [62, 65] for details.
The shortest curve γ : [0, 1] → G with γ(0) = g and γ(1) = g0 may be computed by
steepest descent backtracking on the distance map W(g) = d GU (g, g0 )
−−1−−→
γ(t) := γU
g,g0 (t) = Expg (h (W))
−−−−→
where Exp integrates the vector field h1 (W) := grad G W(g) =

(39)
1
W (g)

n
Í

g kk A k (W)A k

k=1

on G and where W is the unique viscosity solution of the eikonal PDE system:
(
q
kgrad G W(g)k = G| g (grad G W(g), grad G W(g)) = 1,
W(e) = 0.

(40)
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Proof First we address the ‘shortest curves’ part of the theorem. The items (36)
and (38) follow by the Pontryagin Maximum Principle [62] and Theorem 2 in
Appendix A. Theorem 2 proves the actual fundamental relation between the (partial)
Lie-Cartan connection ∇[1] to the Hamiltonian flow, for the (sub)-Riemannian setting.
Here we stress that PMP provides only local optimality of geodesics.
The geodesics are found by the exponential map that integrates the Hamiltonian
flow (λ(0), t) 7→ (γ(t), λ(t)) = eth (λ0 ).
Optimality of t 7→ γ(t), requires t to be less than the cut-time. Such a cut-time is
the minimum of the conjugate time tconj (λ(0)) ∈ R ∪ {∞} where local optimality
is lost, and the first Maxwell time t M ax,1 , where two equidistant geodesics meet for
the first time and where global optimality is lost. Now t ≤ tcut (λ(0)) is guaranteed
by steepest descent (39) on the distance maps W which are obtained as viscosity
solutions [72, 73] to the eikonal PDE. This is well-known for the Riemannian case
[74, 72], but also applies to the sub-Riemannian2 case [75, 30] and holds even in
more general Finsler geometrical settings [19].
Secondly, regarding the ‘straight curves’ (35) one has (by (24)) and anti-symmetry
of the structure constants (8) that:
Ük −
∇γ[1]
Û γÛ = 0 ⇔ ∀k ∈ {1,...,n} : γ

n
Í
i, j=1

cikj γÛ i γÛ j = γÜ k = 0

Û =: γÛ k = ck = constant
⇔ ∀k ∈ {1,...,n} : h ωk γ , γi
⇔ γ(t) = γ(0) e

t

n
Í

k=1

ck

Ak

(41)

,

d k
γÛ (t). Note that the first, third and fourth statement in (35) are just
with γÜ k (t) = dt
tautological, so that (41) proves the remaining second equivalence. The SR-case (37)
follows similarly by (32) taking into account the restriction to (29) via projection P∆∗
which means we constrain the summations to index set I and set γÛ i = 0 if i < I. 

For 2D image processing via orientation scores [7, 76, 4, 77] we must consider the
special case:
G
A1

= SE(2),
= cos θ∂x + sin θ∂y , A2 = − sin θ∂x + cos θ∂y , A3 = ∂θ ,

I = {1, 3} ⇒ ∆ = span{A1, A3 },
G0
= ξ 2 ω1 ⊗ ω1 + ω3 ⊗ ω3
= ξ 2 (cos θdx + sin θdy) ⊗ (cos θdx + sin θdy) + dθ ⊗ dθ,
G
= G0 + ξ 2 ζ −2 (− sin θdx + cos θdy) ⊗ (− sin θdx + cos θdy),

(42)

with curve stiffness parameter ξ > 0 and with anisotropy parameter 0 < ζ  1.
The basic idea here is that one considers a path optimization via a Reeds-Shepp
car moving in the orientation score (ξ > 0 puts relative costs on moving forward
2 For an intuitive illustration on inside the viscosity solutions of the PDEs non-optimal wavefronts
are cut (at the 1st Maxwell set) in the sub-Riemannian setting (42), see [30, Fig.3].
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to turning the wheel of the car), see Figure 1. In Figure 1 the green plane indicates
∆g ⊂ Tg (G) for some g = (x, y, θ) ∈ SE(2). This 2D subspace is the subspace to
Û
which local velocities are constrained in the sub-Riemannian setting, i.e. γ(0)
∈ ∆g
for all smooth ‘horizontal’ curves γ in the sub-Riemannian manifold with γ(0) = g.
The geometric control problem (34) is then concerned with finding the shortest
path for the car in the orientation score. See Figure 7 for an intuitive illustration of
Theorem 1 in the SE(2)-setting (42). In order to generalize this special case from
d = 2 to d = 3 we must distinguish between the homogeneous space Rd o S d−1 of
positions and orientations on which the rigid body motion group SE(d) acts, and the
Lie group itself. This will be the topic of the next section.

4 The Homogeneous Space M d of Positions and Orientations
We consider geometric image processing on the homogeneous space of positions
and orientations which equals the partition of left-cosets given by:
Md := Rd o S d−1 := G/H

(43)

for d ∈ {2, 3}, with roto-translation group G = SE(d) = Rd o SO(d) and with
subgroup H = {0} × StabSO(d) (a). Here StabSO(d) (a) = {R ∈ SO(d) | Ra = a}
denotes the subgroup of SO(d) that stabilizes an a priori reference axis a ∈ S d−1 .
In case d = 2, H consist only of the unity element and R2 o S 1 ≡ SE(2).
Therefore, let us explain the remaining case d = 3, where we set a = (0, 0, 1)T .
Then the subgroup H can be parameterized as follows:
H = {hα := (0, Ra,α ) | α ∈ [0, 2π)},

(44)

where we recall, that Ra,α denotes a (counter-clockwise) rotation around the reference axis a. The reason behind this construction is that the group SE(3) acts
transitively on R3 o S 2 by (x0, n0) 7→ g (x0, n0) given by:
g

(x0, n0) = (Rx0 + x, Rn0),

for all g = (x, R) ∈ SE(3), (x0, n0) ∈ R3 o S 2 .

Recall that by the definition of the left-cosets one has g1 ∼ g2 ⇔ g1−1 g2 ∈ H. The
latter equivalence simply means that for g1 = (x1, R1 ) and g2 = (x2, R2 ) one has
g1 ∼ g2 ⇔ x1 = x2 and ∃α∈[0,2π) : R1 = R2 Ra,α .
The equivalence classes [g] = {g 0 ∈ SE(3) | g 0 ∼ g} are often just denoted by
(x, n) ∈ M3 .
They consist of all g = (x, Rn ) ∈ SE(3) that map reference point (0, a) onto (x, n) ∈
R3 o S 2 : g (0, a) = (x, n), where Rn is any rotation that maps a ∈ S 2 onto n ∈ S 2 .
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Fig. 7 A: Geodesically equidistant surfaces St = {g ∈ SE(2)|d (0, g) = t } and geodesic (in
green) for the sub-Riemannian case:  = 0 and C = 1. B: Geodesically equidistant surfaces St and
geodesic for the isotropic Riemannian case:  = 1 and C = 1. Now the geodesics are straight lines.
C: A set of horizontal exponential curves for which γ(τ)
Û
= c 1 A1 |γ(τ) + c 3 A3 |γ(τ) ∈ ∆, with
1
3
constant tangent vector components c and c . Such curves are auto-parallel (‘straight curves’ in
torqued and curved geometry modeled by Lie-Cartan connection ∇[1] ).
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5 The Metric Models on M d : Shortest Curves and Spheres
The shortest curves (distance minimizers) are computed by steepest descent on the
distance maps, recall Theorem 1 and Fig. 1. For a visualization of a steepest descent
(according to Theorem 1) in the lifted image data defined on Md see Fig 8.

