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Random Variables (§ 2.8 MR)!

Example:  
•  X is the random variable corresponding to the temperature of 
the room at time t. 
•  x is the measured temperature of the room at time t. 
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Discrete Random Variables (§ 3.1 MR)!
!

Many situations can be adequately modeled using discrete 
random variables: 
 
•  Number of failed hard-drives in a RAID system 
•  Number of failing levees (dijken) in a redundant water 
protection system 
•  Number of customers attempting to access a webserver 
•  Number of times you need to call an airline company until you 
get someone competent on the other side… 
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Probability Distributions (§ 3.2 MR)!
!The probability distribution of a random variable X is a 
description of the probabilities associated with each possible 
outcome of X. 
 
For a discrete random variable X this is actually quite simple, as 
X can only take a finite/countable number of possible values. 

Definition: Probability Mass Function (p.m.f.) 
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Probability Distributions!
If the space of possible outcomes is countably infinite, the 
previous definition can be easily generalized: 

Definition: Probability Mass Function (p.m.f.) 
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Example!
Consider a situation in which a user can make one of three 
possible requests to a GUI. We can view this as a random 
experiment with the following sample space: 

It’s very easy to check this is a valid probability mass function. 

We can identify each request with a number. For instance 
identify Print, Save and Cancel with 0,1, and 2, respectively. Let 
X be the random variable corresponding to the random 
experiment above. 
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Example!
Let X be the number of times you need to send a packet over a 
network to ensure it was received. 

Let’s check this is a valid probability mass function 
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Example!
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Cumulative Distribution Function (§ 3.3 MR)!
!For any random variable the possible outcomes of a random 
variable are real numbers. It is then often useful to describe the 
probability distribution using a different function… 

Definition: Cumulative Distribution Function (c.d.f.) 

This seemingly simple object is extremely powerful, as all the 
information contained in the probability mass function is also 
contained in the c.d.f. 
 
(furthermore we will see that this object is also properly 
defined for any random variable, unlike the p.m.f.) 
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Cumulative Distribution Function!

IMPORTANT: note that the c.d.f. is defined for any real 
number, and not only for the values X  can take !!! 
 
For discrete r.v.’s this object looks a bit funky… 

Properties: 
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C.D.F. Example!

Let’s plot the p.m.f. and c.d.f.: 
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C.D.F. Example!

A – 0.3  B – 0.4 
C – 0.5  D – 0.6 
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Mean and Variance (§ 3.4 MR)!
!There are certain “summaries” of the distribution of a random 
variable that can give a lot of information about it. These have 
also easy intuitive interpretations.  

Definition: Mean and Variance (discrete r.v.) 
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Mean and Variance!
The mean is a weighted average of the possible values of X, 
where the weights are their corresponding probabilities. 
Therefore the mean describes the “center” of the distribution. 
In other words X takes values “around” its mean… 

The variance measures the dispersion of X around the mean. If 
this value is large means X varies a lot. 

Definition: Standard deviation 
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Example!
The number of surface defects on the CD-RW of a certain 
manufacturer is well modeled by a random variable X with the 
following distribution: 
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Example!
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Functions of Random Variables!
Functions of random variables are ALSO random variables. 
 

There is an easier way to get this result… 
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Law of the Uncounscious Statistician!
Proposition: 
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Variance as an Expected Value!

Side remarks: The law of the unconscious statistician 
got is name because the result is so intuitive on might 
assume it is naturally true. However, showing it in 
general (also for continuous random variables) is not so 
immediate. 
 
 
Let’s see more examples… 

In light of the previous result: 
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Example!
Suppose you collect happy-meal* toys, and are missing only one 
(out of 5 possible toys) – the TeslaCoil. Assume that in each 
meal you buy the probability of getting this toy is 0.2, and 
these events are independent from one another. 
 
•  Suppose you go to two times to the restaurant. Let X be 
random variable corresponds to the number TeslaCoils you have 
after the two meals. 
 

* - happy meal is a trademark of  McDonald's corporation, and I have no affiliation with them whatsoever… 
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Properties of the Mean and Variance!

WARNING!!! 

Properties: 
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Example!
You are playing slot-machine game in a casino downtown. The 
machine gives a prize of €100 with probability 0.02. To play you 
need to pay €5… 

€ 

€ 

€ 2 
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Independence of Random Variables!
Earlier we talked about independent events. Actually the concept 
of independence extends naturally to random variables, and plays 
a crucial role both in probability and statistics. 

Definition: Independent Random Variables 

Definition: Independence of Multiple Random Variables 
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Independence of Random Variables!
Example: Let X denote the number of students in the classroom 
today and Y denote the outcome of flipping a coin. 
 
Are X and Y independent? 
 
 
Example: Let X  be defined as before, and Y  be a random 
variable taking the value 1 if today is sunny and zero otherwise. 
 
Are X and Y independent? 
 
 
Example: Let X  be defined as before, and Y  be number of 
female students in the classroom. 
 
