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Chapter 1. Introduction
Diabetes is a chronic disease in which the high blood sugar concentration is presented.
The world diabetic population is reaching epidemic proportions worldwide, especially in
Asia due to fast lifestyle changes and genetic factors. As shown in Figure 1.1, the Chinese
diabetes epidemic is the largest in the world. Diabetic retinopathy (DR) happens when
damage occurs to the retina due to diabetes. DR is also the main cause of newly formed
blindness in the working population, leading to high societal costs. Losing sight is an
incredible reduction in quality of life. In the late stage of diabetes, medical treatment
is no longer effective to cure the disease, while patients can still recover from the early
diabetes. Thus, early detection is the key to prevention and successful treatment of these
forms of blindness. However, the fact is that many cases still go unnoticed and are not
treated in time, especially in rural areas.
As a major component of the retina, retinal blood vessels include rich geometrical
information and can provide important clinical biomarkers to assist ophthalmologists.
For example, retinal-related diseases such as DR and retinopathy of prematurity (ROP)
diseases usually cause variations in the blood vessels like neovascularization (formation
of new microvasculature) [1] and tortuosity changes [2, 3]. Caliber changes of the retinal
arteries and veins have been shown to be important indicators for the assessment of
hypertension [4, 5] and diabetic disease [5]. The retinal arteriolar narrowing, which is
observed during clinical ophthalmoscopic examination, is considered as an early sign of
hypertensive retinopathy and suggested to be a prognostic indicator of hypertension [6].
Many studies [7, 8] show that prevention of type 2 diabetes mellitus would eliminate
a large proportion of the risk for visual loss from DR. If all the diabetes patients with
proliferative retinopathy were to received immediate evaluation and treatment, the
blindness rate would be reduced from 50% to less than 5% [8]. Hence, the early
detection of the geometrical variations of retinal blood vessels is an important task in
clinical analysis.
Visual inspection through fundoscopy of the retina is easy, low cost and highly informative.
The RetinaCheck1 project aims to develop an automated one-stop-shop retinal image
acquisition and analysis suite, for large-scale screening for diabetic retinopathy, glaucoma
and age-related macular degeneration and other systemic diseases. To this end, a high
quality, low cost and innovative retinal image analysis system needs to be designed
and validated for automatic computer-aided diagnosis. Retinal imaging is done by
color fundus cameras and portable scanning-laser ophthalmoscopes (i-Optics EasyScan).
The retinal vascular analysis will be the main focus of this thesis. Innovative visual
perception-inspired computer vision algorithms will be designed to extract and analyze a
full range of relevant retinal vessel biomarkers. In the following sections, we will give
more details about the human visual system and the eye, with a main focus on the retinal
vasculature. Clinical and technical motivations for analyzing the retinal vessel structures
in a multi-orientation framework will be also explained.
1

2

http://www.retinacheck.org/
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Figure 1.1: The worldwide diabetes epidemic, as published in [9].

Chapter 1. Introduction

1.1

The visual system and retinal Imaging

The visual system is part of the central nervous system for processing visual information.
The psychological processing of visual information is known as visual perception. See
Figure 1.2. The main structures of the visual system include the eyes, the pathways that
connect to the visual cortex and the cascade of cortical visual stages, V1, V2 etc.. Humans
observe the world via the visual system, where the eye is an optical system that converts
information from surroundings into electrical signals and transmits them to the related
regions in the brain. The eye ball itself is a relatively small and simple system, compared
with the complicated part in the visual cortex (in the back of our brain).
Visual area of
the thalamus

Eye

Optic
nerve

Retina

Visual
cortex

Figure 1.2: An overview of the human visual system in the brain. The visual pathway
goes through the thalamus and into the visual cortex. This figure is adapted from Figure
4.11 in [10].

The eye ball is a cavity located at the front part of the head, and has a perfect spherical
shape with a diameter of approximate 2.5cm. See Figure 1.3. At the back of the eye,
there are three different layers: the fibrous layer (sclera), the vascular layer (choroid)
and the sensory layer (retina). The lens is a transparent, biconvex structure that helps
to focus incoming light on the retina, and divide the eye into the anterior and posterior
segments. As shown in Figure 1.3, the anterior part includes the components namely
cornea, iris and pupil, while the retina is a vital component of the posterior part.
4

1.1. The visual system and retinal Imaging

Figure 1.3: An overview of the whole structure of the human eye. This figure is from [11].

The retina is the innermost layer that covers the eyeball [12]. Light passes through the
vitreous and projects directly on the retina, by which the light signals are converted to
electric signals and then transmitted to the brain via the optic nerves [13, 14].
Clinical examination of the eye can be achieved via different techniques, in which the
retinal imaging through fundus photography is commonly used due to its time-efficient
and cost-saving properties. In ophthalmology, the fundus represents the posterior wall of
the eye with the retina, which includes the macula, optic disc and the retinal vasculature.
Figure 1.4a shows an example of a retinal SLO (Scanning Laser Ophthalmoscopy) fundus camera, which functions similarly to a conventional digital camera. The common
schematic of a retinal fundus camera is given in Figure 1.4b. The imaging light generated
from the electronic flash, or viewing lamp, is projected through a set of filters on to a
round mirror (M2) in the camera. This mirror reflects the light up to a series of lenses (L4
and L5) in order to focus the light and shape it into a doughnut (ring shape) based on L5.
Then the light is reflected again by another round mirror (M3) which has an aperture at
the center. Afterwards, the light goes through L6 and enters the eye through the cornea
and finally reaches the retina. The reflected retinal image leaves the eyes again through
the cornea and returns back to the camera. It passes through the central aperture of the
mirror M3 and is adjusted by several correction devices.
5
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(a) Retinal SLO fundus camera

(b) Schematic diagram of a fundus camera

Figure 1.4: An overview of the retinal imaging system. (a) The EasyScan retinal fundus
camera (i-Optics Inc., the Netherlands) [15] based on a Scanning Laser Ophthalmoscopy
(SLO) technique. (b) The schematic diagram of conventional fundus camera (adapted
from Nourrit et al. [16]).

(a) RGB image

(b) SLO image

Figure 1.5: Two different types of retinal images. (a) An RGB retinal image obtained by a
color fundus camera. (b) The same image obtained by a SLO fundus camera. Both retinal
images are provided by the i-Optics Inc.. The blue circle marks the optic disc region and
the yellow circle marks the fovea region.
A digital image is finally formed by projecting the analogue light image to a 2D digital
sensor array. Figure 1.5a and Figure 1.5b show retinal images of the same eye, respectively
taken from a color fundus camera and SLO fundus camera. In the subsequent chapters,
both types of images are used to validate the proposed algorithms for retinal vessel
6
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analysis. There are three important landmarks in retinal images, i.e. optic disc, fovea
(macula) and blood vessels. The optic disc (blue circle) is shown as bright (RGB images)
or dark (SLO images) region where blood vessels and nerves enter and exit the eye. The
optic disc has no photoreceptors and thus this causes a blind spot in the visual field. The
average diameter of the optic disc is about 1.85 mm [17]. The macula (yellow circle) is
represented as a darker region and the center of the macula is the fovea centralis, which
appears as a central pit on the macula and is about 0.5 mm in diameter. The retinal blood
vessels originate from the optic disc with calibers of around 125 µm, then progressively
split into smaller branches to maintain the blood and oxygen transport. These tiny vessels
descrease further with calibers of 3-6 µm at the final parts [18]. The arteries appear light
in retinal fundus images, while veins show a darker color due to their reduced oxygen
concentration.

1.2
1.2.1

Background and motivation
Clinical importance of retinal images and retinal vasculature

Many clinical studies [2, 3] show that geometrical and pathological changes may happen
in the retina due to different eye-related diseases, such as age-related macular degeneration (AMD), diabetic retinopathy (DR), and systemic diseases, such as hypertension and
arteriosclerosis [2]. The rapid development of retinal fundus photography provides a
convenient means for the non-invasive observation of the signs of such diseases through
the retina. Consequently, retinal images are broadly used in the investigation of the retina
to prevent blindness, and in the clinical assessment of diseases by analyzing the relationships between different pathologies and their geometrical properties, i.e., disease-specific
biomarkers need to be extracted from retinal images for the estimation of diseases status.
As a major component of the retina, retinal blood vessels include rich geometrical
information and can provide important clinical biomarkers to assist ophthalmologists.
For example, retina-related diseases such as diabetic retinopathy (DR) and retinopathy of
prematurity (ROP) usually cause variations in the blood vessels like neovascularization
and tortuosity changes [2, 3]. Figure 1.6 shows examples of retinal images from a healthy
subject and a patient with hypertension. Remarkable variations of vessel tortuosity can
be observed from the DR subject, compared with the more straight vessels in the healthy
subject. The arterial-venous diameter ratio (AVR) is a dimensionless measure that has
been used frequently to show the classification ability between normal and abnormal
blood pressure [19–22]. It has been shown that the AVR value changes over age and
with body mass index (BMI) [19]. Clinical studies also find that arteriolar bifurcation
angles are reduced in hypertension [23] and with increasing age [24]. Frost et al. [25]
proposed a method for early detection and monitoring Alzheimer’s diseases based on
retinal vascular parameters including branching coefficients, junctional exponents and
asymmetry factors on the arterial and venous side. To the best of my knowledge, this
7
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is the first study which successfully relates retinal blood vessel changes to early signs of
Alzheimer’s disease. There are also many works [26–28] reported that retinal images
with ophthalmological diseases generally had higher fractal dimension than healthy ones.

(a) Health subject

(b) Hypertensive subject

Figure 1.6: Examples of retinal fundus images from (a) a healthy subject and (b) a
hypertension subject with more tortuous vessels (pointed by the yellow arrows). Both
images are taken from the Maastricht Study dataset [29] (Maastricht, The Netherlands).

In clinical practice, the labor-intensive observer-driven techniques often need more time
to complete the diagnosis process, and this burden will become much heavier within a
large population-based screening program. For example, the world diabetic population is
increasing rapidly. Diabetes not only affects the blood circulation system, but also causes
abnormalities in multiple organs, leading to diabetic neuropathy, diabetic nephropathy,
diabetic retinopathy (DR), etc. Figure 1.1 shows a recent study on the percentages of
predictions of the world diabetes problem. DR is one of the main causes of blindness in
the world. And with an expected doubling of diabetes patients worldwide until 2030, DR
will certainly gain more momentum in the future. The current practice of DR screening
programs require well-trained human experts’ examination of retinal fundus images.
To ensure early decision making and treatment planning, automated computer-aided
diagnosis (CAD) systems are needed to assist the large screening programs very efficiently.
Automatic retinal image analysis methods are therefore needed and considered as a
fundamental step in the development and deployment of CAD systems. In the next
subsection, we will discuss the clinical benefits of using image analysis techniques on
retinal images, especially on the retinal vessels for the computer-aided diagnosis.
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1.2.2

Image analysis techniques for retinal vasculature

For many years, people have been working on automatic and innovative image processing/analysis and machine learning algorithms for retinal fundus images to meet the
requirements of computer-aided diagnosis. On one hand, image processing/analysis
methods provide a new perspective for analyzing retinal images, finding important landmarks and measuring biomarkers that associate with different diseases. On the other
hand, computer-based automatic methods reduce the burden of ophthalmologists and
clinicians in large-scale screening settings.
In retinal images with pathological conditions, there is a broad field of important patterns and features to detect and analyze. Many methods have been developed for the
processing/analysis of changes in retinal fundus images. These subjects include image
quality quantification, localization and segmentation of important landmarks (retina
vessels, optic disc and fovea), and segmentation of abnormalities, e.g. blood vessel
related abnormalities, pigment epithelium related abnormalities and choroid related
abnormalities [2]. However, developing robust and reliable methodologies for automatic
feature/pattern extraction is still a challenging task. There still exist many problems in
the automatic retinal image analysis and they need to be solved before applying the CAD
systems in clinical settings. Nevertheless, the practical requirements of public health care
motivate people to develop more and more state-of-the-art methods based on modern
image analysis techniques.
Due to the importance of the retinal vasculature, different computer-assisted platforms
like the Integrative Vessel Analysis (IVAN) [30], the Singapore I Vessel Assessment
(SIVA) [31] and the RetinaCAD [32] were developed for the assessment of vascular
changes. These softwares use different retinal vessel analysis methods for the computeraided diagnosis. Currently, the demands of early CAD systems for automatic screening
programs in different eye-related disease conditions are still growing. Thus, advanced retinal vessel analysis techniques need to be developed to set up more complete and reliable
CAD infrastructures. Specifically, important tasks including vessel enhancement [33–38],
completion [37, 39], detection/segmentation [38, 40], as well as measurement of geometric biomarkers [41–43] are required to be accomplished for processing/analysis of
elongated vessel structures.
The cortical-inspired modeling techniques have received a broad interest in the field
of curvilinear/elongated structures analysis due to their superior performance. Many
models [33, 34, 39, 44–48] learned from the functional mechanisms in early vision,
particularly the primary visual cortex V1 [13, 49] have been proposed. In this thesis, our
main focus is on the retinal vasculature analysis, and the cortical-inspired models and
algorithms for processing elongated vessel structures will be extensively investigated and
discussed. The primary visual cortex (Figure 1.2) in the visual pathway is also referred to
as the striate visual cortex V1. In the next section, we will give more details about the
9
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Figure 1.7: A demonstration of the effects of the active “pinwheel" pattern of orientation
preference in the primary visual cortex V1 of human brain. Left: the primary visual
cortex V1 in the human brain. Right: iso-orientation contours from an orientation
preference map superimposed over an ocular dominance map from the same V1 region.
The orientation sensitivity of the different cells are color-coded. This figure is adapted
from [50] and Figure 8 in [51].

context modeling, and how it is motivated by the functionalities of the primary visual
cortex V1 (Figure 1.7).

1.3

Cortical-inspired context modeling

The insight into the physiology of vision has been growing and the corresponding corticalinspired modeling has become very popular in the research fields of computer vision,
image processing and machine learning. The human visual system still often outperforms
most of the image processing techniques. Thus, it is logical to consider the models
mimicking the functional architecture of the biological visual system. As explained,
the retinal vessels are elongated curvilinear structures with multiple orientations. The
geometric modeling for processing retinal vessels will start from the visual perception of
multi-orientation structures in the early stages of vision.

1.3.1

The primary visual cortex V1

Hubel and Wiesel [49] discovered that certain visual cells in cats’ striate cortex have
a strong orientation-selective property (Figure 1.7). In their experiments, Hubel and
Wiesel inserted a microelectrode into the V1 of an anesthetized cat. Then by projecting
some light and dark patterns on a screen in front of the cat, they observed that some
10
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neurons are activated specifically to a line of one specific angle while other different
sets of neurons also respectively respond to lines of different angles. Based on those
observations, they deduced that the neurons in V1 are coherently activated and could
detect the elongated structures with a certain orientation angle.
The visual cells are spatially organized in such a way that for every point (x, y) of the
retinal plane there is an entire set of cells, and each one is sensitive to a particular instance
of the considered feature such as orientation, scale or color, giving rise to the so-called
hypercolumns. A orientation hypercolumn can be interpreted as the processing unit for a
“visual pixel”, representing the optical world at a single location, neatly decomposed into
a complete set of orientations, as shown in Figure 1.8.

Figure 1.8: The orientation columns in the primary visual cortex.
The primary visual cortex actually “transforms” the observed image, which can be seen
as a map of intensity values for each spatial position (x, y), to a three-dimensional
representation, i.e. a map of orientation confidences for each position and orientation
(x, y, θ). Motivated by the orientation-selective cells, Petitot [52] proposed a differential
geometrical model which mimics V1 based on the aforementioned experiment. This
model was subsequently refined to the Euclidean motion group by Citti and Sarti [45,
53]. The model produces a stack of orientation layers and each layer only gives high
filter responses to elongated structures with the corresponding orientation. Similarly,
a so-called invertible orientation score was proposed by Duits et al. [46, 54] for multiorientation analysis [35, 55]. See Chapter 2 and Figure 2.1 for more details. In this work,
we rely on the orientation score framework and integrate it into different applications
11
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for multi-orientation analysis of vessel structures, essentially because it provides us with
geometric basics for processing image data and analyzing clinical biomarkers in a new
perspective.

1.3.2

Gestalt laws and perceptual grouping

Visual tasks like object extraction/segmentation and grouping can be explained with
the theory of the Berliner Gestalt psychology, which proposed local and global laws to
describe the properties of a visual stimulus [56, 57]. In particular, the laws of good
continuation, closure, and proximity play an important role in the individuation of
perceptual units in the visual space, as shown in Figure 1.9. In [58], perceptual grouping
was considered to study the problem of finding curves in biomedical images.

(a) Good continuation

(b) Closure

(c) Proximity

Figure 1.9: Examples of (a) good continuation, (b) closure, and (c) proximity of Gestalt
laws.
It has turned out that there exists an intriguing and extremely precise spatial and
directional organization into the cortical hypercolumns, see Figure 1.8. Correlated
horizontal connections run parallel to the cortical surface and link columns across the
spatial visual field with a shared orientation preference, allowing cells to combine
visual information from spatially separated receptive fields. Synaptic physiological
studies of these horizontal pathways in cats’ striate cortex show that neurons with
aligned receptive field sites excite each other [59] on the cortex between different
pinwheels, in an elongated area and over long distances, creating long-range contextual
connections [48, 60].
Apparently, the visual system not only constructs a score of local orientations, but also
accounts for context and alignment by excitation and inhibition a priori, which can be
modeled by left-invariant PDE’s and ODE’s on the roto-translation group SE(2) [33–35,
39, 44–46, 48, 52, 54, 61–68]. In this thesis, we mainly consider two types of stochastic
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processes, i.e., contour enhancement [45, 52, 54] and contour completion [39, 44] and
apply them in the field of imaging and vision. The contour enhancement focuses on the
de-noising of elongated structures, while the contour completion aims for bridging the
gap of interrupted contours. We will give more detailed explanations in Chapter 3 and 4.

1.3.3

Multi-orientation analysis of retinal vasculature

Image processing tasks often require enhancement of elongated curvilinear structures,
such as lines, contours and oriented textures, particularly in noisy images. Many algorithms have been proposed for enhancing those structures and reducing the background
noise. Among them, adaptive diffusion processes are widely considered due to the amount
of diffusion in different directions is easily controlled during the PDE’s evolution process.
Perona and Malik [69] proposed an isotropic nonlinear diffusion technique where the
diffusion is inhabited at edges, such that image noise can be reduced while edges still
remain sharp. Later, the edge- and coherence-enhancing diffusion methods [70, 71] were
proposed by Weickert to enhance elongated structures via a structure tensor based nonlinear process. However, elongated crossing and bifurcation structures are challenging
cases in 2D medical image processing. One can solve these problems by considering
multi-orientation wavelet transforms like the curvelet transform [72–74], which is able
to disentangle crossing elongated structures to different orientation planes.
In this thesis we try to further exploit the enhancement and segmentation of crossing
elongated structures by using orientation scores [35, 46, 54] of images. An orientation
score U (x, y, θ) is a function on the roto-translation group SE(2). It is a mapping of a
2D image f (x, y) on each spatial position (x, y) to a 3D orientation score domain where
includes an additional third dimension, i.e. orientations θ. In Chapter 3, we first explain
left-invariant linear diffusion equation on SE(2) for contour enhancement. Later an
nonlinear diffusion process [36] on orientation scores is applied on retinal images for
denoising and vessel enhancement.
Similarly, the left-invariant convection-diffusion equation on SE(2) for contour completion will also discussed in this thesis. The completion process is a modeling of the
propagation of lines and contours [37, 39, 44, 45, 75]. The completion process as
proposed by Mumford [44] is also called the direction process, which corresponds to
the Gestalt law of good continuation in the perceptual units of the primary visual cortex [56, 57, 76]. Exact solutions to this problem were derived by Duits and Almsick [39],
and in this thesis (Chapter 3) we will benchmark many numerical methods to the exact
solutions. Parent and Zucker [58] demonstrated in both theory and practice that it is feasible to reconstruct curves by considering the consistency relationships between interrupted
structures. In practice, many curvilinear structures have locally regular/smooth shapes.
Thus, interrupted curvilinear segments are possible to be reconstructed/reconnected via
a contour completion process in a multi-orientation framework.
13
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The clinical importance of retinal vessels and their extraction/segmentation has been
discussed in Section 1.2. Many algorithms have been proposed for solving retinal vessel
segmentation problems, and they can be generally divided into two categories: the
supervised methods [77–84] and unsupervised methods [40, 85–89]. Oriented-filters
are also widely used in the segmentation of elongated structures, either by extracting
features for supervised learning or by maximizing the corresponding filter responses
on vessels. Gabor filter banks are often employed for multi-scale and multi-orientation
analysis due to their fine frequency tuning and orientation electiveness. Soares et al. [90]
extracted a feature vector for a Bayesian classifier from the pixel intensity and Gabor filter
responses at multiple orientations and scales. Another supervised approach is proposed
by Fraz et al. [91] which is an ensemble classification system of boosted and bagged
decision trees, using features from gradient vector fields, Gabor filter responses, and
morphological and line-based features. Azzopardi et al. [40] proposed a combination of
shifted filter responses (COSFIRE) for bar and bar-ending structures detection. Yin et
al. [92] developed an orientation-aware detector (OAD) for vessel extraction, given that
vessels are locally oriented and elongated. In this thesis, we also consider to process
image data in a higher-dimensional space, but instead of using the local Radon transform,
we rely on the formal group-theoretical framework of orientation scores [46].
Therefore, in this thesis we consider to process image data in a higher-dimensional space,
i.e. the formal group-theoretical framework of orientation scores [35, 46, 54]. The
orientation scores provide a new data representation for analyzing vessel structures in a
multi-orientation framework. Vessel segmentation techniques have been developed by
taking the advantage of orientation scores and left-invariant differential geometry tools.
The proposed techniques are explained in Chapter 5 and 6.

1.4

Contributions

This thesis aims to develop robust and automatic algorithms for the geometrical analysis
of retinal vessel structures. The proposed methods are set up based on a multi-orientation
analysis framework, and are included as basic tools in the computer-aided diagnosis
(CAD) infrastructure. The main contributions of this thesis can be summarized as follows:
• We provide a concise overview of all exact approaches for contour enhancement
and contour completion. We compare all numerical approaches (finite difference
methods, a stochastic method based on Monte Carlo simulation and Fourier based
methods) to their exact solutions. We show that the Fourier based approaches
perform best. We also implement the exact solutions for both contour completion
and contour enhancement, including improvements of Mathieu-function evaluations
in Mathematica that were necessary to implement, for the first time, the exact
solutions of contour enhancement. We establish explicit connections between
exact and numerical approaches for contour enhancement. We propose a new
14
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probabilistic time integration to overcome the poles, and we show benefits of this
newly proposed method in contour completion via stochastic completion fields [68].
We also apply left-invariant evolutions as preprocessing before tracking the retinal
vasculature [55] .
• We present a novel approach for bridging interrupted skeletons to form a complete
vascular network, which can significantly improve the measurements of clinical
biomarkers. The proposed method uses a contextual model, which is set up based
on the Gestalt rules of good continuation and proximity. The validation results
strongly support its close relation to the physiological findings in human’s visual
system. The new explicit completion kernel is achieved via integration with a new
probabilistic Gamma-distribution, which is proved to be able to avoid singularities
at the origin of the completion kernel. In addition to the theoretical ideas, we show
in practice that this newly proposed time integration in contour completion provides
better propagation for filling the interrupted structures. A new orientation scorebased segment-wise thinning (SWT) technique is proposed to avoid the imperfect
2D thinning at junction structures.
• We propose a supervised retinal vessel segmentation method, in which new orientation score-based contextual features, i.e. vessel filtering features and multi-scale
wavelet transform features, are incorporated into a supervised classification system.
A simple algorithm is proposed to remove false detections of non-vessel boundaries
in pathology regions. This method employs the vessel filtering in orientation scores
and gives us clean segmentation results. Our method is able to deal with complex
structures, e.g. central arterial reflex, crossover vessels, closely parallel vessels and
micro-vessels, which are challenging cases in many state-of-the-art methods.
• We propose an unsupervised retinal vessel segmentation approach based on a
simpler version of a 2nd-order locally adaptive derivative. This simpler version
performs well in comparison to the state of the art, and it avoids a computation of
full Laplacian in vessel enhancements (geometric diffusions) appearing in [34, 36].
Our novel and simple detector is in our opinion much easier to grasp and reproduce.
We show that the proposed locally adaptive derivative (LAD) filter on orientation
scores (LAD-OS) gives good performance even with a small number of orientation
samples, as a consequence of our specific adaptive frame methodology. Compared
with the conventional filter-based approaches which usually require large number
of orientation samplings, our method is more efficient in computation. In addition
to the theoretical ideas proposed in this work, we also give a full evaluation/benchmarking of vessel segmentation via left-invariant processing of orientation scores,
which has not been done before. Validations were performed on 6 different datasets
with both RGB and Scanning Laser Ophthalmoscopy (SLO) retinal image modalities.
Experimental results showed that the proposed method works robustly on different
types of retinal images and gives accurate vessel segmentations. We showed that
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the proposed method can handle challenging retinal vessel segmentations on which
other state-of-the-art methods fail. We have published two new type of retinal
datasets, the IOSTAR [93] and RC-SLO [94]. To the best of our knowledge, they
are the first two publicly available SLO datasets for retinal image analysis.
• We propose a new convergence index filter, called super-elliptical filter (SEF),
suitable for the detection of any semi-elliptical convex shape. We also introduce a
setup of paired SEF filters (PSEF) which is used for the simultaneous detection of
optic disc and fovea in fundus images.
• We set up a pipeline to extract important vessel geometric biomarkers for the
statistical analysis of their associations with different diseases. The statistical
analysis results show correlations between different vessel biomarkers and diseases.
This provides the possibility of applying the proposed pipeline tools on the further
analysis of vessel biomarkers for computer-aided diagnosis.

1.5

Overview

Together with this chapter, the research work reported in this PhD thesis is organized in
the following chapters.
Chapter 2 provides a general description about the essential geometrical basics for setting
up the multi-orientation analysis framework exploited in the subsequent chapters.
Chapter 3 explains the left-invariant PDE-evolutions on the roto-translation group SE(2)
(and their resolvent equations) for contour enhancement and contour completion. This
chapter presents a thorough study and gives the full implementations for all our numerical
schemes. We show their performance when compared to the exact solutions.
Chapter 4 presents different applications on retinal images to show the benefits from
the proposed mathematical modeling in Chapter 3. This chapter provides an effective
and automatic reconnection algorithm for bridging the interrupted curvilinear skeletons
in ophthalmologic images based on the contour completion process. In addition, a
newly proposed statistical kernel is obtained by finding line co-occurrence statistics
from the centerlines of retinal blood vessels. This kernel has remarkable similarity to
the probabilistic kernel discussed in Chapter 3. We also show the power of our multiorientation left-invariant diffusion with an application on complex vessel enhancement.
Chapter 5 presents a supervised approach for the retinal vessel segmentation by incorporating vessel filtering and wavelet transform features from orientation scores, and green
intensity. A Random Forest classifier is finally trained for vessel segmentation.
Chapter 6 presents an unsupervised and fully automatic filter-based approach for retinal
vessel segmentation. New multi-scale and multi-orientation vessel enhancement filters are
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set up based on a locally adaptive derivative (LAD) frame which is found by eigensystem
analysis of a left-invariant Hessian matrix.
Chapter 7 provides an automatic optic disc (OD) and fovea detection technique using
an innovative super-elliptical filter (SEF). We present a setup for the simultaneous
localization of the OD and fovea, in which the detection result of one landmark facilitates
the detection of the other one.
Chapter 8 sets up a pipeline for analyzing the correlations between retinal vascular
changes and different diseases. The proposed geometrical tools proposed in this thesis
are used to extract retinal vessels and define a region of interest for further analysis.
Important vessel geometric biomarkers are extracted for the statistical analysis based on
the developed tools in the RetinaCheck group [41].
Finally, Chapter 9 concludes this thesis by providing a summary of the presented research
work and a discussion of future directions.
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In the Introduction chapter, we gave the biological and clinical motivations for processing
retinal images via a multi-orientation framework, i.e. the orientation scores. In this
chapter, we set up the essential theoretical basics needed in the next chapters. We will
explain the details about what are orientation scores, and how to construct orientation
scores. In addition, the essential geometrical basics, i.e, the space of the orientation scores,
the corresponding underlying group structures, algebras, as well as legal operators will be
explained in such a way that it should be understandable without too many prerequisites
from the fields of Lie group theory and differential geometry. We also try to describe the
fundamental infrastructure of this work in the context of retinal image analysis. For more
details and explanations we refer to other publications [33–35, 39, 46].

2.1

Invertible orientation scores

An orientation score Uf (see Figure 2.1) is obtained by lifting a 2D image f via a
unitary wavelet-type transform between the space of the disk-limited image L%2 (R2 ) :=
{f ∈ L2 (R2 ) | support{FR2 f } ⊂ B0,% } (with % > 0 close to the Nyquist frequency and
B0,% = {ω ∈ R2 | kωk ≤ %}, where B0,% is a closed ball with radius % and ω is the Fourier
frequencies.), and the space of orientation scores. The space of orientation scores is a
specific reproducing kernel vector subspace [54, 95, 96] of L2 (R2 × S 1 ), i.e. the space of
positions R2 and orientations S 1 . See Appendix A for the connection with continuous
wavelet theory.
The transformation is achieved by filtering the image f through a set of rotated anisotropic
wavelets ψ ∈ L2 (R2 )∩L1 (R2 ) , which will be further explained in Section 2.2. Consequently, the set of rotating/oriented filter responses forms the orientation score Uf which
is regarded as a function on the coupled space of positions and orientations R2 o S 1 .
Here, the semi-direct product ” o ” between R2 and S 1 explains the fact that a rotation
Rθ pops up in the translation part, which will be explained in Subsection 2.3.3.
Invertibility of the transform between image and orientation score is of vital importance
to the subsequent image processing operations such as vessel tracking [55] and vessel
enhancement [36, 38, 97, 98], as we do not want to tamper data-evidence in our
continuous coherent state transform [68, 96] before actual processing takes place. This
is a key advantage over related state-of-the-art methods [45, 61, 65, 68, 99].
The orientation score transformation via the anisotropic convolution kernel ψ ∈ L2 (R2 )∩
L1 (R2 ) is achieved by
Z
ˇ ∗ f )(x) =
Uf (x, θ) = (Wψ [f ])(x, θ) = (ψ
ψ(R−1
(2.1)
θ
θ (y−x))f (y)dy,
R2

where Wψ denotes the transform between the image f and the orientation score Uf ,
where ψ θ represents the complex conjugate of ψθ and ψ̌θ (x) = ψθ (−x), and where the
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Figure 2.1: Transformation from the 2D image domain to the 3D orientation scores
on a phantom image (top), and a real retinal image patch (bottom). Wψ provides the
orientation score transform, and Wψ∗ ensures the stable inverse transformation. The top
row and bottom row show that crossing elongated structures are disentangled in the
orientation score domain. The last figure in the bottom row only shows the structures in
π
the interval θ ∈ [− 9π
20 , − 10 ]. Image processing via operators Φ on the invertible orientation
score robustly relates to operators Υ on the image domain. Euclidean-invariance of Υ is
preserved by left-invariance of Φ (see Subsection 2.3.5 for details).

rotation matrix Rθ is given by
!
cos θ − sin θ
Rθ =
.
sin θ cos θ

(2.2)

The 3D spiral structures in the orientation score space in Figure 2.1 (top row) show the
lifted wavelet responses along the angular changes of the 2D circle. Exact reconstruction
from the 3D orientation score to the 2D image domain is obtained by
f (x) =

(Wψ∗ [Uf ])(x)



 Z 2π

1
−1
−1
= FR2 Mψ FR2
(ψθ ∗ Uf (·, θ))dθ
(x),
2π 0

(2.3)

for all x ∈ R2 , where Wψ∗ denotes the adjoint of wavelet transform Wψ : L2 (R2 ) →
SE(2)

CK

[54], where the reproducing kernel norm on the space of orientation scores,
SE(2)

CK

= {Wψ f | f ∈ L2 (R2 )},

(2.4)
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is explicitly characterized in [46, Thm. 4, Eq. 11], and where FR2 is the unitary Fourier
transform on L2 (R2 ). A stability measure of the inverse transform Mψ ∈ C(R2 , R) is
given by
Z
ω) =
Mψ (ω
0

2π

2
2
|ψ̂(R−1
θ ω )| dθ for all ω ∈ R ,

(2.5)

with ψ̂ := FR2 ψ, ψθ (x) = ψ(Rθ−1 x). Furthermore, well-posedness of the reconstruction
is controlled by Mψ [46, 55], For details see Appendix A. In practice, we usually aim
ω ) ≈ 1 for ω < % to preserve all relevant frequency components with a ball of
Mψ (ω
ω || = %, we suffer from practical
radius % (see Figure 2.2a). Due to the discontinuity at ||ω
numerical problems with the inverse Fourier transform. To avoid such issues, we use the
ω ) = BN (ρ2 t−1 ), where N ∈ N, t > 0,
ψ proposed in [54, ch:4.6.1] and [55] with Mψ (ω
ω || and
ρ = ||ω
BN (ρ2 t−1 ) = e−

ρ2
t

N
X
(ρ2 t−1 )i
i=0

i!

≤ 1.

(2.6)

where No denotes the number of angular samples with step size sθ = 2π/No. The radial
envelope BN (ρ2 t−1 ) in the Fourier domain is essential a Gaussian divided by its Taylor
expansion such that it approximates 1 over a certain range, but with a smooth decay
at the inflection point close to the Nyquist frequency at ρ̂ = γ% (see Figure 2.2b) with
0  γ < 1. N denotes the order of the Taylor series and the scale parameter t is given by
d2
2 −1 )|
t = 2ρ̂/(1 + 2N ) to fix the bending point dρ
ρ=γ% = 0.
2 BN (ρ t
For a special class of filters ψ, a fast approximate reconstruction can be simplified to an
integration over the orientation θ, i.e.,
fˆ(x) ≈

Z

2π

Uf (x, θ)dθ,

(2.7)

0

resulting in the approximation fˆ of f . The integration provides a practical advantage,
namely improving the computational efficiency, for image processing operations using
orientation scores.
In Figure 2.1, the orientation score transform is applied on a retinal image patch (bottom
row) with crossover structures. One of the main advantages of using a orientation score
is that crossing elongated structures are disentangled from each other according to their
orientations, which means that we do not need to take special care for difficult 2D
crossing issues in practical applications. In our studies, we take the advantage of this
property. The other advantage is the invertibility of the transform, as data-evidence
should not be tampered before processing in the new domain takes place.
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(a)

(b)

ω ) ≈ 1 for ω < % to ensure the well-posedness of the reconstruction.
Figure 2.2: (a) Mψ (ω
(b) Showing the plots of BN (ρ2 t−1 ) with different orders to ensure a slow decay, where
t = 2ρ̂/(1 + 2N ) with N = 5, 10, 15, 20, 25.

2.2

Cake wavelets

As described in the Introduction section, one of our main interests is to analyze retinal
blood vessels. One must choose the oriented wavelets ψ that lead to invertible manifestation Wψ that are able to very well represent vessel structures. In this work, we select cake
wavelets1 [55] as the anisotropic filters for orientation score construction. The spatial
cake wavelet ψ is given by

h
i
ψ(x) = F −1 ω → ψ̃(ρ cos ϕ, ρ sin ϕ) (x)Gσ (x).
(2.8)
Here ψ̃ is a description of the wavelet in the Fourier domain (given below), F −1 is the
inverse Fourier transform, and Gσ is a Gaussian window with 0 < 1  σ, such that the
long tails in the spatial domain can be avoided. The Fourier kernel is expressed in polar
coordinates (ρ, ϕ) in order to sample parts of the Fourier domain based on orientation
ω ) = A(ϕ)BN (ρ) is obtained
(ϕ-direction) and scale (ρ-direction). The Fourier wavelet ψ̃(ω
from the separate angular and radial components


(
B k (ϕ mods2π)−π/2
if ρ > 0
θ
A(ϕ) =
,
(2.9)
1
if ρ = 0
No
where B k (x) gives the k-th order B-spline given by
B k (x) = (
(B k−1 ∗ B 0 )(x),
1
if − 21 < x <
B 0 (x) =
0
otherwise

1
2

,

(2.10)

1

They are called ’cake’ kernels, as they are constructed by dividing the Fourier domain in equal angular
segments from the origin, like pieces of a cake. See Figure 2.3.
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where we usually set k = 3 in our work.

(a) Real part

(b) Imaginary part

(c) Fourier wavelets

(d) Fourier contours

Figure 2.3: Spatial and Fourier representations of the cake wavelets. The top row shows
the cake wavelet constructed using No = 10; the middle row shows the cake wavelets
using No = 18, and the bottom row shows the cake wavelets with No = 32. (a) The real
part and (b) the imaginary part of the wavelet in the spatial domain are zoomed by a
factor of 8 for the sake of visualization. (c) The Fourier wavelets and (d) Fourier contours
are plotted at 80% of the filter maximum.

The cake wavelets (as "pieces of the cake") ψ is designed to uniformly cover all the Fourier
frequencies such that no data-evidence is lost during the orientation score forward and
backward transformations. Hence, the cake wavelets capture the information of all
scales to construct the (full-scale) orientation scores. The first two columns in Figure 2.3
show the real and imaginary parts of the cake wavelet, respectively. Cake wavelets
are quadrature filters, which means that the real part represents the locally symmetric
structures like ridges/lines, while the imaginary part responds to the antisymmetric
structures like edges. In the context of the retinal blood vessel analysis in this work, we
mostly choose the real-valued cake wavelets.
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2.3

Group theoretical basics for image processing in orientation scores

To analyze elongated structures with multiple orientations, image data is represented by
means of orientation scores, as illustrated in the last two sections. Subsequently, to deal
with the new data representation in the 3D lifted domain R2 o S 1 , we need to perform
image processing operations that should follow the curved geometrical properties in this
coupled space of positions and orientations. Recall that a 2D circle corresponds to a spiral
in the orientation scores in Figure 2.1.
Thereby, an important observation that follows the above requirements is that a grouptheoretical-framework can be considered to identify and process orientation scores [35,
54]. To be specific, in this work the roto-translation group SE(2), a special Lie group
framework of planar rotations (SO(2)) and translations (R2 ) is employed to define
sensible image processing operations on orientation scores (Section 2.3.3). In the
following subsections, we provide the basic theories with special attention to the SE(2)
group to understand the geometrical property in the domain of orientation scores.

2.3.1

Translation, rotation invariance, and Euclidean invariance on R2

Translation and rotation invariance are two important properties for image processing
operations both on images f ∈ L2 (R2 ) and orientation scores Uf ∈ L2 (SE(2)). A
translation operation Tx and a rotation operation Rθ are respectively defined by
∀x, ∀y ∈ R2 : (Tx f )(y) = f (y − x),
∀θ ∈ R : (Rθ f )(x) = f (R−1
θ x).

(2.11)

Translation invariance means that an image processing operation Υ : L2 (R2 ) → L2 (R2 )
commutes with Tx of the image, and rotation invariance means that Υ commutes with
rotation Rθ of the image, i.e.
∀x ∈ R2 : Tx ◦ Υ = Υ ◦ Tx ,

(2.12)

∀θ ∈ R : Rθ ◦ Υ = Υ ◦ Rθ ,

(2.13)

The Euclidean invariance property of image processing operation Υ is achieved by combining translation and rotation invariance, and it is written as
∀x ∈ R2 , ∀θ ∈ R : U(x,θ) ◦ Υ = Υ ◦ U(x,θ) , where U(x,θ) = Rθ ◦ Tx ,

(2.14)

which means that it does not matter if we first apply an image processing operation Υ on
the image followed by the translation and rotation U(x,θ) , or apply the translation and
rotation U(x,θ) first followed by an image processing operation Υ.
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However, the number of possible rotation invariant operations on the image domain is
limited to isotropic filtering or the gauge frame [100]. By using orientation scores, it
is possible to design operations that are particularly suitable for dealing with oriented
structures with both translation invariance and rotation invariance. In the following
chapters, we will show that the orientation scores provide us with more possibilities to
implement Euclidean invariant operations on the roto-translation group SE(2) for retinal
image analysis.

2.3.2

Group and group representation

A group G is an infinite or finite set of elements with a binary group operation "·"
(where this symbol is omitted for convenience sometimes in this thesis), that satisfies the
following properties:
• closure: g · h ∈ G is satisfied for all g, h ∈ G;
• associativity: (g · h) · a = g · (h · a) is satisfied for all g, h, a ∈ G;
• identity: consider e ∈ G is an identity element of a group G, then a · e = e · a = a is
satisfied for all a ∈ G;
• inverse: for any a ∈ G, there exists an element a−1 ∈ G, such that a−1 · a = e;
• for some groups, like Abelian or commutative group, the commutativity property
is also satisfied if g · h = h · g for all g, h ∈ G. (Note that the roto-translation
group SE(2) considered in our work is a non-commutative group, i.e. in general
g · h 6= h · g, which will be further explained in Subsection 2.3.4.
To map the structure of the group to mathematical objects like orientation scores or
images, a so-called group representation is required. For orientation scores, a representation is a mapping of the form R : G → B(H), where H is a Hilbert space to
which the orientation score belongs and B(H) is the space of bounded linear operators
D : H → H. Therefore, a group representation maps a group element to an operator, i.e.
R = (g 7→ Rg ), such that:
• an identity group element maps to identity operator, i.e. e 7→ I;
• the group product is preserved, i.e. g · h 7→ Rg ◦ Rh ;
• and the inverse is also preserved, i.e. g −1 7→ (Rg )−1 .
Here "◦" denotes operator concatenation, i.e. g ◦ h = g(h), or Rgh (f ) = Rg (Rh (f )).

2.3.3

Lie group and the roto-translation group SE(2)

A Lie group G is a continuous/infinite group with infinite number of group elements that
are parameterized by a finite-dimensional differentiable manifold. This fact makes it
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possible to apply differential geometry on the Lie group [35].
In this thesis, the roto-translation group SE(2) = R2 o SO(2), i.e. the group of planar
rotations (SO(2)) and translations (R2 ), is the primary Lie group of interest to use, since
it is recognized as the domain of orientation scores. It can be parameterized by the group
elements g = (x, θ), where x = (x, y) ∈ R2 represents the two spatial variables that are in
accordance with the 2D image domain, and θ denotes the orientation angle. The SE(2)
group is the group of rigid body motions g = (x, Rθ ) acting on the space of positions and
orientations R2 o S 1 . Thus we equivalently identify SE(2) as
R2 o S 1 3 (x, θ) ↔ (x, Rθ ) = g ∈ R2 o SO(2).

(2.15)

An orientation score U : SE(2) → C is defined on the roto-translation group SE(2). The
group product on SE(2) is given by
gg 0 = (x, θ)(x0 , θ0 ) = (x + Rθ · x0 , θ + θ0 ),
g

−1

=

for all g, g 0 ∈ SE(2),

(−R−1
θ x, −θ).