Fig. 8 Geodesic front propagation directly in the image domain leaks at crossings (left). To overcome this complication we lift the data to M d = R d o S d−1 (here d = 2). This gives a mobility/cost
C in the lifted space [19, 30]. This determines the distance on (34), and we apply geodesic front
propagation (FP) in M d via the eikonal equation (40), as depicted by the growing opaque spheres
in green. We depict FP in symmetric (sub)-Riemannian models and in asymmetric improvements
[19]. In purple we indicate the steepest descent (SD) back-tracking (39).

For uniform cost the non-data driven uniform cost case (i.e. C = 1 in (33))
they can be often be computed analytically, and also the cut-locus tcut (λ(0)) can be
computed analytically [65] for (G = SE(2), ∆ = span{A1, A3 }, G0 ).
For the higher dimensional case
(G = SE(3), ∆ = span{A3, A4, A5 }, G0 = ξ 2 ω3 ⊗ ω3 + ω4 ⊗ ω4 + ω5 ⊗ ω5 ),
the curves can be computed analytically [70], and the cut-locus mainly numerically
[70, 19]. For an explicit definition of the left-invariant vector fields on SE(3) see
Appendix B. The corresponding distance on M3 is then given by
dM3 (p1, p2 ) = min dSE(3) ((x1, Rn1 )h1, (x1, Rn2 )h2 ),
h1 ,h2 ∈H

where Rni are any rotations mapping a priori reference axis a onto ni .

(45)
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Numerical implementations to compute the shortest distance curves in dM d can
be done by accurate, relatively slow, PDE-iterations [30], or better by more efficient anisotropic fast-marching algorithms [78] that are sufficiently accurate [79].
For state-of-the-art fast-marching approaches we refer to work of Jean-Marie Mirebeau [78] and several variants including a semi-Lagrangian fast-marching approach
(where accuteness of stencils guarantees a single pass algorithm with convergence
results) [80]. See also [19]. For a more recent Hamiltonian fast-marching approach
see [81]. The Hamiltonian approach directly relates to the PDE-approach in [30]
also discretizing the eikonal equations, with the main difference that at each step one
updates only the relevant voxels (instead of a full volume) in a single pass algorithm
which leads to a tremendous speed up [79].
In practice, it does not make a big difference if one relies on highly anisotropic
Riemannian geodesic models (with an anisotropy of say about 10) to simplify subRiemannian geodesic models (with infinite anisotropy). See [19, Thm.2] [79] for
theoretical and practical underpinning of this statement.
For the homogeneous space of positions and orientations, both the highly
anisotropic Riemannian and the sub-Riemannian model have major benefits over
isotropic Riemannian models in vessel tracking applications [82, 52], see Section 7.
Furthermore, there exist several extensions of the highly anisotropic Riemannian
or sub-Riemannian models [19]. There the most relevant extended models are:
• The anisotropic, asymmetric, positive control variant where one forces positive
spatial control (see Figure 8) to avoid the problem of cusps (see Figure 9).
Essentially it means that the metric tensor fields in (42) are replaced by the
following Finsler functions on T(Md ):
 2
Û 2 if xÛ ∝ n and xÛ · n ≥ 0,
ξ | xÛ · n| 2 + k nk
Û 2 :=
F0+ (p, p)
(46)
+∞
otherwise,
Û and while including a highly anisotropic Riemanwith p = (x, n) and pÛ = (Ûx, n),
nian approximation and the mobility/cost C (recall (33) and (34)) into the Finsler
function one obtains altogether:


2
Û 2
Û 2 := (C(p))2 ξ 2 | xÛ · n| 2 + ξζ 2 k xÛ ∧ nk 2 + ( ζ12 − 1)(Ûx · n)2− ) + k nk
Fζ+ (p, p)
(47)
with 0 < ζ  1. For details and illustrations see [19].
• The projective line bundle variant (where anti-podal points are identified) that
partly resolves the cusp-problem [52, ch.4], and that better relates to cortical
sub-Riemannian models [69]. It can be shown that it boils down to taking the
minimum distance over the four cases that arise by flipping (i.e. ni 7→ −ni ) or not
flipping the two boundary conditions. For details see [52].
In Figure 10 we depict growing spheres of several models. It can be observed in the
sub-Riemannian setting such spheres reveal folds which is the closure of the first
Maxwell set where two geodesics with equal length meet. This is easily understood
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Fig. 9 An example of a smooth sub-Riemannian geodesic γ = (x(·), y(·), θ(·)) (in purple), whose
spatial projection (in black) shows a cusp (red point). A cusp point is a point (x, y, θ) on γ such
that the velocity (black arrow) xÛ of the projected curve x(·) = (x(·), y(·)) switches sign at (x, y).

as geodesic back-propagation via steepest-descent (with the same speed) can be done
along two directions orthogonal to each of the orthogonal wavefronts that meet at
folds on the spheres. In Figure 11 we depict the cut-locus where geodesic fronts
loose their optimality for the projective line bundle case.

Fig. 10 The development of spheres centered around e = (0, 0, 0) with increasing radius R. A:
the normal SR spheres on M2 given by {p ∈ M | dF0 (p, e) = R } where the folds reflect the first
Maxwell sets [30, 65]. B: the SR spheres with identification of antipodal points with additional
folds (1st Maxwell sets) due to π-symmetry. C: the asymmetric Finsler norm spheres given by
{p ∈ M | dF0+ (p, e) = R } visualized from two perspectives with extra folds (1st Maxwell sets) at
the back (−µ, 0, 0). The black dots indicate points with two folds. For details see [19].
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Fig. 11 Top two rows: Evolution of the first Maxwell set as the radius R of the SR-spheres (with
uniform cost C = 1) increases. First Maxwell sets ar visible via folds on the spheres, as steepest
descent (39) has more than one equal length options. Bottom: Equal length SR length minimizers
(shortest curves) in the projective line bundle case ending at the points indicated in the top two
rows. the multiplicity of the Maxwell-points is indicated by ν and the characteristic radii R, R̃,
where the multiplicity changes from 2 to 3 and from 3 to 4 can be computed analytically, see [52].

6 Straight Curve Fits
Let G be the roto-translation Lie group G = SE(d) = Rd o SO(d). Given differentiable data f : G → R and a point g ∈ G we consider the exponential curve
0 (0) = c ∈ T (G).
t 7→ γg,c (t) passing through g at time t = 0 with tangent γg,c
g
Definition 5 Let g ∈ G. Let t ≥ 0 and let c ∈ Tg (G).


γg,c (t) := g expG (Lg−1 )∗ ct

(48)

Ín i
Such an exponential curve (recall Figure 7) is determined by c = i=1
c Ai | g ∈
Tg (G). Expressed in the left-invariant moving frame of reference we have
d
dt γg,c (t)

0 (0)
 γg,c







=

n
Í
i=1

ci Ai |γg,c (t) ,

t ∈ R,

= c ∈ Tg (G).

The tangent to the locally best fitting exponential curve will be the first vector of our
locally adaptive frame (henceforth referred to as ‘gauge frame’). The mathematical
details on the fitting procedure on how to compute the best fitting exponential curve,
and the local optimization problem that defines such a best exponential curve fit
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will follow in Section 6.1. For now, to get a geometrical intuition, see Figure 12.
Inclusion of such a gauge frame has the following benefits:

Fig. 12 Illustrating gauge frame fitting at a fixed point g ∈ SE(2). Top: left invariant frame where
A d = n · ∇R2 , as indicated by the red line. Bottom: we choose a frame with B d = c given by (51)
or (55) that takes into account the local curvature. In green we see the corresponding exponential
curve fit γg,c to the data.