Are X and Y independent? 
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Properties of Independent R.V.s!

Proposition: 

Later in the course we’ll show the following result, but we will 
start using it right now. 

This result will be very useful to us, since many common 
distributions can be described as the sum of independent 
random variables!! 



26 

Specific Discrete Distributions!

In what follows we are going to study and learn about some 
specific discrete distributions, namely: 
 
•  Discrete Uniform Distribution 
•  Binomial Distribution 
•  Geometric and Negative Binomial Distributions 
•  Hypergeometric Distribution 
•  Poisson Distribution 
 
 
All these are very important in a number of scenarios, fitting 
many practical situations one might encounter. 
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Discrete Uniform Distribution (§ 3.5 MR)!

Example: The German tank problem (simple version) 
 
German tanks had serial numbers ranging from 1 to N. Every 
time a tank was seen/captured a note was made on its serial 
number. This information, together with the assumption that 
the serial number from the tank captured was an independent 
sample from a discrete uniform distribution was sufficient to 
accurately estimate N. 

Definition: Discrete Uniform Distribution 
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German Tanks!
A Concrete instance: 
During a certain period six German tanks were captured, with 
serial numbers 17, 68, 94, 127, 135, 212. Then a good estimate 
for N is given by 

Date Estimate True value Intelligence 
estimate 

June 1940 169 122 1000 

June 1941 244 271 1550 

August 1942 327 342 1550 

The derivation of the above estimator will not be dealt with in this course… 
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Discrete Uniform Distribution!
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Dices!

A regular dice has six sides, with respectively 1, 2, 3, 4, 5 and 6 
dots. If the dice is fair then outcome of rolling the dice is 
given by a uniform random variable: 
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Dices!

A regular dice has six sides, with respectively 1, 2, 3, 4, 5 and 6 
dots. If the dice is fair then outcome of rolling the dice is 
given by a uniform random variable: 
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Bernoulli Random Variables!
Definition: Bernoulli Random Variable 

Examples: 
 
•  Flipping a “fair” coin:   X ~ Ber(1/2) 
•  Success starting Windows:    X ~ Ber(0.95) 
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Bernoulli Trials (§ 3.6 MR)!
Independent Bernoulli random variables are important blocks to 
build more complicated random variables… 
 
Consider the following examples: 
 
•  Flip a coin 10 times. Let X be the number of heads obtained. 
•  The packets received during a UDP connection arrive 
corrupted 5% of the times. Suppose you send 100 packets and 
let X be the number of packets received in error. 
•  In the next 30 births at an hospital, let X be the number of 
female babies. 

These are all examples of binomial random variables 
(provided you assume each of the Bernoulli trials are 
independent). 
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Repeated Bernoulli Trials!
Example: Suppose we send 3 packets through a communication 
channel. Assume 
•  Each packet is received with probability 0.9. 
•  The events {packet 1 is received}, {packet 2 is received}, and 
{packet 3 is received} are all independent. 
•  Let X be the total number of received packets. 
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Binomial Distribution!

This is what is called a Binomial Random Variable!!! 
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Binomial Distribution!
Definition: Binomial Random Variable 
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Binomial Distribution!

The computation of the mean and variance of X can also be 
done directly from the p.m.f., but it is rather tedious and 
complicated… But there is a much easier way… 
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Binomial Distribution!
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Binomial Distribution Example!
Samples from a certain water supply have a 10% chance of 
containing an organic pollutant. Suppose you collect 20 samples 
over time, and these are taking in such a way that you can 
assume these are independent. Let X be the number of 
contaminated samples. 
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Binomial Distribution Example!



41 

Let X be the number of times you need to send a packet over a 
network to ensure it was received. 

This is what is called a geometric distribution… 

Geometric Distribution (§ 3.7 MR)!
!
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Geometric Distribution!
Definition: Geometric Random Variable 
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Geometric Distribution Example!
Let X be the number of times you need to send a packet over a 
network to ensure it was received. 
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Some Properties!

The geometric distribution has a very interesting property. It 
has “no memory” of the past: 
•  Given that you waited k trials already, without seeing a success, 
implies that the probability you’ll have to wait m trials more is 
given simply by 

In other words: 



45 

Memoryless Property!

The geometric distribution is the only discrete distribution 
satisfying this relation !!! 
 
This means that, for most objects for which there is no “wear” 
during normal operation the corresponding duration is well 
modeled by a geometric distribution: 
 
Examples: 
 
•  The number of days until an LED fails is well modeled by a 
geometric distribution 
•  The number of years a resistor lasts (with proper heat 
dissipation) is well modeled by a geometric distribution 



46 

We can generalize slightly the ideas behind the geometric 
distribution. Instead of waiting for the first success, we can wait 
until r successes are attained. 
 