(2.16)
(2.17)

Figure 2.4 shows two group elements g and g 0 in the lifted domain and their projection in
the 2D x − y plane. Note that the roto-translation group SE(2) owns a non-commutative
group structure, i.e. rotations and translations do not commute, yielding the property
gg 0 6= g 0 g. This is because a rotation Rθ pops up in the translation part, which is expressed
by the semi-direct product ” o ” between R2 and S 1 . See Figure 2.5 for an intuitive
demonstration of the non-commutative group property in the curved geometry of SE(2).
Many Lie groups can be represented using matrices, which lead to much simpler calculations. For example, the group element g1 = (x1 , θ1 ) in SE(2) can be written as the matrix
form:



!  cos θ − sin θ x

1
1
1


Rθ1 x1


2
1
Gg1 =
=  sin θ1 cos θ1 y1  x1 ∈ R , θ ∈ S
.
(2.18)


0
1


0
0
1
Therefore, for two group elements g1 , g2 ∈ SE(2), it is easy to calculate that


cos(θ1 + θ2 ) − sin(θ1 + θ2 ) x2 cos θ1 − y2 sin θ1 + x1


Gg1 Gg2 =  sin(θ1 + θ2 ) cos(θ1 + θ2 ) x2 sin θ1 + y2 cos θ1 + y1 
0
0
1
!
Rθ1 +θ2 Rθ1 x2 + x1
=
0
1

(2.19)

= Gg1 g2 .
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Figure 2.4: Example of a 2D curve (dashed green curve) is lifted into the roto-translation
group SE(2) obtaining the 3D curve (solid green curve). g and g 0 represent the SE(2)
group elements. The dashed blue contours represent the horizontal tangent plane at the
group elements g and g 0 .

2.3.4

The Lie algebra of SE(2)

The roto-translation group SE(2) provides a way to express the concept of a continuous
family of rigid body motions g = (x, Rθ ) for geometric objects. By differentiating the Lie
group action, we obtain a Lie algebra action, which is a linearization of the group action.
As a linear object, a Lie algebra is often more convenient to work with than directly using
the Lie group.
The tangent space of the roto-translation group SE(2) at the unity element e is the
corresponding Lie algebra, which represents the differential properties at e and is denoted
by Te (SE(2)). The algebra Te (SE(2)) is a vector space endowed with a binary operator
called the Lie bracket or commutator [·, ·] : Te (SE(2)) × Te (SE(2)) → Te (SE(2)), and is
given by
Te (SE(2)) = {

d
γ(t)
dt

t=0

|γ(0) = e, γ(t) ∈ SE(2), γ : R → SE(2) differentiable}, (2.20)

where a curve γ(t) = (x(t), y(t), θ(t))T ∈ SE(2), and t ∈ R is an arbitrary parameter for
defining the arc length. The Lie algebra of SE(2) is spanned by
Te (SE(2)) = span{ex , ey , eθ },

(2.21)

where ex = (1, 0, 0), ey = (0, 1, 0) and eθ = (0, 0, 1) are the unit vectors in the x, y and
θ direction, respectively. The SE(2) group and its algebra relate to each other by an
28
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Figure 2.5: Curved geometry of the non-commutative roto-translation group SE(2) ≡
R2 o S 1 is achieved by the coupled rotations and translations. The top two rows give the
concatenation of motions in the flat Euclidean space R3 , where the translation commutes
with the rotation. No matter translation is applied first followed by rotation, or rotation
is applied first followed by translation, the square end up with the same position, i.e.
P1 = P2 in the R3 case. On the contrary, the two bottom rows show that the order of
group transformations matters due to the non-commutative group property in the curved
geometry of SE(2), i.e. P1 6= P2 in the SE(2) case. The source code for reproducing this
figure is provided by Dr. Erik Franken [35].
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exponential mapping exp: Te (SE(2)) → SE(2), which is given by
Gg = exp(Xg ) = I +

∞
X
Xng
n=1

n!

=

∞
X
Xng
n=1

n!

(2.22)

,

where Gg represents the matrix form of the group elements g ∈ G, and Xg denotes the
matrix form of the tangent vectors in Tg (G).
It is important to investigate the commutators between different basis vectors, in particular to the design of differential operators on SE(2) for processing orientation scores.
Here we employ the matrices representation described in Subsection 2.3.3 for a more
intuitive understanding. The matrix form of the commutators is found by
[Xi , Xj ] = Xi Xj − Xj Xi ,

(2.23)

where Xi and Xj represent a set of Lie algebra elements with i, j ∈ {1, 2, . . . , N }, where
N forms a N −dimensional basis for a Lie algebra.
Recall (2.18) we can write the matrix form of the basis vectors ex , ey and eθ of the Lie
algebra Te (SE(2)) as






0 0 1
0 0 0
0 −1 0






Xey =  0 0 1  ,
Xeθ =  1 0 0  . (2.24)
Xex =  0 0 0  ,
0 0 0
0 0 0
0 0 0
Consequently, the commutators are given by
[Xex , Xeθ ] = −Xey ,

[Xey , Xeθ ] = Xex ,

[Xex , Xey ] = 0,

(2.25)

and the Lie brackets of the corresponding basis vectors also satisfy the following
[ex , eθ ] = −ey ,

2.3.5

[ey , eθ ] = ex ,

[ex , ey ] = 0.

(2.26)

Euclidean-invariance and left-invariance

Tx and Rθ are respectively the translation and rotation operators on an image f ∈ L2 (R2 ).
Combining these operators yields the unitary SE(2) group representation Ug = Tx ◦ Rθ
on images f . Note that for all g, h ∈ SE(2), we have gh 7→ Ugh = Ug ◦ Uh and Ug−1 =
Ug−1 = Ug∗ . The left-regular group representation on images f is given by (Ug ◦ f )(y) =
f (Rθ −1 (y − x)). Here the left-regular basically means that the group multiplication takes
place on the left side.
In Figure 2.6, Φ is defined as an operator acting on orientation scores Uf . Its left-invariant
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property is satisfied if Φ meets the following commutative requirement, i.e.
Φ ◦ Lg = Lg ◦ Φ,

for all

g ∈ SE(2),

(2.27)

with the left-regular group representations g 7→ Lg given by
−1
(Lg ◦ U )(h) = (U ◦ L−1
g )(h) = U (g h)

(2.28)

on orientation scores Uf ∈ L2 (SE(2)). Moreover, it is also easily to obtain the following
relation by also considering (2.1)
∀g ∈ SE(2) : (Wψ ◦ Ug ) = (Lg ◦ Wψ ),

(2.29)

Consequently, if Φ is left-invariant operator, the effective corresponding operator Υ :=
Wψ∗ ◦ Φ ◦ Wψ on the 2D image domain (see Figure 2.6) is Euclidean-invariant (invariant
to translations and rotations of image f ) [54, Thm.21, p.153], i.e.
Υ ◦ Ug = Ug ◦ Υ,

for all g ∈ SE(2).

(2.30)

However, operator Φ should not be right-invariant, i.e. Φ should not commute with the
right-regular representation g 7→ Rg given by
(Rg ◦ U )(h) = (U ◦ Rg )(h) = U (hg)
as Rg Wψ = WUg ψ , and operator Υ should rather take advantage from the anisotropy of
the wavelet ψ.
We conclude that by our construction of orientation scores only left-invariant operators
are of interest. Next we will discuss the left-invariant derivatives (vector-fields) on smooth
functions on SE(2), which we will employ in the PDE of interest presented in Section 3.2.
For an intuition of left-invariant processing on orientation scores (via left-invariant vector
fields) see Figure 2.6.

2.4

Differential geometrical tools in orientation scores

To perform differential operations on orientation scores for retinal image analysis, necessary differential geometric concepts and tools should be introduced and used in the
application phase. Thus, we will set up essential left-invariant tangent vectors and vector
fields based on the SE(2) group and algebra basics explained in the last section. The
left-invariance property of interest will be fully considered to design suitable differential operators for processing orientation scores in the coupled space of positions and
orientations R2 o S 1 . We will give more details about the curved geometry in SE(2) by
explaining curves and exponential curves in the left-invariant tangent space Tg (SE(2)).
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Figure 2.6: Image processing via invertible orientation scores. Operators Φ on the
invertible orientation score robustly relate to operators Υ on the image domain. Euclideaninvariance of Υ is obtained by left-invariance of Φ. Thus, we consider left-invariant
(convection)-diffusion operators Φ = Φt with evolution time t, which are generated by
a quadratic form Q = QD,a (A1 , A2 , A3 ) ( cf. Eq. (3.3)) on the left-invariant vector fields
{Ai }, cf. Eq. (2.34). We show the relevance of left-invariance of A2 acting on an image of
a circle (as in Figure 2.1) compared to action of the non-left-invariant derivative ∂y .

2.4.1

Left-invariant tangent vectors and vector fields

As explained in Section 2.3.4, the tangent space of the roto-translation group SE(2) at
the unity element e = (0, 0, 0) is the corresponding Lie algebra and it is spanned by the
basis {ex , ey , eθ }. Next we derive the left-invariant derivatives associated to ex , ey , eθ ,
respectively. In SE(2), we must work with translations over x and rotations over θ.
As shown in [36, Figure 4], a tangent vector Xe ∈ Te (SE(2)) is tangent to a curve γ
at unity element e. If we left-multiply curve γ by g = (x, y, θ) ∈ SE(2), the original
curve γ is translated over x = (x, y) and rotated over θ, yielding the curve gγ. This
left-multiplication associates to each Xe ∈ Te (SE(2)) a corresponding tangent vector
Xg = (Lg )∗ Xe ∈ Tg (SE(2)) (in the sense that Xe is transported in a left-invariant way to
tangent vector Xg ). From the geometric point of view, we introduce the local coordinates

ξ := x cos θ + y sin θ and η := −x sin θ + y cos θ

(2.31)

to define the left-invariant moving frame of reference for (x, y, θ), which is written as2
{eξ (g), eη (g), eθ (g)} = {(Lg )∗ ex , (Lg )∗ ey , (Lg )∗ eθ }
= {cos θex (g) + sin θey (g), − sin θex (g) + cos θey (g), eθ },

(2.32)

2
Note that this gives a non-holonomic coordinate basis for the coordinates (ξ, η, θ). As such, eξ for
example does not relate to a local coordinate derivative ∂∂ξ , i.e., eξ 6= ∂∂ξ . So we use {A1 , A2 , A3 } to
represent derivative frames instead of {∂ξ , ∂η , ∂θ }.
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where (Lg )∗ denotes the push-forward of left-multiplication Lg h = gh, with ex = (1, 0, 0)
and ey = (0, 1, 0), and for notational convenience we simply write {eξ , eη , eθ } in the
remainder of this thesis.
As vector fields can also be taken as differential operators on smooth and locally defined
functions [101], we write {∂x , ∂y } for the basis of the planar tangent space T (R2 ) instead
of a more conventional notation {ex , ey }. Thus, we can replace ei by using ∂i , i = x, y, θ,
yielding the general form for a left-invariant vector field
Xg (U ) = (c1 (cos θ∂x + sin θ∂y ) + c2 (− sin θ∂x + cos θ∂y ) + c3 ∂θ )U, for all c1 , c2 , c3 ∈ R,
(2.33)
∂
∂
∂
and where throughout this article we use short notation ∂x = ∂x
.
, ∂y = ∂y
and ∂θ = ∂θ
Hence, if two tangent vectors at different positions in SE(2) relate to each other via the
push-forward operation (2.32), they do have the same vector components (c1 , c2 , c3 ).
See Figure 2.8.

2.4.2

Left-invariant rotating frame of reference

From the algebraic point of view, we rely on the following notation throughout this article
for left-invariant vector fields
{A1 |g , A2 |g , A3 |g } := {cos θ∂x + sin θ∂y , − sin θ∂x + cos θ∂y , ∂θ },

(2.34)

which is the frame of left-invariant derivatives, and the rotating frame of reference
acting on SE(2), the domain of the orientation scores. See Figure 2.7. The set of leftinvariant differential operators {A1 , A2 , A3 } is the set of approximate operators that can
be conveniently used in orientation scores instead of {∂x , ∂y , ∂θ }. The advantages of
using the left-invariant differential operators are given as follows:
• The differential operators have good alignment and rotation-invariance to local
structures, e.g. the spatial derivative A1 is always along the tangent direction
of elongated structures, and A2 is always in the perpendicular direction (see
Figure 2.7). These are particularly useful when analyzing retinal blood vessels.
• For linear or nonlinear operations that are designed based on {A1 , A2 , A3 }, the
left-invariant property can be well-inherited when these operations are applied on
processing data in the orientation scores domain.
In practical applications based on the left-invariant operators in orientation scores, e.g.
differential operator combinations, it is important to note that their corresponding
commutators (Recall (2.23) and (2.26)) are given by
[A1 , A3 ] = −A2 ,

[A2 , A3 ] = A1 ,

[A1 , A2 ] = 0.

(2.35)
33

Chapter 2. Differential Geometrical Tools

Figure 2.7: The left-invariant rotating frame of reference {A1 , A2 , A3 } in orientation
scores. The two bottom rows show the relevance of left-invariance of A2 acting on the
orientation planes with θ = π/4 and −π/4.

2.4.3

Curves, horizontal curves and exponential curves

A 2D planar curve γR2 (t) is denoted by its components as γR2 (t) = (x(t), y(t))T ∈ R2 ,
where t ∈ R is an arbitrary parameter for defining the arc length. As such, a curve
γSE(2) (t) = (x(t), y(t), θ(t))T ∈ SE(2), in the joint space of positions and orientations
R2 o S 1 can be constructed from the planar curve γR2 (t) by adding a third coordinate
θ(t) ∈ S 1 . See Figure 2.8.
We can say that a curve γSE(2) (t) is a horizontal curve at t iff
θ(t) = arg(ẋ(t) + iẏ(t)),
34
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Figure 2.8: An exponential curve γc in the roto-translation group SE(2). Constant
tangent vector components c = (c1 , c2 , c3 )T are expressed in the left-invariant basis
{A1 , A2 , A3 }.
i.e. the orientation θ(t) of the curve γSE(2) (t) in SE(2) coincides with its projection to
the spatial plane R2 . An exponential curve is a curve γc : R → SE(2) with constant
components c = (c1 , c2 , c3 )T of the tangent vector expressed in the left-invariant basis
(footnote 2), i.e.,
γ̇c (t) = c1 A1 |γc (t) + c2 A2 |γc (t) + c3 A3 |γc (t) , for all t ∈ R.

(2.37)

Exponential curves in the curved geometry of SE(2) are similar to straight lines in R2 ,
and provide a local representation of the elongated structures of interest.
An exponential curve is obtained via an exponential mapping of Lie algebra elements. For
details see [33, 34, 36, 102]. Thus, an exponential curve γc (t) going through the identity
element e ∈ SE(2) is given by
γc (t) = exp t c1 A1 |g=e + c2 A2 |g=e + c3 A3 |g=e

= exp t c1 ∂x + c2 ∂y + c3 ∂θ ,



,

(2.38)

and consequently, an exponential curve passing through a group element g1 ∈ SE(2)
can be achieved via left-multiplication with g1 (transporting γc (t) from e to g1 in a
left-invariant way), i.e., g1 γc (t).
In the subsequent chapters, we will show left-invariant PDE evolutions and practical
image processing applications based on left-invariant operations in the curved geometry
of SE(2), the domain of orientation scores. The advantages of using invertible orientation scores, sticking to the SE(2) group theory and curved geometry will be clearly
demonstrated later.
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3 Numerical Comparisons for Contour Enhancement and Contour
Completion

Based on: Jiong Zhang, Remco Duits, Gonzalo Sanguinetti, Bart ter Haar Romeny.
"Numerical Approaches for Linear Left-invariant Diffusions on SE(2) , their Comparison
to Exact Solutions, and their Applications in Retinal Imaging," Numerical Mathematics:
Theory, Methods and Applications, 2015, vol. 9(1), pp. 1–50.
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Abstract
Left-invariant PDE-evolutions on the roto-translation group SE(2) (and their resolvent
equations) have been widely studied in the fields of cortical modeling and image analysis.
They include hypo-elliptic diffusion (for contour enhancement) proposed by Citti & Sarti,
and Petitot, and they include the direction process (for contour completion) proposed
by Mumford. This chapter presents a thorough study and comparison of the many
numerical approaches, which, remarkably, is missing in the literature. Existing numerical
approaches can be classified into 3 categories: Finite difference methods, Fourier based
methods (equivalent to SE(2)-Fourier methods), and stochastic methods (Monte Carlo
simulations). There are also 3 types of exact solutions to the PDE-evolutions that were
derived explicitly (in the spatial Fourier domain) in previous works by Duits and van
Almsick in 2005. We provide an overview of these 3 types of exact solutions and explain
how they relate to each of the 3 numerical approaches. We compute relative errors of
all numerical approaches to the exact solutions, and the Fourier based methods show us
the best performance with smallest relative errors. We also provide an improvement of
Mathematica algorithms for evaluating Mathieu-functions, crucial in implementations of
the exact solutions. Furthermore, we include an asymptotical analysis of the singularities
within the kernels and we propose a probabilistic extension of underlying stochastic
processes that overcomes the singular behavior in the origin of time-integrated kernels.
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3.1

Introduction

In this chapter, the invertible orientation scores serve as the initial condition of leftinvariant (non-) linear PDE evolutions on the rotation-translation group R2 o SO(2) ≡
SE(2), where by definition, Rd o S d−1 := Rd o SO(d)/({0} × SO(d − 1)). Now in our
case d = 2, so R2 o S 1 = R2 o SO(2) and we identify rotations with orientations. The
primary focus of this chapter, however, is on the numerics and comparison to the exact
solutions of linear left-invariant PDE’s on SE(2). Here by left-invariance and linearity
we can restrict ourselves in our numerical analysis to the impulse response, where the
initial condition is equal to δe = δ0x ⊗ δ0y ⊗ δ0θ , where ⊗ denotes the tensor product in
distributional sense.
In fact, we consider all linear, second order, left-invariant evolution equations and their
resolvents on L2 (R2 o S 1 ) ≡ L2 (SE(2)), which actually correspond to the forward
Kolmogorov equations of left-invariant stochastic processes. Specifically, there are two
types of stochastic processes we will investigate in the field of imaging and vision:
• The contour enhancement process as proposed by Citti et al. [45] in the cortical
modeling.
• The contour completion process as proposed by Mumford [44] also called the
direction process.
In image analysis, the difference between the two processes is that the contour enhancement focuses on the de-noising of elongated structures, while the contour completion
aims for bridging the gap of interrupted contours since it contains a convection part. The
practical applications will be introduced in the next chapter.
Although not being considered in this chapter, we mention related 3D (SE(3)) extensions
of these processes and applications (primarily in DW-MRI) in [103–105]. Most of our
numerical findings in this chapter apply to these SE(3) extensions as well.
Many numerical approaches for implementing left-invariant PDE’s on SE(2) have been
investigated intensively in the fields of cortical modeling and image analysis. Petitot
introduced a geometrical model for the visual cortex V1 [52], further refined to the
SE(2) setting by Citti and Sarti [45]. A method for completing the boundaries of
partially occluded objects based on stochastic completion fields was proposed by Zweck
and Williams [68]. Also, Barbieri et al. [48] proposed a left-invariant cortical contour
perception and motion integration model within a 5D contact manifold. In the recent work
of Boscain et al. [61], a numerical algorithm for integration of a hypoelliptic diffusion
equation on the group of translations and discrete rotations SE(2, N ) is investigated.
Moreover, some numerical schemes were also proposed by August et al. [62, 99] to
understand the direction process for curvilinear structure in images. Duits, van Almsick
and Franken [33–35, 39, 54, 106] also investigated different models based on Lie groups
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theory, with many applications to medical imaging.
The numerical schemes for left-invariant PDE’s on SE(2) can be categorized into 3
approaches:
• Finite difference approaches.
• Fourier based approaches, including SE(2)-Fourier methods.
• Stochastic approaches.
Recently, several explicit representations of exact solutions were derived [33, 39, 106–
109]. In this chapter we will set up a structured framework to compare all the numerical
approaches to the exact solutions.
Contributions of this chapter: In this chapter, we:
• compare all numerical approaches (finite difference methods, a stochastic method
based on Monte Carlo simulation and Fourier based methods) to the exact solution
for contour enhancement/completion. We show that the Fourier based approaches
perform best and we also explain this theoretically in Theorem 3.4.3;
• provide a concise overview of all exact approaches;
• implement exact solutions, including improvements of Mathieu-function evaluations
in Mathematica;
• establish explicit connections between exact and numerical approaches for contour
enhancement;
• analyze the poles/singularities of the resolvent kernels;
• propose a new probabilistic time integration to overcome the poles, and we prove
this via new simple asymptotic formulas for the corresponding kernels that we
present in this chapter;
• show benefits of the newly proposed time integration in contour completion via
stochastic completion fields [68];
• analyze errors when using the DFT (Discrete Fourier Transform) instead of the CFT
(Continuous Fourier Transform) to transform exact formulas in the spatial Fourier
domain to the SE(2) domain;
• apply left-invariant evolutions as preprocessing before tracking the retinal vasculature via the ETOS-algorithm [55] in optical imaging of the eye.
Structure of this chapter: In Subsection 3.2.1 we will discuss the linear time dependent
(convection-) diffusion processes on SE(2), and in Subsection 3.2.2 we will provide the
corresponding resolvent equation for contour enhancement and contour completion. In
Subsection 3.2.3 we provide improved kernels via iteration of resolvent operators and
give a probabilistic interpretation. Then we show the benefit in stochastic completion
fields. For completeness, the fundamental solution and underlying probability theory for
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contour enhancement/completion is explained in Subsection 3.2.4.
In Section 3.3 we will give the full implementations for all our numerical schemes for
contour enhancement/completion, i.e. explicit and implicit finite difference schemes,
numerical Fourier based techniques, and the Monte-Carlo simulation of the stochastic
approaches. Then, in Section 5, we will provide a new concise overview of all three exact
approaches in the general left-invariant PDE-setting. Direct relations between the exact
solution representations and the numerical approaches are also given in this section.
After that, we will provide experiments with different parameter settings and show
the performance of all different numerical approaches compared to the exact solutions.
Finally, we conclude our chapter with applications on retinal images to show the power
of our multi-orientation left-invariant diffusion with an application on complex vessel
enhancement, i.e. in the presence of crossings and bifurcations.

3.2
3.2.1

The PDE’s of interest
Diffusions and convection-diffusions on SE(2)

A diffusion process on Rn with a square integrable input image f : Rn 7−→ R is given by
(
∂t u(x, t) = O · DOu(x, t)
x ∈ Rn , t ≥ 0,
(3.1)
u(x, 0) = f (x).
Here, the O operator is defined based on the spatial coordinates with O = (∂x1 , ..., ∂xn ),
and the constant diffusion tensor D is a positive definite matrix of size n × n. Similarly,
the left-invariant diffusion equation on SE(2) is given by:





D
D
D
A
11
12
13
1







 ∂t W (g, t) = A1 A2 A3 
 D21 D22 D23   A2  W (g, t),
(3.2)
D31 D32 D33
A3




 W (g, t = 0) = U 0 (g),
where as a default the initial condition is usually chosen as the orientation score of image
f ∈ L2 (R2 ), U 0 = Uf = Wψ f . From the general theory for left-invariant scale spaces
[110], the quadratic form of the convection-diffusion generator is given by


3
3
X
X
−ai Ai +
QD,a (A1 , A2 , A3 ) =
Dij Ai Aj  ,
(3.3)
i=1
j=1
ai , Dij ∈ R, D := [Dij ] ≥ 0, DT = D,
where the first order part takes care of the convection process, moving along the exponenP
tial curves t 7−→ g · exp(t( 3i=1 ai Ai )) over time with g ∈ SE(2), and the second order
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part specifies the diffusion in the following left-invariant evolutions
(
∂t W = QD,a (A1 , A2 , A3 )W,

(3.4)

W (·, t = 0) = U 0 (·).

In case of linear diffusion, the positive definite diffusion matrix D is constant. We obtain
the solution of the left-invariant diffusion equation via a SE(2)-convolution with the
Green’s function KtD,a : SE(2) → R+ and the initial condition U 0 : SE(2) → C:
Z
D,a
0
W (g, t) = (Kt ∗SE(2) U )(g) =
KtD,a (h−1 g)U 0 (h) dh
SE(2)
Z Zπ

=

(3.5)
0
0
0 0 0
0
0
KtD,a (R−1
θ0 (x − x ), θ − θ )U (x , θ ) dθ dx ,

R2 −π
D,a

for all g = (x, θ) ∈ SE(2). This can symbolically be written as W (·, t) = etQ (A1 ,A2 ,A3 ) U 0 (·).
In this time dependent diffusion we have to set a fixed time t > 0. In the subsequent
sections we consider time integration while imposing a negatively exponential distribution T ∼ N E(α), i.e. P (T = t) = αe−αt . We choose this distribution since it is the only
continuous memoryless distribution, and in order to ensure that the underlying stochastic
process is Markovian, traveling time must be memoryless.
There are two specific cases of interest:
• Contour enhancement, where a = 0 and D is symmetric positive semi-definite
such that the Hörmander condition is satisfied. This includes both elliptic diffusion
D > 0 and hypo-elliptic diffusion in which case we have D ≥ 0 in such a way that
Hörmander’s condition [111] is still satisfied. In the linear case we shall be mainly
concerned with the hypo-elliptic case D = diag{D11 , 0, D33 },
• Contour completion, where a = (1, 0, 0) and D = diag{0, 0, D33 } with D33 > 0.
Several new exact representations for the (resolvent) Green’s functions in SE(2) were
derived by Duits et al. [33, 39, 106–108] in the spatial Fourier domain, as explicit
formulas were still missing, see e.g. [44]. This includes the Fourier series representations,
studied independently in [61], but also includes a series of rapidly decaying terms and
explicit representations obtained by computing the latter series representations explicitly
via the Floquet theorem, producing explicit formulas involving only 4 Mathieu functions.
The works in [33, 39] relied to a large extend on distribution theory to derive these
explicit formulas. Here we deal with the general case with D ≥ 0 and a ∈ R3 (as long as
Hörmander’s condition [111] is satisfied) and we stress the analogy between the contour
completion and contour enhancement case in the appropriate general setting (for the
resolvent PDE, for the (convection)-diffusion PDE, and for fundamental solution PDE).
Instead of relying on distribution theory [33, 39], we obtain the general solutions more
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directly via Sturm-Liouville theory.
Furthermore, in Section 3.5 we include, for the first time, numerical comparisons of various numerical approaches to the exact solutions. The outcome of which, is underpinned
by a strong convergence theorem that we will present in Theorem 3.4.3.
On top of this, in Appendix A, we shall present new asymptotic expansions around the
origin that allow us to analyze the order of the singularity at the origin of the resolvent
kernels. From these asymptotic expansions we deduce that the singularities in the
resolvent kernels (and fundamental solutions) are quite severely. In fact, the better the
equations are numerically approximated, the weaker the completion and enhancement
properties of the kernels.
To overcome this severe discrepancy between the mathematical PDE theory and the
practical requirements, we propose time-integration via Gamma distributions (beyond
the negative exponential distribution case). Mathematically, as we will prove in Subsection 3.2.3, this newly proposed time integration both reduces the singularities, and
maintains the formal PDE theory. In fact using a Gamma distribution coincides with
iteration the resolvents, with an iteration depth k equal to the squared mean divided by
the variance of the Gamma distribution.
We will also show practical experiments that demonstrate the advantage of using the
Gamma-distributions: we can control and amplify the infilling property ("the spread of
ink") of the PDE’s.

3.2.2

The resolvent equation

Traveling time of a memoryless random walker in SE(2) is negatively exponential
distributed, i.e.
p(T = t) = αe−αt , t ≥ 0,

(3.6)

with the expected life time E(T ) = α1 . Then the resolvent kernel is obtained by integrating
Green’s function KtD,a : SE(2) → R+ over the time distribution, i.e.
Z ∞
Z ∞
D,a −αt
D,a
Rα = α
Kt e dt = α
etQ δe e−αt dt = −α(Q − αI)−1 δe ,
0

0

where we use short notation Q = QD,a (A1 , A2 , A3 ). Via this resolvent kernel, one gets
the probability density Pα (g) of finding a random walker at location g ∈ SE(2) regardless
its traveling time, given that it has departed from distribution U : SE(2) → R+ :
Pα (g) = (RαD,a ∗SE(2) U )(g) = −α(QD,a (A1 , A2 , A3 ) − αI)−1 U (g),

(3.7)
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which is the same as taking the Laplace transform of the left-invariant evolution equations
(3.4) over time. The resolvent equation can be written as
Z ∞
Pα (g) = α
e−αt (etQ U 0 )(g)dt = α((αI − Q)−1 U )(g).
0

However, we do not want to go into the details of semigroup theory [112] and just
included where (etQ U 0 ) in short notation for the solution of Eq. (3.4). Resolvents
can be used in completion fields [33, 62, 68]. Some resolvent kernels of the contour
enhancement and completion process are given in Figure 3.1.

Figure 3.1: Left: the xy-marginal of the contour enhancement kernel RαD := RαD,0 with
1
parameters α = 100
, D = {1, 0, 0.08}, numbers of orientations No = 48 and spatial
dimensions Ns = 128. Right: the xy-marginal of the contour completion kernel RαD,a with
1
parameters α = 100
, a = (1, 0, 0), D = {0, 0, 0.08}, No = 72 and Ns = 192.

3.2.3

Improved kernels via iteration of resolvent operators

The kernels of the resolvent operators suffer from singularities at the origin. Especially
for contour completion, this is cumbersome from the application point of view, since here
the better one approximates Mumford’s direction process and its inherent singularity in
the Green’s function, the less “ink” is spread in the areas with missing and interrupted
contours. To overcome this problem we extend the temporal negatively exponential
distribution in our line enhancement/completion models by a 1-parameter family of
Gamma-distributions.
As a sum T = T1 +. . .+Tk of linearly independent negatively exponential time variables is
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k k−1

t
Gamma distributed P (T = t) = α(k−1)!
e−αt , the time integrated process is now obtained
by a k-fold resolvent operator. While keeping the expectation of the Gamma distribution
fixed by E(T ) = k/α, increasing of k will induce more mass transport away from t = 0
towards the void areas of interrupted contours. For k ≥ 3 the corresponding Green’s
function of the k-step approach even no longer suffers from a singularity at the origin.
This procedure is summarized in the following theorem and applied in Figure 3.2.

Theorem 3.2.1. A concatenation of k subsequent, independent time-integrated memoryless
stochastic process for contour enhancement(/completion) with expected traveling time α−1 ,
corresponds to a time-integrated contour enhancement(/completion) process with a Gamma
distributed traveling time T = T1 + . . . + Tk with
P (Ti = t) = αe−αt , for i = 1, . . . , k,
k tk−1
P (T = t) = Γ(t; k, α) := αΓ(k)
e−αt .

(3.8)

The probability density kernel of this stochastic process is given by
(k−1)

D,a
Rα,k
= RαD,a ∗SE(2) RαD,a = αk (QD,a (A) − αI)−k δe ,

(3.9)

For the linear, hypo-elliptic, contour enhancement case (i.e. D = diag{D11 , 0, D33 } and
a = 0) the kernels admit the following asymptotical formula for |g| << 1 :
Rα,k (g) =

R∞ αk tk−1 e−αt
0

=

(k−1)!

2
2 |g|

e−C 4t
dt
4πD11 D33 t2

21−k
k
k−2
πD11 D33 (k−1)! α ||g|C|

=

αk
(k−1)!4πD11 D33

√

R∞
0

tk−3 e−C

2
2 |g| −αt
4t

dt

(3.10)

K(2 − k, |g|C α),

√
where K(n, z) denotes the modified Bessel function of the 2nd kind, and with C ∈ [2−1 , 4 2]
and with
s

|c1 |2 |c3 |2 2
|c2 |2
1
2
3
c A1 +c A2 +c A3
|g| = e
=
+
+
(3.11)
D11
D33
D11 D33
θ(y−η)
θ(ξ−x)
2
3
1 2 3
with c1 = 2(1−cos
θ) , c = 2(1−cos θ) , c = θ if θ 6= 0 and (c , c , c ) = (x, y, 0) if θ = 0, and
with (ξ, η) given by (2.31).

P
Proof We consider a random traveling time T = ni=1 Ti in an n-step approach random
P
process GT = N
i=1 GTi on SE(2), with GTi independent random random walks whose
Fokker-Planck equations are given by (3.4), and with independent traveling times Ti ∼
(k−1)
N E(α) (i.e. P (Ti = t) = f (t) := αe−αt ). Then for k ≥ 2 we have T ∼ f ∗R+ f =
Rt
Γ(·; k, α), (with f ∗R+ g(t) = 0 f (τ )g(t − τ ) dτ ), which follows by consideration of the
characteristic function and application of Laplace transform L.
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We have αk (Q − αI)−k = (α(Q − αI)−1 )k , and for k = 2 we have identity
D,a
Rα,k=2
(x, θ) =

=

R∞

R∞

p(GT = (x, θ)|T = t, G0 = e) · p(T = t) dt

0

p(GT = (x, θ) | T = T1 + T2 = t, G0 = e) · p(T1 + T2 = t) dt

0
R∞ Rt

p(GT1 +T2 = (x, θ) | T1 = t − s, T2 = s, G0 = e) · p(T1 = t − s) p(T2 = s) dsdt


Rt D,a
D,a
2
= α L t 7→ (Kt−s ∗SE(2) Ks ∗SE(2) δe )(x, θ)ds (α)
0


t
R
D,a
D,a
2
= α L t 7→ (Kt−s ∗SE(2) Ks )(x, θ)ds (α)
  0




2
= α L t 7→ KtD,a (·) (α) ∗SE(2) L t 7→ KtD,a (·) (α) (x, θ)
=

0 0

D,a
D,a
= (Rα,k=1
∗SE(2) Rα,k=1
)(x, θ).

Thereby main result Eq. (3.9) follows by induction.
Result (3.10) follows by direct computation and application of the theory of weighted
sub-coercive operators on Lie groups [113] to the SE(2) case. We have filtration
g0 := span{A1 , A3 }, and g1 = [g0 , g0 ] = span{A1 , A2 , A3 } = L(SE(2)), P
so w1 = 1,
3
i
w3 = 1 and w2 = 2 and computation of the logarithmic map on SE(2), g = e i=1 c Ai ⇔
P3
i
i=1 c Ai = log g, yields a non-smooth logarithmic squared modulus locally equivalent
to smooth |g|2 given by (3.11), see [33, Ch:5.4, Eq.5.28].

We have the following asymptotical formula for K(n, z):
(
− log(z/2) − γEU L if n = 0

for 0 < z << 1,
K(n, z) ≈
z −|n|
1
2 (|n| − 1)! 2
with Euler’s constant γEU L , and thereby Eq. (3.10) implies the following result:
D (g) ≡ O(|g|−2 ). If k = 2 then RD (g) ≡ O(log |g|−1 ).
Corollary 3.2.1. If k = 1 then Rα,k
α,k
D (g) ≡ O(1) and the kernel has no singularity.
If k ≥ 3 then Rα,k

Remark 3.2.1. As this approach also naturally extends to positive (non-integer) fractional
powers k ∈ Q, k ≥ 0 of the resolvent operator we wrote Γ(k) instead of (k − 1)! in
Eq. (3.8). The recursion depth k equals (E(T ))2 /V ar(T ), since the variance of T equals
V ar(T ) = k/α2 .
In Figure 3.2, we show that increase of k (while fixing E(T ) = k/α) allows for better
propagation of ink towards the completion areas. The same concept applies to the
contour enhancement process. Here we change time integration (using the stochastic
approach outlined in Section 3.3.4) in Eq. (3.8) rather than iterating the resolvents in
Eq. (3.9) for better accuracy.
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Figure 3.2: Illustration of Theorem 3.2.1 and Corollary P
3.2.1, via the stochastic imk
plementation for the k-step completion process (T =
i=1 Ti ) (Subsection 3.3.4).
We have depicted the 3D completion fields [68] now generalized to C(x, y, θ) :=
((Q−(αk)I)−k δg0 )(x, y, θ)·((Q∗ −(αk)I)−k δg1 )(x, y, θ), with Q = −A1 +D33 A23 and with
g0 = (x0 , π6 ) and g1 = (x1 , − π6 ), α = 0.1, D33 = 0.1, via a resolution (on a 200 × 200 × 32grid) and a finer resolution (on a 400 × 400 × 64-grid). Image intensities have been scaled
to full range. The resolvent process k = 1 suffers from: "the better the approximation,
the less relative infilling in the completion". The singularities at g0 and g1 vanish at k = 3.
A reasonable compromise is found at k = 2 where infilling is stronger, and where the
modes (i.e. curves γ with A2 C(γ) = A3 C(γ) = 0, cf. [55, App. A], [39]) are easy to
detect.

3.2.4

Fundamental solutions

The fundamental solution S D,a : SE(2) → R+ associated to QD,a (A1 , A2 , A3 ) solves
QD,a (A1 , A2 , A3 ) S D,a = −δe ,

(3.12)

and is given by

S

D,a

Z∞
(x, y, θ) =


KtD,a (x, y, θ) dt = −(QD,a (A1 , A2 , A3 ))−1 δe (x, y, θ)

0


= lim
α↓0


RαD,a (x, y, θ)
−α(QD,a (A1 , A2 , A3 ) − αI)−1
δe (x, y, θ) = lim
.
α↓0
α
α
(3.13)
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There exist many intriguing relations [34, 114] between fundamental solutions of hypoelliptic diffusions and left-invariant metrics on SE(2), which make these solutions interesting. Furthermore, fundamental solutions on the nilpotent approximation (SE(2))0
take a relatively simple explicit form [33, 115]. However, by Eq. (3.13) these fundamental solutions suffer from some practical drawbacks: they are not probability kernels, in
fact they are not even L1 -normalizable, and they suffer from poles in both spatial and
Fourier domain. Nevertheless, they are interesting to study for the limiting case α ↓ 0
and they have been suggested in cortical modeling [48, 116].

3.2.5

The underlying probability theory

In this section we provide an overview of the underlying probability theory belonging to
our PDE’s of interest, given by Eq. (3.4), (3.7) and (3.12).
We obtain the contour enhancement case by setting D = diag{D11 , 0, D33 } and a = 0.
Then, by application of Eq. (2.34), Eq. (3.4) becomes the forward Kolmogorov equation
(
∂t W (g, t) = (D11 A21 + D33 A23 )W (g, t),
(3.14)
W (g, t = 0) = U (g)
of the following stochastic process for contour enhancement:

Z t
p
1

 X(t) = X(0) + 2D11 εξ
(cos Θ(τ )ex + sin Θ(τ )ey ) √ dτ
2 τ
0
√p


εξ , εθ ∼ N (0, 1)
Θ(t) = Θ(0) + t 2D33 εθ ,

(3.15)

For contour completion, we must set the diffusion matrix D = diag{0, 0, D33 } and
convection vector a = (1, 0, 0). In this case Eq. (3.4) takes the form
(
∂t W (g, t) = (A1 + D33 A23 )W (g, t),
g ∈ SE(2), t > 0,
(3.16)
W (g, t = 0) = U (g).
This is the Kolmogorov equation of Mumford’s direction process [44]

Z t

 X(t) = X(t)ex + Y (t)ey = X(0) +
cos Θ(τ )ex + sin Θ(τ )ey dτ

 Θ(t) = Θ(0) + √tp2D ε ,
33 θ

0

(3.17)

εθ ∼ N (0, 1)

Remark 3.2.2. As contour completion processes aim to reconstruct the missing parts of
interrupted contours based on the contextual information of the data, a positive direction
eξ = cos(θ)ex + sin(θ)ey in the spatial plane is given to a random walker. On the contrary,
in contour enhancement processes a bi-directional movement of a random walker along ±eξ
is included for noise removal by anisotropic diffusion.
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The general stochastic process on SE(2) underlying Eq. (3.4) is :

√ P
P
P
 Gn+1 := (Xn+1 , Θn+1 ) = Gn + ∆t
ai ei |Gn + ∆t
i,n+1
σji ej |Gn ,
i∈I

i∈I

j∈I

 G = (X , Θ ),
0
0
0
(3.18)
with I = {1, 2, 3} in the elliptic case and I = {1, 3} in the hypo-elliptic case and where
√
n = 1, . . . , N − 1, N ∈ N denotes the number of steps with stepsize ∆t > 0, σ = 2D is
the unique symmetric positive definite matrix such that σ 2 = 2D, {i,n+1 }i∈I,n=1,...,N −1
are independent normally distributed i,n+1 ∼ N (0, 1) and e1 |Gn = (cos Θn , sin Θn , 0),
e2 |Gn = (− sin Θn , cos Θn , 0), and e3 |Gn = (0, 0, 1). In case I = {1, 2, 3}, Eq. (3.18) boils
down to:

 




Xn+1
Xn
a1

1,n+1


 


 √

 Yn+1  =  Yn  + ∆t RΘn  a2  + ∆t (RΘn )T σ RΘn  2,n+1  ,
3,n+1
Θn+1
Θn
a3


cos θ − sin θ 0


with Rθ =  sin θ cos θ 0  .
0
0
1


(3.19)
See Figure 3.3 for random walks of the Brownian motion and the direction process in
SE(2).

3.3
3.3.1

Implementations of the three numerical solutions
Left-invariant differences

Left-invariant finite differences with B-Spline interpolation
As explained in Section 2.3.5, our diffusions must be left-invariant. Therefore, a new grid
template based on the left-invariant frame {eξ , eη , eθ } (recall Eq. 2.32), instead of the
fixed frame {ex , ey , eθ }, need to be used in the finite difference methods.
To understand how left-invariant finite differences are implemented, see Figure 3.4, where
2nd order B-spline interpolation [117] is used to approximate off-grid samples. The
main advantage of this left-invariant finite difference scheme is the improved rotation
invariance compared to finite differences applied after expressing the PDE’s in fixed
(x, y, θ)-coordinates, such as in [35, 68, 114]. This advantage is clearly demonstrated
in [36, Fig. 10]. The drawback, however, is the low computational speed and a small
amount of additional blurring caused by the interpolation scheme [35].
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Figure 3.3: From left to right: Up row: 20 random walks of the direction process for
contour completion in SE(2) = R2 o S 1 by Mumford [44] with a = (1, 0, 0), D33 = 0.3,
time step 4t=0.005 and 1000 steps. Bottom row: 20 random walks of the linear leftinvariant stochastic processes for contour enhancement within SE(2) with parameter
settings D11 = D33 = 0.5 and D22 = 0, time step 4t=0.05 and 1000 steps.