• It allows for curvature adaption in crossing-preserving PDE-enhancements [83]
and curvature estimation in 2D [21] that can be employed for biomarkers of
diabetes (see Subsection 7.2) and 3D [84].
• It allows for a reduction of orientation samples [21] (even to N = 4) in SE(2, N) =
R2 oT N , where T N is the finite subgroup of T ≡ SO(2) consisting of N equidistant
samples on the circle/torus. The reason for this is that it can remove bias towards
sampled orientations, as it takes into account deviation from horizontality [85].
Similar considerations apply to the SE(3) setting [45].
• More effective geometric vessel segmentation algorithms [17].
Next we revise the technical considerations in [16] in a coordinate-free way. The
considerations in [16] are more general, as it discusses exponential curve fits of
the first order (solved by spectral decomposition of a structure tensor of f ) and
exponential curve fits of the second order. The latter are either solved by spectral
decomposition of a symmetric sum of the non-symmetric Hessian of f , or they are
solved by spectral decomposition of a symmetric product of the Hessian of f .
Here we shall only be concerned with second order exponential curve fits solved
by spectral decomposition of the symmetric product of the Hessian, i.e. by a Singular
Value Decomposition (SVD) of the Hessian H f of f .
Let us remark up-front that a Hessian depends on the choice of connection ∇ on
T(G) (inducing a dual connection ∇∗ on T ∗ (G)), since by definition [58] one has:
H f = ∇∗ d f

(49)

for all f ∈ C 2 (G, R). It will turn out in Section 6.1 that the theory of best exponential
curve fits of second order, will boil down to an SVD of ∇∗ d f , where one can either
choose ∇ = ∇[0] or ∇ = ∇[1] as the corresponding linear maps associated to the
n
Hessian are each other’s adjoints. Indeed a brief computation in the frame {Ai }i=1
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of left-invariant vector fields gives us

(∇[0],∗ ) A i d f (A j) = Ai A j f ,
n

Í
cikj A k f = Ai A j f − (Ai A j − A j Ai ) f
(∇[1],∗ ) A i d f (A j) = Ai A j f −
k=1

= A j Ai f ,

(50)

where i is the row-index and j is the column-index.

6.1 Exponential Curve Fits of 2nd Order are found by SVD of the
Hessian
In this section we will show that exponential curve fits (like the white line in
Figure 12) are computed by Singular Value Decomposition of the Hessian. This
technique is well-known on the Lie group G = R2 and widely used in image processing to compute locally adaptive frames (or ‘gauge frames’) [86] but generalizing
this to a Lie group like G = SE(2) requires the Lie-Cartan connections (for ν = 0 or
ν = 1 as we will see).
We start by defining the main gauge vector (by means of the Lie-Cartan connection) as:


Bd g := argmin
(51)
∇c[0] grad f (g) ,
c ∈ Tg (G)
kc k = 1

where the (metric-intrinsic) gradient is given by the vector field grad f =
Note that by direct computations one has


Bd g
=
argmin
∇c[0] grad f (g)

n
Í
i=1

ξi−2 (Ai f )Ai .

c ∈ Tg (G)
kc k = 1


Lemma 2

=

(9)

=

argmin

lim

c ∈ Tg (G)
kc k = 1

n
Í


∗

grad f γg,c (t)



−

grad f (g)

t

c ∈ Tg (G) t→0
kc k = 1

argmin

Lgγg ,c (t)−1

(ξ j )−2 c j Ai A j f (g) Ai |g .

i, j=1

Above the vectors in the purple parts belong to Tg (G), whereas the vectors in the
green part belongs to Tγg ,c (t) (G).
Next we write (51) as a SVD-problem that involves the Hessian of f at g:
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Bd

g

= argmin k∇c[0] d f (g)k∗
c ∈ Tg (G)
kc k = 1

= argmin k(H [0] f (g))(c, ·)k∗ .

(52)

c ∈ Tg (G)
kc k = 1

Now identify the Hessian H [0] f (g) in the natural way to the associated linear map
Ag : Tg (G) → Tg∗ (G) by
Ag c := (H [0] f (g))(c, ·).
Then by Euler-Lagrange we have
A∗g Ag c = λmin c ∈ Tg (G).

(53)

so we arrive at an SVD of A.
Remark 12 As the SVD of A∗ coincides with the SVD of A we may as well replace
the choice ν = 0 in (52) and (51) with our special choice ν = 1. Recall also (19).
Remark 13 The matrix representation for (53) relative to the basis of left-invariant
vector fields gets a bit involved if expressed in the left-invariant frame since the
adjoint A∗ depends on the choice of left-invariant metric. In our special case of
interest (42) we set ζ = 1 and get
Mξ HT Mξ2 Hc = λmin c
with c = Mξ c, and with Mξ = diag{ξ −1, ξ −1, 1} and with H the matrix whose
element H ji with row index i and column index j equals H ji = A jAi f (g).
6.1.1 Inclusion of External Regularization
It is also possible to include (external) regularization. For this we need to define
neighboring exponential curves.
Definition 6 Let g, h ∈ G. Let t ≥ 0 and let c ∈ Tg (G).


h
γg,c
(t) := hg −1 γg,c (t) = h expG (Lg−1 )∗ ct
Bd

g

:=

argmin
c ∈ Tg (G)
kc k = 1

∫



 
 
grad f (h) dµ(h) .
K ρ h −1 g · Lgh −1
∇[0]
c
∗

(54)
(55)

G

where µ is the left-invariant Haar-measure on G = SE(3) = R3 o SO(3), with
c(h) = (Lhg−1 )∗ c ∈ Th (G), and where K is an external regularization kernel with tow
regularization parameters ρ = (ρS , ρ A) ∈ (R+ )2 . Typically, it is the direct product
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of an isotropic spatial Gaussian on R3 with spatial scale ρS > 0 and a heatkernel on
SO(3) with angular scale ρ A, for details and motivation see [16, ch:2.7].
Such a regularization will stabilize the best exponential curve fits, so that they
become more adjacent with neighboring exponential curve fits. Again the regularized
problem is solved with an SVD with Aρ
ρ

ρ

ρ

(Ag )∗ Ag c = λmin c ∈ Tg (G), with Ag = (Kρ ∗ A · )(g),
which is the regularized version of A (with Aρ → A as ρ ↓ 0).

6.1.2 A Single Exponential Curve Fit gives rise to a Gauge Frame
Each local exponential curve fit at g ∈ SE(d) to lifted data (orientation score) gives
rise to a basis of local derivatives (‘gauge frame’). This can be seen for d = 2
in Figure 12. The general mathematical construction is explained in [16, App.A,
Thm. 7], and is highly beneficial in medical imaging applications (such as in vessel
segmentation, see [17] for extensive comparisons to many other geometric and
machine learning methods). For documented implementations of Gauge frames in
SE(d), for d = 2, 3, in Mathematica see [50].

7 Overview of Image Analysis Applications for G = SE(d)
The analysis and computation of intensity variations in images plays a fundamental
role in image processing. Here it is particularly useful to employ orientation lifts
such as orientations scores [3, 48, 87], continuous wavelet transforms [1, 38, 88],
or orientation channel representations [5, 6], to take advantage of the manifest
disentanglemant of local orientations in images to deal with complex structures such
as crossings, recall Fig. 1.
For example, the crossing-preserving geometric analysis could be in solving
PDE flows for enhancement [45, 14, 13, 39], denoising [10], regularization [24],
perception [1, 87], or segmentation [17], for determining principal directions [16]
(e.g. to steer PDEs or filters [89]), or for defining geometric regularization priors in
machine learning [82, 32].
In the up-coming sub-sections we go through some of the applications which
find a direct application of the theory described in this chapter. Some algorithms
based on the described differential geometric toolset on Md can be regarded as the
natural generalization of classical geometric tools on Rd . For example the widely
used Frangi vesselness filter [90] is based on the analysis of the Hessian, which in
our framework of lifted representations via orientation scores [89] is computed via
an SVD of the Hessian induced by the the Lie-Cartan connection with ν = 1 recall
Section 6.
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More important, however, is that the proposed toolset enables the design of
a completely new range of algorithms that enables analyses that are simply not
possible by holding on to data representations on Rd . These include globally optimal
path optimization with an intrinsic (curvature penalizing) smoothness constraint via
sub-Riemannian geometry [30, 19, 91, 81, 92], which is the topic of Section 7.1; the
direct computation of curvature and torsion of blood vessels for biomarker research
without having to explicitly track/model the vessel trajectories [18], which is the
topic of Section 7.2; and crossing-preserving, curvature-adaptive denoising schemes
[25, 10, 41], which is the topic of Section 7.3.
What all of these applications have in common is that they either rely on ‘straight
curves’ which are auto-parallel w.r.t. the Lie-Cartan connections or on ‘shortest
curves’ which have parallel momentum (for ν = 1) according to our main theorem,
Theorem 1.
The differential-geometrical toolset described in this chapter can directly be translated to numerical schemes by working with discrete grids and finite difference stencils [93], or via basis expansion methods such as spherical harmonics [84, 94, 95]
and B-splines [82] that allow for the computation of exact derivatives, or via a mix
of numerical and analytical schemes [4, 9]. Examples of the latter include the use of
analytic approximations of sub-Riemannian distances [65, 30] in a clustering algorithm [96], or analytic solution approximations to left-invariant diffusion equations
[97] for smoothing or uncertainty analysis [27]. The interested reader is referred
to [25, 84, 16, 93, 4] for algorithmic implementation details of the left-invariant
derivatives for processing of orientation scores.

