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Multiple Random Variables!
Sometimes we must deal with multiple random variables 
simultaneously 
 
Example: Let X and Y denote the blood pressure and heart rate 
of a randomly chosen TU/e student (during an exam). 
 
These two quantities are likely to be related, and describing the 
probability distribution of X and Y separately will not capture the 
relation between the two… 
 
Therefore we need a joint description of the distribution. Let’s 
focus first on discrete random variables. 

These slides follow a slightly different approach than in the 
textbook, and there is some material that is not covered in 
Chapter 5 !!! 
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Joint Probability Mass Functions (§ 5.1 MR)!
!Definition: Joint Probability Mass Function 

This is quite similar to what we had before, but now we are 
jointly describing the two random variables. 
 
Let’s see an example… 
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Example!
Suppose you want to study the relation between the number of 
bars in your mobile, and the quality of the call. You collect data 
over time and come up with the following stochastic model: 

1 2 3 4 
0 0 0 0 0 
1 0.10 0.05 0 0 
2 0.05 0.10 0.04 0.01 
3 0 0.05 0.15 0.15 
4 0 0 0.05 0.25 

It’s easy to check that this table describes a valid joint 
probability mass function 
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Marginal Probability Distributions (§ 5.1-2 MR)!

Obviously we should also be able to say something about X and 
Y separately. 

These are valid probability mass functions on their own, and 
are called the marginal p.m.f.’s of X and Y. 

Definition: Marginal Probability Mass Function 
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Example!
Suppose you want to study the relation between the number of 
bars in your mobile, and the quality of the call. You collect data 
over time and come up with the following stochastic model: 

0.41 
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0.15 
0.01 

0 
0 
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0.30 0.05 0 0 4 
0.24 0.20 0.15 

0.35 0.15 0.05 0 3 
0.20 0.04 0.10 0.05 2 
0.15 0 0.05 0.10 1 

0 0 0 0 0 
3 2 1 
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Conditional Probability Distribution (§ 5.1-3 MR)!
What information does one variable carry about the other? 
 
In our example we might be interested to know about the call 
quality when we have 4 bars… 

Definition: Conditional Probability Mass Function 
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Example!

1 2 3 4 
0 0 0 0 0 0 
1 0.10 0.05 0 0 0.15 
2 0.05 0.10 0.04 0.01 0.20 
3 0 0.05 0.15 0.15 0.35 
4 0 0 0.05 0.25 0.30 

0.15 0.20 0.24 0.41 
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Properties!
Note that the conditional probability mass function is actually a 
proper mass function therefore 

We need to be careful when                      . In this course we’ll 
avoid that situation. 
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Independence of Random V.’s (§ 5.1-4 MR)!
There are situations were knowing the value of X doesn’t tell 
something about Y and vice-versa. This brings up to notion of 
independence of random variables, that we used quite frequently 
in the course (using the def. in iv) below). 

Definition: Independence of Random Variables 
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Example!

1 2 3 4 
0 0 0 0 0 0 
1 0.10 0.05 0 0 0.15 
2 0.05 0.10 0.04 0.01 0.20 
3 0 0.05 0.15 0.15 0.35 
4 0 0 0.05 0.25 0.30 

0.15 0.20 0.24 0.41 
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Example: The Maximum of Random V.’s*!
The bottom line of independence is that we can break the 
computation of joint probabilities into the product of marginal 
probabilities… 

So we can relate the c.d.f. of M to the ones of X and Y . Let’s 
see this in a concrete toy example…  

* - Not covered in the book. 
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Example: The Maximum of Random V.’s*!
Suppose you roll two dice (with six sides) and let M be the 
number of dots in the highest rolling dice. What is the 
distribution of this random variable? 
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Continuous Random Variables!
All the concepts we introduced in this lecture can also be defined 
for continuous random variables. However, this requires the use 
of multiple integrals (essentially replacing the double summations 
we’ve seen before).  