Figure 3.4: Illustration of the spatial part of the stencil of the numerical scheme. The
horizontal and vertical dashed lines indicate the sampling grid, which is aligned with
{ex , ey }. The black dots, which are aligned with the rotated left-invariant coordinate
system {eξ , eη } with θ = m · ∆θ, where m ∈ {0, 1, ..., No − 1} denotes the sampled
2π
orientation equidistantly sampled with distance ∆θ = N
.
o
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3.3.2

Left-invariant finite difference approaches for contour enhancement
and completion

Eq. (3.14) of the contour enhancement process and Eq. (3.16) of the contour completion
process show us respectively the Brownian motion and direction process of oriented
particles moving in SE(2) ≡ R2 o S 1 . Next we will provide and analyze finite difference
schemes for both processes.
Explicit scheme for linear contour enhancement and completion
We can represent the explicit numerical approximations of the contour enhancement
process and contour completion process by using the generator QD,a (A1 , A2 , A3 ) in a
general form, i.e. QD,a (A1 , A2 , A3 ) = (D11 A21 + D33 A23 ) for the diffusion process and
QD,a (A1 , A2 , A3 ) = (−A1 + D33 A23 ) for the convection-diffusion process, which yield the
following forward Euler discretization:
(
W (g, t + ∆t) = W (g, t) + ∆t QD,a (A1 , A2 , A3 ) W (g, t),
(3.20)
W (g, 0) = Uf (g).
We take the centered 2nd order finite difference scheme with B-spline interpolation as
shown in Figure 3.4 to numerically approximate the diffusion terms (D11 A21 + D33 A23 ),
and use upwind finite differences for A1 . In the forward Euler discretization, the time
step ∆t is critical for the stability of the algorithm. Typically, the convection process
and the diffusion process have different properties on the step size ∆t. The convection
requires time steps equal to the spatial grid size (∆t = ∆x) to prevent the additional
blurring due to interpolation, while the diffusion process requires sufficiently small ∆t for
stability, as we show next. In this combined case, we simulate the diffusion process and
convection process alternately with different step size ∆t according to the splitting scheme
in [103], where half of the diffusion steps are carried out before one step convection,
and half after the convection. The resolvent of the (convection-)diffusion process can be
obtained by integrating and weighting each evolution step with the negative exponential
distribution in Eq. (3.6). We set the parameters a = (1, 0, 0) and D = diag{1, 0, D33 }
1
33
with D33 = D
D11 ≈ 0.01 to avoid too much blurring on S .
Remark 3.3.1. Referring to the stability analysis of Franken et al. [36] in the general gauge
frame setting, we similarly obtain: ∆t ≤ 2(1+√12+ 1 ) in our case of normal left-invariant
q2

(π/24)
0.1

D33
derivatives. For a typical value of q =
=
in our convention with β 2 := D
= 0.01,
11
in which D33 = 0.01 and D11 = 1, cf. [118], we obtain stability bound ∆t ≤ 0.16 in the
case of contour enhancement Eq. (3.14).
∆θ
β

Implicit scheme for linear contour enhancement and completion
The implicit scheme of the contour enhancement and contour completion is given by:
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(

W (g, t + ∆t) = W (g, t) + ∆t QD,a (A1 , A2 , A3 ) W (g, t + ∆t),
W (g, 0) = Uf (g).

Then, the equivalent discretization form of the Euler equation can be written as:
(
ws+1 = ws + Q̂ws+1 ,
w1 = u,

(3.21)

(3.22)

in which Q̂ ≡ ∆t(QD,a (A1 , A2 , A3 )), and ws is the solution of the PDE at t = (s−1)∆t, s ∈
{1, 2, ...}, with the initial state w1 = u. According to the conjugate gradient method
as shown in [103], we can approximate the obtained linear system (I − Q̂)ws+1 = ws
iteratively without evaluating matrix Q̂ explicitly. The advantage of an implicit method is
that it is unconditionally stable, even for large step sizes.

3.3.3

Numerical Fourier approaches

The following numerical scheme is a generalization of the numerical scheme proposed by
Jonas August for the direction process [62]. An advantage of this scheme over others,
such as the algorithm by Zweck et al. [68] or other finite difference schemes [36], is
that (as we will show later in Theorem 3.4.3) it is directly related to the exact analytic
solutions (approach 1) presented in Section 3.4.1.
The goal is to obtain a numerical approximation of the exact solution of
α(αI − QD,a (A))−1 U = P, U ∈ L2 (G),

with

A = (A1 , A2 , A3 ),

(3.23)

where the generator QD,a (A) is given in the general form Eq. (3.3) without further
assumptions on the parameters ai > 0, Dii > 0. Recall that its solution is given by
SE(2)-convolution with the corresponding kernel. First we write
F[P (·, eiθ )](ω) = P̂ (ω, eiθ ) =

∞
P

P̂ l (ω)eilθ ,

F[U (·, eiθ )](ω) = Û (ω, eiθ ) =

l=−∞
∞
P

Û l (ω)eilθ .

(3.24)

l=−∞

Then by substituting (3.24) into (3.23) we obtain the following 4-fold recursion
a1 (i ωx+ωy )+a2 (i ωy−ωx ) l−1
ρ2
l
P̂ (ω)
2 (D11 + D22 ))P̂ (ω) +
2
a1 (i ωx−ωy )+a2 (i ωy+ωx ) l+1
D11 (i ωx+ωy )2+D22 (i ωy−ωx )2 l−2
+
P̂ (ω) −
P̂ (ω)
2
4
D11 (i ωx−ωy )2 +D22 (i ωy+ωx )2 l+2
l
−
P̂ (ω) = α Û (ω),
4

(α+l2 D33 +i a3 l +
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(3.25)

3.3. Implementations of the three numerical solutions
which can be rewritten in polar coordinates
2

(α + ila3 + D33 l2 + ρ2 (D11 + D22 )) P̃ l (ρ) + ρ2 (ia1 − a2 ) P̃ l−1 (ρ)+
ρ
l+1 (ρ) + ρ2 (D − D ) (P̃ l+2 (ρ) + P̃ l−2 (ρ)) = α Ũ l (ρ)
11
22
2 (ia1 + a2 ) P̃
4

(3.26)

for all l = 0, 1, 2, . . . with P̃ l (ρ) = eilϕ P̂ l (ω) and Ũ l (ρ) = eilϕ Û l (ω), with ω = (ρ cos ϕ, ρ sin ϕ).
Equation (3.26) can be written in matrix-form, where a 5-band matrix must be inverted.
For explicit representation of this 5-band matrix where the spatial Fourier transform in
(3.24) is replaced by the DFT we refer to [54, p.230]. Here we stick to a Fourier series
on T, CFT on R2 and truncation of the series at N ∈ N yields the (2N + 1) × (2N + 1)
matrix equation:


p−N
q−t

q+t
p−N +1
.









r
.
0

.

r
q+t
.

.

..

.

0
r
.

.

q−t

0
0
0

where pl = (2l)2 +
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0
0

.

p0
.

0
0
0
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0

0
0

0
0

0
0
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0

0
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0

q+t
.

.
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q−t
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pN −1
q−t



r
q+t
pN

4α+2ρ2 (D11 +D22 )+4ia3 l
,
D33









r=

P̃ −N (ρ)
P̃ −N +1 (ρ)
.
.
.
0
P̃ (ρ)
.
.
.
P̃ N −1 (ρ)
P̃ N (ρ)









4α



=
 D11 



ρ2 (D11 −D22 )
,
D33

q=

2ρa1 i
D33

Ũ −N (ρ)
Ũ −N +1 (ρ)
.
.
.
0
Ũ (ρ)
.
.
.
Ũ N −1 (ρ)
Ũ N (ρ)

and t =





 (3.27)



2a2 ρ
D33 .

Remark 3.3.2. The four-fold recursion Eq. (3.26) is uniquely determined by P̃−N −1 =
0, P̃−N −2 = 0, P̃N +1 = 0, P̃N +2 = 0, which is applied in Eq. (3.27).
Remark 3.3.3. When applying the Fourier transform on SE(2) to the PDE’s of interest,
as done in [39, 61, 114], one obtains a fully isomorphic 5-band matrix system as pointed
out in [39, App.A, Lemma A.1, Thm A.2], the basic underlying coordinate transition to be
applied is given by
(p, φ) = (ρ, ϕ − θ)
where p indexes the irreducible representations of SE(2) and φ denotes the angular argument
of the p-th irreducible function subspace L2 (S 1 ) on which the p-th irreducible representation
acts. For further details see [39, App.A] and [119].
In [39], we showed the relation between spectral decomposition of this matrix (for
N → ∞) and the exact solutions of contour completion. In this chapter we do the same
for the contour enhancement case in Section 3.4.1.

3.3.4

Stochastic implementation

In a Monte-Carlo simulation as proposed in [48, 66], we sample the stochastic process
(Eq. (3.18)) such that we obtain the kernels for our linear left-invariant diffusions. In
particular the kernel of the contour enhancement process, and the kernel for the contour
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completion process. Figure 3.5 shows the xy-Marginal of the enhancement and the
completion kernel, which were obtained by counting the number of paths crossing each
voxel in the orientation score domain. In addition, the length of each path follows a
negative exponential distribution. Within Figure 3.5 we see, for practically reasonable
parameter settings, that increasing the number of sample paths to 50000 already provides
a reasonable approximation of the exact kernels. In addition, each path was weighted
using the negative exponential distribution with respect to time in Eq. (3.6), in order
to obtain the resolvent kernels. The implementation of the k-fold resolvent kernels is

Figure 3.5: Stochastic random process for the contour enhancement raw kernel (top)
and stochastic random process for the contour completion raw kernel (bottom). Both
processes are obtained via Monte Carlo simulation of random process (3.18). In contour
completion, we set step size ∆t = 0.05, α = 10, D11 = D33 = 0.5, and D22 = 0. In
contour completion, we set step size ∆t = 0.005, α = 5, D33 = 1, and a = (1, 0, 0).

obtained by application of Theorem 3.2.1, i.e. by imposing a Gamma distribution instead
of a negatively exponential distribution. Here stochastic implementations become slower
as one can no longer rely on the memoryless property of the negatively exponential
distribution, which means one should only take the end-condition of each sample path
GT after a sampling of random traveling time T ∼ Γ(t; k, α). Still such stochastic
implementations are favorable (in view of the singularity) over the concatenation of
SE(2)-convolutions of the resolvent kernels with themselves.
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3.4

Implementation of exact solutions in the Fourier and spatial domain and their relation to numerical methods

In previous works by Duits and van Almsick [39, 107, 108], three methods were applied
producing three different exact representations for the kernels (or "Green’s functions") of
the forward Kolmogorov equations of the contour completion process:
1. The first method involves a spectral decomposition of the bi-orthogonal generator
in the θ-direction for each fixed spatial frequency (ωx , ωy ) = (ρ cos ϕ, ρ sin ϕ) ∈ R2
which is an unbounded Mathieu operator, producing a (for reasonably small times
t > 0) slowly converging Fourier series representation. Disadvantages include the
Gibbs phenomenon. Nevertheless, the Fourier series representation in terms of
periodic Mathieu functions directly relates to the numerical algorithm proposed by
August in [62], as shown in [39, ch:5]. Indeed the Gibbs phenomenon appears
in this algorithm as the method requires some smoothness of data: running the
algorithm on a sharp discrete delta-spike provides Gibbs-oscillations. The same
holds for Fourier transform on SE(2) methods [39, 61, 114], recall Remark 3.3.3.
2. The second method unwraps for each spatial frequency the circle S 1 to the real
line R, to solve the Green’s function with absorbing boundary conditions at infinity
which results in a quickly converging series in rapidly decaying terms expressed in
non-periodic Mathieu functions. There is a nice probabilistic interpretation: The
k-th number in the series reflects the contribution of sample-paths in a Monte-Carlo
simulation, carrying homotopy number k ∈ Z, see Figure 3.7.
3. The third method applies the Floquet theorem on the resulting series of the second
method and application of the geometric series produces a formula involving only
4 Mathieu functions [39, 106].
We briefly summarize these results in the general case and then we provide the end-results
of the three approaches for respectively the contour enhancement case and the contour
completion case in the theorems below. In Figure 3.6, we show an illustration of an exact
resolvent enhancement kernel and an exact fundamental solution and their marginals.
Furthermore, we investigate the distribution of the stochastic line propagation process
with periodic boundaries at −π − 2kπ to π + 2kπ of the exact kernel. The probability
density distribution of the kernel shows us that most of the random walks only move
within k = 2 loops, i.e. from −3π to 3π. See Figure 3.7, where it can be seen that the
series of rapidly decaying terms of method 2 for reasonable parameter settings already
be truncated at N = 1 or N = 2.
In Appendix A we analyze the asympotical behavior of the spatial Fourier transform of
the kernels at the origin and at infinity. It turns out that the fundamental solutions (the
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Figure 3.6: Top row, left: The three marginals of the exact Green’s function RαD of the
resolvent process where D = diag{D11 , 0, D33 } with parameter settings α = 0.025 and
D of the resolvent
D = {1, 0, 0.08}. right: The isotropic case of the exact Green’s function Rα
process with α = 0.025, D = {1, 0.9, 1}. Bottom row: The fundamental solution S D of the
resolvent process with D = {1, 0, 0.08}. The iso-contour values are indicated in the Figure.

case α ↓ 0) are the only kernels with a pole at the origin. This reflects that fundamental
solutions are not L1 -normalizable, in contrast to resolvent kernels and temporal kernels.
Furthermore, the Fourier transform of any kernel restricted to a fixed θ-layer has a rapidly
decaying direction ωη and a slowly decaying direction ωξ . Therefore we analyze the
decaying behavior of the spatially Fourier transformed kernels along these axes at infinity
and we deduce that all resolvent kernels and fundamental solutions have a singularity at
the origin, whereas the time-dependent kernels do not suffer from such a singularity.
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Figure 3.7: Top row, left to right: Two random walks in SE(2) = R2 o S 1 (and their
projection on R2 ) of the direction processes for k = 0, 1, 2 cases (where k denotes the
amount of loops) of contour enhancement with D = {0.5, 0., 0.19} (800 steps, step-size
∆t = 0.005). Bottom row, left to right: the intensity projection of the exact enhancement
kernels corresponding to the three cases in the top row, i.e. θ range from −π to π for
k = 0 case, from −3π to −π and π to 3π for k = 1 case, from −5π to −3π and 3π to 5π
1
for k = 2 case, with α = 40
, D = {0.5, 0., 0.19}.

3.4.1

Spectral decomposition and the 3 general forms of exact solutions

In this section, we will derive 3 general forms of the exact solutions. To this end we note
that analysis of strongly continuous semigroups [112] and their resolvents start with
analysis of the generator QD,a (A). Symmetries of the solutions directly follow from the
symmetries of the generator. Furthermore, spectral analysis of the generator QD,a (A)
as an unbounded operator on L2 (SE(2)) provides spectral decomposition and explicit
formulas for the time-dependent kernels, their resolvents and fundamental solutions as
we will see next.
First of all, the domain of the self-adjoint operator QD,a (A) equals
D(QD,a (A)) = H2 (R2 ) ⊗ H2 (S 1 ), with second order Sobolev space
H2 (S 1 ) ≡ {φ ∈ H2 ([0, 2π]) | φ(0) = φ(2π) and dφ(0) = dφ(2π)},
where dφ ∈ H1 (S 1 ) is the weak derivative of φ and where both Sobolev spaces H2 (S 1 )
are H2 (R2 ) are endowed with the L2 -norm. Operator QD,a (A) is equivalent to the
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corresponding operator
B D,a := (FR2 ⊗ idL2 (S 1 ) ) ◦ QD,a (A) ◦ (FR−1
2 ⊗ idH2 (S 1 ) ),
where ⊗ denotes the tensor product in distributional sense, FR2 denotes the unitary
Fourier transform operator on L2 (R2 ) almost everywhere given by
Z
1
ˆ
FR2 f (ω) = f (ω) :=
f (x)e−i ω ·x dx,
2π R2
and where idH2 (S 1 ) denotes the identity map on H2 (S 1 ). This operator B D,a is given by
D,a
Û (ω, ·))(θ),
(B D,a Û )(ω, θ) = (Bω
D,a
where for each fixed spatial frequency ω = (ρ cos ϕ, ρ sin ϕ) ∈ R2 operator Bω
:
1
1
H2 (S ) → L2 (S ) is a mixture of multiplier operators and weak derivative operators
d = ∂θ :

D,a
Bω
=−

2
X

aj mj +

j=1

2
X

Dkj mk mj + (−a3 + 2Dj3 mj )d + D33 d2 ,

(3.28)

k,j=1

with multipliers m1 = iρ cos(ϕ−θ) and m2 = −iρ sin(ϕ−θ) corresponding to respectively
A1 = cos θ∂x + sin θ∂y and A2 = − sin θ∂x + cos θ∂y . By straightforward goniometric
D,a
relations it follows that for each ω ∈ R2 operator Bω
boils down to a 2nd order Mathieud2
type operator (i.e. an operator of the type dz
−
2q
cos(2z)
+ a). In case of the contour
2
enhancement we have
(a = 0 and D = diag{D11 , D22 , D33 } and D11 , D22 ≥ 0, D33 > 0) ⇒
D,a
Bω
= −D11 ρ2 cos2 (ϕ − θ) − D22 ρ2 sin2 (ϕ − θ) + D33 A23 .

(3.29)

In case of the contour completion we have
D,a
(a = (1, 0, 0) and D33 > 0) ⇒ Bω
= −iρ cos(ϕ − θ) + D33 A23 .
D,a
Operator Bω
satisfies
D,a ∗
D,a
(Bω
) Θ = Bω
Θ,

and moreover it admits a right-inverse kernel operator K : L2 (S 1 ) → H2 (S 1 ) given by
Z
Kf (θ) = k(θ, ν)f (ν)dν,
(3.30)
S1

with a kernel satisfying k(θ, ν) = k(ν, θ) (without conjugation). This kernel k relates to
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D,a
the fundamental solution of operator Bω
:
D,a D,a
Ŝ (ω, ·) = δ0θ , for all ω = (ρ cos ϕ, ρ sin ϕ) ∈ R2 ,
Bω

with Ŝ D,a : SE(2) \ {e} → R, infinitely differentiable. By left-invariance of our generator
QD,a (A), we have
k(θ, ν) = Ŝ D,a (ρ cos(ϕ − θ), ρ sin(ϕ − θ), ν − θ),
where Ŝ D,a (ω, θ) denotes the spatial Fourier transform of the fundamental solution
S D,a : SE(2) \ {e} → R+ . Now that we have analyzed the generator of our PDE
evolutions, we summarize 3 exact approaches describing the kernels of the PDE’s of
interest.

Exact approach 1
Kernel operator K given by Eq. (3.30) is compact and its kernel satisfies k(θ, ν) = k(ν, θ)
and thereby it has a complete bi-orthonormal basis of eigenfunctions {Θn }n∈Z :
D,a ω
ω
−1 ω
Bω
Θn = λn Θω
n and KΘn = λn Θn , with 0 ≥ λn → ∞,
D,a
As operator Bω
is a Mathieu type of operator these eigenfunctions Θn can be expressed
in periodic Mathieu functions, and the corresponding eigenvalues can be expressed in
Mathieu characteristics as we will explicitly see in the subsequent subsections for both
the contour-enhancement and contour-completion cases. The resulting solutions of our
first approach are

P sλn
ω
W (x, y, θ, s) = [FR−1
e (Û (ω, ·), Θω
2 Ŵ (·, θ, s)](x, y) with Ŵ (ω, θ, s) =
n )Θn (θ),
P n∈Z
1
ω ω
Pα (x, y, θ) = [FR−1
2 P̂α (·, θ)](x, y) with P̂α (ω, θ) = α
α−λn (Û (ω, ·), Θn )Θn (θ),
n∈Z
α P
1
ω
ω
R̂αD,a (ω, θ) = 2π
α−λn Θn (θ) Θn (0),
n∈Z
P 1 ω
D,a (·, θ)](x, y) with Ŝ D,a (ω, θ) = − 1
ω
S D,a (x, y, θ) = [FR−1
2 Ŝ
2π
λn Θn (θ) Θn (0).
n∈N

(3.31)
D,a ∗
D,a
ω
ω
Remark 3.4.1. If a = 0 then (Bω
) = (Bω
) and Θω
n = Θn and the {Θn } form an
orthonormal basis for L2 (S 1 ) for each fixed ω ∈ R2 .

Exact approach 2
The problem with the solutions (3.31) is that the Fourier series representations (3.31)
do not converge quickly for s > 0 small. Therefore, in the second approach we unfold
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the circle and for the moment we replace the 2π-periodic boundary condition in θ by
absorbing boundary conditions at infinity and we consider the auxiliary problem of
finding R̂αD,a,∞ : R2 × R \ {e} → R+ , such that
(−QD,a + αI)RαD,a,∞ = αδ0x ⊗ δ0y ⊗ δ0θ ,
RαD,a,∞ (·, θ) → 0 as |θ| → ∞.
⇔

(3.32)
(

∀ω ∈R2 :

D,a
1 θ
(−Bω
+ αI)R̂αD,a,∞ (ω, ·) = α 2π
δ0 ,
D,a,∞
R̂α
(ω, θ) → 0 as |θ| → ∞.

The spatial Fourier transform of the corresponding fundamental solution again follows
by taking the limit α ↓ 0: Ŝ ∞ := lim α−1 R̂αD,a,∞ . Now the solution of (3.32) is given by
α↓0

R̂αD,a,∞ (ω, θ)

α
=
2πD33 Wρ

(

Gρ (ϕ)Fρ (ϕ − θ), for θ ≥ 0,
Fρ (ϕ)Gρ (ϕ − θ), for θ ≤ 0,

for all ω = (ρ cos ϕ, ρ sin ϕ)
(3.33)

D,a
where θ 7→ Fρ (ϕ − θ) is the unique solution in the nullspace of operator −Bω
+ αI
satisfying Fρ (θ) → 0 for θ → +∞, and where Gρ is the unique solution in the nullspace
D,a
of operator −Bω
+ αI satisfying Gρ (θ) → 0 for θ → −∞, and The Wronskian of Fρ and
Gρ is given by

Wρ = Fρ G0ρ − Gρ Fρ0 = Fρ (0)G0ρ (0) − Gρ (0)Fρ0 (0).

(3.34)

See Figure 3.8. We conclude with the periodized solutions
D,a
D,a
RαD,a (x, y, θ) = [FR−1
2 R̂α (·, θ)](x, y) with R̂α (ω, θ) =
D,a (·, θ)](x, y) with Ŝ D,a (ω, θ) =
S D,a (x, y, θ) = [FR−1
2 Ŝ

R̂αD,a,∞ (ω, θ + 2nπ),

P
n∈Z
P

Ŝ D,a,∞ (ω, θ + 2nπ).

n∈Z

(3.35)
For further details see [33, 39, 106–108]. Here we omit the details on these explicit
solutions for the general case as the proof is fully equivalent to [39, Lemma 4.4&Thm 4.5],
and moreover the techniques are directly generalizable from standard Sturm-Liouville
theory.

Exact approach 3
In the third approach, where for simplicity we restrict ourselves to both cases of the
contour enhancement and the contour completion, we apply the well-known Floquet
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Figure 3.8: Illustration of the continuous fit of θ →
7 R̂αD,0,∞ (ω, θ) in Eq. (3.33) for contour
1
enhancement with parameter settings D11 = 1, D22 = 0, D33 = 0.05 and α = 20
, at
π π
(ωx , ωy ) = ( 20 , 20 ).

theorem to the second order ODE
D,a
+ αI)F (θ) = 0 ⇔ F 00 (θ) − 2qρ cos((ϕ − θ)µ)F (θ) = −aρ F (θ),
(−Bω

(3.36)

with µ ∈ {1, 2}. For the precise settings/formulas of aρ , qρ and µ, in the case of contour
enhancement and contour completion we refer to the next subsections. Note that in
both the case of contour enhancement and completion we have the Mathieu functions
(following the conventions of [120, 121]) with
meν (z; qρ ) = ceν (z; qρ ) + iseν (z; qρ )
,
me−ν (z; qρ ) = ceν (z; qρ ) − iseν (z; qρ )

(3.37)

where z = ϕ − θ, ν = ν(aρ , qρ ), ceν (z; qρ ) denotes the cosine-elliptic functions and
seν (z; qρ ) denotes the sine-elliptic functions, given by
ceν (z; qρ ) =
seν (z; qρ ) =

∞
P
r=−∞
∞
P
r=−∞

cν2r (qρ ) cos (ν + 2r)z with ceν (z; 0) = cos νz
,
cν2r (qρ ) sin (ν + 2r)z with seν (z; 0) = sin νz

For details see [121]. Then, we have
Fρ (z) = me−ν (z/µ, qρ ), Gρ (z) = meν (z/µ, qρ ),
with µ = 1 in the contour enhancement case and µ = 2 in the contour completion case.
Furthermore aρ denotes the Mathieu characteristic and qρ denotes the Mathieu coefficient
and ν = ν(aρ , qρ ) denotes the purely imaginary Floquet exponent (with iν < 0) with
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respect to the Mathieu ODE-equation (3.36), whose general form is
y 00 (z) − 2q cos(2z)y(z) = −ay(z).
Application of this theorem to the solutions Fρ and Gρ in Eq. (3.35) yields
Fρ (z − 2nπ) = e

2nπ i ν
µ

Fρ (z) and Gρ (z − 2nπ) = e

− 2nπµ i ν

z = ϕ−θ. (3.38)

Fρ (z) ,

Substitution of (3.38) into (3.35) together with the geometric series
∞ 
X

e2νπi/µ

n=0

n

=

1 + e2iνπ/µ
1
and
= −coth (iνπ/µ) = i cot(νπ/µ),
1 − e2iνπ/µ
1 − e2iνπ/µ

with Floquet exponent ν = ν(aρ , qρ ), Im(ν) > 0, yields the following closed form solution
expressed in 4 Mathieu functions:
D,a
[R̂α
(·, θ)](ω) = D33αi Wρ {



ϕ
ϕ−θ
ϕ
ϕ−θ
− cot( νπ
)
ce
(
,
q
)
ce
(
,
q
)
+
se
(
,
q
)
se
(
,
q
)
+
ν
ρ
ν
ρ
ν
ρ
ν
ρ
µ
µ
µ
µ
µ
ϕ
ϕ−θ
ϕ
ϕ−θ
ceν ( µ , qρ ) seν ( µ , qρ ) − seν ( µ , qρ ) ceν ( µ , qρ ) u(θ) +



ϕ
ϕ−θ
ϕ
ϕ−θ
− cot( νπ
)
ce
(
,
q
)
ce
(
,
q
)
−
se
(
,
q
)
se
(
,
q
+
ν
ρ
ν
ρ
ν
ρ
ν
ρ
µ
µ
µ
µ
 µ
ϕ−θ
ϕ
ϕ−θ
ϕ
ceν ( µ , qρ ) seν ( µ , qρ ) + seν ( µ , qρ ) ceν ( µ , qρ u(−θ)

(3.39)

with Floquet exponent ν = ν(aρ , qρ ) and where θ 7→ u(θ) denotes the unit step function.
Next we will summarize the main results, before we consider the special cases of the
contour enhancement and the contour completion.
Theorem 3.4.1. The exact solutions of all linear left-invariant (convection)-difsfusions on
SE(2), their resolvents, and their fundamental solutions given by
W (g, t) = (KtD,a ∗SE(2) U )(g), Pα (g) = (RαD,a ∗SE(2) U )(g), S D,a = (QD,a (A))−1 δe ,
admit three types of exact representations for the solutions. The first type is a series expressed
involving periodic Mathieu functions given by Eq. (3.31). The second type is a rapidly
decaying series involving non-periodic Mathieu functions given by Eq. (3.33) together with
Eq. (3.35), and the third one involves only four non-periodic Mathieu functions and is given
by Eq. (3.39).

The contour enhancement case
In case D = diag{D11 , D22 , D33 } with D11 , D33 > 0 and D22 ≥ 0 and a = 0, the settings
in the solution formula of the first approach Eq. (3.31) are
Θn (θ) =
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men (ϕ−θ,qρ )
√
,
2π

qρ =

ρ2 (D11 −D22 )
,
4D33

λn = −an (qρ )D33 −

ρ2 (D11 +D22 )
,
2

(3.40)
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where men (z, q) denotes the periodic Mathieu function with parameter q and an (q) the
corresponding Mathieu characteristic, and with Floquet exponent ν = n ∈ Z.
The settings of the solution formula of the second approach Eq. (3.36) together with
Eq. (3.35) are
2

aρ =

−α− ρ2 (D11 +D22 )
,
D33

qρ =

ρ2 (D11 −D22 )
,
4D33

µ = 1, Wρ = −2i se0ν (0, qρ )ceν (0, qρ ), (3.41)

d
where se0ν (0, qρ ) = dz
seν (z, q)|z=0 . The third approach Eq. (3.39) yields for D11 > D22
the result in [33, Thm 5.3].

Remark 3.4.2. As the generator QD,0 (A) = D11 A21 +D33 A23 is invariant under the reflection
A3 7→ −A3 we have that our real-valued kernels satisfy K(x, y, θ) = K(−x, −y, θ). As a
result the spatially Fourier transformed enhancement kernels given by K̂tD (ω, θ), R̂αD (ω, θ),
Ŝ D (ω, θ) are real-valued. This is indeed the case in e.g. Eq.(3.33), Eq.(3.39), as for q, z ∈ R
and ν = −ν, we have meν (z, q) = meν (−z, q) = meν (z, q), so that seν (z, q) ∈ iR and
ceν (z, q) ∈ R.
The contour completion case
In case D = diag{0, 0, D33 } with D33 > 0 and a = (1, 0, 0), the settings in the solution
formula of the first approach Eq. (3.31) are
Θn (θ) =

cen ( ϕ−θ
,qρ )
√2
,n
π

∈ N ∪ {0},

λn = −

an (qρ )D11
,
4

qρ =

2ρi
D33 ,

(3.42)

where cen denotes the even periodic Mathieu-function with Floquet exponent n.
The settings of the solution formula of the second approach Eq. (3.36) together with
Eq. (3.35) are
aρ = − D4α33 , qρ =

2ρi
D33 ,

µ = 2, Wρ = −i se0ν (0, qρ )ceν (0, qρ ).

(3.43)

See Figure 3.9 for plots of completion kernels.

Overview of the relation of exact solutions to numerical implementation schemes
Theorem 3.4.1 provides three type of exact solutions for our PDE’s of interest, and the
question rises how these exact solutions relate to the common numerical approaches to
these PDE’s.
The solutions of the first type relate to SE(2)-Fourier and finite element type (but
then using a in Fourier basis) of techniques, as we will show for the general case in
Section 3.3.3. The general idea is that if the dimension of the square band matrices
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Figure 3.9: The marginals of the exact Green’s functions for contour completion. All the
figures have the same settings: σ = 0.4, D = {0, 0, 0.08} and a = (1, 0, 0). Top row, left:
The resolvent process with α = 0.1, right: The resolvent process with α = 0.01. Bottom
row: The fundamental solution of the resolvent process with α = 0. The iso-contour
values are indicated in the Figure.
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(where the bandsize is atmost 5) tends to infinity, the exact solutions arise in the spectral
decomposition of the numerical matrices.
To compare the solutions of the second/third type of exact solutions to the numerics
we must sample the solutions involving non-periodic Mathieu functions in the Fourier
domain. Unfortunately, as also reported by Boscain et al. [114], well-tested and complete
publically available packages for Mathieu-function evaluations are not easy to find. The
routines for Mathieu function evaluation in Mathematica 7, 8, 9, at least show proper
results for specific parameter settings. However, in case of contour enhancement their
evaluations numerically break down for the interesting cases D11 = 1 and D33 < 0.2,
see Figure C.1 in Appendix B. Therefore, in Appendix B, we provide our own algorithm
for Mathieu-function evaluation relying on standard theory of continued fractions [122].
This allows us to sample the exact solutions in the Fourier domain for comparisons. Still
there are two issues left that we address in the next section: 1. One needs to analyze
errors that arise by replacing CFT−1 (Inverse of the Continuous Fourier Transform) by the
DFT−1 (Inverse of the Discrete Fourier Transform), 2. One needs to deal with singularities
at the origin.

The direct relation of Fourier based techniques to the exact solutions
In [39] we have related matrix-inversion in Eq. (3.27) to the exact solutions for the
contour completion case. Next we follow a similar approach for the contour enhancement
case with (D22 = 0, i.e. hypo-elliptic diffusion), where again we relate diagonalization of
the five-band matrix to the exact solutions.
Remark 3.4.3. Let ω = (ρ cos ϕ, ρ sin ϕ) ∈ R2 be fixed. In case of contour enhancement
with D = diag{D11 , 0, D33 } and a = 0, the solution of the matrix system (3.25), for
N → ∞, can be written as
P̂ = SΛ−1 S T û

(3.44)

with
P̂ = {P̃ ` (ρ)}`∈Z , û = {ũ` (ρ)}`∈Z , S = [Sn` ] = [cn` (qρ )],
2
11
qρ =
Λ = diag{α − λn (ρ)}, λn (ρ) = −a2n (qρ )D33 − ρ D
2 ,

ρ2 D11
4D33 ,

(3.45)

and where
(
cn` =

Mathieu Coefficient cn` ,
0, if ` is odd.

if ` is even

In fact Eq. (3.25), for N → ∞, boils down to a steerable SE(2) convolution [35] with the
corresponding exact kernel RαD,a : SE(2) → R+
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me (ϕ−θ,q )

Proof. Both { √12π ei`(ϕ−θ) |` ∈ Z} and { √12π Θωn (θ) := n √2π ρ |n ∈ Z} form an orthonormal basis of L2 (S 1 ). The corresponding basis transformation is given by S. As this basis
transformation is unitary, we have S −1 = S † = S̄ T . As a result we have
P̃ ` (ρ) =

X

` m
Sm
δn

m,n,p∈Z

Thereby, as men (z) =
ω , θ) = α
P̂α (ω

X X cn` (qρ )cnp (qρ )ũp (ρ)
1
(S † )np ũp (ρ) =
.
α − λn (ρ)
α − λn (ρ)

n
i`z
`∈Z c` (qρ )e ,

P

X

we have:

P̃ ` (ρ)ei`(ϕ−θ) = α

X X men (ϕ − θ, qρ )cnp (qρ )eipϕ ûp (ρ)
n∈Z p∈Z

`∈Z

α − λn (ρ)

ω , θ) =
where we recall ũp = eipϕ ûp . Now by setting u = δe ⇔ û(ω
We obtain the exact kernel

ω , θ) =
RαD,a (ω

(3.46)

n∈Z p∈Z

1 θ
2π δ0

, (3.47)

⇔ ∀p∈Z , ûp =

α X Θωn (θ)Θωn (0)
.
2π
α − λn (ρ)

1
2π .

(3.48)

n∈Z

From which the result follows.
Conclusion: This theorem supports our numerical findings that will follow in Section 3.5.
The small relative error are due to rapid convergence (α−λ1n (ρ)) → 0 (n → ∞), so that
truncation of the 5-band matrix produces very small uniform errors compared to the exact
solutions. It is therefore not surprising that the Fourier based techniques outperform the
finite difference solutions in terms of numerical approximation (see Section 3.5).

3.4.2

Comparison to the exact solutions in the Fourier domain

We have previously derived the Green’s function of the exact solutions of the system
(
(αI − QD,a )RαD,a = αδe
(3.49)
W (x, y, −π) = W (x, y, π)
in the continuous Fourier domain. However, we still need to produce nearly exact
solutions RαD,a (x, y, θr ) in the spatial domain, given by
RαD,a (x, y, θr ) =




=

1
2π

2 Z

1
2π

2 Z

∞

Z

−∞
ςπ

Z

−ςπ

∞

−∞
ςπ
−ςπ

ω , θr )eiωωx dω
ω
R̂αD,a (ω
(3.50)
ω , θr )eiωωx dω
ω
R̂αD,a (ω

+ Iς (x, r),

2π
where x = (x, y) ∈ R2 , ω = (ωx , ωy ) ∈ R2 , θr = ( 2R+1
· r) ∈ [−π, π] are the discrete
angles and r ∈ {−R, −(R − 1), ..., 0, ..., R − 1, R}, ς is an oversampling factor and Iς (x, r)
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represent the tails of the exact solutions due to their support outside the range [−ςπ, ςπ]
in the Fourier domain, given by

Iσ (x, r) =

1
2π

2 Z

2

R2 \[−ςπ,ςπ]2

ω , θr )eiωω x dω
ω.
e−s|ωω | R̂αD (ω

(3.51)

However in practice we sample the exact solutions in the Fourier domain and then obtain
the spatial kernel by directly applying the DFT−1 . Here errors will emerge by using the
DFT−1 instead of the CFT−1 . More precisely, we shall rely on the CDFT−1 (Inverse of
the Centered Discrete Fourier Transform). Next we analyze and estimate the errors via
Riemann sum approximations [123]. The nearly exact solutions of the spatial kernel in
Eq. (3.50) can be written as
RαD,a (x, y, θr ) =


1 2
2π

ςP
P

ςQ
P

ςP
P

ςQ
P

i(ωp10 x+ωq20 y)

R̂αD,a (ωp10 , ωq20 , θr )e
0
0
p =−ςP



 q =−ςQ
1
Iς (x, r) + O 2P1+1 + O 2Q+1

=

1
1
2P +1 2Q+1

Iς (x, r)

∆ω 1 ∆ω 2 +

i(ω 1 x+ωq20 y)
+
R̂αD,a (ωp10 , ωq20 , θr )e p0

p0 =−ςP
 q0 =−ςQ

+ O 2P1+1 +

O



1
2Q+1

(3.52)



2π
where ∆ω 1 = 2P2π+1 = x2π
, ∆ω 2 = 2Q+1
= y2π
and P, Q ∈ N determine the number of
dim
dim
samples in the spatial domain, with discrete frequencies and angles given by

2π
2π
2π
· p0 ∈ [−ςπ, ςπ], ωq20 =
· q 0 ∈ [−ςπ, ςπ], θr =
· r ∈ [−π, π]
2P + 1
2Q + 1
2R + 1
(3.53)


There are three approximation terms in Eq. (3.52), and two of them, i.e. O 2P1+1


1
and O 2Q+1
are standard due to Riemann sum approximation. However, Iς (x, r) is
harder to control and estimate. This is one of the reasons why we include a spatial
Gaussian blurring with small scale 0 < s  1. This means that instead of solving
RαD,a = α(αI − QD,a (A1 , A2 , A3 ))−1 δe , we compute
ωp10 =

RαD,a,s = es∆ α(αI −QD,a (A1 , A2 , A3 ))−1 δe = α(αI −QD,a (A1 , A2 , A3 ))−1 es∆ δe . (3.54)
So instead of computing the impulse response of a resolvent diffusion we compute the
||x||2

δ0θ

e− 4s
4πs

response of a spatially blurred spike Gs ⊗
with Gaussian kernel Gs (x) =
.
D,a,s
Another reason for including a linear isotropic diffusion is that the kernels Rα
are not
singular at the origin. The singularity at the origin (0, 0, 0) of RαD,a reproduces the original
data, whereas the tails of RαD,a take care of the external actual visual enhancement.
Therefore, reducing the singularity at the origin by slight increase of s > 0, amplifies the
enhancement properties of the kernel in practice. However, s > 0 should not be too large
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as we do not want the isotropic diffusion to dominate the anisotropic diffusion.
Theorem 3.4.2. The exact solutions of RαD,a,s : SE(2) → R+ are given by


2
ω )e−s|ωω | = FR2 RαD,a,s (ω
ω ),
FR2 RαD,a (ω

(3.55)

ω ) in terms of Mathieu functions are provided in Theorem
where analytic expressions for RαD,a (ω
3.4.1. For the spatial distribution, we have the following error estimation:



ω 1· , ω 2· , θr )) (x)+Iςs (x, r)+O
RαD,a,s (x, θr ) = [CDFT]−1 (Ŝ(ω




1
1
+O
,
2P + 1
2Q + 1
(3.56)

for all x = (x, y) ∈ ZP × ZQ , with discretization in Eq. (3.53), ς ∈ N denotes the
oversampling factor in the Fourier domain and s = 21 σ 2 is the spatial Gaussian blurring
scale with σ ≈ 1, 2 pixel length, and

Iςs (x, r)

Z

2

=
R2 \[−ςπ,ςπ]2

ω , θr )eiωω ·x dω
ω.
e−s|ωω | R̂αD,a (ω

(3.57)

First of all we recall Eq. (3.54), from which Eq. (3.55) follows. Eq. (3.56) follows by
standard Riemann-sum approximation akin to Eq. (3.52). Finally, we note that due to
Hörmander theory [111] the kernel RαD,a is smooth on SE(2) \ {e} = (0, 0, 0). Now,
thanks to the isotropic diffusion, RαD,a,s is well-defined and smooth on SE(2).
Remark 3.4.4. For D11 = D22 we have the asympotic formula (for ρ  0 fixed):

ω , θ) = 1 =⇒ RαD,a (ω
ω , ρθ ) =
(D11 ρ2 + D33 ρ2θ + αI)RαD,a (ω

1
D11 ρ2 +D33 ρ2θ +α

≈ O( ρ12 ).
(3.58)

Now for
|Iςs (x, r)| = |

R

R2 \[−ςπ,ςπ]2

ω , θr )eiωω x dω
ω | ≤ 2π
e−s|ωω | R̂αD,a (ω
2

R∞
ςπ

e−sρ

2

C
ρ dρ

= πC Γ(0, π 2 sς 2 ),
(3.59)

for fixed a, C ≈ D111 (for D33 small), and where Γ(a, z) denotes the incomplete Gamma
distribution. We have s = 12 σ 2 . For typical parameter settings in the contour enhancement
case, σ = 1 pixel length, D11 = 1, D33 = 0.05, we have
(
(0.00124)πC, ς = 1
|Iςs (x, r)| ≤
(3.60)
(10−10 )πC,
ς=2
which is sufficiently small for ς ≥ 2.
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Scale selection of the Gaussian mask and inner-scale
In the previous section, we proposed to use a narrow spatial isotropic Gaussian window
√
to control errors caused by using the DFT−1 . In R2 , we have 4πsFGs = G 1 , i.e.
4s

2

(FGs )(ω) = e−s||ω|| ,

Gs (x) = √

−||x||2
1
e 4s ,
4πs

σs · σf = 1.