7.1 Shortest Curve Application: Tracking of Blood Vessels
Shortest path algorithms provide a robust way of extracting trajectories of blood
vessels in medical images in a semi-automatic way. They rely on the specification
of start and end points of the curves by a user, after which the algorithm computes
the globally optimal geodesic connecting these points given a pre-computed metric.
A fundamental problem in such algorithms is, however, that they have difficulties
in tracking blood vessels through complex geometries, and that they suffer from socalled short cuts in which the computed geodesics snap to parallel vessels or other
interfering structures, see e.g. Fig. 13. Via the computation of shortest paths in the
lifted space Md using a sub-Riemannian geometry (cf. Fig. 1) we are able to solve
such limitations of classical vessel tracking on Rd .
In our approach for computing globally optimal sub-Riemannian distance minimizers between two points g0, g1 ∈ SE(2) we consider the metric d G0 of Eq. (34),
which is defined using the SR metric tensor G0 given in (30) and which is based on a
cost function C : G → R+ that is derived from the orientation score. The cost function encourages curves to move over vessel regions (low cost) and penalizes moving
over background regions (high cost). Such a cost can for example be derived from
the orientation score via a vesselness measure [89], a line-fidelity measure based
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on left-invariant derivatives [30] or gauge derivatives in SE(2) [16, 17]. The actual
computation of the shortest paths then consists of 1) solving the SR Eikonal equation
in order to obtain a distance map from g0 to any other point in SE(2) and 2) perform
gradient descent on the distance maps from g1 back to g0 to obtain the geodesic
(cf. Theorem 1). The numerical computation of step 1 can for example be done in
an iterative up-wind scheme with left-invariant finite-difference stencils [30], or via
very efficient Fast Marching schemes [81, 80] in which the sub-Riemannian metric
tensor field is approximated with a highly anisotropic Riemannian metric tensor field
[79].

Fig. 13 Results of globally optimal data-adaptive geodesics computed in different metric tensor
settings. Left column: Conventionally such shortest paths are computed based on 2D isotropic
metrics. Such models suffer from short cuts (geodesics snap to other, typically parallel, dominant
vessels) and often fail at crossings. Middle column: Shortest path computations using an isotropic
metric in a lifted position-orientation space M2 ≡ SE(2) reduces problems with crossings due to a
disentanglement of local orientations, but the issue of short cuts remains as unnatural curves with
high curvature points are still allowed. Right column: Both problem are solved by working with
a sub-Riemannian metric on SE(2) by which only natural curves are allowed in the lifted space
(cf. Fig. 1). The right two columns show the 2D projections of geodesics in SE(2). For further
experiments on large datasets see [30, 52].

Exemplary results are given in Fig. 13 and a quantitative evaluation of the benefit
of a sub-Riemannian versus Riemannian metrics is given in Tbl. 1. The principle
that in a sub-Riemannian framework we only consider natural smooth paths, as
illustrated in Fig. 1, leads to very clear improvements for vessel tracking. The method
for computing such curvature-penalized data-adaptive SR geodesics generalizes well
to other Lie groups G and has found several high-impact applications in medical
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Table 1 Comparison of successful vessel extractions [96] via Riemannian geodesics using 2D
isotropic metric tensors in the image domain, Riemannian geodesics in the lifted domain SE(2) of
orientation scores with spatially isotropic metric tensors, and sub-Riemannian geodesics in SE(2)
Metric
Riemannian R2
Riemannian SE(2) - Eq. (33)
Sub-Riemannian SE(2) - Eq. (34)

Nr of successful vessel extractions
71.7% (132/184)
82.6% (152/184)
92.4% (170/184)

image analysis. See e.g. [30, 79] for 2D vessel tracking via SR-geodesics in G =
SE(2). See also [37] for vessel tracking in retinal images defined on the 2-sphere
S 2 = SO(3)/SO(2) via SR-geodesics in SO(3).

7.1.1 Shortest Curve Applications: Geodesic Vessel and Fiber Tracking in M3
In [19] the anisotropic and sub-Riemannian geodesic tracking theory was developed
and extended with more general Finslerian models such as the one given in (46).
These Finsler models were called variants of the ‘Reeds-Shepp Car Model’. Some
of these models turn off the reverse gear of the car and tackle the problem of cusps
(recall Fig. 9) that can appear in spatial projections of sub-Riemannian geodesics.
In [19] the underlying theory was also extended to 3D (or more precisely to the
five dimensional homogeneous space M3 of positions and orientations). It has led
to efficient perceptional grouping methods [96] where vascular trees are constructed
from the separate geodesic tracts following 3D blood vessels. When extending the
models from the 3D manifold M2 to the 5D manifold M3 it is crucial to rely on fast
anisotropic fast-marching methods [98] that do approximate the sub-Riemannian
setting (with infinite anisotropy) reasonably well, as shown by comparison [19] to
the exact sub-Riemannian geodesics in M3 derived in [70]. The idea of using highly
anisotropic, advanced, fast-marching methods by Mirebeau [98, 80] to approximate
sub-Riemannian geodesics was proposed by Sanguinetti et al. [79] on M2 , where
numerical comparisons reveal enormous speed-ups (compared to iterative PDEtechniques in [30, 99]) while maintaining a neglectable loss of accuracy. It was
employed for crossing-preserving fiber tracking [99, 19], and for crossing-preserving
structural connectivity measures [100] (between anatomical regions of interest) in
DW-MRI data of the brain (in response to earlier work by Pechaud et al. [101]).
Since, our previous works [30, 19] mainly concentrated on tracking of 2D blood
vessels in optical images, and 3D neural fiber tracking in DW-MRI [100, 19], we
show a 3D vessel tracking experiment in this book chapter. See Figure 14. Again we
recognize the benefit of the asymmetric version (46) of the 3D sub-Riemannian geometrical model on the lifted space M3 over the corresponding isotropic Riemannian
geodesic model on M3 , and over the corresponding geodesic model on R3 . The new
model does not suffer from nearby elongated structures, does not take wrong exits
(as shown in [19]), deals with bifurcations by ‘keypoints’ (in place rotations), and
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produces less oscillatory tracts due to the sub-Riemannian geometry (that does not
allow for direct side-ward motions in contrast to the blue ‘shaky’ tract in Fig. 14).