 
 

Negative Binomial Distribution (§ 3.7 MR)!
!
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Negative Binomial Distribution!
Definition: Negative Binomial random variable 

The geometric distribution corresponds to the particular case r =1. 
The term negative is rather confusing, as there is nothing negative 
in the definition. The reason for the name is the following: 
•  In binomial random variable we fix the number of trials n and count 
the number of successes. 
•  In the negative binomial random variable we fix the number of 
successes and count the number of trials 



48 

Properties!
Negative binomial random variables can be interpreted as the 
sum of r independent geometric random variables with 
parameter p. This has to do with the memoryless property of 
the geometric random variables. 
 
This comes in handy when evaluating the mean and variance of 
this distribution… 
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Negative Binomial Distribution (§ 3.7 MR)!
!
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Hypergeometric Distribution (§ 3.8 MR)!
Suppose we are in a setting similar to the one of binomial 
distributions: 
 
•  There is a bag with N balls of two different colors (red and 
green) 
•  There are K  green balls 

Take a ball out of the bag. Assume it is equally likely to take 
any ball. Define the random variable 

Clearly X is a Bernoulli random variable with parameter K/N. 
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Hypergeometric Distribution!
If we put the ball back in the bag and shuffle them around we 
can repeat the previous random experiment. 

What if you don’t put the balls you take back in the bag??? 
 
•  Clearly the outcome of an experiment depends on the outcome 
of the previous experiments. 
•  In this case we get what it is known as a hypergeometric 
random variable. 
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Hypergeometric Distribution!
Definition: Hypergeometric random variable 

There are different ways of deriving this… 
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Sketch Derivation of the Distribution!
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Take all balls out of the bag, one by one… 

Another Way!

Enforce that we must have i good objects in the first n 
elements of the sequence 
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Properties!
The mean and variance of a hypergeometric random variable is a 
bit harder to derive than for a binomial random variable, 
because of the dependencies. But can still be done (with some 
work… 

Things look very similar to the binomial distribution, but one 
has a small correction factor in the variance term to account 
for the sampling without replacement (which makes the 
outcome of the experiment a bit more certain). 
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Example!
A company that packages breakfast cereals regularly assesses 
the quality of their product. Unfortunately the assessment 
procedure is somewhat destructive, as they must open the box 
and cereal bag. Assume they know that in a batch of 1000 
boxes there are 32 that have a problem that would be detected 
with their assessment procedure. 
 
Suppose they take 100 boxes at random for testing. What is 
the probability they will detect a defective box? 
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Poisson Distribution (§ 3.9 MR)!
This is a very important and useful distribution, appearing in 
many contexts. It is particularly relevant to study queues, as it 
can be used as a sensing model requests arriving to a server 
over time. 
 
To better understand where this distribution comes from let’s 
consider a specific example: suppose you want to model the 
number of customers entering a store over the period of one 
day. 

Assumptions: 
 
•  The customers behave independently from one another 
•  The expected number of customers per unit time is a constant 
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Intuition (Poisson Process)!

Let’s break the day into 4 hour intervals… 

If the intervals were REALLY small the number of customers 
there are either 0 or 1 with very high probability. 

Assumptions: 
 
•  The customers behave independently from one another 
•  The expected number of customers per unit time is a constant 
(e.g. λ=12 customers per day, on average) 
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Intuition (Poisson Process)!

Let’s break the day into 1 minute intervals… 

Assumptions: 
 
•  The customers behave independently from one another 
•  The expected number of customers per unit time is a constant 
(e.g. λ=12 customers per day) 
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Poisson Distribution Derivation!
To derive the exact expression for the Poisson distribution 
let’s consider what happens to the distribution of a binomial 
random variable in the limit. 
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Derivation – 1st Term!
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Derivation – 2nd & 3rd Terms!
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Poisson Distribution!

Definition: Poisson random variable 

This was named after Simeon Poisson (1781-1840), who first 
described it… 
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Poisson Distribution!
Definition: Poisson random variable 

We can easily check that this is a valid p.m.f… 
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Properties!
The mean and variance are easily calculated from the p.m.f: 
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Example!
There are many situations where the Poisson distribution 
seems to be a good fit. 

Example: When manufacturing silicon wafers for IC there is 
always the risk of contamination by small particles in the 
atmosphere. There are on average two contaminating particles 
in an area of 100 cm2, and this contamination process is well 
described by a Poisson process. 
 
Let X denote the number of particles in a circular wafer with 
radius of 5cm. Calculate the probability that there are more 
than 4 contaminating particles in the wafer… 
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Example!
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Example!
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A Strange Example!
(Bortkiewicz ‘1898) The number of fatalities resulting from 
being kicked by a horse was recorded for 10 corps of Prussian 
cavalry over a period of 20 years. Perhaps surprisingly (or not) 
this follows quite well a Poisson distribution with parameter 
λ=0.61… 



70 

Next in the Course!
Discrete random variables are not the end of the story… 
 
Let X the be a random variable representing the temperature 
in a museum room (in centigrade degrees) 

It seems the probability of X taking any specific value is 
always be equal to zero, but the probability of X being in an 
interval is often strictly positive.. 