(3.61)

where σf denotes the standard deviation of the Fourier window, and σs denotes the
standard deviation of the spatial window. In our convention, we always take ∆x = Nls as
the spatial pixel unit length, where l gives the spatial physical length and Ns denotes the
number of samples.
The size of the Fourier Gaussian window can be represented as: 2σf = ν · ςπ, where
ν ∈ [ 12 , 1] is the factor that specifies the percentage of the maximum frequency we are
going to sample in the Fourier domain and ς is the oversampling factor. Then, we can
represent the size of the continuous and discrete spatial Gaussian window σs and σsDiscrete
as:
 
2
l
2
l
Discrete
σs =
,
σs
= σs ·
=
.
(3.62)
νςπ
Ns
νςπ Ns
From Figure 3.10, we can see that a Fourier Gaussian window with ν < 1 corresponds to
a spatial Gaussian blurring of slightly more than 1 pixel unit. If we set the oversampling

Figure 3.10: Illustration of the scales between a Fourier Gaussian window and the
corresponding spatial Gaussian window. Here we define the number of samples Ns = 65.
factor ς = 1, one has 2σsDiscrete ∈ [∆x, 2∆x]. Then, the scale of the spatial Gaussian
window ss = 12 (σsDiscrete )2 ≤ 12 (∆x)2 , in which 12 (∆x)2 is called inner-scale [124], which
is by definition the minimum reasonable Gaussian scale due to the sampling distance.
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Comparison by relative `K −errors in the spatial and Fourier domain
Firstly, we explain how to make comparisons in the Fourier domain. Before the comparison, we apply a normalization such that all the DC components in the discrete Fourier
domain add up to 1, i.e.
Q
R
P
X
X
X

R
X

RαD,a (x, y, θr )∆x∆y∆θ =

r=−R x=−P y=−Q


[CDFT] RαD,a (·, ·, θr ) (0, 0) · ∆θ = 1,

r=−R

where the CDFT and its inverse are given by

h

i
P
P
CDFT RαD,a (·, ·, θr ) [p0 , q 0 ] :=

Q
P

RαD,a (p, q, θr )e

−2πipp0
2P +1

e

−2πiqq 0
2Q+1

,

p=−P q=−Q

h


i
CDFT−1 [p0 , q 0 ] → R̂αD,a (ωp10 , ωq20 , θr ) [p, q]
 P

Q
P
2πipp0 2πiqq 0
P
1
RαD,a (ωp10 , ωq20 , θr )e 2P +1 e 2Q+1 ,
:= 2P1+1 2Q+1

(3.63)

p0 =−P q 0 =−Q

in order to be consistent with the normalization in the continuous domain:
Z π
Z πZ Z
D,a
R̂α (0, 0, θ)dθ =
RαD,a (x, y, θ)dxdydθ = 1.
−π

−π

R

R

The procedures of calculating the relative errors fR in the Fourier domain are given as
follows:
fR

=

|R̂αD,a,exact (ω·1 , ω·2 , θ· ) − R̂αD,a,approx (ω·1 , ω·2 , θ· )|`K (ZP ×ZQ ×ZR )
|R̂αD,a,exact (ω·1 , ω·2 , θ· )|`K (ZP ×ZQ ×ZR )

,

(3.64)

where K ∈ N indexes the `K norm on the discrete domain ZP × ZQ × ZR . Akin to
comparisons in the Fourier domain, we compute relative errors sR in the spatial domain
as follows:
sR =

|RαD,a,exact (x· , y· , θ· ) − RαD,a,approx (x· , y· , θ· )|`K (ZP ×ZQ ×ZR )
|RαD,a,exact (x· , y· , θ· )|`K (ZP ×ZQ ×ZR )

,

(3.65)

where we firstly normalize the approximation kernel with respect to the `1 (ZP × ZQ × ZR )
norm.
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3.5

Experimental results

To compare the performance of different numerical approaches with the exact solution,
Fourier and spatial kernels with special parameter settings are produced from different
approaches in both enhancement and completion cases. The evolution of all our numerical
2
1
schemes starts with a spatially blurred orientation score spike, i.e. (Gσs ∗ δ0R ) ⊗ δ0S ,
which corresponds to the Fourier Gaussian window mentioned in Section 3.4.2 for the
error control of the exact kernel in Theorem 3.4.2. We vary σs > 0 in our comparisons.
We analyze the relative errors of both spatial and Fourier kernels with changing standard
deviation σs of Gaussian blurring in the finite difference and the Fourier based approaches
for contour enhancement, see Figure 3.11.
All the kernels in our experiments are `1 − normalized before comparisons are done. In
the contour completion experiments, we construct all the kernels with the number of
orientations No = 72 and spatial dimensions Ns = 192, while in the contour enhancement
experiments we set No = 48 and Ns = 128. Our experiments are not aiming for speed of
convergence in terms of No and Ns , as this can be derived theoretically from Theorem
3.4.3, we rather stick to reasonable sampling settings to compare our methods, and to
analyze a reasonable choice of σs > 0.
From Figure 3.11 we deduce that the relative errors of the `1 and `2 normalized finite
difference (FD) spatial kernels converge to an offset of approximately 5%, which is
understood by additional numerical blurring due to B-spline approximation in Section
3.3.1, which is needed for rotation covariance in discrete implementations [36, Figure10],
but which does affect the actual diffusion parameters. The relative errors of the Fourier
based techniques (FBT) are very slowly decaying from 0.61% along the axis σs . We
conclude that an appropriate stable choice of σs for fair comparison of our methods is
σs = 1, recall also Section 3.4.2.
Table 3.1 shows the validation results of our numerical enhancement kernels, in comparison with the exact solution using the same parameter settings. The first 5 rows and
the last 5 rows of the table show the relative errors of the `1 and `2 normalized kernels
separately. In all the three parameter settings, the kernels obtained by using the FBT
method provides the best approximation to the exact solutions due to the smallest relative
errors in both the spatial and the Fourier domain. Overall, the stochastic approach (a
Monte Carlo simulation with ∆t = 0.02 and 108 samples) performs second best.
Although the finite difference scheme performs less, compared to the more computationally demanding FBT and the stochastic approach, the relative errors of the FD explicit
approach are still acceptable, less than 5.7%. The 5% offset is understood by the B-spline
interpolation to compute on a left-invariant grid. Here we note that finite differences do
have the advantage of straightforward extensions to the non-linear diffusion processes
[35, 36, 45, 103], which will also be employed in the subsequent application section. For
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Figure 3.11: The relative errors, Eq. (3.65), of the finite difference (FD), and Fourier based
techniques (FBT) with respect to the exact methods (Exact) for contour enhancement.
Both `1 and `2 normalized spatial and Fourier kernels are calculated based on different
standard deviation σs ranging from 0.5 to 1.7 pixels, with parameter settings D =
{1., 0., 0.03}, α = 0.05 and time step size ∆t = 0.005 in the FD explicit approach.

the FD implicit approach, larger step size can be used than the FD explicit approach in
order to achieve a much faster implementation, but still with negligible influence on the
relative errors.
Table 3.2 shows the validation results of the numerical completion kernels with three
sets of parameters. Again, all the `1 and `2 normalized FBT kernels show us the best
performance (less than 1.2% relative error) in the comparison.

3.6

Conclusion

We analyzed linear left-invariant diffusion, convection-diffusion and their resolvents on
invertible orientation scores, following both 3 numerical and 3 exact approaches. In
particular, we considered the Fokker-Planck equations of Brownian motion for contour
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Table 3.1: Enhancement kernel comparison of the exact analytic solution with the
numerical Fourier based techniques, the stochastic methods and the finite difference
schemes.
Relative Error D = {1., 0., 0.05} D = {1., 0., 0.05} D = {1., 0.9, 1.}
(%) α = 0.01
α = 0.05
α = 0.05
`1 -norm Spatial
Exact-FBT
Exact-Stochastic
Exact-FDExplicit
Exact-FDImplicit

0.12
2.18
5.07
5.08

`2 -norm Spatial
Exact-FBT
Exact-Stochastic
Exact-FDExplicit
Exact-FDImplicit

1.40
2.26
4.80
5.17

Fourier Spatial

Fourier Spatial

Fourier

1.30
3.94
1.82
2.29

1.92
3.82
2.34
3.03

0.60
2.54
3.56
5.59

0.35
1.74
5.70
5.70

2.27
2.66
2.99
3.00

Fourier Spatial

Fourier Spatial

Fourier

1.37
2.32
1.72
2.11

2.30
3.16
1.60
2.29

1.23
2.65
3.15
5.56

2.39
3.50
4.97
5.80

2.24
2.93
2.90
5.42

Measurement method abbreviations: (Exact) - Ground truth measurements based
on the analytic solution by using Mathieu functions in Section 3.4.1, (FBT) - Fourier
based techniques in Section 3.3.3 and Section 3.4.1, (Stochastic) - Stochastic method
in Section 3.3.4 (with ∆t = 0.02 and 108 samples), (FDExplicit) and (FDImplicit) Explicit and implicit left-invariant finite difference approaches with B-Spline interpolation in Section 3.3.2, respectively. The settings of time step size are ∆t = 0.005 in
the FDExplicit scheme, and ∆t = 0.05 in the FDImplicit scheme.
enhancement, and the direction process for contour completion. We have provided 3
exact solution formulas for the generic left-invariant PDE’s on SE(2) to place previous
exact formulas into context. These formulas involve either infinitely many periodic or
non-periodic Mathieu functions, or only 4 non-periodic Mathieu functions.
Furthermore, as resolvent kernels suffer from severe singularities that we analyzed in
this chapter, we propose a new time integration via Gamma distributions, corresponding
to iterations of resolvent kernels. We derived new asymptotic formulas for the resulting
kernels and show benefits towards applications, illustrated via stochastic completion
fields in Figure 3.2.
Numerical techniques can be categorized into 3 approaches: finite difference, Fourier
based and stochastic approaches. Regarding the finite difference schemes, rotation and
translation covariance on reasonably sized grids requires B-spline interpolation [36] (towards a left-invariant grid), including additional numerical blurring. We applied this both
to implicit schemes and explicit schemes with explicit stability bound. Regarding Fourier
based techniques (which are equivalent to SE(2) Fourier methods, recall Remark 3.3.3),
we have set an explicit connection in Theorem 3.4.3 to the exact representations in
periodic Mathieu functions from which convergence rates are directly deduced. This is
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Table 3.2: Completion kernel comparison of the exact analytic solution with the numerical
Fourier based techniques, the stochastic methods and the finite difference schemes.
Relative Error D = {0., 0., 0.08} D = {0., 0., 0.08} D = {0., 0., 0.18}
a = (1., 0., 0.)
a = (1., 0., 0.)
a = (1., 0., 0.)
(%) α = 0.01
α = 0.05
α = 0.05
`1 -norm Spatial
Exact-FBT 0.02
Exact-Stochastic 2.49
Exact-FDExplicit 1.91
`2 -norm Spatial
Exact-FBT 0.94
Exact-Stochastic 4.96
Exact-FDExplicit 6.60

Fourier Spatial

Fourier Spatial

Fourier

1.06
3.31
8.36

1.17
5.40
8.68

0.52
4.26
9.03

0.11
2.37
4.29

0.05
1.95
4.57

Fourier Spatial

Fourier Spatial

Fourier

1.21
3.40
5.50

1.50
3.25
6.56

0.79
2.45
6.48

1.20
4.84
7.92

0.65
4.39
8.46

Measurement method abbreviations: (Exact) - Ground truth measurements based
on the analytic solution by using Mathieu functions in Section 3.4.1, (FBT) - Fourier
based techniques in Section 3.3.3 and Section 3.4.1, (Stochastic) - Stochastic method
in Section 3.3.4 (with ∆t = 0.02 and 108 samples), (FDExplicit) - Explicit left-invariant
finite difference approaches with B-Spline interpolation in Section 3.3.2. The settings
of time step size are ∆t = 0.005 in the FDExplicit scheme.
confirmed in the experiments, as they perform best in the numerical comparisons.
We compared the exact analytic solution kernels to the numerically computed kernels
for all schemes. We computed the relative `1 and `2 errors in both spatial and Fourier
domain. We also analyzed errors due to Riemann sum approximations that arise by
using the DFT−1 instead of using the CFT−1 . Here, we needed to introduce a spatial
Gaussian blurring with small “inner-scale” due to finite sampling. This small Gaussian
blurring allows us, to control truncation errors, to maintain exact solutions, to reduce
the singularities, and to preserve the Lie-algebra structure. We implemented all the
numerical schemes in Mathematica, and constructed the exact kernels based on our
own implementation of Mathieu functions to avoid the numerical errors and slow speed
caused by Mathematica’s Mathieu functions.
We showed that FBT, stochastic and FD provide reliable numerical schemes. Based on
the error analysis we demonstrated that best numerical results were obtained using the
FBT with negligible differences. The stochastic approach (via a Monte Carlo simulation)
performs second best. The errors from the FD method are larger, but still located in an
admissible scope, and they do allow non-linear adaptation.
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Based on:
Jiong Zhang, Erik Bekkers, Behdad Dashtbozorg, and Bart ter Haar Romeny, “Reconnection of Interrupted Curvilinear Structures via Cortically Inspired Completion for
Ophthalmologic Images,” In preparation for submission.
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Abstract
In this chapter, we propose a robust, efficient and automatic reconnection algorithm for
bridging interrupted curvilinear skeletons in ophthalmologic images. This method employs the contour completion process, i.e. mathematical modeling of the direction process
in the roto-translation group SE(2) ≡ R2 o S 1 to achieve line propagation/completion.
The completion process can be used to reconstruct interrupted curves by considering
their local consistency. An explicit scheme with finite difference approximation is used to
construct the 3D resolvent completion kernel, where we choose the Gamma-distribution
for time-integration. To process curvilinear structures in R2 o S 1 , the framework of
orientation scores is exploited to lift 2D curvilinear structures into the 3D coupled space.
The propagation and reconnection of interrupted curvilinear structures are achieved by
convolving the completion kernel with orientation scores via iterative group convolutions.
To overcome the incorrect skeletonization of the 2D thinning approach at junctions, a 3D
segment-wise thinning (SWT) technique is proposed to process each segment separately
in orientation scores. Validations on 4 datasets with different image modalities show that
the proposed algorithm gives very good performance in the reconnection of curvilinear
interruptions, particularly for the challenging junction structures. In addition, we provide
preliminary results in a retinal vessel tracking application to show that the PDE’s in the
orientation score domain preserve the crossing parts and are able to achieve more robust
vessel tracking.
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4.1

4.1.1

Reconnection of interrupted curvilinear structures via contour completion
Introduction

Clinical importance of curvilinear structures in ophthalmologic images
Ophthalmologic images like retinal and corneal nerve fiber images are widely used in
clinical assessment for a variety of diseases [2, 3, 125–127], as strong links exist between
different pathologies and geometrical properties of the blood vessels and nerves, the
curvilinear structures which are the focus of this chapter. For example, retina-related
diseases such as diabetic retinopathy (DR) and retinopathy of prematurity (ROP) usually
cause variations in the blood vessels like neovascularization and tortuosity changes
[2, 3]. Consequently, retinal fundus images are increasingly used for measuring clinical
biomarkers such as vessel calibers, artery/vein ratio and fractal dimension for the early
diagnosis of systemic diseases, e.g. hypertension and arteriosclerosis [2]. In corneal nerve
images, significant loss of nerve fiber length, fiber density, branch density and connecting
points are presented as the clinical signs of type-II diabetes [125]. The tortuosity changes
of nerve fibers have a close correlation with unilateral herpes zoster [126] and diabetic
neuropathy [127].
The rapid development of retinal fundus cameras and corneal confocal microscopes have
facilitated the relations between image structures and diseases in a noninvasive way.
However, the full visual inspection by specialists slows down the clinical assessment
speed for decision making and treatment planning. In particular, the prevalence of
ophthalmologic diseases requires early computer-aided diagnosis (CAD) to assist largescreening programs efficiently. Due to the clinical importance of analyzing the curvilinear
structures in different image modalities, automatic segmentation methods are needed.

Curvilinear network extraction methods and challenges
Method overview: A variety of previous studies for identifying the retinal vascular
network [40, 55, 91, 98, 128, 129] and for extracting the corneal nerve fibers [130–132]
have been proposed. They can generally be classified into two categories: tracking-based
approaches [55, 130] and segmentation-based approaches [40, 91, 98]. These methods
provide a binary segmentation or centerline map of curvilinear/elongated structures.
Segmentation-based approaches exploit different profile models or filters to highlight
curvilinear structures, or integrate them with a supervised learning procedure to predict
the pixel probabilities of being curvilinear structures. Tracking-based approaches start
from predefined seed points and iteratively track the optimal path until a stopping
criterion is satisfied.
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(a) Original patch

(b) Ground truth

(c) Binary segmentation

Figure 4.1: Examples of segmentation in retinal images (Row 1) and corneal nerve
fiber images (Row 2) with the presence of interrupted curvilinear structures. (a) the
original patch, (b) the ground truth and (c) the binary segmentations in row 1 and 2 were
obtained from the state-of-the-art algorithms by Soares et al. [90] (top) and Zhang et
al. [38] (bottom), respectively.
Challenging interruptions: In general, many segmentation tasks emphasize the extraction of as many elongated segments as possible, but they ignore to consider the
importance of structure connectivity. However, challenging cases, like non-uniform illumination or contrast changes, low intensities or low signal to noise ratios especially in
tiny structures, strong central arterial reflex, vessel narrowing and complete occlusions
often cause interruptions along vessels, or broken crossings/bifurcations as shown in
Figure 4.1. Segmentation-based approaches are sensitive to these difficult cases because
they mainly take into account the local pixel appearances for classification. Many tracking based approaches rely on an initial segmentation of the curvilinear network, from
which they begin to trace the skeleton of the binary segmentation. This dependency will
produce incomplete graph representations when imperfect segmentations and skeletons
are used to guide the tracking. Other challenges are broken junctions between tiny and
large structures, interruptions at bifurcations/crossings with small angles and complex
junctions that are very close to each other. More discussions on the topological and
geometrical connectivities of curvilinear network can be found in references [133–142].
Motivation for the reconnection of interruptions: Since the interrupted curvilinear
78

4.1. Reconnection of interrupted curvilinear structures via contour completion
segments are not able to fully represent the geometric network, quantitative biomarker
measurements from the extracted structures become less reliable in practice. For example, the statistical analysis of vessel tortuosity, segment length, vessel calibers, bifurcation/crossing angles, corneal never fiber tortuosity and density may produce wrong
indications to the computer-aided diagnosis. To give a better description of geometric
features, a reconnection method for interrupted segments is needed to repair the missing
skeleton gaps in many state-of-the-art segmentations.

Related-works for the reconnection
Currently, the limited studies available mainly focus on connectivity analysis of separated
curvilinear segments, i.e. finding their connection relations and grouping them together.
Favali et al. [143] analyze the vessel connectivity relations based on spectral clustering on
a large local affinity matrix, which is obtained from the stochastic model of the cortical
connectivity. This promising method however cannot deal properly yet with smooth line
continuation at gap closures.
Only a few papers address the development of fully automatic methods for the reconnection of interrupted structures. Joshi et al. [144] presented a method for automatic
identification and reconnection of interrupted gaps in retinal vessel segmentations. This
method firstly extracts the end points of a vessel segment which needs to be reconnected
back to the main structure, and then uses a graph search method with several constraints
for segment reconnection.
A general approach for reconnecting the interrupted curvilinear structures with extensive
evaluations and applications is still missing in literature. Moreover, the above mentioned
methods are primarily interested in filling the gaps located within vascular segments,
but the disconnected junction-like structures (crossings/bifurcations) are ignored. The
complex linkages at junctions are challenging cases for these methods, as shown in
Figure 4.1 (Row 1). The clinical practice requires a method that works both efficiently
and accurately.

The proposed pipeline and its contributions
In this chapter, we propose an automatic method for closing the broken gaps in the
skeleton of curvilinear segmentations. The proposed method is based on the stochastic
processes for contour completion, i.e. mathematical modeling of the propagation of lines
and contours [37, 39, 44, 45, 75]. The stochastic contour completion process as proposed
by Mumford [44], also called the direction process, which corresponds to the Gestalt law
of good continuation [56, 57, 76]. As shown in Figure 4.2, disconnected segments in an
image are perceived as the components of a continuous line after perceptual grouping by
our visual system. Parent and Zucker [58] demonstrated in both theory and practice that
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Figure 4.2: Examples of grouping line segments in human’s perceptual system, which is
in accordance with the Gestalt law of good continuation.

it is feasible to reconstruct curves by considering the consistency relationships between
interrupted structures.
In our previous work [37], extensive comparisons among different numerical approaches
and the exact solution of the Fokker-Planck equations for contour completion modeling
are studied. The contour completion (direction) process has been modeled by many
numerical schemes [48, 52, 63, 99] on the rotation and translation group SE(2) :=
R2 o S 1 , i.e. the coupled space of positions and orientations. We aim to bridge the
continuation of interrupted curves by using the line propagation property of the numerical
completion kernel. The explicit scheme with finite difference (FD) approximation [37] is
used to model the direction process, since it is a time-dependent process which allows
adaption of the kernel evolution. It turns out that the FD completion kernel on SE(2)
can excellently promote line propagation for gap fillings in segments, crossings and
bifurcations. To specifically process curvilinear structures in SE(2), we rely on the formal
group-theoretical framework of orientation scores [36, 46, 54] to lift the 2D curvilinear
structures into the 3D space of positions and orientations R2 o S 1 , where we have the
nice and important property that 2D elongated structures are disentangled into different
orientation planes according to their local orientations, see Figure 2.1. We apply iterative
group convolutions between the completion kernel and orientation scores to achieve line
propagation and gap fillings.
The contributions of this article can be summarized as follows:
• This chapter presents a novel approach for bridging the interrupted skeletons to
form a complete network, which can significantly benefit the measurements of
clinical biomarkers.
• The proposed method uses a context model, which is set up based on the Gestalt
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rules of good continuation and proximity. The validation results strongly support
its close relation to the physiological findings in human’s visual system.
• The new explicit completion kernel is achieved via integration with a new probabilistic Gamma-distribution, which is proved to be able to avoid singularities at the
origin of the completion kernel.
• In addition to the theoretical ideas, we show that in practice this newly proposed
time integration in contour completion provides better propagation for filling the
interrupted structures.
• A new orientation score based segment-wise thinning (SWT) technique is proposed
to avoid the imperfect 2D thinning at junction structures.
• To the best of our knowledge, this is not only the first time of full evaluation of
a gap filling method on large datasets with different image modalities, but also a
full benchmarking of curvilinear structure reconnection via left-invariant geometric
diffusions of the contour completion framework.
The remainder of this chapter is organized as follows. We give the whole framework of
using contour completion process for bridging curvilinear structures in Subsection 4.1.2.
The proposed method is then validated on the manual annotations and artificial disconnections of four datasets in Subsection 4.1.3. Finally, we discuss and conclude this work
in Subsection 4.1.4.

4.1.2

Method

The geometrical basics for setting up the stochastic contour completion process have been
explained in Chapter 2. In this section, we will directly give the pipeline for reconnecting
curvilinear structures based on the forward and backward completion processes.
Explicit scheme for convection-diffusion process: As explained in Subsection 3.3.2, the
explicit convection-diffusion process is simulated by the following forward Euler scheme
for time discretization:
(
W (g, t + ∆t) = W (g, t) + ∆t QD,a (A1 , A2 , A3 ) W (g, t),
(4.1)
W (g, 0) = Uf (g),
where the time step is given by ∆t with sufficiently small bound ∆t ≤ 0.16 to ensure
the stability of the diffusion process [37]. To prevent the additional blurring because of
interpolation, the step size of the convection process is typically set as the spatial grid
size (∆t = ∆x). The numerical evolution is approximated by splitting the convection and
diffusion processes alternatively, i.e. 1/2 of the diffusion steps before 1 convection step,
and 1/2 diffusions afterwards [37, 103]. The kernel evolution of the convection-diffusion
process starts with a spatially Gaussian blurred orientation score spike Gσs ,σo (x, θ) =
Gσs (x)Gσo (θ) for reducing numerical errors. The d−dimensional Gaussian kernel is given
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Figure 4.3: Example of the contour completion process in SE(2) via time integration with
negative exponential distribution (Row 1) and Gamma distribution (Row 2), respectively.
Column (a) presents the negative exponential distribution with parameters α = 0.05
and Gamma distribution with parameters α = 0.05 and k = 3, Column (b) shows the
contour plots of the 2D projection of the 3D (double-sided) numerical explicit completion
kernel. Column (c) gives the 3D "ink propagation" for filling the gaps between two
19
0
group elements g = (51, 2, 29
24 π) and g = (51, 100, 24 π) in SE(2), where the Gamma
distribution provides better propagation and is able to avoid singularities at the origin as
shown in Column (d).
kxk2

by Gσ (x) = (2πσ 2 )−d/2 e− 2σ2 , and where σs and σo give the 2D-spatial scale 12 σs2 and
1D-angular scale 12 σo2 . Table 4.1 provides the choices of σs and σo in our experiments.
Time-integrated contour completion kernel: In Subsection 3.2.3, we proposed to obtain
the time-integrated contour completion kernel via Gamma-distributions, because it is
better at reducing the singularities and controlling the infilling property of the PDE’s.
Recall Theorem 3.2.1 and recall (3.8) and (3.9) The comparison of the kernel propagation property via negative exponential distribution and Gamma distribution is given in
Figure 4.3. The time-integrated forward completion kernel can be written as
Z ∞
D,+
Rα,k (g) =
W + (g, t) · P (t)dt.
(4.2)
0

Since a particle can either go forward or backward with identical probability distribution
in the direction of the curvilinear structures, here we consider both the forward and
backward propagation for constructing the contour completion kernel. By setting the
convection term as a = (−1, 0, 0), the backward kernel that moves in the opposite
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Figure 4.4: Example of the time-integrated forward-backward contour completion kernel
in SE(2) via explicit numerical scheme. (a) shows the 3D completion kernel and (b)
presents some of the orientation layers of the completion kernel.

direction is generated as
Z ∞
D,−
Rα,k (g) =
W − (g, t) · P (t)dt.

(4.3)

0

The final double-sided completion kernel is obtained by combing the forward and backward processes, i.e.
1 D,+
D,a
D,−
Rα,k
(g) = (Rα,k
(g) + Rα,k
(g)).
2

(4.4)

In Figure 4.4, we show the 3D volume of the explicit completion kernel and its projections
on different planes. The algorithm for generating a 3D kernel based on the completion
process is given in Algorithm 1.

SE(2) group convolutions
To efficiently propagate and reconnect the interrupted curvilinear structures, we propose
a routine by convolving the obtained completion kernel with the orientation scores Uf of
an image f via the SE(2) group convolutions. As explained in Subsection 2.3.3, the rototranslation group SE(2) ≡ R2 o S 1 is a non-commutative group, where a rotation pops
up in the translation part because of the semi-direct product "o". Hence, the convolution
between the completion kernel and orientation scores should follow the SE(2) group
properties to preserve translation and rotation invariance, i.e. left-invariance.
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Algorithm 1 Completion kernel generation algorithm
Input: 1) The initial blurred spike W (g, 0) = U 0 is located at the middle layer of
orientation scores with spatial blurring σs angular blurring σo to avoid numerical errors.
2) The spatial samplings Ns and angular samplings No. 3) The diffusion term D and the
convection term a1 = {1, 0, 0} (forward) and a2 = {−1, 0, 0} (backward). 4) The rate
parameter α, the number of time variables k ≥ 3 and end time T (Table 4.1).
Output: the forward-backward completion kernel.
R 0.5
Initialization: initialize the time-integrated kernel as R+ = R− = 0 W (g, 0) · p(t)dt
according to (3.60), (4.2) and (4.3). Set the initial states of the forward and backward
kernel evolutions as W + = W − = U 0 . We use (3.3) and (4.1) for the following
convection-diffusion process.
1: for t = 1 to T step ∆t do
2:
for td = 1 to Round(0.5∆t/τ ) do
3:
W + and W − ← apply a diffusion process on orientation scores respectively using
W + + τ QD W + and W − + τ QD W − with respect to the step size τ .
4:
end for
5:
W + and W − ← apply a convection process on orientation scores respectively using
W + + ∆tQa W + and W − + ∆tQa W − with respect to the step size ∆t.
6:
for td = 1 to Round(0.5∆t/τ ) do
7:
W + and W − ← apply a diffusion process on orientation scores respectively using
W + + τ QD W + and W − + τ QD W − with respect to the step size τ .
8:
end for
9:
apply time-integration on
the increments of the forward
and backward kernel
R t+0.5
R t+0.5
evolutions with ∆R+ = t−0.5 W + · P (t)dt and ∆R− = t−0.5 W − · P (t)dt.
10:
update the forward and backward kernels using R+ ← R+ + ∆R+ and R− ←
R− + ∆R− .
11: end for
12: obtain the final completion kernel by combing the forward and backward kernels
using R = 12 (R+ + R− ).

The SE(2)-convolution is defined by
D,a
(Rα,k
∗SE(2) Uf )(x, θ)
Z Z 2π
D,a
0
0
0 0
0
0
=
Rα,k
(R−1
θ0 (x − x ), θ − θ )Uf (x , θ )dθ dx ,
R2

(4.5)

0

D,a
where Rα,k
represents the double-sided completion kernel obtained from Algorithm 1.
Figure 4.6(b) and (c) show the group convolution between orientation scores and the
3D completion kernel. After the SE(2) group convolution, the convolved orientation
scores are thresholded with respect to a value T h, and thereby we obtain the binarized
orientation scores Ubf .
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Segment-wise thinning (SWT) in orientation scores
We aim to reconnect all the interrupted skeletons via an iterative group convolution
procedure. The curvilinear structures are always blurred after each group convolution
with the completion kernel, as a result of the convection-diffusion process provides
structure enhancement and information propagation for filling the gaps. Thus, it is useful
to impose a morphological thinning operation to sharpen the result after each evolution.
However, the classical morphological thinning technique in the 2D image domain often
causes wrongly connected skeletons at junctions, see Figure 4.5(e). These incorrect
connections are passed through the whole evolution and give imperfect curvilinear
networks. To solve this issue, we propose a segment-wise thinning (SWT) approach
by taking the advantage of orientation scores, where elongated crossing/bifurcation
structures are disentangled into different orientation planes with respect to their local
directions. First, the 3D morphological components Umc (x, y, θ) are obtained from the
binarized orientation scores Ubf (x, y, θ). Then, we select each component by following
(
i (x, y, θ) :=
Umc

Umc (x, y, θ) if Umc (x, y, θ) = i
,
0
otherwise

(4.6)

where i ∈ {1, . . . , Nmc } represents the label of the Nmc morphological components.
Afterwards, each component is separately thinned and added to the thinning map S(x, y).
The detailed SWT process is given by Algorithm 2.

Figure 4.5: The pipeline of applying the proposed segment-wise thinning (SWT) approach
on an image patch with crossings, and its comparison with the classical 2D thinning
method. (a) and (b) show the original image and its orientation scores, respectively. (c)
shows thinning on the separated components/segments in orientation scores. (d) shows
the well-preserved thinning results based on the proposed SWT approach, and compared
with the classical 2D thinning in (d).
By applying a thinning operation on each separated component in orientation scores,
curvilinear crossing segments belonging to different groups are thinned without interfering each other. An intuitive comparison between classical thinning in 2D and
segment-wise thinning in orientation scores is presented in Figure 4.5.
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Algorithm 2 Segment-wise thinning in orientation scores
Input: the binarized orientation scores Ubf (x, y, θ).
Output: the 2D skeleton map Sf (x, y).
Initialization: for each point (x, y) ∈ f , set S(x, y) = 0.
1: for i = 1 to Nmc do
i (x, y, θ) ← UnitStep(U (x, y, θ)−
2:
extract a single connected component using Umc
mc
(i − 0.5)) ∗ (1 − UnitStep(Umc (x, y, θ) − (i + 0.5)))
i (x, y, θ) to
3:
apply maximum intensity projection on the 3D single component Umc
i
i
obtain its 2D map f (x, y) =
max
Umc (x, y, θi ).
θi ∈ 2π
{1,..., No}
No

use morphological thinning operation on f i (x, y) and obtain the thinned component S i (x, y).
5:
update the thinning map S(x, y) ← S(x, y) + S i (x, y).
6: end for
7: obtain the final thinning map Sf (x, y) by applying morphological pruning on S(x, y)
to remove tiny branches.
4:

Algorithm 3 Reconnecting interrupted curvilinear structures via group convolutions with
the completion kernel in SE(2)
Input: the number of iterations NI , the threshold value T h for binarizing the convolved
orientation scores after each iteration.
Output: curvilinear skeleton with reconnected gaps.
1: for i = 1 to NI do
2:
lift the original disconnected skeleton map f (x, y) to the 3D orientation scores
Uf (x, y, θ) using Eq. (2.1), where we choose the number of orientations No = 32
with 2π-periodicity.
3:
obtain the time-integrated completion kernel R(x, y, θ) using Algorithm 1.
apply SE(2) group convolutions between Uf (x, y, θ) and R(x, y, θ) using Eq. (4.5),
4:
and we set Uf (x, y, θ) ← R(x, y, θ) ∗SE(2) Uf (x, y, θ) to obtain the propagated
curvilinear network.
(
1
Ubf (x, y, θ) ≥ T h,
5:
Ubf (x, y, θ) =
0
otherwise.
6:
apply segment-wise thinning (Algorithm 2) on the binarized orientation scores
Ubf (x, y, θ) and obtain a new skeleton map Sf (x, y, θ). Then we set f (x, y) ←
Sf (x, y, θ).
7: end for

Iterative connections via group convolutions in SE(2)
In this section, we will give the exact routine of the proposed algorithm for iteratively
reconnecting the interrupted curvilinear structures based on the completion process
in SE(2). The details are given in Algorithm 3. Figure 4.6 shows the pipeline of
reconnecting the interrupted skeletons based on the kernel convolution process in SE(2).
In Figure 4.6(c), line propagation is achieved via the SE(2) group convolution procedure
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Figure 4.6: The proposed pipeline (Algorithm 3) for bridging the interrupted curvilinear
gaps via completion process in SE(2).

with the completion kernel, and thus all the gaps are very well connected based on their
context and alignments after completion.

4.1.3

Validation and experimental results

Validation datasets
There is also a clear lack of extensively quantitative evaluations for gap filling methods
with different image modalities. Hence, artificial gaps are created and used in validations.
Jiang et al. [145] proposed a method for vascular image analysis where the reconnection
method is applied on 3D microCT images from a mouse coronary arterial dataset with 100
artificial gaps with 2-20 voxel widths. Forkert et al. [146] developed a method for solving
gap filling problems in 3D microvascular segmentations. The evaluations are performed
on the manually segmented Time-of-Flight magnetic resonance angiography images, in
which also 100 gaps are artificially created to validate the connectivity reconstruction.
For the evaluation of the proposed pipeline for bridging the interrupted gaps in curvilinear
structures, we use two types of ophthalmologic images, i.e. retinal fundus images and
corneal nerve fiber images, as shown in Figure 4.7, 4.9, 4.10. Since we are primarily
interested in validating the proposed method for gap filling in curvilinear skeletons, the
experiments are performed on the retinal vessel centerline maps and the corneal nerve
fiber maps.
For retinal images, here we choose the publicly available DRIVE [77] and IOSTAR [93]
datasets for the evaluation of broken segments, and use the HRF [147] dataset for the
evaluation of broken junctions. The DRIVE dataset contains 40 images with a resolution
of 565 × 584 pixels. The vascular trees in all the DRIVE images are manually annotated
by two human observers. The IOSTAR dataset includes 24 images with a resolution of
512 × 512 pixels. All the vessels are annotated by a group of experts working in the
field of retinal image analysis. The HRF dataset [147] has 45 images with a resolution
of 3504 × 2336 pixels and manually segmented ground truths. We selected 50 typical
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Table 4.1: The corresponding parameters for each dataset that are automatically defined
during the whole procedure.
Datasets

No Nx × Ny Period σs σo

DRIVE & IOSTAR
32 51 × 51
HRF-Patch & Corneal 32 101 × 101

2π
2π

α

D

a

k τ (s) ∆t(s) tmax (s) Th

0.7 0.7 0.2 {0, 0, 0.01} {±1, 0, 0} 3 0.05
0.7 0.7 0.2 {0, 0, 0.02} {±1, 0, 0} 3 0.05

1
1

50
50

0.23
0.1

crossing and bifurcation patches (HRF-Patch) with the size of 400 × 400 pixels for the
validation of broken junctions. The manual annotations of bifurcations and crossings for
all the DRIVE, HRF-Patch and IOSTAR images are available in [93].
For corneal nerve fiber images, we use the dataset provided by the Maastricht University
Eye Hospital, the Netherlands. This dataset contains 30 images with a resolution of
1536 × 1536 pixels. The manual annotations of corneal nerve fibers in all 30 images are
provided by ophthalmologists.
For an extensive and quantitative evaluation of the proposed method, interrupted gaps
on curvilinear segments and junctions are artificially created based on the provided
annotations, as discussed in Subsection 4.1.1. The basic routine for creating broken
segments on the ground truth images is given as follows:
(i) Remove all the crossings and bifurcations of each ground truth image b based on
the provided junction annotations, and then we obtain an image h with separated
segments;
(ii) For each single segment h(i), we aim to define the positions p(i) for creating gaps. In
the retinal vessel map, p(i) is given by the center position of each h(i). In the corneal
nerve fiber map, since fibers are generally longer than retinal vessels, the number
of gaps Np (i) in each segment is defined based on the segment length L(i). For
creating gaps based on the erosion matrix λ = 21×21, we take Np (i) = bL(i)/110c+
1. For creating gap size 31 × 31 and 41 × 41, we take Np (i) = bL(i)/180c + 1. Thus,
by equally dividing each segment into Np (i) + 1 pieces, we obtain the gap positions
p(i) for corneal nerve fibers.
(iii) All the positions p(i) in the ground truth image b are disconnected using different
gap sizes λ, i.e 7 × 7, 11 × 11 and 15 × 15 for the low resolution DRIVE and IOSTAR
datasets. Then we obtain the gap image bp .
(iv) In the corneal nerve fibers, the gap images bp are generated from all 30 images
with respect to the gap sizes λ = 21 × 21, 31 × 31 and 41 × 41 separately.
(v) For the evaluation of broken junctions, bp are created for all the junctions in the
HRF-Patch images using different sizes λ = 15 × 15, 23 × 23, 31 × 31 and 39 × 39
separately;
(vi) Afterwards, we acquire the disconnected skeleton images f by thinning the obtained
gap images bp .
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Performance measurements
To quantitatively evaluate the connectivity improvements of the curvilinear structures,
we need to define performance measurements to compare the results before and after
applying the proposed reconnection algorithm on interruptions. In this work, we are
mainly interested in obtaining the number of successfully connected gaps after the
processing. Thus, a success rate (SR) measure is defined as
SR =

NBP − NAP
,
NBP

where NBP and NAP represent the number of gaps before and after reconnection, respectively.
To precisely confirm that a gap is correctly connected, we check each gap position based
on the following criteria:
(i) For each gap, we extract its missing part from the skeleton ground truth. Then we
create a mask for each gap by dilating the extracted missing skeleton with 2 pixels.
(ii) then we check the number of morphological components NB under this mask before
reconnection and the number NA after reconnection.
(iii) if NB = 2 (two endpoints of a gap) and NA = 1 (connected endpoints), we label
this gap as "correctly connected". Otherwise, we label it as "wrongly connected"
and update NAP ← NAP + 1.
To evaluate the improvement to the whole curvilinear network, we also compare the full
skeleton with the ground truth before and after reconnection separately. We calculate the
performance measures described in Appendix D for the quantitative evaluation.

Settings
Table 4.1 shows the parameter settings for our experiments. For the low resolution
DRIVE and IOSTAR dataset, we choose the completion kernel size as 32 × 51 × 51, the
diffusion parameters D = diag{0, 0, D33 } with small angular diffusion D33 = 0.01, and
the threshold value Th = 0.23. For the high resolution HRF and corneal nerve fiber
images with relatively larger gaps, we use the kernel size 32 × 101 × 101 and set the
diffusion parameters D33 = 0.02 and the threshold value Th = 0.1 to allow much faster
propagation. The convection parameter is set to |a| = (1, 0, 0) to keep the step size ∆t
the same as the grid size ∆x. The parameters for the Gamma-distribution are fixed as
α = 0.2 and k = 3, and tmax = 50 defines the end time for the time-integration.
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Table 4.2: Quantitative measurements of the proposed method for automatic reconnection
of gaps on the DRIVE images.
Gap sizes

Iterations NBP NAP

λ=7×7
λ = 11 × 11
λ = 15 × 15

1
2
2

SR

TPR
BP

DC
AP

BP

MCC
AP

BP

AP

4393 68 98.5% 0.9348 0.9959 0.9663 0.9956 0.9656 0.9955
4395 171 96.0% 0.8786 0.9894 0.9353 0.9874 0.9351 0.9869
4161 335 92.0% 0.8219 0.9763 0.9020 0.9756 0.9034 0.9747

NBP : Number of gaps before processing (BP); NAP : Number of gaps after processing (AP); SR: Success rate;
TPR: True positive ratio; DC: Dice coefficient; MCC: Matthews correlation coefficient.

Table 4.3: Quantitative measurements of the proposed method for automatic reconnection
of gaps on the IOSTAR images.
Gap sizes

Iterations NBP NAP

λ=7×7
λ = 11 × 11
λ = 15 × 15

1
2
2

1932
2006
1845

14
30
88

SR

TPR
BP

DC
AP

BP

MCC
AP

BP

AP

99.4% 0.9393 0.9981 0.9687 0.9942 0.9683 0.9940
98.5% 0.8859 0.9966 0.9394 0.9936 0.9396 0.9934
95.3% 0.8354 0.9906 0.9102 0.9878 0.9118 0.9874

NBP : Number of gaps before processing (BP); NAP : Number of gaps after processing (AP); SR: Success rate;
TPR: True positive ratio; DC: Dice coefficient; MCC: Matthews correlation coefficient.

Validations on the interrupted segments of retinal vessel networks
The proposed gap reconnection approach is evaluated on the DRIVE and IOSTAR datasets
with interrupted vessel segments. We created relatively large gaps of 7 × 7, 11 × 11 and
15 × 15 for both datasets. In total, 4393, 4395 and 4161 gaps are respectively created for
the three different gap sizes for all the 40 DRIVE images. Using the proposed method
in Algorithm 3, an iterative reconnection process is applied on the three test sets. We
use 1 iteration for bridging the gaps of 7 × 7, and 2 iterations for the gaps 11 × 11 and
15 × 15, as shown in Table 4.2. We can see that high SR values are achieved on all the
three validation sets. This means that most of the gaps are successfully filled after our
processing steps. Table 4.3 also shows similar performance measures obtained from the
IOSTAR dataset, with respectively 1932, 2006 and 1845 gaps for three different gap
sizes. The proposed method obtains significantly high SR values on all the three cases.
In Figure 4.7, we give examples of the processed images with perfectly reconstructed
connections.

Validations on the interrupted junctions of retinal vessel networks
Interrupted junctions are challenging cases for the reconnection problems and obviously
overlooked in the literature. One major reason is that the broken junctions have more
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(a) Original image

(b) Interrupted skeletons

(c) 2D projection after
reconnection

(d) Performance map

Figure 4.7: Examples of applying the proposed reconnection method on interrupted
retinal vessel networks. (a) the original images from the DRIVE (565 × 584) and IOSTAR
(512 × 512) datasets; (b) the broken vessel skeleton map with gap size λ = 15 × 15;
(c) the 2D projection after applying the proposed reconnection method in orientation
scores; (d) the reconnection performance maps, where green represents the original
structures, blue indicates correctly recovered gaps, red means wrong connections and
black represents missing connections.
candidate ending points with several connection possibilities. Here we validate the
proposed method on the HRF-Patch dataset with interrupted junctions of different sizes.
Due to the complex connections among the ending points, automatic examination of
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✓

✓

✓

(a) Original gaps (b) Example 1

⨯

⨯

⨯

⨯

✓

✓

⨯⨯

⨯⨯

⨯

(c) Example 2

⨯

(d) Example 3

(e) Example 4

(f) Example 5

Figure 4.8: Criterion for determining a correctly connected or wrongly connected crossing/bifurcation. Green color represents the curvilinear skeletons.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.9: Examples of applying the proposed reconnection method on interrupted
retinal vessel junctions. (a)-(c) The reconnection process on 3 HRF-Patch images (400 ×
400). (d)-(f) 3 zoomed image patches (200 × 200) for better visualization. Row 1: the
original images from the HRF-Patch dataset; Row 2: the broken junctions with gap size
λ = 31 × 31; (c) the 2D projection after applying the proposed reconnection method
in orientation scores; (d) the performance maps, where green represents the original
structures, blue indicates the correctly recovered junctions. The red circles emphasize the
challenging junctions.
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Table 4.4: Quantitative measurements of the proposed method for automatic reconnection
of gaps on the HRF-Patch images.
Gap sizes

Iterations NBP NAP

λ = 15 × 15
λ = 23 × 23
λ = 31 × 31
λ = 39 × 39

1
2
2
3

410
410
410
410

9
16
32
44

SR
98.0%
96.5%
92.8%
89.7%

TPR

DC

MCC

BP

AP

BP

AP

BP

AP

0.9123
0.8575
0.8061
0.7533

0.9991
0.9936
0.9862
0.9552

0.9541
0.9231
0.8924
0.8588

0.9973
0.9940
0.9897
0.9643

0.9546
0.9252
0.8967
0.8665

0.9972
0.9939
0.9896
0.9639

NBP : Number of gaps before processing (BP); NAP : Number of gaps after processing (AP); SR: Success rate;
TPR: True positive ratio; DC: Dice coefficient; MCC: Matthews correlation coefficient.

correctly connected junctions is unreliable. In this work, we validate the junctions
reconnection based on the visual judgment of two human experts. Only if both of the
two experts agree that a reconnection is successful, we consider it as a correct judgment.
Otherwise, we say the reconnection is unsuccessful. The criteria for correct and wrong
cases of the crossings/bifurcations reconnection are defined in Figure 4.8.
The junction validation results are given in Table 4.4. Here we validate our method on
gap sizes of λ = 15 × 15, 23 × 23, 31 × 31 and 39 × 39. We can observe that among 410
broken junctions with gap size 15 × 15, 401 of them are successfully connected. The
TPR, DC and MCC are also computed and compared to validate the high performance
of the proposed method. Intuitive examples of the recovered junctions are shown in
Figure 4.9, where the correct reconnections of several challenging interruptions are
presented in Figure 4.9(d)-(f) with red circles.