Fig. 14 Tracking of coronary arteries in 3D-X-ray: a) test-data set with two boundary points
x0 , x1 ∈ R3 , b) geodesic tracking result (yellow) that is far from ground truth (red) when applying
standard geodesic tracking [102] on R3 without lifting to M3 , c) geodesic tracking result (blue)
when applying geodesic
p tracking in M3 using the isotropic Riemannian model (i.e. using Finsler
Û = ξ 2 k xÛ k 2 + k nÛ k 2 with ξ=0.1), d) geodesic tracking result when applying
function F(Ûx, n)
geodesic tracking in M3 using the sub-Riemannian model (i.e. using asymmetric Finsler function
F0+ given by (46) again with ξ = 0.1). The spherical parts of the boundary conditions p1 = (x1 , n1 )
and p2 = (x2 , n2 ) in (45) are automatically optimized by checking for the ‘first passing front’.
I.e. adjust the source set in eikonal PDE system (40) in Theorem 1 from singleton {e} to the set
S = {(x0 , n) | n ∈ S 2 } and select minimal n1 = argminn∈S 2 W (x1 , n) prior to back-tracking (39).

Furthermore, we note that non-data-adaptive sub-Riemannian distances in SE(d)
can be efficiently computed using analytic approximations [12, 97, 103] which can
be used in real-time clustering of local orientations for perceptual grouping of blood
vessels [96], or in morphological convolutions in equivariant deep learning [32].
Finally, for detailed evaluations and experiments of geodesic tracking in M3 , we
refer to [100, 19] where the experiments are focused on fiber tracking in DW-MRI.
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7.2 Straight Curve Application: Biomarkers for Diabetes
The total amount of curvature/torsion of blood vessels, which is often summarized
in a single tortuosity measure, is associated with severity of several systematic
diseases such as diabetes and hypertension [18, 4, 104, 105, 106]. Reliable and
automatic quantification of tortuosity is therefore a high value aid in the automatic
early diagnosis of such systemic diseases and in the study of disease progression via
large scale cohorts. The theory of exponential curve fits in SE(d) enables a unique
approach to the quantification of tortuostity in retinal images, which is both robust,
reliable and fast [18]. Retinal images are obtained by optical devices [4] and thereby
provide an easy non-invasive way to image the quality of blood vessels.
As described in Sec. 6, it is possible to locally fit exponential curves (see e.g.
Fig. 12 and Fig. 15) to the orientation score data U := Wψ f : M2 → R of a
retinal image f : R2 → R via an SVD of left-invariant Hessian ∇[1],∗ dU. This is
akin to fitting straight lines to local intensity patterns in images, underlying classical
vesselness measures in [90]. The exponential curves in SE(d) are equally ‘straight’,
but now with respect to the torqued geometry modeled by Lie-Cartan connection
∇[1] , recall Theorem 1. This torqued geometry is also visible in an orientation score,
recall Fig. 1 and see Fig. 7. These ‘straight’ curves have constant velocity components
n , and their projections to Rd are circles/spirals
w.r.t. the left-invariant frame {A}i=1
c
whose curvature κ can directly be computed. E.g., in SE(2) one has κ = √

3

sign c 1

|c 1 | 2 + |c 3 | 2

.

Akin to the vessel enhancement techniques via orientation scores of [17, 89], a
confidence measure for the presence of a line structure can be extracted from the
left-invariant Hessian [107, 25, 18]. Together, the confidence and curvature measure
can be used to obtain summarizing statistics for the amount of tortuosity of blood
vessels in medical images, as is illustrated in Fig. 15. Such tortuosity measures are
significantly associated with severity of diabetes and hypertension on large scale
clinical datasets with retinal images [18, 4, 104, 105, 106]. For quantification of
blood vessel tortuosity in 3D medical image data see [84].
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Fig. 15 Top row: Via exponential curve fits in orientation scores (cf. Sec. 6) we are able to locally
analyze line structures and compute their corresponding curvature values, as well as assigning
confidence scores at each position and orientation. In the right most figure, curvature is color coded
and confidence is encoded with opacity. Bottom row: confidence and curvature projected to the 2D
plane and visualized as in an overlay on top of the original input image. From these summarizing
statistics such as the mean and standard deviation of absolute curvature can be computed, which
can be used as biomarkers for diabetes and hypertension.

7.3 Straight Curve Application: PDEs on M2 for Denoising
Two key ideas have greatly improved techniques for image enhancement and denoising: the lifting of image data to multi-orientation distributions (e.g. orientation
scores[42]), and the application of nonlinear PDEs such as Total Variation Flow
(TVF) and Mean Curvature Flow (MCF). These two ideas were recently combined
by Chambolle & Pock (for TVF )[24] and Citti [1] et al. (for MCF) for 2D images.
In our recent works [10, 41], these approaches were extended to enhance and denoise images of arbitrary dimension. The TV flows and MC flows on Md showed best
results when using locally adaptive frames of a specific type. Namely, these locally
adaptive frames that were computed via the best-exponential curve fit procedure (i.e.
the ‘straight curve’ fit in the torqued and curved space SE(d), recall Theorem 1,
and Figs. 1 and 7) explained in Section 6. Then the standard procedure mentioned
in Subsection 6.1.2 to compute the induced locally adaptive frame (‘gauge frame’)
{B1, . . . , Bn } is applied. The principle direction Bd tangent to the exponential curve
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is computed as the eigenvector with smallest eigenvalue in the SVD of the Hessian
induced by the Lie-Cartan connection with ν = 1, recall Definition 6.
For an illustration, recall figure 12 where d = 2 and n = 3.
In this section we constrain ourselves to d = 2 and we shall summarize the MCF
& TVF PDEs on SE(2) (for crossing-prerving flows via invertible orientation scores,
recall Figure 1) and highlight a denoising result, where we compare to a popular
denoising method called ‘Block Matching 3D’ (BM3D) [108, 109].
The PDE system for MCF & TVF on M2 = SE(2) via the gauge frame
{B1, . . . , B3 } is best expressed in this frame and is given by:


3
Õ


Bi W(·, t)
∂W
a



(g),
(g, t) = k∇W(g, t)k
Bi
∂t
k∇W(·, t)k
i=1


W(g, 0) = U(g),


g ∈ SE(2), t ≥ 0,
g ∈ SE(2),

(56)
with parameter a ∈ {0, 1}, where we have a total variation flow (TVF) if a = 0,
and a mean curvature flow (MCF) if a = 1. We denote the operator that maps the
orientation score U(·) to its denoised version W(·, t) by Φt :
W(g, t) = (Φt (U))(g), for all g = (x, θ) ∈ SE(2), t ≥ 0,
where we use standard identification θ ∈ R/(2πZ) with the corresponding counterclock wise planar rotation about angle θ.
The initial condition U for our TVF/MCF-PDE (56) is set by an orientation score
[3, 48] of image f : R2 → R given by
U(x, θ) := Wψ f (x, θ) = (ψθ ? f )(x),

x ∈ R2, θ ∈ R/(2πZ).

where ? denotes correlation and ψθ is the rotated wavelet aligned with (cos θ, sin θ) ∈
S 1 . For ψ we use a cake-wavelet [3, 48] ψ : R2 → R with standard settings [50].
Then we compute:
∫ π
f 7→ Wψ f 7→ Φt (Wψ f )(·, ·) 7→ ft (·) :=
Φt (Wψ f )(·, θ) dθ.
(57)
−π

for t ≥ 0. The cake-wavelets allow us to reconstruct by integration over S 1 only
[3, 48]. By the invertibility of the orientation score one thereby has f = f0 so due to
this reconstruction property the flows depart from the original image at t = 0.
Now that the PDEs are set for MCF and TVF and the corresponding image
regularization operators f 7→ ft via invertible orientation scores are set (by Eq. (57)
and (56)) we conclude with a denoising experiment. End-times t > 0 are chosen such
that relative L2 -error between the original image and its denoised image is minimal.
We test the effect of MCF and TVF on two images polluted with correlated noise:
the (monochrome) Mona Lisa and an electron microscopy image of collagen. We
compare the performance (in terms of peak-signal-to-noise-ratio) against the BM3D
method, see Table 2 for the PSNR values and Figure 16 for a qualitative comparison.
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Table 2 Comparing Peak-Signal-to-Noise-Ratio (dB) for the gauge MCF and TVF methods against
BM3D (higher is better).
Collagen