Validations on the interrupted segments of corneal nerve fiber networks
Corneal nerve fiber images (Figure 4.10) have complex curvilinear structures with
varying contrasts, and therefore interruptions appear very often in the segmented fibers.
Here, the validation datasets are created for different gap sizes of λ = 13 × 13, 19 ×
19, 25 × 25 and 31 × 31 by considering the general gap sizes from automatic corneal
nerve fiber segmentation results. See Table 4.5, 5278, 5278, 5278 and 4251 gaps are
respectively created for the 4 cases, among which 5255 (99.6%), 5165 (98%), 4962 (94%)
and 3577 (85%) are respectively connected. The obtained performance measurements
illustrate the large improvements after applying our line completion approach for the
reconnection.
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(a) Original image

(b) Interrupted skeletons (c) 2D projection after reconnection

(d) Performance map

Figure 4.10: Examples of applying the proposed reconnection method on the interrupted
corneal nerve fiber skeletons (1536 × 1536). (a) Row 1: the original images with clipped
empty boundaries, and Row 2: a zoomed patch (220 × 320) for better visualization; (b)
the broken vessel skeleton map with gap size λ = 31 × 31; (c) the 2D projection after
applying the proposed method in orientation scores; (d) the performance maps, where
green represents the original structures, blue indicates the correctly recovered gaps, red
means the wrong connections and black gives the missing connections.

4.1.4

Discussion and conclusion

Results overview
In Table 4.2, three sets with different gap sizes from the DRIVE images are used to
evaluate the proposed reconnection method. The high success rates (SR) of respectively
98.5%, 96% and 92% for the three sets show that most of the gaps are successfully
reconnected after applying our method. The TPR drops more than 0.055 when the gap
size increases before the processing (BP), but the decrease in the TPR is less than 0.014
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Table 4.5: Quantitative measurements of the proposed method for automatic reconnection
of gaps on the corneal nerve fiber images.
Gap sizes

Iterations NBP NAP

λ = 13 × 13
λ = 19 × 19
λ = 25 × 25
λ = 31 × 31

1
2
2
2

SR

TPR
BP

5278 23 99.6% 0.8962
5278 113 98.0% 0.8383
5278 316 94.0% 0.7838
4251 674 85.0% 0.7820

DC

MCC

AP

BP

AP

BP

AP

0.9929
0.9800
0.9743
0.9665

0.9453
0.9120
0.8788
0.8776

0.9895
0.9647
0.9594
0.9529

0.9459
0.9144
0.8839
0.8828

0.9894
0.9643
0.9589
0.9522

NBP : Number of gaps before processing (BP); NAP : Number of gaps after processing (AP); SR: Success rate;
TPR: True positive ratio; DC: Dice coefficient; MCC: Matthews correlation coefficient.

after being processed (AP) by the proposed reconnection method. The same performance
can also be observed in the measurements of DC and MCC. As shown in the first row
of Figure 4.7, the DRIVE images have gaps in high densities (with an average of 104
gaps per image) and are thus more challenging to recover. Nevertheless, the proposed
method is still able to bridge most of the gaps between segments (Figure 4.7(c) and (d))
effectively without disturbing their neighbors. The blue color in Figure 4.7(d) presents
the correct connections, and the black color shows the missing connections. We can
see that the false negatives (black color) mainly locate at the place where the segments
are very small or close to junctions, such that the big gaps provide insufficient context
information for the reconnection. This is also the reason why the SR (Table 4.2) drops
faster when the gap size increases.
The validation on the IOSTAR dataset is shown in Table 4.3, where we can see that the
average SR values are higher than those of the DRIVE dataset. This is because the IOSTAR
validation dataset has relatively less small vessels and interruptions (with an average
of 76 gaps per image). Even for the largest gap size λ = 15 × 15, significantly higher
measurements of TPR = 0.9906, DC = 0.9878 and MCC = 0.9874 are obtained after being
processed by our reconnection method, compared to the values of TPR = 0.8354, DC =
0.9102 and MCC = 0.9118 before the processing. The second row in Figure 4.7 give the
reconnection results from the IOSTAR dataset.
In Figure 4.8, the criteria for correct and wrong connections of broken crossings and
bifurcations under different conditions are provided. According to that, the two human
experts are able to distinguish a correct or wrong gap completion result easily, as explained
in Subsection 4.1.3. In Table 4.4, all the performance measurements give remarkable
improvements after applying the proposed reconnection approach. Even for the gap size
of λ = 39 × 39, the TPR value increases from 0.7533 before the processing to 0.9552 after
the processing. In Figure 4.9, intuitive reconnection results of crossings and bifurcations
are given to show the high performance of our method. Obviously, complex junction
structures are very well connected according to their local context and alignment to
each other. This is a quite difficult task due to the amount of candidates (endpoints) for
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reconnection is generally larger than a broken segment. In Figure 4.9(a)-(c), reconnection
on the original patches (400×400) is given to show the capability of recovering interrupted
junction structures. In Figure 4.9(d)-(f), examples of zoomed image patches (200 × 200)
are given to demonstrate the performance of the proposed algorithm on challenging
junction cases (under the red circle), where the big gaps cause poor context information
for the reconnection of broken junctions locally. Nevertheless, our method is still able to
bridge those interruptions and achieves a perfect junction-preservation, as emphasized in
blue color in Figure 4.9(d)-(f).
In this work, we also proposed a orientation score based segment-wise thinning (SWT)
technique (in Subsection 4.1.2) to deal with the imperfect 2D morphological thinning.
This SWT technique is particularly useful in producing the correct curvilinear skeletons
at large crossings. In Figure 4.9, the SWT technique is applied to thin each complete
crossing segment after connecting its broken parts in orientation scores.
Table 4.5 shows the performance measurements on a more complex image modality,
i.e. the corneal nerve fibers, where the distribution of curvilinear structures are more
complicated due to their high densities and diverse connections. For this reason, the
reconnection task of corneal nerve fibers are more difficult compared to retinal vessels.
See examples in Figure 4.10. For gap sizes of λ = 13 × 13, 19 × 19 and 25 × 25 with 5278
gaps, and λ = 31 × 31 with 4251 gaps for each set, our method recovers respectively
99.6%, 98%, 94% and 85% connections. The global performance on the whole dataset
with gap size 25 × 25 also reaches high values of 0.9743 for the TPR, 0.9594 for the
DC and 0.9589 for the MCC after the automatic reconnection, in comparison with the
values of 0.7838, 0.8788 and 0.8839 before the processing. In the top row of Figure 4.10,
we give an example of gap fillings on corneal nerve fibers. The last column represents
the reconnection performance evaluation. We also show a zoomed image patch with
size 350 × 450 in the last row for better visualization of the reconnection results. We
can observe that although the gaps in corneal nerve fiber images are close to each other
due to the high density of structures, our method is still capable of bridging those gaps
without affecting their neighborhoods.

Conclusion
In this section, we have proposed an effective and automatic reconnection algorithm for
bridging the interrupted curvilinear skeletons in ophthalmologic images. This method
employs the contour completion process in the roto-translation group SE(2) ≡ R2 o S 1
to achieve line and contour propagation/completion. Experiments are performed on 4
datasets with different image modalities, and the validation results show that the proposed method works robustly for the reconnection of complex curvilinear interruptions.
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4.2

Application of contour enhancement to improve vascular
tree detection in retinal imaging

In this section, we will show the potential of achieving better vessel tracking results by
applying the SE(2) contour enhancement approach on challenging retinal images where
the vascular tree (starting from the optic disk) must be detected. The retinal vasculature
provides a convenient mean for non-invasive observation of the human circulatory system.
A variety of eye-related and systematic diseases such as glaucoma [148], age-related
macular degeneration, diabetes, hypertension, arteriosclerosis or Alzheimer’s disease
affect the vasculature and may cause functional or geometric changes [149]. Automated
quantification of these defects enables massive screening for systematic and eye-related
vascular diseases on the basis of fast and inexpensive imaging modalities, i.e. retinal
photography. To automatically extract and assess the state of the retinal vascular tree,
vessels have to be segmented, modeled and analyzed. Bekkers et al. [55] proposed a fully
automatic multi-orientation vessel tracking method (ETOS) that performs excellently in
comparison with other state-of-the-art algorithms. However, the ETOS algorithm often
suffers from low signal to noise ratios, crossings and bifurcations, or some problematic
regions caused by leakages/blobs due to some diseases. See Figure 4.11.

Figure 4.11: Three problematical cases in the ETOS tracking algorithm[55]. From left
to right: blurry crossing parts, small vessels with noise and small vessels with high
curvature.
We aim to solve these problems via left-invariant contour enhancement processes on
invertible orientation scores as pre-processing for subsequent tracking [55]. In our
enhancements, we rely on non-linear extension [36] of finite difference implementations
of the contour enhancement process to improve adaptation of our model to the data
in the orientation score. Finally, the ETOS tracking algorithm [55] is performed on the
enhanced retinal images with respect to various problematic tracking cases, in order to
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show the benefit of the left-invariant diffusion on SE(2).
As a proof of concept, we show examples of tracking on left-invariantly diffused invertible
orientation scores on cases where standard ETOS-tracking without left-invariant diffusion
fails, see Figure 4.12.

Figure 4.12: Vessel tracking on retinal images. From up to down: the original retinal
images with erroneous ETOS tracking, the enhanced retinal images with accurate tracking
after enhancement.
All the experiments in this section use the same parameters. All the retinal images
are selected with the size 400 × 400. Parameters used for tracking are the same as the
parameters of the ETOS algorithm in [55]: Number of orientations No = 36, waveletsperiodicity = 2π. The following parameters are used for the non-linear coherenceenhancing diffusion (CED-OS): spatial scale of the Gaussian kernel for isotropic diffusion
is ts = 12 σs2 = 12, the scale for computing Gaussian derivatives is t0s = 0.15, the metric
β = 0.058, the end time t = 20, and c = 1.2 for controlling the balance between isotropic
diffusion and anisotropic diffusion, for details see [36].
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Abstract
This chapter presents a supervised approach for retinal vessel segmentation by incorporating vessel filtering and wavelet transform features from orientation scores (OSs),
and green intensity. Through an anisotropic wavelet-type transform, a 2D image is lifted
to a 3D orientation score (OS) in the Lie-group domain of positions and orientations
R2 o S 1 . Elongated structures are disentangled into their corresponding orientation
planes and enhanced via vessel filtering on OSs. In addition, multi-scale OSs in the
domain of positions, orientations and scales R2 o S 1 × R+ are constructed by adding
scale adaptation to the wavelet transform. Features are extracted by taking maximum
orientation responses at multiple scales, to better represent vessels with changing calibers.
Finally, we train a Random Forest classifier for vessel segmentation. Validations show
that our method achieves a competitive segmentation, and better vessel preservation
with less false detections compared with the state-of-the-art methods.
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5.1
5.1.1

Introduction
Clinical backgrounds and motivations

Retinal fundus images contain rich information about eye-related diseases, such as agerelated macular degeneration (AMD), diabetic retinopathy (DR), glaucoma and systemic
diseases, such as hypertension and arteriosclerosis [2], and are thus significant for early
computer-aided diagnosis and clinical treatment planning.
As part of the blood circulation system, the retinal vessel structure can provide important
biomarkers from geometric properties to assist ophthalmologists. Geometrical changes
in retinal fundus images provide important information for computer-aided diagnosis.
For example, the tortuosity or caliber changes in retinal blood vessels may indicate the
existence of eye-related and systemic diseases, such as glaucoma, diabetic retinopathy
(DR), hypertension and cardiovascular diseases [2]. Once abnormal changes are found
early, timely treatment can be advised to patients. Thus, early detection of the geometrical
variations of retinal blood vessels is an important task in clinical analysis.
The quantitative analysis of retinal vessels requires accurate extraction of the vascular
tree from retinal fundus images. However, manual annotations and analysis of the
vascular tree by human experts are time consuming and labor intensive due to the
vascular complexity. To effectively quantify the vascular changes, the development of an
automatic vessel segmentation method is therefore important, in particular in a large
screening setting. This is a challenging task due to the variations of vessel width, strong
central arterial reflex, crossings, highly curved vessel parts, as well as closely parallel and
tiny vessels. Hence, a robust and fast vessel segmentation approach to handle difficult
cases is particularly needed.

5.1.2

Classification of retinal vessel segmentation approaches

Many methodologies have been proposed to extract the retinal vasculature automatically.
They can be generally divided into two categories: the supervised methods [77–84] and
unsupervised methods [40, 85–89].

Supervised method
Supervised methods usually give better performance than unsupervised methods since a
supervised algorithm learns from given rules to train a classifier which will be used for the
discrimination of vessel and non-vessel pixels. The rules are supported by feature vectors
extracted from the training samples as input and the manually labeled ground truths as
output. These methods are computationally expensive due to the feature extraction and
the use of pixel by pixel classification, but more accurate results are achieved.
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Niemeijer et al. [150] introduced a feature vector by combing the responses of multiscale Gaussian matched filters and its derivatives, as well as the green intensity for
each pixel, in order to train a model based on a k-Nearest Neighbor (kNN) approach.
Moreover, oriented-filters are also considered to set up the feature vectors. Soares
et al. [90] extracted a feature vector for a Bayesian classifier from the pixel intensity and
Gabor filter responses at multiple orientations and scales. You et al. [79] presented a
semi-supervised vessel segmentation method by constructing the feature vectors with
line strength: the radial projection is used to preserve centerlines of the low contrast
and narrow vessels. Marin et al. [78] used a combination of the invariant momentsbased features and gray intensity to train a classification system for vessel segmentation.
However, missing of micro-vessels and merging of closely parallel vessels were still found
in their results. One of the best supervised approaches is proposed by Fraz et al. [91]
which is an ensemble classification system of boosted and bagged decision trees, using
features from gradient vector fields, Gabor filter responses, and morphological and
line based features. Cheng et al. [151] employed a random forest to train the vessel
classification model on the encoded information of the hybrid context-aware features.
Orlando et al. [83] proposed a discriminatively trained and fully connected conditional
random field model for vessel segmentation. In his method, parameters are learned using
a structured output support vector machine. A deep neural network was implemented by
Li et al. [152] with segmentation performance superior to other state-of-the-art methods.
However, the deep learning techniques rely on very large networks and very large labeled
training sets.
The downside of supervised classification is the need for a large number of manually
annotated training samples and it is not easy to generalize the trained models to meet
the requirements of varying datasets.

Unsupervised method
The unsupervised methods are mainly based on vascular models or filter responses.
These methods are computationally faster and no training procedures are involved.
Unsupervised methods work without prior knowledge and labeled ground truths. Three
different techniques are commonly implemented: tracking-based, model-based and
filtering-based techniques.
Model-based approaches extract vessels by applying explicit vessel profile models [153]
or deformable models [133]. The method proposed by Lam et al. [153] uses a multiconcavity modeling to process retinal images of both healthy subjects and patients. Al-Diri
et al. [133] and Zhao et al. [129] presented methods for retinal vessel segmentation by
applying active contour models.
Tracking-based methods start from predefined seed points and iteratively connect the
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whole vessel paths by finding the next point [55, 154] based on the local information.
Bekkers et al. [55] proposed an automatic algorithm to track vessel edges through
a multi-orientation framework. Vessel tracking generally gives more accurate vessel
widths. However, the performance of tracking-based approaches not only heavily relies
on the correct initialization of seed points, but also depends on the robustness of the
iterative tracking scheme. In particular, it often fails to find all segments when vessel
interruptions occur. Model-based approaches extract vessels by applying explicit vessel
profile models [153], deformable models [129, 133] and geometric [155] models. The
method proposed by Lam et al. [153] uses a multi-concavity modeling to process retinal
images of both healthy subjects and patients. Al-Diri et al. [133] and Zhao et al. [129]
presented methods for retinal vessel segmentation by applying active contour models.
Filtering-based methods [40, 92] enhance the Gaussian-shaped vessel profiles by convolving with a 2D kernel, where a high response indicates the presence of a vessel. Azzopardi
et al. [40] proposed a combination of shifted filter responses (COSFIRE) for bar and
bar-ending structures detection. Yin et al. [92] developed an orientation-aware detector
(OAD) for vessel extraction, given that vessels are locally oriented and elongated.
Other methods [40, 85, 87, 156–158], including ours, are based on maximizing filter responses to gray-level profiles of the vessel cross-sections. Filtering-based methods [40, 92]
enhance the Gaussian-shaped vessel profiles by convolving with a 2D kernel, where a
high response indicates the presence of a vessel. Compared to supervised methods, these
unsupervised methods generally have a higher speed and simpler segmentation process.
Mendonça et al. [159] proposed differential filters in combination with morphological
operators to detect vessel centerlines. The segmentation is obtained using iterative region
growing. Zhang et al. [158] introduced a generalized matched filter which amplifies
the response on the vessel cross-section and reduces the false positives caused by vessellike structures from pathologies. The recent method presented by Azzopardi et al. [40]
considers the combination of shifted filter responses (COSFIRE) to detect bar-shaped
structures in retinal images. This method is rotation invariant, where the orientation
selectivity is determined from given vessel-like structures. Yin et al. [92] developed an
orientation-aware detector (OAD) for vessel extraction, given that vessels are locally oriented and elongated. Krause et al. [87] proposed a retinal vessel segmentation algorithm
by convolving the second-order differential operator of the local Radon transform with
image data. In this thesis, we also consider to process image data in a higher-dimensional
space, but instead of using the local Radon transform, we rely on the formal grouptheoretical framework of orientation scores [46]. Moreover, we exploit the multi-scale
vessel segmentation algorithms based on rotation-invariant Gaussian derivatives in the
orientation score domain.
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5.1.3

Proposed pipeline and its contributions

In this chapter, we present a new supervised vessel segmentation method which uses a
Random Forest (RF) classifier [160] and a set of orientation score (OS) based features.
The construction of the orientation scores (OSs) [46, 97] is inspired by the physiological
and functional studies of the cortical columns in the human primary visual cortex,
where both multiple scales and orientations are encoded per position. In this work, we
design our feature vector by considering both the full-scale OSs [55] and the multi-scale
OSs [97], which are functions on the rotation and translation group SE(2) = R2 o S 1
and functions on the rotation, translation and scaling group SIM (2) = R2 o S 1 × R+ ,
respectively.
The full-scale OS transform allows the decomposition of local orientations, and therefore
elongated structures like vessels, crossings/bifurcations can be disentangled into different
planes according to their local positions and orientations (Figure 2.1). Based on the
OSs, rotation and translation invariant (rotating) filters are applied to enhance vessels
by means of second-order Gaussian derivatives [98]. The rotating filter is better at
preserving vessel structures in the 3D OSs, compared to the conventional 2D line-filtering
which often fails in the cases of junctions, noise areas and micro-vessels. The result of
the vessel filtering is selected as one feature for the proposed supervised classification.
The multi-scale OS transform allows for an extra scale adaptation when lifting an image
to the OS domain. This high-dimensional scale decomposition is able to provide both
scale and orientation representations of elongated structures. The OSs at different scales
are obtained via the multi-scale OS transform. The scale-selective property is particularly
useful for preserving simultaneously important macro- and micro-vessel structures. By
taking the maximum OS response over all angles at each of the specific scales, multi-scale
feature maps with highlighted vessels are obtained as input to the classification stage.
To include more descriptions of vessels, Gaussian scale-space features extracted from the
green channel and filtered image are integrated into the final feature vector. A Random
Forest (RF) technique [161] is used for pixel classification due to its high efficiency and
accuracy for processing large datasets. Here the RF is trained and tested on three public
datasets separately. To provide a clean vessel segmentation, a postprocessing step is
included to remove the false detections from pathology regions. Validations on three
datasets demonstrate that the proposed method outperforms most of the state-of-the-art
retinal vessel segmentation algorithms. The main contributions of this study are:
• a novel method is proposed for vessel segmentation. Comparative analysis shows
the possibility of applying this method in large screening programs;
• new OS-based contextual features, i.e. vessel filtering features and multi-scale
wavelet transform features are incorporated into a supervised classification;
• a simple algorithm is proposed to remove false detections of non-vessel boundaries
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in pathology regions. This method employs the vessel filtering in OSs and gives us
clean segmentation results;
• our method is able to deal with complex structures, e.g. central arterial reflex,
crossover vessels, closely parallel vessels and micro-vessels, which are challenging
cases in many state-of-the-art methods;
This chapter is organized as follows. In Section 5.2, the proposed method is presented.
In Section 5.3, we show the experimental results with performance evaluations. Finally,
we discuss and conclude our method in Section 5.4.

5.2

Method

In this section, we present the detailed methodologies of our vessel segmentation framework. First, we explain the essential geometric routine for extracting features from the
vessel filtering in OSs. Afterwards, the multi-scale OS transform is presented and the
corresponding wavelet transform features are constructed. Finally, the complete feature
vector is used to train a Random Forest classifier for vessel segmentation.

5.2.1

Vessel filtering in orientation scores

Domain R2 o S 1 ≡ SE(2) and invertible OSs on SE(2)
In order to precisely describe the locally oriented structures of interest, we adopt the
group-theoretical framework of invertible OSs [46] to lift vessel structures for feature
extraction. Figure 2.1 shows an example of applying the OS transform on a patch with
crossover vessels. The transformation is achieved by the convolution of image f with
so-called cake wavelets [55] ψ ∈ L1 (R2 ):
Z
(5.1)
ψ(R−1
Uf (x, θ) = (Wψ [f ])(x, θ) =
θ (y−x))f (y)dy,
R2

where Rθ is a 2D counter-clockwise rotation matrix and the spatial cake wavelet ψ is
given by

h
i
ψ(x) = F −1 ω → ψ̃(ρ cos ϕ, ρ sin ϕ) (x)Gσ (x).
(5.2)
Recall Section 2.2 for the specific settings of the cake wavelets. We will make a multi-scale
version of this in Subsection 5.2.2. The general idea is explained in Figure 5.1. The
cake wavelets (as "pieces of the cake") ψ is designed to uniformly cover all the Fourier
frequencies such that no data-evidence is lost during the OS forward and backward
transformations. Hence, the cake wavelets capture the information of all scales to
construct the (full-scale) OSs. The first two columns in Figure 5.1 shows the real and
imaginary parts of the cake wavelet, respectively.
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B(ρ)
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0.0
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(a) Full-scale cake wavelets
Bkl (ρ)
1.2
1.0
0.8
0.6
0.4
0.2
0.0

Real parts

Imaginary parts
Fourier contours
Fourier wavelet
(b) Multi-scale cake wavelets

ρ3

ρ2

ρ
ρn

ρ1

Ridial envelope

Figure 5.1: Spatial and Fourier representations of (a) the full-scale cake wavelets and (b)
multi-scale cake wavelets with No = 18 orientations. The images in Column 1 and 2 are
zoomed by a factor of 4. The Fourier wavelet contours (Column 3) are plotted at 80% of
the filter maximum. The highlighted (blue) contours (Column 3) and wavelet (Column
4) represent the orientation θ = − π2 in both kernels with specific scale a2 in multi-scale
cake wavelets. Column 5 shows B(ρ) (red) in Row (a) with ρ̂ = 0.8ρn of the Nyquist
frequency ρn , and B MS (ρ) (red) in Row (b) with components Blk (ρ) (blue) for a2 .
Vessel enhancement based on left-invariant derivative filters in OSs
Suitable combinations of derivatives have been widely used to pick up geometric invariant
structures/features like edges, ridges, corners and so on. In this section, we explain how
we obtain vessel probability maps from OSs. As our primary goal is to detect the vessel
profile, the real part (ridge) Re(Uf ) of the OS is used for vessel filtering. In the OS space,
we need to work with rotations over the angle θ and translations over x. The rotating
filter proposed in our previous work [98] is used here to process the OSs. This filter relies
on the rotation-invariant frame (Eq. 2.34) for analyzing oriented structures [36, 37]. The
rotating frame is defined as
{A1 , A2 , A3 } := {cos θ∂x + sin θ∂y , − sin θ∂x + cos θ∂y , ∂θ },

(5.3)

as shown in Figure 2.7. The vessel enhancement filters are designed using the multi-scale
second-order Gaussian derivatives in the η direction, i.e. the perpendicular direction with
respect to the local structures. The rotating-invariant filter Φ is given by
s ,σo
Φση,norm
(Uf ) := −µ−2 A22 Gσs ,σo ∗ Re(Uf ),

(5.4)

where Gσs ,σo is a spatially isotropic Gaussian kernel written as Gσs ,σo (x, θ) = Gσs (x)Gσo (θ),
kxk2

with a d-dimensional spatial Gaussian Gσ (x) = (2πσ 2 )−d/2 e− 2σ2 , and where σs and σo
give the 2D-spatial scale 21 σs2 and 1D-angular scale 21 σo2 , respectively.
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(a) Original image

(b) Filtered image

Figure 5.2: Examples of vessel enhancement by the proposed rotating filters on 3 images
from the DRIVE (Column 1), STARE (Column 2) and CHASE_DB1 (Column 3) datasets.

The variation of vessel calibers requires a multi-scale approach to enhance vessels with
different scales σs . Here, a scale normalization factor µ is set as µ = σo /σs to keep the
filter responses dimensionless and scale-invariant with respect to the changing σs . The
parameter µ with physical unit 1/length is used to balance the different units between
orientation and spatial directions.
The reconstruction from the filtered OS to the enhanced image is achieved by taking the
maximum filter response over all orientations per position, i.e.,
Υf (x) :=

max

π
θi ∈ No

{1,..., No}

{

X

s ,σo
Φση,norm
(Uf )(x, θi )},

(5.5)

σs ∈S

where No represents the number of orientations and S provides the set of spatial scales.
The maximum filter response Υf (x) at each position x is directly considered as one
feature for classification. Figure 5.2 shows examples of enhanced images by applying the
proposed vessel filtering.
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5.2.2

Wavelet transform features construction

Invertible multi-scale OSs on R2 o S 1 × R+ ≡ SIM (2)
As mentioned in Section 5.1, the orientation-selective property of the receptive fields can
be modeled by OSs on SE(2). Since it has been found (by optical imaging methods) that
both orientations and scales are well-encoded per position in human’s primary visual
cortex, we are guided by this biological motivation to incorporate the scale-selective
property into the cortical modeling [97]. Therefore, the scaling factor a > 0 can
be included into the OSs via a continuous wavelet transform on the similitude group
SIM (2) = R2 o S 1 × R+ [97], which is the group of rotations, translations and scalings.
In order to include the scale-selective property into the cake kernels described in Section 5.2.1, the "pieces of cake" need to be further divided along the log-radial direction.
Figure 5.1(b) gives the representations of the spatial and Fourier multi-scale cake wavelets.
A restricted range of specific frequencies in the Fourier domain is used to represent a
single scale a in the spatial domain. The multi-scale cake wavelets are constructed
through a radial envelop function
Nρ −1

B

MS

(ρ) =

X
l=0

Nρ −1

Blk (ρ)

:=

X
l=0

B

k



log[ρal ]
sρ


(5.6)

in which B k (x) represents the k-th order B–spline function with the property that B–
splines add up to 1 to ensure the well-posedness of reconstruction, sρ > 0 denotes the
log–scale sampling size and Nρ defines the number of scale samples in the Fourier domain.
The general scales al = a0 elsρ for a retinal vascular tree are provided by the smallest
vessel scale a0 with l ∈ {0, ..., Nρ − 1}. The multi-scale cake wavelets are given by

h
h
i
i
ψ MS (x) = F −1 M −1 F ψ̃ MS (ω) (x)

(5.7)

where ψ̃ MS (x) represents the wavelet
i

h
ψ̃ MS (x) = F −1 ω 7→ A(ϕ)B0k (ρ) (x) Gσ (x)

(5.8)

at the finest scale a0 . A(ϕ) is denoted by Equation 2.9. Gσ (x) provides an anisotropic
Gaussian kernel for reducing the long tails along the orientation of the spatial wavelet and
suppressing the oscillations caused by narrow sampling bandwidths in the perpendicular
direction. The reconstruction is ensured by normalizing the kernels in the Fourier domain
PNρ PNo
−1
M S ](a R−1 ω)|. The
with a discrete version of M (ω) = Nρ−1 No−1 l=1
l θm
m=1 al |F[ψ̃
transformation for obtaining a scale OS from a 2D image f via a multi-scale cake kernel
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ψ

MS

∈ L1 (R2 ) ∩ L2 (R2 ) [97, 162] is then given by

Uf (x, θ, a) = WψMS [f ] (x, θ, a)
Z

=
ψ MS a−1 R−1
θ (y−x) f (y)dy.

(5.9)

R2

Compared with the full-scale OSs (Section 5.2.1) which provide the orientation decomposition, here the multi-scale OSs include an extra scale adaptation for dealing with
elongated structures with specific scales. An intuitive example of the full-scale and
multi-scale OS transformations is given in Figure 5.3.

Pixel features from scale OS responses
We obtain the wavelet transform features for per pixel position and scale by taking the
maximum response of the multi-scale OSs over all orientations, i.e.
Vf (x, a) :=

max

θi∈{1,2,...No}

{Re(Uf (x, θi , a))},

(5.10)

where the orientation θ is sampled from 0 to π − π/No with double-sided cake wavelets.
A feature vector for each pixel position x at multiple scales a is constructed by combing
the maximum orientation responses Vf (x, a). Figure 5.4 gives examples of the maximum
responses separately at three different scales.

5.2.3

Gaussian scale-space features

In this subsection, we will extract the Gaussian scale-space features for the classification.
We computed the Gaussian smoothing, gradient magnitude and Laplacian on both the
green intensity image f (x) and the enhanced image Υf (x) at four different scales. As
shown in Table 5.1, the complete feature vector F (x) for our supervised classification
includes 29 features, which are f (x), Υf (x) (Subsection 5.2.1), the 3 features from the
multi-scale OS responses Vf (x, a) (Subsection 5.2.2), and the 24 Gaussian scale-space
features. Before training, the feature vectors are normalized to zero mean and unit
standard deviation.

5.2.4

Supervised classification for vessel segmentation

To distinguish between vessel and non-vessel pixels, we train a Random Forest (RF) classifier by considering its advantages of strong classification ability and high computation
efficiency. The RF [160] is widely used to deal with non-linear classification problems,
particularly on large feature spaces and noisy data. A RF consists of T decision trees
trained individually by T bootstrap samples. Training samples go through each tree and
end up with a node which has a specified category. A bootstrap sampling is used to train
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Figure 5.3: Examples of applying the full-scale (top) and the multi-scale (bottom) OS
transformations on the same retinal image patch. Top part: elongated structures are
lifted into 3D OSs via the full-scale OS transformation. The 3D volumes represent the real
part (ridges), imaginary part (edges) and combination (color represents phase direction
and intensity represents the absolute value) of OSs. Orientation planes with θ = 0, π3 , π2
and 2π
3 are shown. Bottom part: elongated structures are disentangled into different
orientations and scales. The 3D volumes represent the real part of the OSs at different
scales a = 2, 3.5, 7 and 13.5. The corresponding spatial kernel size at θ = π2 is shown in
the 2nd column.

each tree by randomly taking 2/3 of all the samples each time, while m features are
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(a) Green channel

(b) Scale 1

(c) Scale 1.5

(d) Scale 2

Figure 5.4: Example of the multi-scale OS responses at specific scales a = 1 px, 1.5 px
and 2 px of an image patch from the STARE dataset.

Table 5.1: Description of the complete feature vector with 29 features.
Numbers

Features description

F1
F2
F3-F6
F7-F10
F11-F14
F15-F18
F19-F22
F23-F26
F27-F29

Green intensity f (x)
Enhanced image Υf (x) via rotating filter in OSs
Gaussian smoothing of the green image f (x) with scales 1, 2, 4 and 8
Gaussian gradient magnitude of the green image f (x) with scales 1, 2, 4 and 8
Gaussian Laplacian of the green image f (x) with scales 1, 2, 4 and 8
Gaussian smoothing of the enhanced image Υf (x) with scales 1, 2, 4 and 8
Gaussian gradient magnitude of the enhanced image Υf (x) with scales 1, 2, 4 and 8
Gaussian Laplacian of the enhanced image Υf (x) with scales 1, 2, 4 and 8
Maximum orientation responses Vf (x, a) from multi-scale OSs at scales 1,
1.5 and 2 for the DRIVE and STARE, and 2, 3, 4 for the CHASE_DB1

randomly selected for each node. Each tree is finally trained as a classification "expert"
for its corresponding selected feature inputs. During testing, the RF gives every new
sample a probability of being a vessel pixel x, which is estimated by
P (vessel|x) =

T
1X
pt (vessel|F (x)),
T

(5.11)

t=1

where pt (·) is the probability from the t-th decision tree.
We used the RF implementation in [161] for the supervised classification. The default
setting for the number of trees is T = 500 and the number of selected features is
√
m = NF , where NF is the total number of features NF = 29. For the DRIVE dataset,
images from the training set are used for training, while images from the test set are
used for evaluation. For the STARE and CHASE_DB1 datasets, the "leave-one-out" crossvalidation approach is performed. In all the training steps, only 10% of the vessel pixels
is randomly selected and a balanced training is carried out with the same number of the
non-vessel pixels.
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5.3
5.3.1

Validation and experimental results
Validation datasets

In our experiments, we use three public datasets, the DRIVE [77], STARE [85] and
CHASE_DB1 [163]. The DRIVE dataset contains 20 training and 20 test images with a
resolution of 565 × 584 pixels. Annotations of the vascular trees by two human observers
are available for all the DRIVE images. The STARE dataset has 20 images without
separation in training and test sets. 10 of the images are from healthy subjects and 10
from unhealthy subjects containing pathologies. The STARE images have a resolution of
605 × 700 pixels and are annotated by two human observers. The CHASE_DB1 dataset
includes 28 images with a resolution of 960 × 999 pixels. These images are captured from
the left and right eyes of 14 children and are annotated by two human observers.
For all the datasets, the manual segmentations by the first observer are considered as
ground truth, while those from the second observer are used to evaluate the agreement
between two observers. All the measurements in this work are computed by considering
all the pixels within the Field of View (FOV). The FOV masks of the DRIVE dataset
is provided by the authors and the ones of the STARE and CHASH_DB1 datasets are
created manually since the FOV boundary in the retinal image is obvious. For quantitative
evaluation of the proposed vessel segmentation performance we refer to Appendix D.

5.3.2

Parameter settings

To ensure that all vessels are well-enhanced by the rotating filter, all possible vessel
calibers throughout the retinal images need to be covered by the selected scale samples
S. According to the average vessel calibers with 3.4 ± 1.6 (px) for the DRIVE, 4.4 ±
2.6 (px) for the STARE and 5.4 ± 3.6 (px) for the CHASE_DB1 dataset, we set the
scale samples S as {0.7, 1.0, 1.5, 2, 2.5, 3.5, 4.5} for the DIRVE and STARE datasets, and
{2, 3.5, 4.5, 5.5, 6.5, 7.5, 8.5} for the CHASE_DB1 in our experiments. Several threshold
values T are tested for the binary segmentations and the MCC is calculated for each T.
The best performance of each dataset is obtained by selecting the global threshold that
gives the highest MCC value. Figure 5.6(a) presents the changing of MCC values against
the threshold T on the three datasets, and the optimal thresholds of 0.7520, 0.7460 and
0.77 are obtained for the DRIVE, STARE and CHASE_DB1 datasets, respectively.

5.3.3

Postprocessing

In many previous approaches [40, 90], the presence of false detections from pathology
regions is a challenging issue, and it tampers the data analysis for vessel geometric
properties. Hence, a method that can remove false positives and provides clean vessel
segmentations is strongly needed for vessel analysis.
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(a) Green image f (x)

(b) Detected pathologies H(x)

(c) Filtered profiles ΥH (x)

(d) Original probability map P (x)

(e) Processed map Qf (x)

(f) Our segmentation from (e)

(g) Soares’ segmentation

(h) Azzopardi’s segmentation

(i) Orlando’s segmentation

Figure 5.5: Postprocessing example of removing false detections of non-vessel boundaries
based on the rotating filter on OSs. Vessel segmentation results by Soares et al. [90],
Azzopardi et al. [40] and Orlando et al. [83] are also shown here for visual comparison.

In general, the Gaussian-shaped filters give high responses on both vessel structures
and the boundaries of pathologies, e.g. exudates and bright blobs. In this work, the
feature extraction process based on the vessel filtering and multi-scale wavelet transform
precisely covers the ridge information, and it is robust to the false detection of single step
edges. Nevertheless, our method is still sensitive to the vessel-like cross-sections between
two pathology regions that present high contrast, e.g. the dark ridge profile between two
large exudate regions as shown in Figure 5.5.
Preprocessing for pathology removal can compromise the vessel structures and cause information loss before vessel extraction. Consequently, instead of processing the pathology
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Table 5.2: Performance of our method with and without postprocessing.
Our methods

Datasets

Se

Sp

Acc

MCC

F1

Without postprocessing
With postprocessing

DRIVE

0.7895 0.9701 0.9463 0.7659 0.7938
0.7861 0.9712 0.9466 0.7673 0.7953

Without postprocessing
With postprocessing

STARE

0.7724 0.9704 0.9513 0.7472 0.7652
0.7882 0.9729 0.9547 0.7608 0.7815

Without postprocessing
0.7786 0.9694 0.9497 0.7323 0.7568
CHASE_DB1
With postprocessing
0.7644 0.9716 0.9502 0.7324 0.7581
artifacts beforehand, we add the following postprocessing steps after the segmentation to
remove false positives caused by pathologies:
(i) we use the exudates segmentation approach by Annunziata et al. [164] to obtain
the exudates image Hf (x) (Figure 5.5(b));
(ii) we acquire the enhanced pathology boundaries ΥH (x) (Figure 5.5(c)) by applying
the rotating filter (Subsection 5.2.1) on the dark ridge profile from pathology
regions Hf (x);
(iii) we obtain the processed probability map Qf (x) by removing the falsely detected
boundaries ΥH (x) from the original classification results P (x) (Figure 5.5(d)), i.e.,
Qf (x) = P (x) − ΥH (x) (Figure 5.5(e));
(iv) we achieve the final segmentation (Figure 5.5(f)) by thresholding the probability
map Qf (x) with respect to T.
By performing the above steps, a clean binary segmentation is achieved from the original
vessel probability map. We compare the performance of our method on the DRIVE, STARE
and CHASE_DB1 datasets (Table 5.2 to 5.5). In Table 5.2, slight increases on the DRIVE
and CHASE_DB1 datasets and considerable increases on the STARE dataset are observed
for both MCC and F1, which agrees with the fact that half of the images in the STARE
dataset contain pathologies.

5.3.4

Vessel segmentation results

The ROC curves are plotted for quantitative evaluation in Figure 5.6, where we also
compare our results with the state-of-the-art algorithms. The performance of the 2nd
human observer (green squares) lies on our ROC curve for the DRIVE dataset, and very
close to the curves for the STARE and CHASE_DB1 datasets. This shows that our method
achieves similar performance as the human observer. The recently proposed deep neural
network approach by Li et al. [152] achieves slightly better performance compared to
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(a) MCC analysis

(b) DRIVE

(c) STARE

(d) CHASE_DB1

Figure 5.6: MCC and ROC curves of our proposed LAD-OS approach for the three datasets.
The changing of MCC values versus the threshold T is given in (a). ROC comparisons
with the 2nd observer, the supervised method by Li et al. [152] and Fraz et al. [91], the
unsupervised methods by Azzopardi et al. [40] and Roychowdhury et al. [89] are shown
in the figure.

our method. The supervised method by Fraz et al. [91] and the unsupervised method by
Roychowdhury et al. [89] achieve similar performances as our method on the DRIVE and
STARE datasets. Nevertheless, our proposed method outperforms both methods on the
CHASE_DB1 dataset. Our ROC curves on all the three datasets are higher than all the
best performances provided by the methods proposed by Marin et al. [78] and Azzopardi
et al. [40]. Examples of our segmentation results are given in Figure 5.7.
The segmentation performance is evaluated in terms of the sensitivity (Se), specificity
(Sp), accuracy (Acc) and area under ROC curve (AUC) on the three public datasets.
Extensive comparisons with the state-of-the-art supervised and unsupervised algorithms
published in the past decade are given in Table 5.3 and Table 5.4. The performance
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(a) Original color images

(b) Vessel probability maps

(c) Hard segmentation results

(d) Ground truth

Figure 5.7: Automatic vessel segmentation by our method on the three datasets. Column
1: a DRIVE image (Se = 0.8115, Sp = 0.9846, Acc = 0.9626 and MCC = 0.8261). Column
2: a STARE image (Se = 0.8267, Sp = 0.9811, Acc = 0.9644 and MCC = 0.8141). Column
3: a CHASE_DB1 image (Se = 0.8200, Sp = 0.9747, Acc = 0.9624 and MCC = 0.7563).

measurements of other methods are taken from their respective references for the
comparison. In Table 5.5, we also compare our method with other supervised and
unsupervised approaches in terms of MCC and F1. The performance measurements show
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that our method achieves the highest MCC and F1 on all the three datasets.

5.3.5

Cross-training validation

The proposed method is evaluated with cross-training to check its generalization ability
without relying on the specific training data. With this approach, the classifier is trained
on one dataset and tested on the others. In Table 5.6, the performance metrics AUC and
Acc are evaluated on different classification results. The AUC value slightly decreases from
0.9703 to 0.9593 on the DRIVE dataset when trained on the STARE dataset, from 0.9740
to 0.9676 on the STARE when trained on the DRIVE, and from 0.9706 to 0.9538 on the
CHASE_DB1 when trained on the STARE. The Acc values also show minor decreases
of 0.0017 on the DRIVE, 0.0074 on the STARE and 0.0033 on the CHASE_DB1 when
trained on the corresponding datasets as shown in Table 5.6. The performance drop
for the STARE dataset is possibly because the STARE is the only dataset which has
pathologies in half of the images. The decrease for the CHASE_DB1 dataset might occur
because most of the images contain non-uniform luminosity and strong arterial reflexes,
which do not often appear in the STARE dataset. We compare our cross-training results
of the proposed method with the state-of-the-art methods listed in Table 5.6. All the
quantitative performance measurements of the other methods are obtained from the
published literature [91, 152].
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Unsupervised methods
Supervised methods

DRIVE
Sp
Acc

STARE
Sp
Acc

Methods

Year

2nd human observer

-

0.7760 0.9724 0.9472

Mendonca [159]
Martinez-Perez [165]
Al-Diri [133]
Lam [153]
MF-FDOG [158]
You [79]
Fraz [166]
Nguyen [86]
Zhao [88]
Roychowdhury [89]
Azzopardi [40]
Yin [92]

2006
2007
2009
2010
2010
2011
2012
2013
2014
2015
2015
2015

0.7344
0.7246
0.7282
0.7120
0.7410
0.7152
0.7354
0.7395
0.7655
0.7246

0.9764
0.9655
0.9551
0.9724
0.9751
0.9759
0.9789
0.9782
0.9704
0.9790

0.9452
0.9344
0.9472 0.9614
0.9382
0.9434
0.9430
0.9407
0.9477
0.9494 0.9672
0.9442 0.9614
0.9403
-

0.6996
0.7506
0.7521
0.7177
0.7260
0.7311
0.7187
0.7317
0.7716
0.8541

0.9730
0.9569
0.9681
0.9753
0.9756
0.9680
0.9767
0.9842
0.9701
0.9419

0.9440
0.9410
0.9567 0.9739
0.9484
0.9497
0.9442
0.9324
0.9509
0.9560 0.9673
0.9497 0.9563
0.9325
-

Soares [90]
Ricci [157]
Lupascu [167]
Marin [78]
Fraz [91]
Dai [81]
Li [152]
Orlando [83]
Our method

2006
2007
2010
2011
2012
2015
2016
2016
2016

0.7332
0.7200
0.7067
0.7406
0.7359
0.7569
0.7897
0.7861

0.9782
0.9801
0.9807
0.9720
0.9816
0.9684
0.9712

0.9466
0.9595
0.9597
0.9452
0.9480
0.9418
0.9527
0.9466

0.7207
0.6944
0.7548
0.7769
0.7726
0.7680
0.7882

0.9747
0.9819
0.9763
0.9550
0.9844
0.9738
0.9729

0.9480
0.9584
0.9526
0.9534
0.9364
0.9628
0.9547

Se

AUC
-

0.9614
0.9558
0.9561
0.9588
0.9747
0.9738
0.9703

Se

0.8952 0.9384 0.9349

AUC
-

0.9671
0.9602
0.9769
0.9768
0.9879
0.9740
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Table 5.3: Performance comparison on the DRIVE, STARE datasets.

Table 5.4: Performance comparison on the CHASE_DB1 dataset.
CHASE_DB1
Sp
Acc

Methods

Year

2nd human observer

-

0.8105

0.9711

0.9545

-

Unsupervised

Roychowdhury [89]
Azzopardi [40]

2015
2015

0.7615
0.7585

0.9575
0.9587

0.9467
0.9387

0.9623
0.9487

Supervised

Fraz [91]
Li [152]
Orlando [83]
Our method

2012
2016
2016
2016

0.7224
0.7507
0.7277
0.7644

0.9711
0.9793
0.9712
0.9716

0.9469
0.9581
0.9502

0.9712
0.9716
0.9706

Se

AUC

2nd human observer

-

0.7601 0.7881

0.7225 0.7401

0.7475 0.7686

Fraz [168]
Fathi [169]
Fraz [170]
Fraz [171]
Vega [172]
Azzopardi [40]
Orlando [83]
Our method

2011
2013
2013
2014
2015
2015
2016
2016

0.7333
0.7359
0.6617
0.7475
0.7556
0.7673

0.7003
0.6908
0.5927
0.7335
0.7417
0.7608

0.7488
0.6802
0.7046 0.7332
0.7324 0.7581

0.7642
0.7669
0.7686
0.6884
0.7857
0.7953

0.7386
0.7509
0.7306
0.6082
0.7644
0.7815
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Table 5.5: Comparison of average MCC and F1-score of our method with the other retinal vessel segmentation algorithms and the 2nd
human observer.
DRIVE
SATRE
CHASE_DB1
Methods
Year
MCC
F1
MCC
F1
MCC
F1
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Table 5.6: Average performance for cross-training validation.
Testing sets

Training sets

DRIVE

STARE

DRIVE

DRIVE

STARE

DRIVE

STARE

STARE

CHASE_DB1

STARE

CHASE_DB1

CHASE_DB1

Methods
Soares [90]
Ricci [157]
Marin [78]
Fraz [91]
Li [152]
Our method
Our method
Soares [90]
Ricci [157]
Marin [78]
Fraz [91]
Li [152]
Our method
Our method
Fraz [91]
Li [152]
Our method
Our method

Acc

AUC

0.9397
0.9266
0.9448
0.9456
0.9486
0.9447
0.9466
0.9327
0.9464
0.9528
0.9495
0.9545
0.9488
0.9547
0.9415
0.9417
0.9458
0.9502

0.9697
0.9677
0.9593
0.9703
0.9660
0.9671
0.9676
0.9740
0.9565
0.9553
0.9538
0.9706

Figure 5.8: Features importance analysis in classification of the three datasets via calculating the mean decrease in the Gini index with Random Forest [160]. For visualization
purpose, all the index values are plotted using the logarithmic scale with respect to a
base 10. F1-F29 indicate different features, as shown in Table 5.1.

5.3.6

Feature evaluation and importance analysis

To better investigate the feature importance for classification, we take the mean decrease
of the Gini index [160] to show the contribution of each feature. A higher value indicates
that the feature is more relevant. We evaluate all the 29 features using the RF on the three
datasets separately and obtain the feature importance maps as shown in Figure 5.8. The
corresponding description of each feature is given in Table 5.1. Generally, the enhanced
image from the vessel filtering, the Gaussian smoothing of the enhanced image at scales
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Table 5.7: Performance comparison with reduced 12 features and all 29 features.
Se
Sp
Acc
AUC
MCC
F1
Datasets
DRIVE (Reduced)
DRIVE (All features)

0.7794
0.7861

0.9710
0.9712

0.9453
0.9466

0.9684
0.9703

0.7605
0.7673

0.7897
0.7953

STARE (Reduced)
STARE (All features)

0.7721
0.7882

0.9727
0.9729

0.9526
0.9547

0.9726
0.9740

0.7453
0.7608

0.7621
0.7815

CHASE_DB1 (Reduced)
CHASE_DB1 (All features)

0.7501
0.7644

0.9703
0.9716

0.9476
0.9502

0.9669
0.9706

0.7153
0.7324

0.7408
0.7581

1, 2 and 3, the gradient magnitude of the enhanced image at scale 1, the Gaussian
Laplacian of the enhanced image at all the given scales and the multi-scale wavelet
transform features play the most significant roles in decision making. Hence, a new RF
classifier is trained on a reduced feature set of these 12 selected features. Competitive
validation results with the reduced feature set are shown in Table 5.7 and compared with
the performance of using the full feature set.

5.3.7

Performance on pathological cases

Pathological images are typically difficult cases for retinal vessel segmentation algorithms.
Comparisons of our method on the pathological cases with the algorithms by Soares et al.
[90] and Orlando et al. [83] are shown in Figure 5.9. Our method is much better at
preserving vessel structures and suppressing false detections from pathologies.

5.4

Discussion and conclusion

In this chapter, we have presented a novel and robust method for retinal vessel segmentation based on a supervised random forest classification framework. Brain-inspired
multi-orientation and multi-scale features from vessel filtering and wavelet transform
are used for training the classifier. Specifically, the full-scale invertible OS transform is
used to lift 2D elongated structures into a 3D space of positions and orientations, where
the rotating filter for vessel enhancement is constructed by considering the second-order
Gaussian derivatives. Afterwards, the enhanced image obtained from the rotating filter is
incorporated into the feature space for classification. To extract the vessel information at
different orientations and scales, the multi-scale OS transform is used to map 2D local
structures into a space of positions, orientations and scales. By taking the maximum
intensity of the real part (ridge information) of the multi-scale OSs over all orientations
per position, the orientation responses at different scales are also used as features. An
integrated feature vector of 29 features is finally obtained by combing the wavelet transform features and Gaussian scale-space features. By using a Random Forest classifier, a
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(a) Original color image

(b) Ground truth

MCC: 0.7606

MCC: 0.7094

MCC: 0.7793

(c) Hard segmentation of the proposed method

MCC: 0.7400

MCC: 0.5207

MCC: 0.7072

(d) Hard segmentation results by Orlando et al. [83]

MCC: 0.7585

MCC: 0.3684

MCC: 0.7460

(e) Hard segmentation results by Soares et al. [90]

Figure 5.9: Comparison of vessel segmentation results on pathological images from the
STARE dataset. Our method shows better performance at preserving vessel structures
and suppressing false detections from pathologies.
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fast and robust classification system is set up for retinal vessel segmentation.

5.4.1

Quantitative analysis of vessel segmentation results

Our algorithm produces better Se, Sp, Acc and AUC measures in comparison with most
of other state-of-the-art approaches on the DRIVE, STARE and CHASE_DB1 datasets. In
Table 5.3 and Table 5.4, the best performance is achieved by the supervised method
proposed by Li et al. [152] using the deep neural network techniques. However, the
deep learning based approaches usually require very large networks and a very large
manually annotated training set. Our method achieves the AUC values of 0.9703 and
0.9740, respectively for the DRIVE and STARE datasets. These values are higher than
the ones based on the Gabor wavelet transform features presented by Soares et al. [90].
The AUC of 0.9706 by our method on the CHASE_DB1 is also similar to those of 0.9712
and 0.9716 reported by the supervised methods of Fraz et al. [91] and Li et al. [152].
Comparative analysis in Table 5.3 and Table 5.4 illustrates that the true positive rate (Se)
and the AUC achieved by our method are better than all the unsupervised and most of
the supervised approaches.
For a fair comparison purpose, we evaluated the Se of our method with other state-ofthe-art methods at their reported Sp levels along the ROC curves. For the DRIVE dataset
and for the same Sp value of 0.9684 reported by Orlando et al. [83] in Table 5.3, we
achieve a higher Se value of 0.8013 compared to the value of 0.7897 obtained by Orlando’s
supervised method. Similarly, for the Se value of 0.7655 at the Sp level of 0.9704 reported
by Azzopardi et al. [40], we achieve a better Se value of 0.7907. For the STARE dataset
and for the same Sp value of 0.9550 reported by Dai et al. [81], we achieve a significantly
higher Se value of 0.8560 compared to the value of 0.7769 obtained by Dai’s supervised
method. Compared to the best Se value of 0.8541 at the Sp level of 0.9419 reported by
the unsupervised methods by Yin et al. [92], our method reaches a higher Se value of
0.8856 at the same Sp level.
For the CHASE_DB1, the presence of non-uniform illumination and strong central vessel
reflex are challenging problems. The deep learning based approach proposed by Li et
al. [152] gives the best performance. Our method is able to deal with those difficult cases
and achieve remarkably better Se values of 0.7675 and 0.8305 compared to 0.7277 and
0.7615 respectively obtained by Orlando et al. [83] and Roychowdhury et al. [89] at their
corresponding Sp levels 0.9712 and 0.9575. The average MCC and F1-score values of our
method are presented in Table 5.5 for comparison with other methods.
Comparative analysis of the cross-training in Table 5.6 shows that the proposed classification system is reliable and stable when the train and test sets are from different datasets.
Only minor decreases are observed in the AUC and Acc values on all the three datasets.
The performance of the cross-training further explains that the OS-based features give
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a strong description of vessel structures, and provides competitive vessel segmentation
results.
In Figure 5.8, the feature importance analysis illustrates that the features from the vessel
filtering in OSs and the multi-scale wavelet transform make the major contributions.
Table 5.7 shows a minor decrease in the performance of our method when it is trained
cost-effectively with the reduced set of 12 features compared with the whole set of
features. There is a slight decrease of 0.0019, 0.0014 and 0.0037 in the AUC values
respectively for the DRIVE, STARE and CHASE_DB1 with the reduced feature set.

5.4.2

Performance analysis on pathological and difficult cases

Routine retinal images from patients often include pathological signs and non-uniform
illumination areas, which are typical problems in many retinal vessel segmentation
methods and easily may cause false positives and disconnections in vessel profiles. The
visual comparisons in Figure 5.9 show that the proposed method is robust to the nonuniform illumination regions and is able to provide a clean segmentation by reducing the
false positives caused by the pathological artifacts.
Other difficult cases in retinal vessel segmentation are central arterial reflex, crossings/bifurcations, closely parallel vessels and micro-vessels. The OS-based features from the
vessel filtering and multi-scale wavelet transform do an excellent job in preserving these
complex structures. In Figure 5.10, we compare the segmentation results of our method
with the supervised methods of Soares et al. [90], Marin et al. [78] and Orlando et
al. [83], and the unsupervised method of Azzopardi et al. [40]. Both Soares and Marin’s
approaches fail to deal with closely parallel vessels, low intensity vessel parts, microvessels and central reflex areas. The method by Orlando also performs less accurate on
parallel vessels and micro-vessels. Azzopardi’s method is able to distinguish between two
parallel vessels, but it still has difficulties in coping with low intensity parts and central
reflex. Compared to these methods, our proposed algorithm can effectively separate two
closely parallel vessels and provide high responses at low intensity and central reflex
areas. Additionally, micro-vessels are also better preserved in the final vessel probability
map.

5.4.3

Computational cost

The proposed approach leads to an efficient vessel segmentation process. The feature
extraction that involves vessel filtering, multi-scale OS responses and Gaussian scale-space
features, may seem more time consuming. However, we evaluate the proposed method on
the DRIVE and STARE for segmenting a single image with a PC configuration of 2.7GHz
CPU using Matlab R2015a. For a fair comparison, we recalculated the computational
cost of the method by Soares et al. [90] on the same PC platform, and we take the
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Crossing with
central reflex

Parallel vessels
Micro vessels
with low contrast

Crossing with
central reflex

Parallel vessels
Low intensities

(a) Original image patches

(b) Our probability maps

(c) Our hard segmentations

(d) Soares’ hard segmentations [90]

(e) Marin’s hard segmentations [78]

(f) Azzopardi’s hard segmentations [40]

(g) Orlando’s hard segmentations [83]

Figure 5.10: Comparisons with the state-of-the-art approaches on typically difficult cases
in retinal vessel segmentation. Case descriptions in top row. The successfully classified
structures by our method are indicated by red circles in the second row.
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Table 5.8: Average computing time for processing one DRIVE image.
Methods

Year

Running time

Soares [90]
Marin [78]
Fraz [91]
Roychowdhury [89]
Li [152]
Our method

2006
2011
2012
2015
2016
2016

27.5 s
1.5 min
2 min
3.11 s
1.2 min
23.4 s

execution time of the recently published approaches from their corresponding papers.
Table 5.8 shows that the proposed method achieves a competitive running time of 23.4s
in comparison with state-of-the-art supervised techniques.

5.4.4

Application scope and limitations

The proposed method successfully segments even compromised retinal vessel configurations based on the vessel filtering and wavelet transform features from OSs. This pipeline
can be further employed to enhance and segment elongated structures in other kinds of
medical images. Besides that, the segmentation results provide a solid foundation for the
extraction of clinical biomarkers as vessel calibers, tortuosity and fractal dimension.
The vessel filtering used in this work is based on rotation-invariant differential operators,
which well enhance vessel ridge profiles. As a result, the vessel-like boundary profiles
between bright exudate regions are highlighted as well. These false detections could
be reduced by adding context-based features, e.g. combining Gaussian derivatives of
different orders [158], or considering their neighbors which are brighter than those of
vessels. Besides that, the vessel segmentation performance may even be further improved
by integrating a local adaptive threshold rather than a global one.

5.4.5

Conclusion

In this chapter, we have proposed a robust supervised retinal vessel segmentation method,
which incorporates new OS-based contextual features, i.e. vessel filtering and multi-scale
wavelet transform features into a classification system. The 3D OS space provides us with
geometric basics for processing image data in a new perspective. Complex structures
like crossings, bifurcations and small scale micro-vessels can be very well preserved after
being processed and projected to a 2D feature map. A training set based on 29 features
is set up and trained with the Random Forest technique for retinal vessel segmentation.
In addition, a simple method is proposed to remove incorrect detections of non-vessel
boundaries in pathology regions. This method uses the vessel filtering in OSs and gives
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us clean segmentation results.
Extensive experiments and analysis on three datasets show that the proposed method
leads to state-of-the-art vessel segmentation results. Cross-trainings demonstrate the
robustness of the proposed classification system when trained on one dataset and tested
on another. Furthermore, our method is able to deal, better than all classical methods,
with challenging image structures, e.g. central arterial reflex, crossover vessels, closely
parallel vessels and micro-vessels.
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6 Unsupervised Retinal Vessel Segmentation

Based on:
Jiong Zhang, Behdad Dashtbozorg, Erik Bekkers, Josien Pluim, Remco Duits, and Bart
ter Haar Romeny, “Robust retinal vessel segmentation via locally adaptive derivative
frames in orientation scores,” IEEE Transactions on Medical Imaging. vol. 35, no. 12, pp.
2631–2644, 2016.
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Abstract
This chapter presents a robust and fully automatic filter-based approach for retinal vessel
segmentation. We propose new filters based on 3D rotating frames in orientation scores.
In the lifted domain R2 o S 1 , vessels are enhanced by means of multi-scale second-order
Gaussian derivatives perpendicular to the line structures. More precisely, we use a leftinvariant rotating derivative (LID) frame, and a locally adaptive derivative (LAD) frame.
The LAD is adaptive to the local line structures and is found by eigensystem analysis of the
left-invariant Hessian matrix (computed with the LID). After multi-scale filtering via the
LID or LAD in the orientation score domain, the results are projected back to the 2D image
plane giving us the enhanced vessels. Then a binary segmentation is obtained through
thresholding. The proposed methods are validated on six retinal image datasets with
different image types, on which competitive segmentation performances are achieved. In
particular, the proposed algorithm of applying the LAD filter on orientation scores (LADOS) outperforms most of the state-of-the-art methods. The LAD-OS is capable of dealing
with typically difficult cases like crossings, central arterial reflex, closely parallel and tiny
vessels. The high computational speed of the proposed methods allows processing of
large datasets in a screening setting.
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6.1

Introduction

In Chapter 5, we set up a routine of applying a rotating filter for enhancing elongated
structures in the domain of an orientation score, where a so-called left-invariant rotating
derivative (LID) frame is constructed per orientation. The LID frame is aligned with
the orientations in the score domain, and it is used for constructing multi-scale LID
filters to enhance blood vessels by means of the second-order Gaussian derivative in the
perpendicular direction. However, the data alignment with the anisotropic kernel of the
orientation score transform will become weak when a low number of orientations is used
to construct the score. Thus, the LID frame that is attached to each orientation layer
cannot achieve perfect fit to the data in the orientation score domain.
In this chapter, in order to achieve full alignment with the local structures in each pixel
position and orientation, we build up a new vessel enhancement filter in a locally adaptive
derivative (LAD) frame. The LAD frame is constructed via the theory of exponential
curve fit in the orientation score domain [34, 36]. Exponential curves are essentially
“straight” lines with respect to the curved geometry of SE(2). Via eigensystem analysis of
the left-invariant Hessian matrix (obtained using LID), we fit exponential curves that best
fit the local (curved) line structures [102].
Using the enhanced image by the multi-scale LAD filters, the vessel segmentation is easily
achieved with a high performance by selecting an optimal threshold value. The validation
phase demonstrates that the proposed retinal vessel segmentation algorithm not only
gives an improved performance on the major parts of the retinal vasculature, but also it is
capable of dealing with difficult cases such as strong central reflex, crossings/bifurcations,
micro-vessels, closely parallel and highly curved vessel parts.
The contributions of this chapter can be summarized as follows.
• We proposed a novel retinal vessel segmentation approach based on a simpler
version of a 2nd-order locally adaptive derivative. This simpler version performs
well in comparison to the state of the art, and it avoids a computation of full
Laplacian in vessel enhancements (geometric diffusions) appearing in [34, 36].
Our novel and simple detector is in our opinion much easier to grasp and reproduce.
• We show that the proposed LAD-OS approach gives good performance even with a
small number of orientation sampling, as a consequence of our specific adaptive
frame methodology. Compared with the conventional filter-based approaches which
usually require large number of orientation samplings, our method is more efficient
in computation.
• In addition to the theoretical ideas proposed in this chapter, we also give a full
evaluation/benchmarking of vessel segmentation via left-invariant processing of
orientation scores, which has not been done before. Validations are performed on 6
different datasets with both RGB and SLO retinal image modalities. Experimental
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Figure 6.1: An overview of our proposed retinal vessel segmentation approaches. OS
means orientation score.

results show that the proposed method works robustly on different types of retinal
images and gives accurate vessel segmentations.
• The robust and unsupervised approach we proposed is capable of processing both
low and high resolution data, which will benefit large-screening programs.
• We show that the proposed method can handle challenging retinal vessel segmentations on which other state-of-the-art methods fail.
• We have published two new types of retinal datasets, the IOSTAR [93] and RCSLO [94], based on a Scanning Laser Ophthalmoscopy (SLO) technique. To the
best of our knowledge, they are the first two publicly available SLO datasets for
retinal image analysis.
The chapter is organized as follows. In Section 6.2, we describe the geometrical tools
and the pipeline for setting up the proposed vessel enhancement filters. Section 6.3
presents the proposed vessel segmentation methods. In Section 6.4, we first describe the
experimental datasets with all the settings and measurements. Afterwards, we validate
the performance of our methods and compare with the state-of-the-art approaches.
Finally, a discussion and conclusion are provided in Section 6.5.
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6.2

Geometrical tools for vessel enhancement

In Figure 6.1, we summarize the whole routine consisting of three main processing phases:
1) preprocessing, to obtain a uniform illumination distribution and a higher contrast,
as well as reduction of strong brightness; 2) vessel enhancement, by maximizing the
proposed LID or LAD filter responses of the vessel cross-sections; 3) vessel segmentation,
to obtain a binary map by defining a threshold on the enhanced image. In this section,
we will provide the differential geometrical tools for setting up a vessel enhancement
approach.

6.2.1

c∗ (θ)

Locally adaptive frame from exponential curve fit γg

(t)

An exponential curve is a curve γc : R → SE(2) with constant components c = (c1 , c2 , c3 )T
of the tangent vector expressed in the left-invariant basis {A1 , A2 , A3 }, i.e., γ̇c (t) =
c1 A1 |γc (t) + c2 A2 |γc (t) + c3 A3 |γc (t) , for all t ∈ R. See Figure 2.8. Exponential curves
in the curved geometry of SE(2) are similar to straight lines in R2 , and provide a local
representation of the elongated structures of interest. An exponential curve is constructed
by an exponential mapping of the Lie algebra basis. For details see [34, 36, 102]. In
this chapter, the tangent vectors c are obtained via the eigensystem analysis of the leftinvariant Hessian matrix. This procedure is a form of exponential curve fitting [34] and
will be explained later.
The LID frames are aligned with the discrete orientations of the anisotropic kernel used
to construct the orientation score. Each orientation layer (corresponding to some θ) thus
has its own derivative frame {A1 , A2 , A3 }. However, the data in the score is not always
perfectly aligned with the kernels used to do the lifting, especially when a low number of
orientations is used. Hence, we estimate the local orientation (and curvature) by means
of second-order exponential curve fits (part 1), and re-align the LID frames accordingly
(part 2 and 3).
Optimal tangent vector c∗ (g) for exponential curve fit
Where in flat Euclidean spaces one can estimate the direction of oriented structures by
locally fitting straight lines, we do the same in SE(2). However, now “straight” is defined
with respect to the curved geometry of SE(2), and the straight curves are known as
exponential curves. Here, we compute exponential curves that locally best fit the data,
and use the optimal tangent vectors c∗ to define the LAD frame. More precisely, we find
tangent vectors c∗ of best fit exponential curves by solving the following minimization
problem:
c∗ (g) =

argmin {||
c∈R3 ,||c||µ =1

d
∇Uf (γgc (t))|t=0 ||2µ },
dt

(6.1)
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with ||c||2µ = µ2 |c1 |2 +µ2 |c2 |2 +|c3 |2 = ||Mµ c||2 , where Mµ = diag(µ, µ, 1) and an intrinsic
parameter µ is used to balance spatial and orientation distances. µ has dimension
[1/length], and makes that length quantities are dimensionless. In (6.1) we effectively
minimize the gradient magnitude along exponential curve fits. To solve (6.1) we first
rewrite it using
d
∇Uf (γgc (t))|t=0 ||2µ
dt
= cT (HUf (g))T Mµ−2 HUf (g)c,

E(c) := ||

(6.2)

where ∇Uf = Mµ−2 (A1 Uf , A2 Uf , A3 Uf )T , and HUf represents the Hessian matrix in
the orientation score domain which is computed via the left-invariant derivative frame
{A1 , A2 , A3 }:


A21 Uf
A1 A2 Uf A3 A1 Uf


HUf =  A1 A2 Uf
(6.3)
A22 Uf
A3 A2 Uf  .
2
A1 A3 Uf A2 A3 Uf
A3 U f
Then by substituting (6.3) in (6.1), and using the Euler-Lagrange technique we obtain
the following minimizing condition:
∇E(c∗ ) = λ∇(||c∗ ||2µ − 1),
(HUf )T Mµ−2 (HUf )c∗ = λMµ2 c∗ ,
(Hµ Uf )c̃∗ = λc̃∗ ,

(6.4)

with c∗ = argmin{E(c) | kckµ = 1)}, and with Hµ Uf = Mµ−1 (HUf )T Mµ−2 (HUf )Mµ−1
the symmetrized1 and µ normalized left invariant Hessian, and c̃∗ = Mµ c∗ . The eigenvectors of Hµ Uf solve (6.4), and it is the eigenvector with lowest eigenvalue that solves
(6.1). The just described curve fitting procedure results in 2nd order exponential curve
fits. For other methods for fitting exponential curves, and for more details regarding
external regularization we refer to [34, 36, 102].

Local curvature κ and deviation from horizontality dH
From the tangent vector c∗ of the exponential curve fit, we can directly compute local
curvature κ and deviation from horizontality2 dH [36] via
c3 sign(c1 )
κ= p
,
(c2 )2 + (c1 )2

1

dH = arctan(

c2
).
c1

(6.5)

Note that the Hessian in Eq. (6.3) is not symmetric, due to the non-commutative group structure, i.e
A3 A1 Uf 6= A1 A3 Uf .
2
Horizontality of a lifted curve means that θ(t) = arctan(ẋ(t) + ẏ(t)), which essentially means that
η
c = 0 for horizontal curves.
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Figure 6.2: The LAD frame {B1 , B2 , B3 } is obtained from the LID frame {A1 , A2 , A3 } via
curvature κ and deviation from horizontality dH .

As shown in Figure 6.2, dH represents the angle between A1 and the projection PR2 c of
the tangent vector c on R2 .
Locally adaptive derivative (LAD) frame {B1 , B2 , B3 }
By considering both κ and dH , obtained via the 2nd order local exponential curve fits, we
can rotate the left-invariant derivative frame via two rotations R̃dH and Qκ,µ , as shown
in Figure 6.3, in order to obtain the locally adaptive derivative frame {B1 , B2 , B3 }:




B1
A1



T
T 
(6.6)
 B2  = Qκ,µ R̃dH  A2  ,
B3
µA3
where


R̃dH

Qκ,µ


cos dH − sin dH 0


=  sin dH cos dH 0  ,
0
0
1


µ
√
√ κ
0
2
2
µ2 +κ2 
 µ +κ

.
=
0
1
0

µ
−κ
√
0 √
µ2 +κ2

(6.7)

µ2 +κ2

In our final vessel enhancement pipeline (Figure 6.3), the vessels are enhanced via
second-order derivatives B22 (in the direction perpendicular to the vessels). An impor135
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Figure 6.3: The whole routine of achieving elongated structure enhancement operation
Υ via left-invariant operation Φ based on the locally adaptive frame {B1 , B2 , B3 }. The
exponential curve fit from {A1 , A2 , A3 } to {B1 , B2 , B3 } provides full alignment with local
structures.
tant efficiency consideration here is that, once the left-invariant Hessian HUf and the
{B1 , B2 , B3 } frame are computed, the B22 derivatives can be efficiently computed by
projecting the Hessian matrix onto the direction vector e2 via
B22 Uf = eT2 (HUf )e2 .

6.2.2

(6.8)

Left-invariant Gaussian derivatives on orientation scores

It is well known that the second-order differential operators/filters can be used to obtain
high responses on elongated structures like vessel profiles [87, 156]. In this section, we
are going to construct the rotating filters for vessel enhancement via the second-order
Gaussian derivatives in both the LID frame {A1 , A2 , A3 } and the LAD frame {B1 , B2 , B3 }.
Suitable linear or non-linear combinations of derivatives in different orders have been
widely used in applications of geometric structure/feature detections, e.g. edge, ridge
and corner detection. However, directly taking derivatives on discrete data is an illposed problem. In order to preserve the well-posedness of left-invariant operators, we
construct the regularized orientation scores via convolutions with spatially isotropic
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Gaussian kernels Gσs ,σo (x, θ) = Gσs (x)Gσo (θ), with a d−dimensional Gaussian given
kxk2

by Gσ (x) = (2πσ 2 )−d/2 e− 2σ2 , and where σs > 0 and σo > 0 provide the 2D-spatial
scale 12 σs2 and 1D-angular scale 12 σo2 of the Gaussian kernel. The multi-scale Gaussian
derivatives in orientation scores are applied to pick up geometric structures according to
their varying widths.

6.3

Vessel segmentation

6.3.1

Preprocessing

Since the green channel of retinal images in RGB datasets has better contrast between the
vessels and the background [77, 90, 150, 157, 159], we will only use the green channel for
our experiments. Retinal image quality often suffers from non-uniform illumination and
varying contrast, which will influence the performance of subsequent vessel segmentation.
Therefore, the luminosity normalization technique proposed by Foracchia et al. [173] is
employed to obtain a uniform illumination distribution. Moreover, a geodesic opening
and a morphological top-hat transform are used to reduce the erroneous detection caused
by the brightness of the optic disk and central reflections, as well as to improve the
contrast between foreground and background. In order to automatically determine the
preprocessing parameters, we define the luminosity normalization window size Wl and
the top-hat transform kernel size Wt equal to 500 µm and 150 µm, respectively. In
each dataset, the window size in pixels is obtained by dividing Wl and Wt by the image
physical pixel size ρs , as shown in Table 6.1.

6.3.2

Vessel enhancement derivative filters

Method 1: left-invariant derivative (LID) filter on orientation scores (LID-OS)
In this method, the multi-scale second-order Gaussian derivatives based on the local
coordinates system {ξ, η, θ} (recall Subsection 2.4.1) in the orientations score domain,
are employed as operators/filters to enhance vessel profiles [87, 156]. We apply the
proposed vessel filtering in Subsection 5.2.1 on retinal images to obtain the enhanced
vessel cross-sections. Here, for simplicity, we name the left-invariant derivative frame
{A1 , A2 , A3 } as LID frame, and the second-order operator ΦσAs2,σo (Uf ) := −A22 Gσs ,σo ∗ Uf
as LID filter, for vessel enhancement. The second-order LID filter [98] that is given by
o
ΦσAs2,σ,norm
(Uf ) := µ−2 ΦσAs2,σo (Uf ) = −µ−2 A22 Gσs ,σo ∗ Uf ,

(6.9)
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from which we will obtain the multi-scale filtered orientation scores. The final image
reconstruction from the multi-scale filtered orientation scores is obtained via
Υ(f )(x) :=

max
π

θi ∈ No {1,..., No}

{

X

o
ΦσAs2,σ,norm
(Uf )(x, θi )},

(6.10)

σs ∈S

where No and S represent the number of orientations and the spatial scalings respectively,
π
θi = i No
, and the maximum filter response is calculated over all orientations per position.
Method 2: locally adaptive derivative (LAD) filter on orientation scores (LAD-OS)
Based on the LID frame {A1 , A2 , A3 } on each orientation, we obtain the multi-scale
rotating LID filters for vessel enhancement. However, since this frame is only defined
globally for each orientation plane rather than locally for each pixel in the score domain,
the LID filters are not always aligned perfectly with all local orientations. We have to
take into account a large number of orientation samplings No such that all elongated
structures of different orientations can be enhanced in the LID frame.
Following the theory of exponential curve fit as described in Subsection 6.2.1, we set
up the LAD frame {B1 , B2 , B3 } which is adaptive to each position and orientation of the
data. Subsequently, our proposed LAD filter can be constructed via the second-order
Gaussian derivatives ΦσBs2,σo (Uf ) := −B22 Gσs ,σo ∗ Uf at multiple scales in the orientation
score domain. Compared with the LID filter, the newly proposed LAD provides perfect
alignment to local structures, and therefore it is more robust to orientation changes, and
even allows to use a small number of orientations. The scale-normalized LAD filter can
be written as
−2 σs ,σo
−2 2
o
ΦσBs2,σ
,norm (Uf ) := µ ΦB2 (Uf ) = −µ B2 Gσs ,σo ∗ Uf .

(6.11)

The final image reconstruction from the multi-scale filtered orientation scores is given by
Υ(f )(x) :=

6.3.3

max
π

θi ∈ No {1,..., No}

{

X

o
ΦσBs2,σ
,norm (Uf )(x, θi )},

(6.12)

σs ∈S

Hard segmentation

After applying the proposed LID or LAD filters on the orientation scores of a retinal image,
the vessel part will be enhanced showing high filter responses, while the background part
will be suppressed showing low responses. By rescaling the enhanced image between 0
and 1 and setting a suitable threshold value Th , an enhanced image is segmented into a
binary map with only vessel pixels and non-vessel pixels.
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6.4
6.4.1

Validation and experimental results
Validation datasets

In this work, four established publicly available color retinal fundus datasets DRIVE [77],
STARE [85], CHASE_DB1 [163] and the High-Resolution Fundus dataset HRF [147] and
our two newly public IOSTAR [93] and RC-SLO [94] (RetinaCheck - Scanning Laser
Ophthalmoscopy) datasets are used for evaluating the proposed vessel enhancement
filters. All the details of the four public datasets are given in Subsection 5.3.1.
In addition to the RGB fundus images, we also provide two public datasets, the IOSTAR [93]
and the RC-SLO [94] datasets with a different image modality. The images in these two
datasets are acquired with an EasyScan camera (i-Optics Inc., the Netherlands), which
is based on a Scanning Laser Ophthalmoscopy (SLO) technique. The IOSTAR dataset
includes 30 images with a resolution of 1024 × 1024 pixels and the RC-SLO dataset
contains 40 image patches with a resolution of 360 × 320 pixels. All the vessels in both
datasets are annotated by a group of experts working in the field of retinal image analysis.
The RC-SLO dataset covers a wide range of difficult cases, such as high curvature changes,
central vessel reflex, micro-vessels, crossings/bifurcations.
All the measurements in this work are computed by considering all the pixels within the
Field of View (FOV). The FOV masks of the DRIVE and HRF datasets are respectively
provided by their authors and the ones of the CHASH_DB1, STARE, IOSTAR and RC-SLO
datasets are created manually since the FOV boundary in the retinal image is obvious. The
reliable metrics for evaluating the vessel segmentation results are provided in Appendix D.

6.4.2

Settings

In order to easily generalize the proposed method to different data, the parameters are
primarily defined based on the physical properties of each dataset separately. As shown in
Table 6.1, the main parameters of the proposed method are determined from the image
properties, such as the image size, FOV and physical pixel size ρs , which are determined
by the specifications of the fundus camera. Since we explore the second-order Gaussian
derivatives to construct the proposed filters for vessel enhancement, the spatial scale
samplings S are determined by looking at the filter windows that can enhance the vessel
profiles best. By considering the average vessel caliber of each dataset in Table 6.1, we
can roughly estimate the spatial scale samplings which can give us relatively the best
performance for our experiments. In our experiments, we use 7 scales for the DRIVE,
STARE, CHASE_DB1, IOSTAR and RC-SLO datasets, and we use 9 scales for the HRF
dataset due to its high resolution. It is worth mentioning that adding more scales will not
improve the global performance too much. Moreover, a small angular blurring σo is set
to keep structure smoothness, and we set the same number of orientations No in all the
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experiments for the wavelets transform.
For the purpose of conducting a global evaluation on different datasets, e.g. the measurement of sensitivity, specificity and accuracy, we need an optimized threshold to obtain the
binary segmentation on the probability map. The best threshold value Th for each dataset
is selected based on the one at which we can achieve the highest MCC value. All the
threshold values Th are shown in Table 6.1 and the corresponding global performance
measures of our proposed methods obtained with MCC on the six public datasets are
shown in Table 6.2 and Table 6.3.
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Table 6.1: The corresponding parameters for each dataset that are automatically defined during the whole procedure.
Datasets

Image
size (px)

45◦
35◦
30◦
45◦
45◦
45◦

27
17
10
4
14
14

3.4 ± 1.6
4.4 ± 2.6
5.4 ± 3.6
8.7 ± 5.9
6.3 ± 2.5
5.2 ± 2.5

Preprocessing
Wl
Wt
(px) (px)
19
29
50
125
36
36

6
9
15
37
11
11

Vessel enhancement
No

S

16
16
16
16
16
16

{0.7, 1.0, 1.5, ..., 4.5}
{0.7, 1.0, 1.5, ..., 4.5}
{2, 3.5, 4.5, ..., 8.5}
{2, 3, 4, ..., 10}
{2, 3, 4, ..., 8}
{2, 3, 4, ..., 8}

Segmentation

σo
LID LAD
π/5
π/5
π/5
π/5
π/5
π/5

π/40
π/40
π/40
π/40
π/40
π/40

MCC

Th

0.7571
0.7558
0.7030
0.7410
0.7318
0.7327

0.5540
0.5940
0.6160
0.6100
0.6100
0.6080
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DRIVE
565 × 584
STARE
700 × 605
CHASE_DB1 999 × 960
HRF
3504 × 2336
IOSTAR
1024 × 1024
RC-SLO
360 × 320

Pixel size
Vessel caliber
FOV
ρs ∼ µm/px Mean ± SD (px)
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(a)

(b)

Figure 6.4: Area under curve (AUC) comparisons of the two proposed vessel enhancement
filters with respect to different number of orientations for the (a) DRIVE and (b) STARE
datasets.

6.4.3

Vessel enhancement based on the LID and LAD filters

In this section, the vessel segmentation performance based on the two proposed filters
will be evaluated on the public retinal image datasets DRIVE and STARE by the two
following routines: 1) multi-scale LID filters on orientation scores (LID-OS) for vessel
segmentation, and 2) multi-scale LAD filters on orientation scores (LAD-OS).
In Figure 6.4, the AUC value of each approach is calculated as a measure for describing
the segmentation performance. Since the alignment of each proposed vessel enhancement
filter to local structures is influenced by the number of wavelet orientations, we will
evaluate their segmentation performance with different orientation samplings No. The
locally adaptive property of the LAD filter provides perfect alignment with local structures,
so it is able to achieve a higher and more robust performance with respect to varying
orientation discretization compared to the LID filter. Even with only 4 orientations, the
LAD-OS approach is able to reach the AUC values of 0.9537 and 0.9692, compared to
0.9538 and 0.9623 of the LID-OS approach with 34 orientations on the DRIVE and STARE
datasets, respectively. In Figure 6.5, we show examples of applying the LID-OS and LADOS on a typical image patch with the interference of central reflex, curvature changes and
low intensities on tiny vessels. Since the LAD frame is adapted to align the local structure
by taking into account the neighborhood pixels via eigensystem analysis of the Hessian
matrix, the contextual information is better included to reduce the interference from the
central reflex. The curved segments of tiny vessels are also better preserved through the
local adaptivity property. We can observe that the LAD-OS is more tolerant to strong
central reflex and is better at producing high contrast between vessels and background
compared to the LID-OS.
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Cen

tral

No
refl

ex

cen

tral

Adaptive to
local curvature

Poor
continuation

Central reflex

Poor
continuation

(a) Original patch

(b) LID-OS

refl
ex

Better preservation

Better
continuation

(c) LAD-OS

Figure 6.5: Examples of segmentation in the presence of central vessel reflex and tiny
structures using the proposed LID-OS and LAD-OS with the same preprocessing step and
scale samplings. (a) the original patch, (b) the probability map from the LID-OS and
(c) the probability map from the LAD-OS. The curved arrows indicate the central reflex
along vessels.

In the following experiments, the LAD-OS approach will be adopted with the parameter
settings as shown in Table 6.1 to obtain the segmentation results. Qualitative and
quantitative analysis are performed based on those results.

6.4.4

Vessel segmentation results of the LAD-OS algorithm

In Figure 6.6, we show the ROC curves for the DRIVE, STARE and CHASE_DB1 datasets.
The performance of the 2nd human observer and our proposed LAD-OS algorithm are
represented by green squares and blue stars, respectively. For the sake of comparison,
the performance of some recently proposed methods are also depicted in this figure. The
performance obtained from the 2nd human observer is very close to our ROC curves or
located on them. Figure 6.7 and Figure 6.8 shows examples of vessel segmentation results
of the 6 datasets. We also show the ground truth images that were annotated by the first
human observer as references. We can see that our proposed LAD-OS approach is able to
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(a)

(b)

(c)

Figure 6.6: ROC curves of our proposed LAD-OS approach for the (a) DRIVE, (b) STARE
and (c) CHASE_DB1 datasets. Comparisons with the 2nd human observer, the supervised
method by Fraz et al. [91], the unsupervised methods by Azzopardi et al. [40] and
Roychowdhury et al. [89] are shown in the figure.
preserve most of the small vessel structures, which has great clinical significance for the
assessment of biomarkers like fractal dimension (complexity of the vasculature) [3] and
detection of neovascularization (formation of new microvasculature) [1]. To compare
with the state-of-the-art vessel segmentation algorithms, we evaluate the proposed
methods with the performance metrics Se, Sp, Acc and AUC for the DRIVE, STARE,
CHASE_DB1 and HRF datasets as shown in Table 6.2, and Table 6.3. The performance
measurements, particularly Acc and AUC values demonstrate that the proposed LAD-OS
method outperforms most of the unsupervised and supervised methods on all the 6 color
fundus image datasets. The results on the HRF dataset show that the proposed LAD-OS
approach is able to handle high-resolution data.
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(a) DRIVE

(b) STARE

(c) CHASE_DB1

Figure 6.7: Examples of vessel segmentation by the proposed LAD-OS approach on
images from the 3 datasets (DRIVE, STARE and CHASE_DB1). From Row 1 to 4: original
color images, vessel enhancement, hard segmentation and manual segmentation results.
(a) An image from the DRIVE dataset (Se = 0.8329, Sp = 0.9834, Acc = 0.9656 and
MCC = 0.8324). (b) An image from the STARE dataset (Se = 0.8317, Sp = 0.9792, Acc =
0.9609 and MCC = 0.8181). (c) An image from the CHASE_DB1 dataset (Se = 0.8643,
Sp = 0.9623, Acc = 0.9546 and MCC = 0.7319).
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(a) HRF

(b) IOSTAR

(c) RC-SLO

Figure 6.8: Examples of vessel segmentation by the proposed LAD-OS approach on
images from the 3 datasets (HRF, IOSTAR and RC-SLO). From Row 1 to 4: original color
images, vessel enhancement, hard segmentation and manual segmentation results. (a) An
image from the HRF dataset (Se = 0.7935, Sp = 0.9711, Acc = 0.9537 and MCC = 0.7449).
(b) An image from the IOSTAR dataset (Se = 0.8516, Sp = 0.9719, Acc = 0.9590 and
MCC = 0.7940). (c) An image from the RC-SLO dataset (Se = 0.8190, Sp = 0.9692,
Acc = 0.9490 and MCC = 0.7824).
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Table 6.2: Segmentation results on the DRIVE, STARE and CHASE_DB1 datasets.
Se

2nd human observer

-

0.7760

0.9724 0.9472 -

0.8952

Mendonça [159]
Martinez-Perez [165]
Al-Diri [133]
Lam [153]
Zhang [158]
You [79]
Fraz [166]
Roychowdhury [89]
Azzopardi [40]
Yin [92]
Proposed LID-OS
Proposed LAD-OS

2006
2007
2009
2010
2010
2011
2012
2015
2015
2015
2016
2016

0.7344
0.7246
0.7282
0.7120
0.7410
0.7152
0.7395
0.7655
0.7246
0.7473
0.7743?