Mona Lisa

Noisy image

14.1

14.1

Perona-Malik

20.1

20.5

BM3D

23.1

23.9

Left inv. MCF

21.7

23.3

Gauge MCF

21.7

23.7

Left inv. TVF

22.4

26.0

Gauge TVF

23.0

26.1

Gaussian noise

Collagen

Mona Lisa

Noisy image

23.9

23.9

Perona-Malik

24.2

25.1

BM3D

24.0

26.3

Left inv. MCF

23.8

26.2

Gauge MCF

23.9

26.2

Left inv. TVF

24.7

26.8

Gauge TVF

24.9

26.9

Correlated noise

As confirmed by Table 2 and Fig. 16 we observe the following:
• denoising via orientation scores is beneficial over direct image denoising. For
PDE-based image processing this was already done in [25], and by others in [13, 1,
2, 110, 87] performing left-invariant PDE-based image processing via ‘orientation
liftings’ (expanding the image domain to Md ). However, our experiments where
we use (data-driven) TVF and MCF (56) on M2 , now show that we considerably
improve quantitative results in comparison to a general (not necessarily PDEbased) well-performing image denoising method such as BM3D [108, 109].
• best performances are obtained by the Gauge TVF method, i.e. the method applying (57) with Φt given by (56) with a = 0.
• using the locally adaptive frame {Bi } in (56) increases the performances over
their ‘normal left-invariant counterparts’. With the normal left-invariant counter
parts we mean (57) with Φt given by a PDE system on M2 ≡ SE(2) that arises
from (56) replacing each Bi in (56) by Ai :


3
Õ


∂W
Ai W(·, t)



(p, t) = k∇W(p, t)k a
Ai
(p),
∂t
k∇W(·, t)k
i=1


W(p, 0) = U(p),


p ∈ M2, t ≥ 0,
p ∈ M2 ,

(58)
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Fig. 16 Comparing Gauge TVF with coherence enhancement and BM3D against correlated noise.
Top row, from left to right: 1. original image, 2. original image polluted with correlated Gaussian
noise, 3. denoising result using the BM3D method, 4. denoising result using the TVF method via
invertible orientation scores given by (57) relying on PDE (56) with a = 0. Bottom row, the same as
the top row but now applied on a different image containing collagen fibers. The standard deviation
for BM3D and evolution time for TVF were adjusted to reach optimal L2 error, see [41] for details.

as done also in [13, 111]. Gauge TVF performs better than normal left-invariant
TVF, Gauge MCF performs better than normal left-invariant MCF via invertible
orientation scores (57).
These observations are also supported by much more experiments with both quantitative and qualitative comparisons for the case d = 2 and d = 3 see [41]. Regarding
related works and experiments via crossing-preserving diffusions via invertible orientation scores we refer to [25] (d = 2) and [45] (d = 3).
In [41] we have compared the (crossing-preserving) TVF and MCF PDE flows
via invertible orientation scores to (crossing-preserving) nonlinear diffusions via
invertible orientation scores. In general better results are obtained by the MCF
and TVF approach than with nonlinear diffusion (Perona-Malik [112], coherence
enhancing diffusion [113]). However, edge-enhancing diffusion techniques [114] via
invertible orientation scores, could advocate otherwise, and are left for future work.

7.3.1 Straight Curve Application: PDEs on M3 for Denoising FODFs in
DW-MRI
In this subsection we briefly highlight the extensions of the TVF and MCF denoising
methods from 3-dimensional manifold M2 towards 5-dimensional manifold M3 .
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Essentially, the MCF flows and TVF flows given in (58) are generalized to M3 by
using the left-invariant vector fields on M3 instead of the left-invariant vector fields
on M2 . In our experiments we optimized the stopping time of the evolutions to get a
denoised distribution on M3 . For details see [41]. In [41] (crossing-preserving) TVF
and MCF PDE flows on the 5 dimensional manifold M3 are compared to nonlinear
diffusion methods on this manifold such as
• crossing-preserving versions [115] of Perona and Malik (PM) [112] diffusions.
• crossing-preserving versions [12, 39] of coherence enhancing diffusion (CED).
This has been applied to crossing-preserving enhancement and denoising of
Diffusion-Weighted MRI (DW-MRI) data, where fiber orientation density functions (FODF), cf. [116, 117] are positive, realvalued functions defined on the 5dimensional space M3 are similar to orientation scores of 3D image data. To see the
similarity compare Fig. 17 to the middle column in Fig. 3. So in this application we
only rely on the right part of our commutative diagram in Fig. 2.
Remark 14 (DW-MRI: application background)
The idea of diffusion-weighted MRI is to measure angular diffusivity profiles of water
molecules that are generally believed to follow the biological fibers in brain white
matter. As such it provides a non-invasive way to image the structural connectivity
between anatomical regions in the brain. This is important for surgical planning. For
example, identifying the optic radiation bundle is important as it is responsible for
the visual sight of a patient. In case of severe epilepsy surgery may be applied (e.g.
a temporal lobe resection), where surgeons should not damage the optic radiation
bundle as this can lead to a reduction of visual sight. Left-invariant PDE-evolutions
(such as diffusions) on M3 discussed in [12, 99, 94, 14, 39] are very beneficial for
identifying such bundles, as shown by Meesters et al.[27], and more generally by
Prckovska et al [20].
As we can see in Fig. 17, the FODF obtained from raw DW-MRI data via an effective
and widely used method CSD produces a lot of spurious peakes in the spatial field of
angular distributions that are not well-aligned/supported by neighboring peaks and
one needs ‘contextual processing’ [20, 14, 94] to identify large bundles [26, 27] in
a stable way. Here we observe that crossing-preserving MCF and TVF on M3 better
preserve crossings and bundle boundaries than diffusion methods do. For detailed
evaluations see [41, 51].

7.3.2 Straight Curve Application: PDEs on M3 for Denoising 3D X-ray data
Denoising of 3D X-ray data is important as reduction of acquisition time and radiation dose typically leads to noisy X-ray images. In [45] denoising experiments
are provided with crossing-preserving nonlinear diffusions on M3 via invertible
orientation scores of 3D X-ray data.
These tests do follow the full commutative diagram in Fig. 4 and applied denoising
as depicted in the bottom row of Fig. 3 and provide the M3 -analogue of (57):
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Fig. 17 Qualitative comparison of denoising a FODF obtained by (CSD) [116, 117] from a standard
DW-MRI dataset (with b = 1000s/mm2 and 54 gradient directions). For the CSD we used up to
8th order spherical harmonics, and the FODF is then spherically sampled on a tessellation of the
icosahedron with 162 orientations. Image is taken from our previous journal article [41]. For details
on this qualitative DW-MRI experiment and related quantitative DW-MRI denoising experiments
see the works by St.-Onge et al. [51] and Smets et al. [41].

f 7→ Wψ f 7→ Φt (Wψ f )(·, ·) 7→ ft (·) :=

∫
S d−1

Φt (Wψ f )(·, n) dσ(n).

(59)

but then with Φt (U) = W(·, t) a nonlinear diffusion process described in gauge frames
(relying on a SVD of the Hessian of the orientation scores as explained in Section 6.1)
stopped at optimal time t > 0. For details see [45, ch:6.1.2]. The preservation of
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complex structures in vasculature is remarkable, see Fig. 18. For qualitative and
quantitative comparisons against many other nonlinear diffusion methods we refer
to the work by Janssen et al.[45].