0.9764
0.9655
0.9551
0.9724
0.9751
0.9759
0.9782
0.9704
0.9790?
0.9764
0.9725

0.9452
0.9344
0.9472
0.9382
0.9434
0.9430
0.9494?
0.9442
0.9403
0.9474
0.9476

0.9614
0.9672?
0.9614
0.9517
0.9636

Niemeijer [150]
Staal [77]
Soares [90]
Ricci [157]
Lupascu [167]
Marin [78]
Fraz [91]
Orlando [83]
Li [152]

2004
2004
2006
2007
2010
2011
2012
2016
2016

0.7332
0.7200
0.7067
0.7406
0.7897†
0.7569

0.9782
0.9801
0.9807
0.9684
0.9816†

0.9416
0.9441
0.9466
0.9595
0.9597†
0.9452
0.9480
0.9527

0.9294
0.9520
0.9614
0.9558
0.9561
0.9588
0.9747†
0.9738

Sp

AUC

Acc

Se

Sp

CHASE_DB1
AUC

Acc

AUC

Se

Sp

Acc

0.9384 0.9349 -

0.8105

0.9711

0.9545 -

0.6996
0.7506
0.7521
0.7177
0.7260
0.7311
0.7317
0.7716
0.8541?
0.7676
0.7791†

0.9730
0.9569
0.9681
0.9753
0.9756
0.9680
0.9842?
0.9701
0.9419
0.9764
0.9758

0.9440
0.9410
0.9567?
0.9484
0.9497
0.9442
0.9560
0.9497
0.9325
0.9546
0.9554

0.9739
0.9673
0.9563
0.9614
0.9748?

0.7615
0.7585
0.7562
0.7626?†

0.9575
0.9587
0.9675?
0.9661

0.9467?
0.9387
0.9457
0.9452

0.9623?
0.9487
0.9565
0.9606

0.7207
0.6944
0.7548
0.7680
0.7726

0.9747
0.9819
0.9763
0.9738
0.9844†

0.9516
0.9480
0.9584
0.9526
0.9534
0.9628†

0.9614
0.9671
0.9602
0.9769
0.9768
0.9879†

0.7224
0.7277
0.7507

0.9711
0.9712
0.9793†

0.9469
0.9581†

0.9712
0.9716†

Best values in comparison with the unsupervised methods; † Best values in comparison with the supervised methods.

147

6.4. Validation and experimental results

?

Year

Unsupervised methods

Methods

STARE

Supervised methods

DRIVE

Chapter 6. Unsupervised Retinal Vessel Segmentation

6.4.5

Evaluation on the scanning laser ophthalmoscopy images

Color fundus images are extensively used in the evaluation of the state-of-the-art retinal
vessel segmentation algorithms. In this chapter, the proposed LAD-OS approach is also
applied on both the IOSTAR and RC-SLO datasets with SLO images and it achieves very
good performance as shown in Table 6.3. In Figure 6.8, we show examples of vessel
segmentation that are automatically obtained by the proposed LAD-OS algorithm on an
IOSTAR image and a RC-SLO image with difficult cases like micro-vessels, crossings and
closely parallel vessels.

Table 6.3: Segmentation results on the HRF, IOSTAR and RC-SLO datasets.
Methods
Odstrcilik [147]
Orlando [83]
LAD-OS

6.5

Datasets Year
HRF
HRF
HRF

Se

Sp

Acc

AUC

MCC

2013 0.7794 0.9650 0.9494
0.7065
2016 0.7874 0.9584
0.6897
2016 0.7978 0.9717 0.9556 0.9608 0.7410

LAD-OS

IOSTAR 2016 0.7545 0.9740 0.9514 0.9615 0.7318

LAD-OS

RC-SLO 2016 0.7787 0.9710 0.9512 0.9626 0.7327

Discussion and conclusion

In this work, we firstly proposed the LID filter which is constructed based on the leftinvariant rotating derivative frame {A1 , A2 , A3 } in the Euclidean roto-translation group
SE(2). The LID filter is then applied on orientation scores, i.e. data that is obtained
by lifting 2D images to 3D functions on SE(2), to enhance elongated structures. One
important advantage of orientation scores is that elongated structures, like lines in
crossings and bifurcations are disentangled into their corresponding orientation planes.
Consequently, complex structures can be enhanced by the proposed LID-OS routine with
a crossing-preserving manner.
However, the LID filter is not always aligned perfectly with local structures in the score
domain, especially when the orientation resolution is small. To solve this problem, the
LAD filter is obtained by eigensystem analysis of the left-invariant Hessian matrix, which
is computed via the LID rotating frame. Since this LAD filter is capable of providing
full alignment with local structures on multiple scales in the score domain, the filter
responses can be enhanced on elongated structures accurately. Therefore, the proposed
LAD-OS approach can be exploited to segment vessels in different applications.
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6.5.1

Results overview

The ROC curves in Figure 6.4 shows that the supervised method proposed by Fraz
et al. [91] performs slightly better than our method on the DRIVE dataset, while our
proposed method outperforms both the method by Fraz et al. [91] and the unsupervised
approach by Azzopardi et al. [40] on the STARE and CHASE_DB1 datasets. The performance of the unsupervised method by Roychowdhury et al. [89] is similar as our method
on the DRIVE and STARE datasets, while our proposed LAD-OS approach outperforms all
the other ones on the CHASE_DB1 dataset.
Considering the performance of the LAD-OS method on the DRIVE, STARE and CHASE_DB1
datasets, the obtained results outperform most of the state-of-the-art unsupervised and
supervised algorithms. Compared to the Se and Sp (0.7655 and 0.9704 for the DRIVE,
0.7716 and 0.9701 for the STARE, and 0.7585 and 0.9587 for the CHASE_DB1) of one
of the best unsupervised approaches by Azzopardi et al. [40], the proposed LAD-OS can
respectively reach better sensitivity of 0.7858, 0.8481 and 0.8037 at the same specificity
level along the ROC curves (Figure 6.6). Also the LID-OS algorithm can obtain the sensitivity 0.7702, 0.7969 and 0.7958, respectively for the DRIVE, STARE and CHASE_DB1 at
the same specificity.
Compared with the supervised approaches, the proposed LAD-OS method achieves similar
or better results, as shown in Figure 6.6 and Table 6.3. For the STARE and CHASE_DB1
datasets, we get higher sensitivity of 0.7791 and 0.7371 than one of the best supervised
methods by Fraz et al. [91] with sensitivity of 0.7548 and 0.7224 at the same specificity
level, respectively. For the DRIVE dataset, Fraz’s method obtains slightly better result
with sensitivity of 0.7406 than LAD-OS with sensitivity of 0.7284 at the same specificity
of 0.9807 along the ROC curve. Nevertheless, as shown in Figure 6.6 our results are
very close to the 2nd observer. In Table 6.3, the performance of the LAD-OS approach
on the high-resolution HRF dataset reaches a sensitivity of 0.8442 compared with the
sensitivity of 0.7874 reported by Orlando et al. [83] at the same specificity level of
0.9584. Additionally, the evaluation results of our method on the SLO images achieve
the AUC of 0.9615 and 0.9626, respectively, on the IOSTAR and RC-SLO datasets, thus
demonstrating the robustness of the LAD-OS on different image modalities. The LAD-OS
vessel segmentation method is an unsupervised technique, which does not rely on any
labor-intensive training phase, but is still able to achieve similar performance compared
to the most recently proposed supervised algorithms.

6.5.2

Performance analysis on challenging cases

Structures with strong central reflex, micro-vessels, crossings/bifurcations, closely parallel or highly curved vessel parts are the generally challenging cases in retinal vessel
segmentation. To deal with central light reflex, we employ the bottom-hat transform and

149

Chapter 6. Unsupervised Retinal Vessel Segmentation

(a) Original patch

(b) Scale 0.7 px

(c) Scale 1.5 px

(d) Scale 2.5 px

Figure 6.9: Examples of applying the multi-scale LAD filter at scales 0.7 px, 1.5 px and
2.5 px on an image patch with closely parallel vessels from the low resolution DRIVE
dataset.
Close vessels

Tiny crossing

Low intensity with
curvature change
Central reflex

Crossing with
central reflex

(a) Original Image

(b) LAD-OS

(c) Azzopardi et al.

(c) Soares et al.

Figure 6.10: Comparisons of vessel segmentation results on difficult cases.
geodesic opening as a preprocessing step. This also reduces the strong brightness from
the optic disk. Besides that, the second-order LAD frame is designed to align with the
local structure and exploits much better the notion of context. By using the fully aligned
LAD operator, the whole vessel profiles can be better enhanced without suffering too
much from the central vessel reflex.
To deal with the wide range of vessel calibers, we designed the multi-scale vesselenhancing LAD filters with proper scale samplings. Here the set of scales were defined
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by considering the typical vessel caliber distributions of retinal fundus images. The
orientation score transform itself picks up elongated structures of all scales due to the fact
that the Fourier kernel covers all the frequencies. 2D elongated structures with different
scales like crossings/bifurcations are thus lifted to the 3D orientation score space, where
they are separated from each other based on orientations without any information loss
and scale selection. Micro-vessels, crossings and bifurcations are well-preserved after 2D
reconstruction from multi-scale processing of orientation scores.
Also the problem of parallel blood vessels is dealt with correctly by means of multiscale processing with an appropriate set of scales. Our LAD filter in the orientation
score domain employs spatially isotropic blurring σs on each orientation plane and an
additionally small angular blurring σo to keep structure smoothness along the vessel
directions, which leads to fewer artifacts even with very small scales. Figure 6.9 shows
the probability maps of different scale samplings of the proposed method on two vessels
that are close together.
The proposed LAD filter has the good property of alignment with each locally present
oriented structure. The local curvature κ and deviation from horizontality dH are used
to optimize the tangent vector c∗ and construct the LAD frame. Hence, our LAD filter is
more robust to local curvature changes along the curvilinear structures.
Figure 6.10 shows some examples where the recently proposed B-COSFIRE filter [40]
and the supervised segmentation by Soares et al. [90] fail in the cases of micro-crossing
and central reflex. Soares’s method also presents merging of closely parallel vessels. This
is probably due to the fact that a large portion of the training samples is located on large
trunks rather than small branchings in retinal vessels. The trained classifier will have
a tendency to treat two parallel vessels as one large vessel. Nevertheless, the LAD-OS
algorithm is able to preserve those difficult structures, indicating the ability for providing
a more accurate vascular tree.

6.5.3

Contributions to differential invariant theory in SE(2) and its applications

Previous work [34, 36] provides the theoretical formulation of the locally adaptive
derivative frame. There they consider the case of applying crossing-preserving flows for
left-invariant diffusions. In this work, we consider different differential invariants for
designing vessel-enhancing filters. Compared to the full Laplacian (in cross-sectional b-c
plane obtained in Eq. (6.6)) that is used in [34, 36] to find the maximum eigenvectors,
our method proposes a much simpler way by directly taking the spatial part (b direction) of the 2nd order differential operators. The high performance of our application
demonstrates that the full Laplacian is not necessarily needed. In addition to the theoretical ideas proposed in our method, this is also the first time where our novel detectors
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Table 6.4: Average time for processing one image.
Type

Methods

Year Running time

Unsupervised LAD-OS
methods
LID-OS
Azzopardi [40]
Al-Diri [133]
Mendonça [159]

2016
2016
2015
2009
2006

20 s
4s
10 s
11 min
2.5 min

Supervised
methods

2016
2016
2012
2011
2006

23.4 s
1.2 min
2 min
1.5 min
27.5 s

Zhang (Chapter 5)
Li [152]
Fraz [91]
Marin [78]
Soares [90]

(as explained in the previous item) are included in a full retinal vessel segmentation
framework with extensive comparisons to the complete state-of-the-art algorithms. These
points were not addressed in previous works. In fact, this study shows that for medical
imaging applications like vessel segmentation in retinal images, it is beneficial to further
explore geometric reasoning by adaptive left-invariant derivative operators in position
and orientation space.

6.5.4

Speed comparison and parameter settings

The main computational cost of our method depends on the numbers of orientations and
scales in the filtering process. The proposed vessel segmentation routines can achieve a
competitive running time with sufficient orientations and scales. Using Mathematica 10.2
with a computer of 2.7 GHz CPU, the time requirement for segmenting a retinal image
in the DRIVE dataset is about 20 seconds and 4 seconds for the LAD-OS and LIDOS algorithms, respectively. The computational efficiency can be further improved by
optimizing the implementation of our algorithms. We give a running time comparison
in Table 6.4 to show the potential of applying our proposed methods on large datasets
in a screening setting. For a fair comparison, we recalculate the computational cost of
Soares’ method [90] on the same PC configuration using Matlab R2015a, and we take
the execution time of other recently published approaches from their corresponding
publications.
The main parameters for our proposed vessel enhancement techniques are the number
of orientations (No) in the wavelet transformation, the spatial scale samplings S and
angular scale σo shown in Table 6.1. All parameters we used in the proposed algorithms
are defined with respect to the physical pixel size and the estimated vessel calibers.
Therefore, our methods can be easily generalized for different datasets to obtain reliable
vessel segmentation results.
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(a) Original patch

(b) Enhanced patch

(c) Binary map

Figure 6.11: Examples of applying the proposed LAD-OS segmentation approach on a
patch of an image with corneal nerve fibers.

6.5.5

Application scope

Based on the vessel segmentation results of our method, we can also extract different
biomarkers like fractal dimension, curvature, vessel width, bifurcation/crossing angles
and use them for clinical analysis. Besides that, the proposed method can be further applied on other types of medical images for extracting elongated structures. In Figure 6.11,
we show the application of applying our method on corneal nerve fiber segmentation.
Although the proposed LAD-OS approach shows very good performance, there are still
some limitations in our method that need to be solved in future work. Since our method
is able to enhance vessel-like cross-sections, false detections of dark profiles between two
bright exudate regions may happen when processing pathological images. These false
positives can either be reduced by including a preprocessing or postprocessing step, or by
integrating shape information of the vessel cross-section into vessel filtering, which can
help to distinguish the differences between vessel and pathological profiles as in [158].

6.5.6

Conclusion

In this chapter, we have proposed a robust, fast and unsupervised filtered-based algorithm
for retinal vessel segmentation. Different from the conventional filters in the 2D image
domain, we set up the LID-OS and LAD-OS approaches by considering the left-invariant
rotating derivative frame and its extension to the locally adaptive derivative frame in
orientation scores. The validation results on 6 different types of datasets show that the
LAD-OS filter not only gives more robust and accurate results compared with most of
the state-of-the-art segmentation schemes, but also deals with difficult vessel geometries.
The high computational efficiency gives the potential of applying the proposed methods
on large datasets.
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7 Automatic Optic Disc and Fovea
Detection

Based on:
Behdad Dashtbozorg, Jiong Zhang, Fan Huang and Bart ter Haar Romeny, “Automatic
Optic Disc and Fovea Detection in Retinal Images Using Super-Elliptical Convergence
Index Filters,” In: International Conference Image Analysis and Recognition (ICIAR
2016), Lecture Notes in Computer Science, vol. 9730, pp. 697–706, Springer International
Publishing, 2016.
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Abstract
This chapter presents an automatic optic disc (OD) and fovea detection technique using
an innovative super-elliptical filter (SEF). This filter is suitable for the detection of semielliptical convex shapes and as such it performs well for the OD localization. Furthermore,
we introduce a setup for the simultaneous localization of the OD and fovea, in which the
detection result of one landmark facilitates the detection of the other one. The evaluation
is performed on 1200 images of the MESSIDOR dataset containing both normal and
pathological cases of diabetic retinopathy (DR) and macular edema (ME). The proposed
approach achieves success rates of 99.75% and 98.87% for the OD and fovea detection,
respectively and outperforms or equals all known similar methods.
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7.1

Introduction

The detection of the optic disc (OD) in retinal images is a prerequisite step toward the
automatic measurement of signs associated with several retinal diseases. The shape
and appearance of the OD are useful for the glaucoma detection and analysis of white
lesions related to diabetic retinopathy (DR). The OD is also a point of interest for retinal
measurements, such as the distance between the fovea and the OD, which can be used for
the estimation of macula location. In addition, the OD location is required to determine
protocolized regions of interest for the assessment of signs related to vascular changes,
such as fractal dimension, central retinal artery/vein equivalent and central artery-to-vein
diameter ratio [174].
On the other hand, the macula is a key region in the screening for DR and other retinal
pathologies such as macular edema (ME) and age-related macular degeneration (AMD).
Since the macula is essential for sharp central vision, the locations of lesions, such as
microaneurysms, hemorrhages and drusen with respect to the center of macula (fovea)
are important for disease classification and grading. Hence, accurate automatic detection
of the OD and fovea is a crucial step for automatic computer-aided diagnosis.
In literature, two types of criteria have been widely used for the OD detection. Conventional approaches are based on the analysis of pixel intensity features since the OD is
usually the brightest region in a retinal fundus image [175–178]. Alternatively, methods
are developed that exploit the features related to the vasculature and nerve fiber pattern [179, 180], since the OD is the entry and exit point of the nerves and blood vessels.
There are also OD detection techniques that combine the information from the vascular
tree with the intensity features [181, 182].
Most fovea detection methods are operated in two stages. In the first stage, the OD
center is detected and a region of interest is defined using the known average distance
between the fovea and the OD location. In the second stage, the fovea location is obtained
by exploiting the visual appearance of the fovea in that region. Yu et al. [183] used
the vascular arches to find a region of interest where the fovea location is obtained
by selecting the lowest response of a template matching. In the method proposed by
Giachetti et al. [176], the center of symmetry of bright and dark regions is localized
based on a radial symmetry transform of vessel-inpainted images. Then the final OD
and fovea locations are obtained by using a vascular density estimator. Gegundez et
al. [184] introduced a method for fovea detection by defining a region of interest with
respect to the OD location and the vascular tree. After vessels removal and image
smoothing, the fovea center is obtained using multi-thresholding and feature extraction
techniques. In the method introduced by Kao et al. [185], firstly the OD is localized by a
template matching technique with adaptive Gaussian templates. Then by searching the
non-vascular region, the line connecting the OD center and the fovea is determined, and
finally the fovea is detected by matching the fovea template around the center of this line.
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The recent method presented by Aquino [186] uses both the visual and the anatomical
features for the fovea detection. Then a specific type of morphological processing is
employed to improve the localization of the fovea.
There are two major contributions in this chapter: First, we propose a new convergence
index filter, called super-elliptical filter (SEF), suitable for the detection of any semielliptical convex shape. Second, we introduce a setup of paired SEF filters (PSEF) which
is used for the simultaneous detection of optic disc and fovea in fundus images.
The rest of this chapter is organized as follows. In Section 7.2, the convergence index filters as well as the proposed super-elliptical filter are introduced. Section 7.3 presents our
approach for the OD and fovea detection. Experimental results are shown in Section 7.4.
Finally, Section 7.5 summarizes the conclusion.

7.2

Super-elliptical convergence index filter

The convergence index (CI) filters are suitable for the detection of convex shapes and
objects with a limited range of sizes regardless of their contrast with respect to the
background. The CI filters evaluate the convergence degree of gradient vectors within a
local area (support region) towards a pixel of interest [187].
Given an input image I(x, y), for each pixel with spatial coordinates (x, y), the convergence index (CI) is defined by

CI(x, y) =

1
M

X

(7.1)

cos (ϕ (x, y, θi , m)) ,

(θi ,m)∈G

where M is the number of points in the filter support region G, and ϕ (x, y, θi , m) is the
orientation angle of the gradient vector at the polar coordinate (θi , m) with respect to the
line, with direction i, that connects (θi , m) to (x, y). The angular difference ϕ, is given
by
ϕ(x, y, θi , m) = θi − α(x, y, θi , m),
α (x, y, θi , m) = tan−1

∂
∂x I(x + m × sin(θi ), y
∂
∂y I(x + m × sin(θi ), y

+ m × cos(θi ))
+ m × cos(θi ))

!
,

(7.2)

where α is the image gradient orientation within the convergence filter support region.
As shown in Figure 7.1a, the support region polar coordinates are denoted by the radial
coordinate m, the distance from point of interest (x, y) in pixel, and angular coordinate
θi which is sampled with N equally spaced radial lines (θi = 2π
N (i − 1), i ∈ {1, ..., N }).
The set of radial lines are emerging from the point where the filter is being applied to,
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(a)

(b)

(c)

Figure 7.1: (a) Schematics of the convergence index filter; (b) Adaptive ring filter and
(c) sliding band filter, where the support region lines are depicted with dashed lines and
the support region is specified in blue.
and equally distributed over a circular region centred at the point of interest (x, y).
Several CI filters have been proposed according to the way how the support region
G [187] is defined. Among different CI filters, the adaptive ring filter (ARF) [188] and
the sliding band filter (SBF) [189] are more suitable for the OD detection, since they
can be parameterized to use a narrow band and ignore the gradients information at the
center of the OD, reducing the vascular interference. The ARF shown in Figure 7.1b has
a ring-shaped region of support and its radius changes adaptively. The response of the
ARF is obtained via:
N

ARF (x, y) =

max

0≤r≤Rmax

r+d

1 XX
cos (ϕ(x, y, θi , m)) ,
N ×d
m=r

(7.3)

i=1

where N is the number of support region lines as described previously, d corresponds to
the width of the ring (band), and Rmax represents the outer limit of the band.
The SBF support region shown in Figure 7.1c is a band of fixed width with varying radius
in each direction, where the maximization of the convergence index at each point is
obtained by:
N
1 X
SBF (x, y) =
N
i=1

"
max

Rmin ≤r≤Rmax

r+d
X

#
cos (ϕ(x, y, θi , m)) ,

(7.4)

m=r

where Rmin and Rmax represent the inner and outer sliding band limits, respectively. The
SBF has a more generic formulation compared to the ARF, which makes it more desirable
for OD segmentation [178].
Since the shape of an OD sometimes differs from an expected rounded convex region,
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the ARF may fail in the detection of the OD. On the other hand, the SBF is too generic
and its result can easily be affected by the presence of vessels near the OD boundary.
In general the OD appears as a super-elliptical shape [190]. If a 2-fold symmetrical semirounded convex shape is elongated diametrically, its equi-contours become super-ellipses.
We refer to such an object as a super-elliptical convex region. For the detection of such a
shape we introduce a new convergence index filter, called super-elliptical filter (SEF),
see Figure 7.2a. The super-elliptical band in this filter allows the model to characterize a
larger variety of shapes whilst at the same time reducing the irregularity in shape and
the interference of vessels by its 2-fold symmetry constraints.
The super-elliptical convergence index filter is defined by

1
SEF (x, y) =
N
+

max 

max

1≤j≤N/4 Rmin ≤r≤Rmax

max

Rmin ≤r≤Rmax
N/4−1

r+d

1 X
cos(ϕ(j,m) ) + cos(ϕ(j+ N ,m) )
2
2d m=r

r+d

1 X
cos(ϕ(j+ N ,m) ) + cos(ϕ(j+ 3N ,m) )
4
4
2d m=r

r+d 
1 X
cos(ϕ(j+i,m) ) + cos(ϕ(j−i+ N ,m) )
+
max
2
Rmin ≤r≤Rmax 4d
m=r
i=1


+ cos(ϕ(j+i+ N ,m) ) + cos(ϕ(j−i+N,m) ) ,

(7.5)

X

2

where N is the number of support region radial lines and d corresponds to the width of
the band, which can move between Rmin and Rmax . To simplify the equation, we used
ϕ(i,m) instead of ϕ(x, y, θi , m) which represents the angle between the gradient vector
at point (i, m) and the direction that is currently being analyzed. Figure 7.2a shows
the SEF filter design schematics. In order to consider the possible orientations of the
super-elliptical filter, the parameter j is introduced as illustrated in Figure 7.2b.
The maximum response of the SEF filter indicates the location of interest, the OD center in
our case, and the corresponding band support points represent the shape of the detected
object.
Figure 7.3a-7.3d show different sample phantom images with background intensity of
zero, where different gray-tone circular and elliptical objects are superimposed. The
contrast between each shape’s boundaries and the background is weakened by adding
noise followed by Gaussian blurring. The location of maximum responses of ARF, SBF and
the proposed SEF filters, and the corresponding support points are shown in Figure 7.3.
As we can see in this figure, the SEF filter gives the most accurate location and the best
shape representation compared to the ARF and SBF filters.

160

7.3. Optic disc and fovea detection

(a)

(b)

Figure 7.2: (a) Schematics of the proposed super elliptical convergence index filter; (b)
Possible super-ellipse orientations, where j represents the index of ellipse axis angle.

7.3

Optic disc and fovea detection

Here a setup for the simultaneous detection of OD and fovea, called paired SEF (PSEF),
is introduced. This design contains two individual SEF filters which are located within
a specific distance of each other. The distance between the SEF filters is constrained in
accordance to the vertical and horizontal distances between the OD and the fovea, as
illustrated in Figure 7.4a. According to the study of [17], the average diameter of the
human optic disc is 1.85 mm. The horizontal and vertical distances from the fovea center
to the optic disc center are 4.90 mm and 0.58 mm, which are about 5.3 and 0.58 times of
the average of the OD radius (rOD ), respectively. The schematic of the paired SEF filters
is shown in Figure 7.4b. The average of the OD radius in pixels can be estimated by


DF OV
rOD = 0.03
,
(7.6)
tan (φF OV /2)
where DF OV approximates the retinal diameter value in pixels and φF OV represents the
camera field of view in degrees.
The response of the PSEF for pixel (x, y) can be formulated as

P SEF (x, y) =



SEFOD (x, y) +
max
SEFF C (p, q)


x−5.5×rOD ≤p≤x−5×rOD

if x >

M
2


SEFF C (p, q)

SEFOD (x, y) + x+5.0×rODmax
≤p≤x+5.5×rOD

if x <

M
2

y−rOD ≤q≤y+0.5×rOD

(7.7)

y−rOD ≤q≤y+0.5×rOD

where p, q ∈ N, the SEFOD (x, y) and the SEFF C (p, q) are the pair of filters for the
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

(k)

(l)

(m)

(n)

(o)

(p)

Figure 7.3: (a-d) Phantom images; Maximum filter response (blue or green star) and
corresponding band support points (red dots) of (e-h) ARF, (i-l) SBF and (m-p) SEF filters
(N = 32, d = 6 px, Rmin = 50 and Rmax = 90 px).
detection of OD and fovea centralis and M represents the width of the input image. If
x > M/2, the fovea is on the left side of the OD; otherwise the fovea is on the right
side. For the SEFOD (x, y) filter, the inner and outer limits of the support region are
set as 0.8rOD and 1.2rOD while these limits for the SEFF C (p, q) filter are set as 0.5rOD
and 1rOD . The number of radial lines, N , is set to an optimal value of 32 for both
filters and the band widths of 0.1rOD and 0.2rOD are used for the SEFOD (x, y) and the
SEFF C (p, q), respectively. Note that the SEFF C filter is applied on the inverted green
channel since the fovea usually appears darker than the background in retinal fundus
images.
For the OD and fovea detection, the normalization technique proposed by Foracchia et
al. [173] is employed to obtain an image with uniform distribution for both illumination
and contrast. The normalized image is shown in Figure 7.5b. Figure 7.5c gives the
filtered image by applying the PSEF filter defined in (7.7). Finally, the location of OD is
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(a)

(b)

Figure 7.4: (a) Schematics of dimensions and positions of OD and fovea; (b) PSEF setup.

(a)

(b)

(c)

(d)

Figure 7.5: (a) Original color fundus image with manually annotated OD (black star)
and fovea (white star); (b) Normalized green channel; (c) PSEF response; (d) Maximum
response of PSEF indicating the OD location (red star) and the corresponding detected
fovea (green star).

obtained by finding the coordinate of the maximum filter response and the corresponding
point (p, q) represents the location of fovea as shown in Figure 7.5d.

7.4

Results

The proposed method is validated on the images of the MESSIDOR dataset [191], since
it is the only dataset with publicly available ground truth for both the OD and the
fovea centers. This dataset includes 1200 retinal fundus color images acquired from a
Topcon non-mydriatic retinograph with 45◦ field of view. The images have resolutions of
1440 × 960, 2240 × 1488, or 2304 × 1536 pixels. The manually delimited OD boundaries
for all 1200 images and the annotations of fovea centers for 1136 images are provided by
the University of Huelva which are publicly available [192].
For the evaluation of the OD localization technique, a detected position is considered
correct if it is inside the manually annotated OD boundary. Table 7.1 summarizes
the results for the OD detection, where the PSEF approach provides similar or better
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Table 7.1: Success rate of the proposed approach for OD detection on all 1200 images of
MESSIDOR dataset compared with other methods.
Methods

Success rates

Number of fails

99.75%
99.80%
99.75%
99.83%
99.50%
99.67%
99.75%
98.83%
99.08%
99.75%

3
2
3
2
6
4
3
14
11
3

PSEF (proposed)
Bekkers et al. [193] (2016)
Marin et al. [177] (2015)
Dashtbozorg et al. [178] (2015)
Bekkers et al. [180] (2014)
Giachetti et al. [176] (2013)
Mendonça et al. [181] (2013)
Aquino et al. [182] (2012)
Yu et al. [179] (2012)
Lu et al. [175] (2011)

Table 7.2: Success rate of the proposed approach for fovea detection on the MESSIDOR
dataset compared with other methods.
Methods

Number
of images

Success rates
0.25rOD 0.5rOD

1rOD

2rOD

PSEF (proposed)
Kao et al. [185] (2014)
Gegundez-Arias et al. [184] (2013)
Yu et al. [183] (2011)
Niemeijer et al. [184, 194] (2009)

1200
1200
1200
1200
1200

66.50%
93.92%
93.50%

PSEF (proposed)
Aquino [186] (2014)
Giachetti et al. [176] (2013)
Gegundez-Arias et al. [184, 186] (2013)

1136
1136
1136
1136

69.19% 95.86% 99.65% 99.91%
83.01% 91.28% 98.24% 99.56%
99.1%
76.23% 93.84% 98.24% 99.30%

93.75%
96.08%
95.00%
96.83%

98.87% 99.58%
97.80%
96.92% 97.83%
97.92%
-

performance than most of the state-of-the-art methods. Our results are comparable to
those obtained by the OD detection methods presented by Marin et al. [177], Mendonça
et al. [181] and Lu et al. [175]. These methods as well as our approach fail to detect the
OD in only 3 cases out of 1200 images, while the method proposed by Dashtbozorg et
al. [178] fails in only 2 images. Nevertheless, our proposed approach does not require
any previous segmentation for the initialization of OD location and the time requirement
for the OD and fovea detection on one image is about 2.4 seconds. For the evaluation
of the fovea detection, an obtained fovea location is considered correct if the Euclidean
distance to the location of the manually annotated fovea is less than the OD radius
(rOD ). For further evaluation, three additional distances are also included as criteria.
These distances are 0.25rOD , 0.5rOD and 2rOD which are also used by Gegundez-Arias et
al. [184] and Aquino [186].
We analyze the performance of our fovea detection results on 1136 images to compare
with the results reported in [176, 184, 186], and we also repeat the experiment for
the whole set to compare with other methods where all the 1200 images have been
used [183, 185, 194].
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As shown in Table 7.2, the PSEF approach achieves a success rate of 98.87% for the
distance less than 1rOD which is higher than ones reported by Kao et al. [185], Niemeijer
et al. [194], and Gegundez-Arias et al. [184] for all 1200 images. For the set of 1136
images, we obtain a success rate of 99.65% which is relevantly higher than those achieved
by Aquino [186], Giachetti et al. [176], and Gegundez-Arias et al. [184]. The results
presented in Table 7.2 demonstrate that better performance is achieved by the proposed
approach for fovea detection compared to other methods.

7.5

Conclusion

In this chapter we have presented an automatic OD and fovea detection technique using
a proposed super-elliptical filter (SEF). This filter is suitable for the detection of semielliptical convex regions. Compared with the SBF, the SEF is less irregular and it is more
tolerant to the presence of vessels and other interfering structures. Furthermore, the
PSEF setup is proposed for the simultaneous detection of OD and fovea. The PSEF is
constructed by considering a pair of SEF filters located within a specific spatial constraint,
which is based on the average distance of OD and fovea in the human eye. Compared with
other techniques, the proposed method does not require retinal blood vessel extraction
and it is robust to imaging artifacts and different types of retinal lesions. The results on
the MESSIDOR dataset show a similar performance compared to other recently published
OD localization approaches and the presented method outperforms the state-of-the-art
methods approaches for fovea detection.
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Abstract
This chapter describes an automated retinal vessel analysis system for the measurement
of vascular biomarkers. The proposed retinal vessel enhancement, segmentation, optic
disc and fovea detection algorithms provide fundamental tools for extracting the vascular
network within the predefined region of interest (ROI). Based on that, the artery/vein
classification, vessel caliber, curvature and fractal dimension measurement tools are used
to assess the quantitative vascular biomarkers: width, tortuosity, and fractal dimension.
To demonstrate that these proposed methods can effectively benefit the early computeraided diagnosis, statistical analysis on the extracted geometric biomarkers is set up using
two subsets separately provided by the Maastricht and the Buffalo studies. The aim is to
find associations between different vessel biomarkers and diseases such as type 2 diabetes
mellitus, hypertension, pulmonary and heart diseases. A linear regression analysis is
used to model the relationships between different factors. The results indicate that these
vascular biomarker variables have associations with different diseases. These findings
provide the possibility of applying the proposed pipeline tools on further analysis of vessel
biomarkers for the computer-aided diagnosis. The validation phase is ongoing and the
developed retinal vessel analysis framework is currently being used for the analysis of
retinal images from a broad spectrum of clinical measurements.
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8.1

Introduction

The major motivation of analyzing retinal blood vessels is that clinical findings demonstrate that physiological and pathological changes in the retinal vascular system are
correlated with a variety of frequently occurring diseases [2, 195]. Among them, diabetes
mellitus is considered as one of the most epidemic diseases that cause blindness and
vision loss, and hypertension is a leading effect of high mortality and morbidity worldwide. Other types of common systemic disorders caused by heart diseases or pulmonary
diseases may also be observed in the geometrical changes of the retinal vascular network.
Computer-aided diagnosis has to be validated by these relations.

8.1.1

Retinal vascular biomarkers for computer-aided diagnosis

The retinal images provide a non-invasive way to the ophthalmologists for investigating
different eye-related and systemic diseases [2]. In the previous chapters, automatic
retinal vessel enhancement, segmentation and optic disc/fovea detection methods have
been developed as sound basis for the subsequent geometrical analysis of vessel structures.
Specifically, the proposed retinal vessel enhancement and segmentation techniques in
Chapter 6 provide us with the essential retinal vascular trees. In addition, the optic
disc and fovea detection approach in Chapter 7 helps us to refine the geometrical
measurements within special regions of interest (ROIs). The pipeline of these methods
gives the possibility of examining a large number of clinical data more objectively
with time and cost savings. Based on that, we can set up the retinal vessel analysis
infrastructure for computer-aided diagnosis.
In previous works [41–43, 196] of the RetinaCheck project1 , several retinal image
analysis tools including artery/vein classification [43], caliber calculation [41, 149],
vessel curvature measurement [196] and fractal analysis [42] have been implemented
to obtain important vessel biomarkers like central retinal arterial equivalent (CRAE),
central retinal venous equivalent (CRVE), the arterial-venous diameter ratio (AVR), vessel
tortuosity and fractal dimension.

Vessel caliber
Following the extended retinal vasculature from the optic disc, the retinal arteries
and veins grow throughout the whole retina with trunks and branches. The retinal
arteriolar narrowing, which is observed during clinical ophthalmoscopic examination, is
considered as an early sign of hypertensive retinopathy and suggested to be a prognostic
indicator of hypertension [6]. Caliber changes of the retinal arteries and veins have been
shown to be important indicators for the assessment of hypertension [4, 5, 197] and
1

http://www.retinacheck.org/
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diabetic disease [5]. It is observed that narrowing could happen as a result of persisting
arteriolar pathology from hypertension. In the Atherosclerosis Risk in Communities
(ARIC) study [197], inverse correlation between hypertension and retinal arteriolar
width has been found, and further supported by other researches like Blue Mountains [4]
and Rotterdam [5] studies. In the Rotterdam study [5], the correlation between AVR,
and impaired fasting glucose (IFG) and diabetes seemed to be caused by dilatation of
the veins. These data analysis supports the idea that the venular caliber changes already
exist at the early stages of diabetic diseases.

Vessel tortuosity
Retinal blood vessels are normally appear as straight, or at most slightly curved vascular
structures which maintain the blood transportation in the eye [198]. Vessel tortuosity
is one of the most relevant geometrical features of the microvasculature [199–202].
Tortuosity of retinal vessels is able to reveal information about the condition and the
hemodynamic changes in vessels. Clinical findings have associated tortuous arteries and
veins to aging, atherosclerosis, hypertension, genetic defects and diabetes mellitus [198].
In [203, 204], retinal vascular tortuosity has been taken as a measure for the disease
severity of retinopathy of prematurity (ROP).
In the literature, there is no general consensus about retinal vasculature tortuosity,
and thus it still needs further investigations. Cheung et al. [205] reported a negative
association of tortuosity with higher blood pressure and cardiovascular risk factors. On
the contrary, Owen et al. [206] obtained a positive association of tortuosity in the retinal
images from the subjects with the same diseases. For diabetic retinopathy (DR), Cheung
et al. [200] found a positive correlation with retinal vessel tortuosity, while Sasongko
et al. [201] found a negative association. Among patients with diabetes, Sasongko
et al. [201] reported that increased arteriolar tortuosity is associated with mild and
moderate levels of DR, but not severe or proliferative DR, and venular tortuosity is not
associated with DR or DR severity. A recent study by Zhu et al. [207] found that retinal
vascular tortuosity is independently associated with older age, longer duration, and
higher urine albumin/creatinine ratio in Chinese hospitalized type 2 diabetic patients,
regardless of the presence of DR. This suggests that retinal vascular tortuosity might be a
successful early indicator of diabetic microvascular complications, like DR and diabetic
neuropathy. Since there are limited research observations reported on vessel tortuosity,
the quantitative analysis of retinal vascular tortuosity may give more clinical indications
on different diseases like hypertension, pulmonary and heart diseases.

Fractal dimension
During the progression of the human circulatory system, the vasculature is developed
by following a set of optimization principles like the minimum friction between the
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blood flow and the vessel wall, the optimal heart rate for giving enough blood supply
and the shortest blood transportation distance [208]. This is also the fact in the retinal
vascular network. Different eye-related or systemic diseases cause different topological
abnormalities. One of the possible biomarkers that can be used to describe variations
in the retinal microvasculature due to disease progression is the fractal dimension [209–
211]. The fractals are characterized by self-similar arrangements at different scales. See
Figure 8.1(m). Fractal dimension is a measure of the irregularity of a fractal structure
and can be considered a form of degree of filling a space, and is first introduced by
Mandelbrot in 1983 [209]. The retinal fractal dimension represents the complexity of
the vasculature in the retinal network.
In previous studies, retinal fractal dimension has been calculated to find its association
with hypertension, chronic kidney disease, coronary heart disease and diabetic retinopathy [212, 213]. Aliahmad et al. [214] analyzed 189 optic disc centered retinal images of
healthy and diabetic subjects using the box dimension method. The statistical analysis
demonstrates that healthy patients had a higher fractal dimension than the one affected
by diabetes. Cheung et al. [211] and Yau et al. [215] also found a lower fractal dimension in diabetes mellitus patients compared to control subjects, while Broe et al. [216]
observed an inverse correlation. Huang et al. [42] discussed these inconsistent results
and concluded that the fractal dimension values are not reliable because of the high
instability of the methods used for computing the fractal dimension. He suggested that
the classic fractal dimension values must be calculated under very strict conditions, with
a consistent pipeline for analysis.
In Section 8.2, we introduce the infrastructure and the methodologies for retinal vessel analysis. In Subsection 8.3.1, the clinical data for our analysis will be described.
Section 8.3 explains our approaches for the assessment of biomarkers. Afterwards, the
statistical analysis will be performed and the results will be presented in Subsection 8.3.2
to 8.3.4, and finally we conclude in Section 8.4.

8.2

Methodology

Based on the proposed vessel extraction tools in previous chapters, a retinal image analysis infrastructure is set up for the automated detection and segmentation of important
retinal landmarks, as well as for the assessment of vascular changes [41]. Subsequently,
important vessel biomarkers are automatically computed from retinal images in a repeatable and objective manner. The algorithms used in this application outperform most
of the state-of-the-art techniques [43]. We aim to set up a statistical framework to find
the clinical correlations between vessel biomarkers and several different diseases for
computer-aided diagnosis.
To analyze retinal biomarkers, a big range of separate and dependent sequential modules,
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e.g. vessel enhancement and segmentation, optic disc and fovea detection, artery and vein
classification, vessel caliber calculation, curvature measurement and fractal dimension
computation are involved into the whole processing pipeline. In Figure 8.1, we illustrate
how these modules interact with each other. Each of these modules and the computed
biomarkers are explained in the following subsections.

8.2.1

Vessel enhancement and segmentation

Retinal vascular analysis requires a well-extracted vessel tree from the original image.
In the context of large screening programs, we need an efficient and accurate vessel
segmentation algorithm to assist ophthalmologists. Here we employ rotating multi-scale
Gaussian derivative filters [38, 98] (Chapter 6) in orientation scores for the enhancement
and segmentation of blood vessels. The rotating derivatives are taken in the directions
that are perpendicular to the vessel structures at their corresponding orientation planes.
Disentangled vessel segments in the 3D orientation scores are enhanced by the rotating
filters with proper scale samples, and afterwards the 2D enhanced vessel map is obtained
by taking the maximum filter response over all orientation per position. By defining
a proper threshold value on the enhanced image, the binary vascular map is finally
obtained (Figure 8.1(h)).

8.2.2

Optic disc and fovea detection

In retinal image analysis, the optic disc (OD) and fovea locations are important landmarks
to decide protocolized ROI for the measurement of vascular geometry changes, such as the
fractal dimension, tortuosity, CRAE, CRVE and central AVR. A predefined special region
of interest is able to provide consistent and reliable measurements in later biomarker
analysis. Furthermore, the macular (fovea) region is crucial for maintaining sharp central
vision, and thus it is vital to determine the locations of lesions, such as microaneurysms,
hemorrhages and drusen with respect to the center of macula (fovea) are important for
disease classification and grading.
In this work, we rely on the automatic OD and fovea detection technique proposed in
Chapter 7 [217], where a new convergence index operator, called super-elliptical filter
(SEF) is presented. The SEF is suitable for the detection of semi-elliptical convex shapes
and as such it performs well for the OD localization. The super-elliptical band in this
filter allows the model to characterize a larger variety of shapes whilst at the same time
reducing the irregularity in shape and the interference of vessels by its 2-fold symmetry
constraints. Furthermore, a setup for the simultaneous localization of the OD and fovea
is introduced, in which the detection result of one landmark facilitates the detection of
the other one. This design, called PSEF, contains two individual SEF filters which are
located within a specific distance of each other. The distance between the SEF filters is
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Figure 8.1: The infrastructure for retinal image analysis. (a) Original fundus image, (b)
normalized image, (c) OD and fovea locations, (d) orientation scores, (e) regions of
interest (ROIs), (f) vessel probability map, (g) curvature map, (h) vessel binary map,
(i) vessel caliber map, (j) Artery/vein classes, (k-m) assessment of biomarkers including
global tortuosity, width and fractal dimension.
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constrained in accordance to the average of vertical and horizontal distances between
the OD and the fovea in the human eye. The PSEF filter is applied on the normalized
green channel image (Figure 8.1(b)) and then the locations of OD and fovea are obtained
by finding the coordinates corresponding to the maximum filter response as shown
in Figure 8.1(c). The region of interest is defined as ring sector centered on OD center
within 2 to 5 disc radius from the OD margin.

8.2.3

Artery/vein classification

The retinal vasculature can be categorized into arteries and veins. The retinal arteries and
veins behave differently under pathological conditions, and their geometrical changes
are respectively considered as signs of several diseases. As explained in Subsection 8.1.1,
important retinal vascular biomarker like the AVR value can be an indicator of diseases
like diabetic retinopathy (DR) and retinopathy of prematurity [218]. As such, it is
important to define and study biomarkers separately for arteries and veins.
A supervised approach developed by the RetinaCheck group is used to classify the vessels
into arteries and veins. The proposed retinal vessel segmentation approach in Chapter 6
and 8.2.1 provides a well-extracted vascular tree to the classification system. Hence,
we firstly obtain the vessel pixels from the vessel binary map. Then for each pixel, the
artery/vein classification method extract in total 455 features including, among others:
the local intensity of the RGB and HSB color channels; the mean, standard deviation,
median, minimum and maximum of the intensities inside small, medium and large
circular regions; the intensity values along each vessel centerline; and the intensity inside
each vessel segment. After that, a genetic-based feature selection approach proposed
in [219], is used to select the subset of features giving the highest classification accuracy
from the 455 features. Finally, a logistic regression classifier and the set of selected
features are used for the classification of arteries and veins.

8.2.4

Vessel width measurement

In this thesis, due to the lack of time for developing a new algorithm for accurate vessel
caliber measurement, the vessel width map is obtained based on the automatically
extracted vessel binary map (Chapter 6). Then, the vessel caliber of each pixel is obtained
by using a distance transform technique. The basic procedure is as follows: we assign to
each pixel a vessel caliber value based on the vessel caliber of the closest centerline point.
Caliber of centerline pixels are found via thinning and a distance transform on the binary
segmentation.
As an important measure of vascular geometry, the AVR is the ratio between the average
diameters of the arterioles with respect to the venules. The CRAE and CRVE are defined
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based on Knudtson’s revised formula [174]
2
2 1/2
WA = 0.88(WA1
+ WA2
) ,

WV = 0.95(WV2 1 + WV2 2 )1/2 ,

(8.1)

where the caliber of trunk arteriole WA is iteratively calculated by combining the caliber
of its smaller branch WA1 and the caliber of its larger branch WA2 . Hence, paired trunk
vessels at different levels are iteratively combined to estimate the caliber of their parent
trunk. Similarly, the caliber of trunk venule WV is obtained by considering the caliber of
its smaller branch WV 1 and the caliber of its larger branch WV 2 . The mean CRAE and
CRVE are computed until all vessels around a predefined region centered on the optic
disc are combined together. All the measurements are calculated based on the 6 largest
arteries and the 6 largest veins in the defined ROI.

8.2.5

Vessel curvature measurement

Vessel tortuosity is considered as one of the main biomarkers of the retinal vasculature
associated to systematic diseases such as diabetes and hypertension [196]. It is measured
based on the local curvature of blood vessels, which indicates the rate of change in
orientation, and which might be increased because of diseases. The common practice
for measuring the vessel curvature is based on an initial vessel segmentation. By finding
the vascular skeleton, splitting the skeleton at junction positions, fitting a curve to each
segment and parameterization of these curves, the local curvatures of these segments are
obtained. Then we obtain the curvature at each vessel centerline pixel (Figure 8.1(g)).
The vessel tortuosity degree is defined by the ratio between the actual length of a vessel
traveling from position P1 to P2, and the straight/shortest distance between P1 and
P2 [3].

8.2.6

Fractal dimension measurement

Another biomarker that has been studied for many years is the fractal dimension. The
vascular tree on the human retina is a fractal object, because similar branching patterns
appear among different scales. Fractal dimension is a measure of the complexity of a
fractal object. It has been proposed in the literature that fractal dimension is related to
the progress of DR and other vascular diseases [42]. The fractal dimension is defined
by considering the relation between the amount of detail in an object and its scale. This
means that at different scales a same pattern with different sizes can be observed, such
as trees and snowflakes. The self-similar property can be described as
N (r) = r−F ,

(8.2)
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where N (r) represents some measurements applied on the complicated pattern of the
object at a scale r, and F is the fractal dimension that implies how many new similar
patterns are observed as the scale changes.
For the calculation of the fractal dimension, we use the method proposed by Huang et
al. [42]. The fractal dimension is computed on the binary segmented images using three
classic fractal dimension measurements that are widely used in the literature. These
three measurements are the box dimension, information dimension and correlation
dimension, which measure different properties of the self-similar pattern of the retinal
vessel structures, respectively. In this work, we only consider statistical analysis on the
box dimension to validate the proposed pipeline tools.

8.3
8.3.1

Statistical analysis on geometrical biomarkers
Clinical datasets

The Maastricht Study
The Maastricht Study2 is an observation study that focuses on Type 2 Diabetes Mellitus,
comprising subjects that live in the southern part of the Netherlands and aiming to
include 10,000 participants. This study takes a full examination of each subject, which
lasts within a time window of 3 months, provides complete medical records including
body mass index, blood pressure, glucose and cholesterol levels, lung function, kidney
function, heart function and fundus photography [29].
This chapter analyzes a subset of the Maastricht Study data, consisting of the subjects
of whom the retinal vasculature was photographed. The population consists of 1,943
subjects, including 971 males and 972 females, aged between 40 and 76, with an average
of 59.8 years old and a standard deviation of 8.3. All the retinal images were acquired
based on a non-mydriatic auto fundus camera (Model AFC-230, Nidek) in 45 degrees.
All the retinal images used in our study are OD centered ones and from the right eye of
the subjects. The disease status in this subset is categorized into two groups: Healthy
Individuals and Type 2 Diabetes Mellitus.

The Buffalo Study
The Buffalo Study3 is a sub-study of an ongoing prospective study based on clinical,
genetic and environmental risk factors in multiple sclerosis at the MS Center of the State
University of New York. This study enrolls over 1,000 subjects with clinically isolated
syndrome, multiple sclerosis, healthy controls, and other neurologic diseases. Information
2
3

https://www.demaastrichtstudie.nl/research
http://www.bnac.net/
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on chronic systemic diseases, such as hypertension, heart and pulmonary diseases are
available, which make it possible to evaluate the correlation of such diseases with the
vascular changes in the retina [220–222].
In this chapter, we are mainly interested in obtaining some preliminary results based on
the proposed tools in the previous chapters. Thus, the subset used in our analysis includes
397 SLO OD-centered images (287 females and 110 males) from the right eye of the
participants. All these images of the retina were taken using a Heidelberg OCT Spectralis
camera in 30 degrees. In order to standardize the biomarkers, all values are calculated
from the vessels inside specified ROI around the optic disc (OD) centers (Figure 8.1(e)).

Statistical analysis methods
In this work, linear regression analysis is used to find correlations between geometric
biomarkers and diseases. A linear regression analysis models the relationship between
two variables by fitting a linear equation to the observed data. One variable is recognized
as an explanatory variable, while the other is considered to be a dependent variable.
Also, the regression analysis speculates that there is a dependence or causal relationship
between one or more independent and one dependent variable [223]. The term "p-value"
is used to refer to a probability that calculated after a given study. In statistical hypothesis
testing, statistical significance (or a statistically significant result) is attained when a
p-value is less than the significance level. As an indicator of good scientific practice, the
significance level is chosen before data collection and it usually has the value of 0.05.
If the p-value is less than the significance level (e.g., p < 0.05), then it means that the
observed effect reflects actually the characteristics of the population, rather than just
sampling error. The analyst may then conclude that the finding has statistical significance,
therefore rejects the null hypothesis.
The β value (standardized regression coefficients) measures how severe each predictor
variable modifies the criterion (dependent) variable. Hence, a high the beta value is
illustrated in a greater impact of the predictor on the criterion variable. In multiple
regression, in order to understand the orientation of the relationship between variables,
the signs (plus or minus) of the β coefficients must be checked. If a β coefficient is
positive, then the relationship of this variable with the dependent one is positive, while
if the β coefficient is negative, then the relationship is negative. Of course, if the β
coefficient is equal to 0, then there is no relation between the variables [223].

8.3.2

Vessel width based statistical analysis

Vessel width is very important in the clinical study. The changes in vessel caliber directly
reflect the change of blood flow viscosity and blood pressure in the vessels. In this work,
we measure the CRAE, CRVE and AVR of the retinal vasculature in a specific ROI. The
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Table 8.1: The linear regression analysis of retinal vascular caliber-based biomarkers
with Type 2 Diabetes Mellitus (Maastricht study) and pulmonary diseases, heart disease
and hypertension (Buffalo study). A p-value below 0.05 is considered as a significant
association and is marked in boldface. The sign of the β-value indicates a positive (+) or
negative (-) association.
Diseases
Type 2 Diabetes Mellitus
Pulmonary diseases
Heart diseases
Hypertension

CRAE
CRVE
AVR
sign(β) p-value sign(β) p-value sign(β) p-value
+
+
+

0.287
0.429
0.062
0.097

+
+
-

0.027
0.934
0.227
0.502

+
+

0.747
0.438
0.013
0.080

full vessel caliber map is calculated based on the method in Subsection 8.2.4. Once all
arteries and veins are classified, the width-based biomarkers such as CRAE, CRVE and
AVR are measured. An approach similar to the one described in [224] is applied for the
estimation of the three biomarkers within predefined ROI.
In this analysis, we discard 122 low quality images from the Buffalo subset since the
accuracy of width measurement is highly sensitive to the clarity of vessel boundaries. A
linear regression analysis is performed on the obtained measurements. The sign of β
(slope) and its corresponding p-value are calculated to see the associations between the
vessel width based biomarkers and the diseases by considering age and gender factors.
In Table 8.1, we show the correlation results between width-based biomarkers with
diseases. For the Maastricht subset, association between the CRVE and Type 2 Diabetes
Mellitus is observed with a p-value of 0.027. For the Buffalo subset, we only find strong
correlation between the AVR and heart diseases (p = 0.013). The negative β value means
that an inverse correlation exists between them. Pulmonary disease and hypertension
show no significant association with the width-based biomarkers.

8.3.3

Vessel tortuosity based statistical analysis

For the assessment of biomarkers indicating the global tortuosity, the local curvature
values are extracted from the curvature maps (see Section 8.2.5) for the vessel pixels
obtained in Section 8.2.1 (Figure 8.1(k)). In this method an absolute curvature value is
assigned to each pixel in the image. Afterwards, the average measurements of the entire
distribution of curvature values from a single image are calculated within the defined
ROI. The global tortuosity biomarkers are computed for different groups of vessels based
on their types (artery and vein).
Table 8.2 shows the correlations between the tortuosity and different diseases via linear
regression analysis. The tortuosity values on veins present negative association with
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Table 8.2: The linear regression analysis of the associations between the tortuosity measurements and diseases like Type 2 Diabetes Mellitus (Maastricht study) and pulmonary
diseases, heart disease and hypertension (Buffalo study). A p-value below 0.05 is considered as a significant association and is marked in boldface. The sign of the β-value
indicates a positive (+) or negative (-) association.
Vessel
type

Diseases

Type 2 Diabetes Mellitus
Pulmonary disease
Heart disease
All vessels
Hypertension
Type 2 Diabetes Mellitus
Pulmonary disease
Arteries
Heart disease
Hypertension
Type 2 Diabetes Mellitus
Pulmonary disease
Veins
Heart disease
Hypertension

Vessel tortuosity
sign(β) p-value
+
+
+
+
+
+
+
+
+
+

0.231
0.244
0.116
0.019
0.266
0.433
0.141
0.018
0.040
0.589
0.031
0.067

the Type 2 Diabetes Mellitus with a p-value of 0.040. We can observe that significant
associations between hypertension and the mean tortuosity values with p = 0.018 and
p = 0.019 are obtained for arteries and all vessels (both arteries and veins), respectively.
For subjects diagnosed with pulmonary disease, no significant association with tortuosity
is found. Heart diseases have more significant association with tortuosity values of veins
than arteries.

8.3.4

Fractal dimension and lacunarity based statistical analysis

In this work, we estimate the fractal dimension of a vascular network by using the box
dimension and the lacunarity (Figure 8.1(m)). The fractal dimensions are not only computed on the full vascular network, but also on the arterial and venous network separately,
using the result of artery/vein separation introduced in Subsection 8.2.3. The obtained
statistical results give no significant correlation between the fractal dimension biomarkers
and the Type 2 Diabetes Mellitus, as well as the pulmonary disease. See Table 8.3. We
can observe that the box dimension (BD) on all vessels and on arteries have associations
with heart diseases with p-values of 0.034 and 0.018, respectively. The Box/Lacunarity
(B/L) ratio on arteries also has significant p-values for heart disease. For hypertension,
correlations are found on lacunarity and B/L ratio for all vessels and veins. In particular,
the lacunarity on all vessels has a p-value of 0 for its strong correlation with hypertension.
The B/L ratio on arteries also shows correlation with hypertension.
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Table 8.3: The linear regression analysis of the associations between the fractal measurements and diseases like Type 2 Diabetes Mellitus (Maastricht study) and pulmonary
diseases, heart disease and hypertension (the Buffalo study). A p-value below 0.05 is
considered as a significant association and is marked in boldface. The sign of the β-value
indicates a positive (+) or negative (-) association.
Vessel
type

Diseases

Type 2 Diabetes Mellitus
Pulmonary diseases
All
vessels
Heart diseases
Hypertension
Type 2 Diabetes Mellitus
Pulmonary diseases
Arteries
Heart diseases
Hypertension
Type 2 Diabetes Mellitus
Pulmonary diseases
Veins
Heart diseases
Hypertension

8.4

Box
Box/Lacunarity
Lacunarity
dimension
ratio
sign(β) p-value sign(β) p-value sign(β) p-value
+
+
+
+
+
+
-

0.527
0.661
0.034
0.087
0.261
0.877
0.018
0.106
0.486
0.337
0.173
0.189

+
+
+
+
+
+
+
+

0.260
0.660
0.306
0.
0.315
0.966
0.279
0.060
0.626
0.801
0.755
0.004

+
+
+
+
+
+
+
-

0.370
0.894
0.059
0.007
0.197
0.992
0.026
0.043
0.788
0.430
0.417
0.019

Conclusion

In this chapter, we present a pipeline of analyzing vessel biomarkers for early detection of
several systemic diseases. Two clinical datasets from the Maastricht study and the Buffalo
study are used to set up the statistical analysis of vessel biomarkers. The retinal vascular
network of interest is obtained based on the proposed algorithms in the previous chapters.
The vessel enhancement, segmentation methods and the optic disc and fovea detection
approach provide sound basis for the biomarker extraction and statistical analysis tasks in
this chapter. Several developed tools are used to automatically extract vessel biomarkers,
e.g. vessel width based biomarkers, vessel tortuosity and fractal dimension.
Statistical analysis on the Maastricht study and the Buffalo study show the correlations
between different vessel geometric biomarkers and diseases. These statistics demonstrate
that the proposed vessel analysis infrastructure based on our developed algorithms is
useful to the computer-aided diagnosis, particularly for the large-screening programs.
The validation phase is still ongoing and the application is currently being tested in
Maastricht University Eye Hospital, on over 10,000 subjects and patients with a broad
spectrum of clinical measurements.
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Retinal fundus images contain rich information that associates with eye-related diseases
and systemic diseases [2]. As a main part of the retina, the retinal vasculature provides
important geometric features to assist ophthalmologists in clinical guided analysis, and
thus gives possible support for computer-aided diagnosis. Retinal vascular analysis tasks
in general include vessel segmentation, geometrical biomarkers extraction and statistical
analysis with diseases. Quantitative analysis of retinal vessels requires automatic and
accurate pipeline tools to set up a framework that can be used for research, general
clinical applications, and large screening settings. In this thesis, we mainly focus on the
development of brain-inspired algorithms for retinal vessel enhancement and segmentation [37, 38], such that the practical requirements on method accuracy and efficiency
can be satisfied.
In this thesis, we proposed to analyze the elongated vessel structures based on a multiorientation framework, i.e. the orientation scores. We designed effective left-invariant
differential operators/filters by following the underlying group structures in the space
of orientation scores. These geometrical tools were used to enhance and extract vessel
structures, and reconnect interrupted vessels in retinal images. In Chapter 3, We analyzed
linear left-invariant diffusion, convection-diffusion and their resolvents on invertible
orientation scores, following both 3 numerical and 3 exact approaches. In particular, we
considered the Fokker-Planck equations of Brownian motion for contour enhancement,
and the direction process for contour completion. A new time integration via Gamma
distributions was proposed to achieve better line propagation of the resolvent kernels. The
benefits of this idea were further applied and illustrated in the retinal vessel application
in Chapter 4. Furthermore, we explained the underlying stochastic Brownian motion and
direction process for contour enhancement and contour completion separately.
The main focus of Chapter 3 is the numerical comparison among 3 approaches: finite
difference, Fourier based and stochastic approaches, and the exact solutions for contour
enhancement and completion. The relative `1 and `2 errors were computed in both
spatial and Fourier domain. We showed that FBT, stochastic and FD provide reliable
numerical schemes. Based on the error analysis we demonstrated that best numerical
results were obtained using the FBT with negligible differences. The stochastic approach
(via a Monte Carlo simulation) performs second best. The errors from the FD method are
larger, but still located in an admissible scope, and they do allow non-linear adaptation,
which was showed in the application of enhancing retinal vessels in Section 4.2. The
contour completion kernel can be further applied on the grouping of disconnected
vessel segments or complex vessel junctions based on the connectivity relations of local
structures, as shown in the work [143]. The FBT completion kernel was used to find
the best approximations of the statistical kernels [225], because it is not only the best
approximation to the exact solution, but also computationally less expensive compared
to the other solutions.
In Chapter 4.1, a line propagation approach is proposed for reconnecting the broken
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curvilinear skeletons in ophthalmologic images. This approach is set up based on the
contour completion (convection-diffusion) process on the roto-translation group SE(2).
The reconnection of interrupted curvilinear structures is achieved by applying the completion process on the orientation scores via SE(2) group convolution. To this end, the
time-integrated completion kernel is obtained using the explicit numerical schemes with
finite difference approximation, where the time integration via Gamma-distribution is
employed (as proved in Subsection 3.2.3) to weight each kernel evolution step. Thus,
effective line propagations are achieved to reconnect broken segments through an iterative group convolution approach. Interrupted crossing segments can be reconnected
separately according to their context and alignment without interfering each other. In
addition, instead of the classical 2D thinning approach, a new segment-wise thinning
(SWT) technique is proposed to thin the curvilinear segments separately in orientation
scores. This technique can very well deal with the 2D thinning problems at junctions.
The proposed pipeline for bridging interrupted curvilinear structures is validated on
different ophthalmologic images and achieves very good performance. We also provide
preliminary results in Section 4.2 with a retinal vessel tracking application to show that
the PDE’s in the orientation score domain preserve the crossing parts and help the ETOS
algorithm! [55] to achieve more robust tracking.
Both applications in Chapter 4 employ the FD kernel for the (convection-)diffusion processes, since it is a time-dependent process which allows adaption of the kernel evolution.
It turns out that the FD completion kernel on SE(2) can excellently promote line propagation for gap fillings in segments, crossings and bifurcations. A future extension could
also focus on integrating the local curvature information into the completion kernel to
achieve more locally adaptive completion distributions.
Retinal vessel segmentation provides the basics for further geometrical analysis of vessel
structures. For practical applications and in particular for large-screening programs, we
need an automatic retinal vessel segmentation method that works both accurately and
efficiently. In Chapter 5, we have proposed a supervised retinal vessel segmentation
method, which incorporates new orientation score based contextual features, i.e. vessel filtering and multi-scale wavelet transform features into a classification system. A
training set based on 29 features is set up and trained with the Random Forest technique
for retinal vessel segmentation. In addition, a simple method is proposed to remove
incorrect detections of non-vessel boundaries in pathology regions. This method uses the
vessel filtering in orientation scores and gives us clean segmentation results. Extensive
experiments and analysis on three datasets show that the proposed method leads to
state-of-the-art vessel segmentation results. Cross-trainings demonstrate the robustness
of the proposed classification system when trained on one dataset and tested on another.
Furthermore, our method is able to deal, better than all classical methods, with challenging image structures, e.g. central arterial reflex, crossover vessels, closely parallel vessels
and micro-vessels.
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The downside of supervised classification is the need for a large number of manually
annotated training samples and it is not easy to generalize the trained models to meet
the requirements of varying datasets. To remove the dependency on the supervised
training process, in Chapter 6 we proposed a robust, fast and unsupervised filteredbased algorithm for retinal vessel segmentation. We designed a LAD-OS approach by
considering the left-invariant rotating derivative frame and its extension to the locally
adaptive derivative frame in orientation scores. The validation results on 6 different
types of datasets show that the LAD-OS filter not only gives more robust and accurate
results compared with most of the state-of-the-art segmentation schemes, but also deals
with difficult vessel geometries. The high computational efficiency gives the potential
of applying the proposed methods on large datasets. The vessel filtering used in both
works are based on rotation-invariant differential operators, which well enhance vessel
ridge profiles. As a result, the vessel-like boundary profiles between bright exudate
regions are highlighted as well. These false detections could be reduced by adding
context-based features, e.g. combining Gaussian derivatives of different orders [158], or
considering their neighbors which are brighter than those of vessels. Besides that, the
vessel segmentation performance may even be further improved by integrating a local
adaptive threshold rather than a global one.
As explained in Chapter 7, retinal image analysis requires a prerequisite step to detect the
optic disc (OD) and fovea. On one hand, the shape and appearance of the OD and fovea
region are important for the diagnosis of several diseases like glaucoma and diabetic
retinopathy (DR). On the other hand, the location of the OD and fovea is often used to
determine protocolized regions of interest for the assessment of signs related to vascular
changes, such as fractal dimension, CRAE and CRVE [174]. We presented an automatic
OD and fovea detection technique using a proposed super-elliptical filter (SEF). This
filter is suitable for the detection of semi-elliptical convex regions. Compared with the
SBF, the SEF is less irregular and it is more tolerant to the presence of vessels and other
interfering structures. Furthermore, the PSEF setup is proposed for the simultaneous
detection of OD and fovea. The PSEF is constructed by considering a pair of SEF filters
located within a specific spatial constraint, which is based on the average distance of OD
and fovea in the human eye. Compared with other techniques, the proposed method
does not require retinal blood vessel extraction and it is robust to imaging artifacts and
different types of retinal lesions. The results show that the presented method outperforms
the state-of-the-art methods approaches for fovea detection.
In Chapter 8, we presented a pipeline of analyzing vessel biomarkers for early diagnosis
of several systemic diseases. Two clinical datasets from the Maastricht study and the
Buffalo study were used to set up the statistical analysis of vessel biomarkers. The
retinal vascular network of interest was obtained based on the proposed algorithms in
the previous chapters. The vessel enhancement, segmentation methods and the optic
disc and fovea detection approach provide sound basis for the biomarker extraction
and statistical analysis tasks in this chapter. Several developed tools were used to
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automatically extract vessel biomarkers, e.g. vessel width based biomarkers, vessel
tortuosity and fractal dimension. Statistical analysis on the Maastricht and the Buffalo
studies show the correlations between different vessel geometric biomarkers and diseases.
These statistics demonstrate that the proposed vessel analysis infrastructure based on our
developed algorithms is quite useful for the computer-aided diagnosis, particularly for
the large-screening programs.
This thesis shows the development of different geometric models for the retinal vessel
analysis based on a group-theoretical multi-orientation framework. Applications and
validations illustrate that the proposed multi-orientation infrastructure is very useful for
the geometrical analysis of retinal vessels, and thus it can be used to design automatic
computer-based tools to assist ophthalmologists and doctors in clinical practice. From
technical point of view, it also shows that for medical imaging applications like vessel
analysis in retinal images, it is beneficial to further explore geometric reasoning by
left-invariant differential operations in position and orientation space.
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A Invertible orientation scores of
2D-images and continuous wavelet
theory1
The continuous wavelet transform constructed by unitary irreducible representations of
locally compact groups was first formulated by Grossman et al. [226]. Given a Hilbert
space H and a unitary irreducible representation g 7→ Ug of any locally compact group G
in H, a vector 0 6= ψ ∈ H is called admissible if
Z
Cψ :=
G

|(Ug ψ, ψ)|2
dµG (g) < ∞,
(ψ, ψ)H

(A.1)

where µG denotes the left-invariant Haar measure. Given an admissible vector ψ and
fψ :
a unitary representation of a locally compact group G in H, the CS transform W
fψ [f ])(g) = (Ug ψ, f )H . It is well known in mathematical
H → L2 (G) is given by (W
fψ is an isometric transform onto a closed reproducing kernel space
physics [96], that W
G
0
CKψ with Kψ (g, g ) = C1ψ (Ug ψ, Ug0 ψ)H as an L2 -subspace.
Now in our orientation score transform f 7→ Wψ f , Eq. (2.1), we restrict ourselves to
disk-limited images2 :
f ∈ L%2 (R2 ) = {g ∈ L2 (R2 ) | suppFR2 g ⊂ B0,% },
With B0,% = {ω ∈ R2 | kωk ≤ %}, with % > 0 close to the Nyquist-frequency. We set the
left-regular representation g 7→ Ug given by (Ug=(x,θ) f )(y) = f (Rθ−1 (y − x)) as the unitary
representation.
fψ : L% (R2 ) → L2 (G) and the
We distinguish between the isometric wavelet transform W
2
unitary wavelet transform Wψ% : L2 (R2 ) → CG
K , as they have different adjoint transforms.
We drop the formal requirement of U being square-integrable and ψ being admissible
in the sense of (A.1), as it is not strictly needed/applicable for lots of cases. This
1

This appendix is provided by Dr. Remco Duits [37].
Such a restriction is convenient and reasonable for applications in view of the Nyquist frequency.
Nevertheless, it is not strictly necessary for an L2 -isometry, when one extends continuous wavelets to
distributional wavelet transforms [55, Thm 1,App. B].
2

187

Appendix A. Invertible orientation scores of 2D-images and continuous wavelet
theory
includes our case of interest G = SE(2) and its left-regular action on L2 (R2 ) where
Wψ f (g) = (Ug ψ, f )L2 (R2 ) gives rise to an orientation score. We call ψ ∈ L2 (R2 ) ∩ L1 (R2 )
an admissible vector if
Zπ
0 < Mψ (ω) := (2π)

FR2 ψ(Rθ−1 ω)

2

dθ < ∞ for all ω ∈ B0,% .

(A.2)

−π

Note that L1 (R2 ) implies that FR2 ψ and Mψ are continuous functions vanishing at infinity.
From the general theory of reproducing kernels spaces, see e.g. [96], [54, Thm.18,Cor.4],
SE(2)
SE(2)
it follows that Wψ : L%2 (R2 ) 7→ CK
is unitary, where CK
denotes the unique
[95] reproducing kernel space consisting of complex-valued functions on SE(2) with
reproducing kernel
K(x,θ) (x0 , θ0 ) = (U(x,θ) ψ, U(x0 ,θ0 ) ψ)L2 (R2 ) .
Unfortunately, the characterization of the inner-product and norm on the space of orienSE(2)
tation scores CK
via its reproducing kernel is relatively complicated [227]. Therefore,
we provide a basic characterization of this inner-product next. For an admissible vector
ψ ∈ L2 (R2 ), the span of {Ug ψ | g ∈ G}, is dense in L2 (R2 ). The next construction is in
line with general admissibility conditions in [228, Ch.5].
Theorem A.0.1. Let ψ be an admissible vector in the sense that (A.2) is satisfied. Then
SE(2)
Wψ : Lρ2 (R2 ) → CK
is unitary, and we have
(f, g)L2 (R2 ) = (Wψ f, Wψ g)Mψ ,
SE(2)

where (U, V )Mψ = (TMψ U, TMψ V )L2 (SE(2)) with operator TMψ : CK
given by


− 21
− 21
[TMψ U ](x, θ) = FR−1
ω
→
7
(2π)
M
(ω)F
U
(ω,
θ)
(x).
2
2
R
ψ

→ L2 (SE(2))

SE(2)

Corollary A.0.1. Let Mψ (ω) > 0 for all ω ∈ R2 . The space of orientation scores CK
− 12

is a closed subspace of Hψ ⊗ L2 (S 1 ), where Hψ := {f ∈ L2 (R2 ) | Mψ FR2 f ∈ L2 (B0,% )}.
SE(2)

The orthogonal projection Pψ of Hψ ⊗ L2 (S 1 ) onto CK

is given by

(Pψ U )(x, θ) = (K(x,θ) , U )Mψ = (Wψ Wψ∗,ext U )(x, θ),
where Wψ∗,ext : H%ψ ⊗ L2 (S 1 ) → L2 (R2 ) is the natural extension of the adjoint given by




M −1 FR2 x 7→
Wψ∗,ext U = FR−1
2
ψ

Zπ

(ψθ+π ∗ U (·, θ))(x)dθ .
−π
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(A.3)

Remark A.0.1. In Theorem A.0.1 we have restricted ourselves to disk-limited images. In
Corollary A.0.1 we did not apply such a restriction, as it is not needed. Indeed, if U ∈ Hψ is
such that FU (·, θ) has support outside the disk with radius % for all θ ∈ (−π, π], then it is
mapped to zero in (A.3), i.e. then Wψ∗,ext U = 0.
However, in order to ensure that the Sobolev type of space Hψ is a true L2 -space endowed
with L2 -norm a restriction to disk limited images f ∈ L%2 (R2 ) is necessary, as Mψ is a
continuous function vanishing at infinity. In that case (using L%2 (R2 ), 0 < % < ∞, as input
space) we need to replace Hψ by the space H%ψ := {f ∈ L%2 (R2 ) | Mψ−1 Ff ∈ L2 (R2 )}. In
case Mψ is uniformly bounded from below on B0% , the set H%ψ coincides with the set L%2 (R2 ),
although it is equipped with a different equivalent norm. In case Mψ = 1B0,% , the norms
coincide and then H%ψ ⊗ L2 (S 1 ) = L2 (SE(2)), and (A.3) reduces to
(Wψ∗,ext U )(x)

Zπ

Z
(ψθ+π ∗ U (·, θ))(x)dθ =

=
−π

U (g) (Ug ψ)(x) dµG (g).
SE(2)
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B Asymptotical behavior of the contour enhancement and contour
completion kernels around the
origin in the Fourier domain1
Asymptotical analysis is done for the contour enhancement case in B.1, while asymptotical
analysis is done for the contour completion case in B.2.

B.1

Contour enhancement asymptotic formulas along ωξ and
ωη -axis

By freezing cos2 (ϕ − θ) = 1 and dividing by D33 within the generator in the Fourier
domain Eq. (3.29). The formula are given as follows:


D11 2
α
α
2
(
ρ +
) − ∂θ R̂αD11 ,D33 (ω, ·) =
δθ ,
(B.1)
D33
D33
2πD33 0
in which ρ = ωξ = cos θωx + sin θωy , and ω = (ρ cos ϕ, ρ sin ϕ) ∈ R2 . This is solved by
making continuous fit of solutions in null-space akin to Figure 3.8. Then we find
( √
λθ , for θ ≤ 0,
α
e √
D11 ,D33
R̂α
(ω, ·) =
(B.2)
2πD33 Wρ
e− λθ , for θ ≥ 0,
√
α
11 2
where λ = D
D33 ρ + D33 , and Wρ = 2 λ denotes the Wronskian according to Eq. (3.34).
Then, the approximation of the exact solution for contour enhancement is written as:
R̂αD11 ,D33 (ρ cos θ, ρ sin θ, θ) ≈

q
D
− ρ2 D11 + Dα |θ|

33
α e
q
4πD33
ρ2 D11 +

D33

1

33

α
D33

,

(B.3)

This appendix is provided by Dr. Remco Duits [37].
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completion kernels around the origin in the Fourier domain
in which
limα↓0

D33
D11

should be small. Then, we can find the fundamental solution by taking

D ,D
ω ,θ)
R̂α 11 33 (ω

α

, which can be represented as:

Ŝ D11 ,D33 (ρ cos θ, ρ sin θ, θ) ≈

1
1
|θ|
√
+ O(θ2 )
−
4π ρ D11 D33 4πD33

(B.4)

Similarly, we can also get the resolvent equation along ωη − axis for small ρ. Here we
cannot freeze cos(ϕ − θ) = 0 because the ρ dependence will be lost, and we must rely on
higher order expansion producing the following asymptotic formula:


R̂αD11 ,D33 (ρ cos θ, ρ sin θ, θ) ≈

q

− Dα |θ|

33
α
1
1 1 − e
p
−
√ √
4π ρ2 D11 D33 + αD33 4π
α D33

 , (B.5)

and again for 0 < ρ  1
Ŝ D11 ,D33 (ρ cos θ, ρ sin θ, θ) ≈

1
|θ|
1
√
−
.
4π ρ D11 D33 4πD33

(B.6)

ω , θ) does not have a
Conclusion: From Eq. (B.3) and (B.6), we deduce that R̂αD11 ,D33 (ω
D
,D
11
33
ω , θ) has a pole of order 1 at ω = 0.
pole at ω = 0 for α > 0. Ŝ
(ω

B.2

Contour completion asymptotic formulas along ωξ and ωη axis

We again freeze cos(ϕ − θ) = 1 for ϕ = θ, i.e. along the ωξ -axis, where ρ = ωξ =
cos θωx + sin θωy in the generator in the Fourier domain Eq. (3.29) and apply Taylor
approximation. Then we have the approximation of the resolvent equation in the Fourier
domain, which is given by
√

−

R̂αD33 (ρ cos θ, ρ sin θ, θ)

|θ|
√

D33

α+iρ
e
α
√
≈
4π αD33 + iρD33

(B.7)

Note that the fundamental solution
1 D33
R̂α (ρ cos θ, ρ sin θ, θ)
α↓0 α
√

 √

 √

|θ| D
1
|θ| D33 π
|θ| D33 π
− √ 33
2ρ
√
√
= √ e
cos
−
− i sin
−
.
4π ρ
4
4
2ρ
2ρ
(B.8)

Ŝ D33 (ρ cos θ, ρ sin θ, θ) ≈ lim
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B.2. Contour completion asymptotic formulas along ωξ and ωη -axis
Therefore, we do not have a pole in the resolvent kernel, but in the fundamental solution
we have a pole of order 12 in the Fourier domain. The behavior at ∞ is given by
√

−

Ŝ D33 (ρ cos θ, ρ sin θ, θ) ≈

e

|θ| D33
√
2ρ

√ .
4π ρ

(B.9)

Unlike the enhancement case, we cannot expect local isotropy at the origin.
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C Algorithm for evaluation of nonperiodic Mathieu functions
Consider the Mathieu equation
y 00 (z) + (a − 2q cos(2z))y(z) = 0

(C.1)

for a ≤ 0 and q 6= 0. The Floquet theorem [121] yields the existence of solutions
y(z) = eiν(a,q)z

∞
X

e2iρz c2ρ (a, q)

(C.2)

ρ−∞

with ν(a, q) ∈ C the Floquet exponent (which is correctly implemented in Mathematica)
and with (c2ρ (a, q))ρ∈Z ∈ `2 (Z). Now the ODE has real-valued coefficients and for our
second type of exact formulas in Theorem 3.4.1 we are aiming for the two real-valued
solutions
meν (z) → 0 if z → ∞, me−ν (z) → 0 if z → −∞,
with ν = −ν and where we take the convention Im(ν) ≥ 0. Substitution of (C.2) into the
2
Mathieu ODE directly provides the two-fold recursion c2ρ+2 + −a+(2ρ+ν)
c2ρ + c2ρ−2 =
q
0, for all ρ ∈ Z,with c0 and c2 such that
1

lim |c2ρ | |ρ| = 0,

ρ±∞

(C.3)

cf. [121], from which it follows that (c2ρ )ρ∈Z ∈ `1 (Z) we deduce that the series representations are uniformly converging (Weierstrass criterium) and furthermore their limits
are continuously differentiable. Now we have me−ν (z) = meν (−z) and the solutions are
real-valued if c−2ρ = c2ρ . The two-fold recursion is of the type
c2ρ+2 − D2ρ c2ρ + c2ρ−2 = 0,
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with D2ρ =
c2ρ

a−(2ρ+ν(a,q))
q

fρ = D2ρ −

and we enter the theory of continued fractions via division by

c2ρ+2
1
, with fρ :=
,
fρ−1
c2ρ

and indeed under condition (C.3)[121, Eq.(3), p.106] we obtain converging solutions of
type II. For definitions see [121, Section 2.22, p.107].
Algorithm 4 Algorithm for Mathieu-function evaluation via standard theory of continued
fractions [229].
Input: a ≤ 0, R 3 q 6= 0, L ∈ N recursion-depth at last coefficient, 2N + 1 ∈ N number
of coefficients.
initialization: c0 = 1, f0 = 1, fN +L = D 1 .
2(N +L)

For k = 1, . . . , N + L − 2 do
1
fN +L−k := D
.
2(N +L−k+1) −fN +L−k+1
3: Then build (c2 , . . . , c2N ) by c2l = fl−1 c2l−2 , for l = 1, . . . , N .
4: Then build (c2N , . . . , c2 , 1, c2 , . . . , c2N ).
5: Then compute by means of DFT, meν (z) and me−ν (z) from their coefficients via
Eq. (C.2).

1:
2:

Figure C.1: From left to right: the final contour enhancement kernel based on the
Mathematica Mathieu functions, the final contour enhancement kernel based on our
own implementation of Mathieu functions. Both kernels use the same plot range and
parameter settings: D = {1, 0, 0.03}, α = 0.025, with sampling size No = 48 and
Ns = 128.
Compared to the implementation of the contour enhancement kernel based on the
Mathematica Mathieu functions, our own implementation of Mathieu functions is more
robust and does not suffer from the numerical problems. They are much faster, see
Table C.1. Figure C.1 shows us the final kernels obtained by using the Mathieu functions
of Mathematica (left) and our own implementation (right). The Mathematica Mathieu
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functions are shown to break down when the sampling enters into certain regions,
especially with small angular diffusion. Another big advantage of our implementation
is that the speed of sampling a kernel is almost 30 times faster than the Mathematica
implementation. Table C.1 shows us the time requirements of the two routines for
different parameter settings. We can see that our own Mathieu based implementation
(OMI) is even 30 times faster than the Mathematica Mathieu based implementation
(MMI).

Table C.1: Speed of two implementations (kernel size: 48 × 128 × 128)
Parameters
D = {1, 0, 0.03}, α = 0.025
D = {1, 0, 0.12}, α = 0.025
D = {1, 0, 0.03}, α = 0.05

MMI time (s) OMI time (s)
4037
3272
3220

139
137
137

Measurement method abbreviations: (OMI) - Own Mathieu based implementation,
(MMI) - Mathematica Mathieu based implementation.
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D Performance measures for vessel
segmentation
To measure the performance of vessel classification, we calculate the following metrics:
true positives (TP), true negatives (TN), false negatives (FN) and false positives (FP).
A pixel that is classified as vessel in both the ground truth and the segmentation result
belongs to TP, while a pixel that is classified as non-vessel in both the ground truth
and the segmentation result is considered as TN. A pixel which is wrongly identified as
non-vessel in the segmentation result belongs to FN, while a non-vessel pixel which is
classified as a vessel pixel in the segmentation result is taken as FP.
The statistical performance measurements, including Sensitivity (Se), Specificity (Sp),
and Accuracy (Acc), are used to evaluate the global performance of a binary classification
system. These measurements are given by
Se =

TP
,
TP + FN

Sp =

TN
,
TN + FP

Acc =

TP + TN
,
N

where N = TN + TP + FN + FP. The Matthews correlation coefficient (MCC) and the
F1-score (F1) within the field of view (FOV) are reliable metrics for evaluating an
unbalanced dataset with two classes of different sizes. In fact, this is the case in the
retinal vessel segmentation, where the percentage of vessel pixels is only around 9%-14%,
while the others are counted as background pixels. The MCC is a correlation coefficient
between the manual segmentation and the ground truth, and the F1-score gives the
harmonic mean of precision and recall. The MCC and F1 are given by
TP/N-S × P
MCC = p
,
P × S × (1-S) × (1-P)

F1 =

2(TP/(TP+FP)) · (TP/(TP+FN))
,
TP/(TP+FP) + TP/(TP+FN)

where S = (TP + FN)/N, P = (TP + FP)/N, The MCC value ranges from -1 (completely
incorrect classification) to 1 (perfect classification), and F1 from 0 (completely incorrect
classification) to 1 (perfect classification). Moreover, the receiving operator characteristics
(ROC) curve is used to evaluate the quality of the vessel probability map. The ROC is
formed by plotting the true positive fraction (Se) versus the false positive fraction (1 − Sp)
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with respect to the varying threshold value T. The area under the ROC curve (AUC)
is also calculated for evaluation. As shown in Figure 6.6, an algorithm will have a
better performance if its corresponding ROC curve is closer to the top-left corner. The
Dice coefficient is also introduced for comparing the agreement between the manual
annotations and results. The Dice value ranges from 0 (no agreement) to 1 (perfect
agreement). All the performance measurements are taken within the field of view.
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