Fig. 18 3D-X ray image of renal arteries. 3 view points on the same scene. Input image in yellow
frame, output of coherence enhancing diffusion via 3D-orientation scores (CEDOS: Eq. (59) for
a fixed stopping time. For details and comparisons to other methods such as coherence enhancing
diffusion [113] acting directly in the image domain see [45].

8 Conclusion
Geometric processing of multi-feature image representations on a Lie group G
requires us to ‘connect’ different tangent spaces in the tangent bundle T(G) by a
connection. To this end we studied all Lie-Cartan connections ∇[ν] parameterized by
ν ∈ R. This holds in particular for our case of interest where G = SE(d) (or more
precisely the Lie group quotient Md ) and where the score is an orientation score. It
turned out by our Theorem 1 that the case ν = 1 is the best choice; shortest curves
have parallel momentum whereas straight curves have parallel velocity as intuitively
illustrated in Fig. 7. This connection does have torsion with constant coefficients
relative to the left-invariant frame and coframe as shown in Lemma 3. It reflects the
torsion visible in the domain of an orientation score, see Figure 1.
We studied the shortest curves in M2 ≡ SE(2) for different choices of metric tensor
fields (or more general: Finsler functions) and computed the corresponding spheres
in M2 in Section 5. Recall Figure 10, where the spheres were computed via the
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geodesic wavefront propagation technique explained in Theorem 1. Such geodesic
wavefront propagations also allow for data-driven versions (via the external cost C
that can be adapted to the orientation score). The major benefit of geodesic wavefront
propagation in the orientation score domain Md over geodesic wavefront propagation
in the image domain Rd is that fronts do not leak at crossings as illustrated in Fig. 8.
This explains the clear advantage for subsequent geodesic tracking (via the steepest
descent in Theorem 1) in the tracking of blood vessels presented in Section 7.1.
Furthermore, we show best results are obtained by the sub-Riemannian model rather
than the isotropic Riemannian model. Recall Figure 13.
We studied the straight curves (exponential curves) in M2 ≡ SE(2) in Section 6.
Again we presented data-driven versions by presenting an exponential curve fit
theory in Section 6 that we employed for biomarkers for diabetes in retinal imaging
in Section 7.2, and for improved data-driven crossing preserving denoising PDEs in
Section 7.3.
Summarizing: we conclude from Theorem 1 and the experiments in Section 7
that the Lie-Cartan connection for ν = 1 is the best choice for geometric multiorientation image processing, both for crossing-preserving geodesic tracking and for
crossing-preserving denoising.
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Appendix A. Hamiltonian Flow of the left-invariant
(sub)Riemannian Geodesic Problem on Lie group G
The family of all geodesicsÍ
γ(t) augmented to v(t) = (γ(t), λ(t)) with their momenn
λi (t) ωi γ(t) along the geodesic are flow lines of a
tum representation λ(t) = i=1
so-called ‘Hamiltonian flow’ on the cotangent bundle T ∗ (G). Controlling the Hamiltonian flow means controlling the complete family of all geodesics (minimal distance
curves) together. Next we explain the concept of Hamiltonian flows, and derive the
canonical Hamiltonian equations associated to the left-invariant Riemannian and
sub-Riemannian problem of interest.
To a Hamiltonian function h
T ∗ (G) 3 (g, λ) 7→ h(g, λ) ∈ R+
→
−
one associates a Hamiltonian vector field h (or ‘Hamiltonian lift’) in the co-tangent
bundle. It is determined via the fundamental symplectic form that is given by
σ=

n
Õ

ωi ∧ d̄λi ,

i=1

where d¯λi is defined by hd¯λi , ∂λ j i = δij , by means of
→
−
∀V =(g,
: σ( h (g, λ),V) = hdh(g, λ),Vi.
∗
Û
Û λ)∈T
g (G)×T (Tg (G))

(60)

Remark 15 (background on Hamiltonian lifts)
A direct consequence of (60) is that along the flowlines of the Hamiltonian flow the
→
−
Hamiltonian is preserved (take V = h ) and
→
−
→
−
d
h(v(t)) = σ( h (v(t)), h (v(t))) = 0, with v(t) = (γ(t), λ(t)),
dt
→
−
Furthermore the lifting of a Hamiltionian h to its Hamiltonian lift h is a Lie algebra
isomorphism [62]:
−−−−−−→ →
− →
−
{h1, h2 } = [ h 1, h 2 ]
(61)
where {·, ·} denote Poisson brackets and [·, ·] denotes the usual Lie bracket of vector
fields. In the left-invariant (co)-frames Poisson brackets are expressed as
{g, f } =

n
Õ
i=1

(Ai f )

∂g
∂f
−
(Ai g),
∂λi ∂λi

but this may also be expressed in canonical coordinates [62, eq.11.21].

(62)
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Remark 16 (simple example of Hamiltonian lifts on T ∗ (R)
→
−
We set σ = dx ∧ dλ. We set h = h1 ∂x + h2 ∂λ . Then from (60) one can deduce the
following standard canonical equations:
(
∂h
→
−
→
−
∂h
∂h
Û λ = vÛ = h (v) ⇔ xÛ = ∂λ∂h(horizontal part) ,
Û x + λ∂
h = ∂λ ∂x − ∂x ∂λ + ⇒ x∂
λÛ = − ∂x (vertical part) .
Generalizing the above example, the next theorem provides the Hamiltonian flows
for the left-invariant Riemannian and sub-Riemannian problem on G.
Theorem 2 The Hamiltonian on Riemannian manifold (G, G), with left-invariant
metric tensor field G given by (26), equals
h=

n
n
1Õ i
1 Õ ij
λ λi =
g λi λ j
2 i=1
2 i, j=1

(63)

and the corresponding Hamiltonian flow (generated by the Hamiltonian vector field
→
−
h ) can be written as (recall the definition of linear map G̃ (27))
(
G̃ −1 λ = γÛ (horizontal part)
→
−
vÛ = h (v) ⇔
∇γ[1],∗
λ = 0 (vertical part)
Û
n

Í

i
i
i
ij

(horizontal part)

 γÛ = u = λ := j=1 g λ j

⇔
n
Í

k
j
Û


 λi = {h, λi } = − j,k=1 ci j λk u (vertical part)


(64)

Û and v(t) = (γ(t), λ(t)) a curve in the
with velocity controls ui := γÛ i = h ωi γ(·) , γi
co-tangent bundle T ∗ (G) where the geodesic γ(t) ∈ G and the momentum along the
∗ (G), and with {·, ·} denoting Poisson brackets, recall (62).
geodesic λ(t) ∈ Tγ(t)
The Hamiltonian on sub-Riemannian manifold (G, ∆ = span{A j } j ∈I , G0 ) equals
h=

1Õ i
1 Õ ij
λ λi =
g λ j λi
2 i ∈I
2 i, j ∈I

(65)

and the Hamiltonian flow can be written as
(
G̃0−1 P∆∗ λ = γÛ (horizontal part)
→
−
vÛ = h (v) ⇔
⇔
[1],∗
∇γÛ λ = 0 (vertical part)

γÛ i = ui = λi for i ∈ I and u j = 0 if j < I (horizontal part)




n Í
Í

cikj λk u j
(vertical part)
 λÛi = {h, λi } = −

j
∈I
k=1


(66)
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where P∆∗ denotes the projection onto the dual ∆∗ of ∆, as given in Theorem 1.
Proof The results (64) and (66) follow from standard application of the Pontryagin
Maximum Principle (PMP [62]) to respectively the Riemannian and sub-Riemannian
geodesic problem. First of all we note that regarding the Hamiltonian in the Riemannian case (63) we have that it is computed by applying the Fenchel transform on the
integrand of the action functional (i.e. squared Lagrangian)
Û − L 2 (g, γ)}
Û with λ =
h(g, λ) = sup {hλ, γi
γÛ ∈Tg (G)

n
Í

λi ωi

i=1

g

∈ Tg∗ (G),

∗ (G) → R+ given by
hence we get
( the Hamiltonian h : T )
n
n
n
Í
Í
Í
h = max
v i v j gi j = 12
λi gi j λ j =
λi v i − 12
(v 1 ,...,v n )

with λi =

n
Í
j=1

i=1

i, j=1

i, j=1

(67)
1
2

n
Í

λi λi ,

i=1

g i j λ j . The Hamiltonian in the SR-case (65) comes with the constraint

γÛ ∈ ∆ (i.e. γÛ i = 0 if i < I) and then with
of reasoning above (but
Í ia similar type
Í
λ λi with λi =
g i j λ j , and we find the
then with v i = 0 if i < I) we get h = 12
i ∈I

j ∈I

i
‘extremal controls’ [62]: vmax
= ui = λ i .
Note that (64) and (66) are of the form a ⇔ b ⇔ c. We first comment on a ⇔ c
and then show b ⇔ c.

a ⇔ c follows by direct computation as we show next. By computing We have
the following relation in Poisson brackets:
[Ai , A j ] =

n
Õ

cikj A k ⇔ {λi , λ j } = Ai λ j − A j λi =

k=1

n
Õ

cikj λk ,

k=1

as the ‘conjugate momentum mapping’ gives rise to a Lie-algebra morphism, see [62,
p.164]. Thereby (via (62), (67)) we find (with Liouville’s theorem and cikj = −ckji ):
γÜ i = uÛi = {h, ui } = λÛ i ⇒ ui = λi ,
n Í
Í
Í 2
j
cikj λk u j ,
λÛi = {h, λi } =
2 {λ j , λi }λ = −
j ∈J

(68)

k=1 j ∈J

which hold for i = 1, . . . , n in the Riemannian case and for i ∈ I in the subRiemannian case. In the above expression one must set J = {1, . . . , n} in the Riemannian case, and J = I in the sub-Riemannian case.
b ⇔ c follows by (68), and the expression (25) for the Lie-Cartan connection
(with ν = 1), respectively expression (32) for the partial Lie-Cartan connection
(again with ν = 1) expressed in left-invariant coordinates.
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Appendix B. Left-Invariant Vector fields on SE(3) via 2 Charts
We need two charts to cover SO(3). When using the following coordinates (ZYZEuler angles) for SE(3) = R3 o SO(3) for the first chart:
g = (x, y, z, Rez ,γ Rey ,β Rez ,α ), with β ∈ (0, π), α, γ ∈ [0, 2π),

(69)

Then the left-invariant vector fields are given by:
A1 |g = (cos α cos β cos γ − sin α sin γ)∂x + (sin α cos γ + cos α cos β sin γ)∂y − cos α sin β ∂z
A2 |g = (− sin α cos β cos γ − cos α sin γ)∂x + (cos α cos γ − sin α cos β sin γ)∂y + sin α sin β ∂z
A3 |g = sin β cos γ ∂x + sin β sin γ ∂y + cos β ∂z ,
cos α
sin β

A4 |g = cos αcotβ ∂α + sin α ∂β −
A6 |g = ∂α .

∂γ , A5 |g = − sin αcotβ ∂α + cos α ∂β +

sin α
sin β

∂γ ,
(70)

The above formula’s do not hold for β = π or β = 0: We need a second chart [12]:
π π
g = (x, y, z, Re x ,γ̃ Rey , β̃ Rez ,α ), with β̃ ∈ [−π, π), α ∈ [0, 2π), γ̃ ∈ (− , ),
2 2
Then the left-invariant vector field formulas are (for | β̃| ,
A1 |g
A2 |g
A3 |g
A4 |g
A6 |g

π
2)

(71)

given by:

= cos α cos β̃ ∂x + (cos γ̃ sin α + cos α sin β̃ sin γ̃) ∂y + (sin α sin γ̃ − cos α sin β̃ cos γ̃) ∂z
= − sin α cos β̃ ∂x + (cos α cos γ̃ − sin α sin β̃ sin γ̃)∂y + (sin α sin β̃ cos γ̃ + cos α sin γ̃) ∂z
= sin β̃ ∂x − cos β̃ sin γ̃ ∂y + cos β̃ cos γ̃ ∂z ,
sin α
α
∂ , A5 |g = sin αtanβ̃ ∂α + cos α∂β̃ − cos
= − cos αtanβ̃ ∂α + sin α ∂β̃ + cos
β ∂γ̃ ,
cos β̃ γ̃
= ∂α .
(72)

Appendix C. Proofs of Results on Lie-Cartan Connections
Proof of Lemma 2
Let X and Í
Y be vector fields onÍG and γ the integral curve of X with γ(0) = g. We
n
write X = i=1
x i Ai and Y = nj=1 y j A j . By the definition of ∇[0] we have that


n
n

Õ
Õ
∇γ[0]
x i A i | g (y k ) A k | g =
X | g (y k ) A k | g
Û Y (g) =
i , k=1

=

n 
Õ
k=1

k=1

lim

y k (γ(t))
t

t →0

Ín

k=1

= lim

This proves (14).

Ak |g

∗

t


t →0





y k (γ(t)) Lgγ(t )−1 A k |γ(t ) − Y(g)

t →0

= lim

−

y k (g)

Lgγ(t )−1


∗

Y(γ(t)) − Y(g)
t

.
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Now let X,Y be left-invariant. Note that ∇[0]Y = 0 because Lg(γ(t))−1 ∗ Y (γ(t)) =
Y (g) in (14) regardless of γ. Then the alternative formula (15) for generalÍLie-Cartan
Connection ∇[ν] follows, as the structure constants cikj ∈ R satisfy k cikj A k =
[Ai , A j ] and the Lie bracket is bilinear for left-invariant vector fields, and we find
[0]
∇[ν]
X Y = ∇ X Y + ν[X,Y ] = ν[X,Y ]
f ∗ (Xg )(Yg ) = [Xg,Yg ] that we show
For our reformulation in (15) we used (17):(Ad)
next. By the derivation in [58, Lemma.5.4.2] one has (Ad)∗ (Xe )(Ye ) = [Xe,Ye ]. Now
the Cartan-Maurer form is a Lie algebra isomorphism, and we get (17):
f ∗ (Xg )(Yg ) = Ad
f ∗ ((Lg )∗ Xe )((Lg )∗Ye ) (16)
Ad
= (Lg )∗ Ad∗ (Xe,Ye )
= [(Lg )∗ Xe, (Lg )∗Ye ] = [Xg,Yg ].

Proof of Lemma 3
Let X,Y, Z be left-invariant vector fields. For all computations, we use the characterisation of Lie-Cartan connections (15) from Lemma 2.
Torsion of ∇[ν] : We have
[ν]
T∇[ν] (X,Y ) = ∇[ν]
X Y − ∇Y X − [X,Y ]

= ν[X,Y ] − ν[Y, X] − [X,Y ] = (2ν − 1)[X,Y ].
Curvature of ∇[ν] : By the Jacobi identity for Lie brackets we have
[ν]
[ν] [ν]
[ν]
R∇[ν] (X,Y )Z = ∇[ν]
X ∇Y Z − ∇Y ∇ X Z − ∇[X,Y] Z

= ν 2 ([X, [Y, Z]] − [Y, [X, Z]]) − ν [[X,Y ], Z]
= ν 2 [[X,Y ], Z] − ν [[X,Y ], Z] = ν(ν − 1)[[X,Y ], Z]
Metric compatibility: We have




[ν]
∇[ν] G(X,Y, Z) = X(G(Y, Z)) − G Y, ∇[ν]
X Z − G ∇ X Y, Z
= X(G(Y, Z)) − ν G(Y, [X, Z]) − ν G([X,Y ], Z)
= −ν (G(Y, [X, Z]) + G([X,Y ], Z)) ,
where we note that X(G(Y, Z)) = 0 because G is also left invariant.
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