Definition: Joint Probability Density Function 
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*Continuous Random Variables – Example!

We didn’t cover multiple integrals in this course, and this is a 
lengthy topic. However, we can get a basic idea of what this 
means with an example 

Probabilities are now 
VOLUMES, under the density 
function ! 

* - Not part of the course. Slides for your reference only. 
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*Continuous Random Variables – Example!

* - Not part of the course. Slides for your reference only. 
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*Continuous Random Variables – Example!

* - Not part of the course. Slides for your reference only. 
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*Continuous Random Variables – Example!

* - Not part of the course. Slides for your reference only. 
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*Marginal Probability Distributions!
Obviously we should also be able to say something about X and 
Y separately. 

These are valid probability density functions on their own, and 
describe X and Y individually (but disregard how these two 
random variables are related) 

Definition: Marginal Density Function 

* - Not part of the course. Slides for your reference only. 
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*Conditional Probability Distributions!
What information does one variable carry about the other? 

Definition: Conditional Probability Density Function 

* - Not part of the course. Slides for your reference only. 
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*Properties!
Note that the conditional probability density function is actually 
a proper density function therefore 

* - Not part of the course. Slides for your reference only. 
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Independence of Random Variables!
As with discrete random variables there are situations were 
knowing the value of X doesn’t tell something about Y and vice-
versa. This brings up again the notion of independence of random 
variables. 

Definition: Independence of Random Variables 

(Items in red are not part of the course, and are presented for your reference only) 
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More than two Random V.’s (§ 5.1-5 MR)!
All the concepts we defined can also be generalized easily to 
more than two random variables (see the book). For the purposes 
of this course all we need is to generalize the notion of 
independence… 

Definition: Independence of Multiple Random Variables 

The bottom line of independence is that we can break the 
computation of joint probabilities into the product of marginal 
probabilities… 
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Example: Minimum of Random Variables*!
Suppose we are studying the reliability of a power system, for 
which fails if either one of the 3 power transistors fails.  

* - Not covered in the book. 
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Example: Minimum of Random Variables!
The system fails if one of the transistors fail, so the time until 
the system fail is simply 
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Example: Minimum of Random Variables!
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Means and Variances for Two R.V.’s (§ 5.2 MR)!

If you have two random variables described by a joint 
distribution you can always compute the mean, or expected value, 
of a function. For simplicity consider only discrete r.v.’s: 

Proposition: Mean of a Function of Two Random Variables 

(this is a consequence of the law of the unconscious statistician) 
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This definition seems to make perfect sense. For instance 

We also see that the mean of the sum is the sum of the means!!! 

Means and Variances for Two R.V.’s!
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How about the variance of the sum? 

Definition: Covariance 

Covariance!



30 

The covariance is a measure of linear relationship between 
random variables. If one of the variables is easy to predict as a 
linear function of the other then the covariance is going to be 
non-zero. 
 

Let’s summarize what we just showed in a simple lemma: 
Lemma: 

Covariance!
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It is useful to normalize the covariance, and define the 

Definition: Correlation Coefficient 

Correlation Coefficient!
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Example!
Recall our previous example 

1 2 3 4 
0 0 0 0 0 0 
1 0.10 0.05 0 0 0.15 
2 0.05 0.10 0.04 0.01 0.20 
3 0 0.05 0.15 0.15 0.35 
4 0 0 0.05 0.25 0.30 

0.15 0.20 0.24 0.41 
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Example!
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0.30 0.05 0 0 4 
0.24 0.20 0.15 

0.35 0.15 0.05 0 3 
0.20 0.04 0.10 0.05 2 
0.15 0 0.05 0.10 1 

0 0 0 0 0 
3 2 1 
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Example!
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Example!
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0.30 0.05 0 0 4 
0.24 0.20 0.15 

0.35 0.15 0.05 0 3 
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Example!

0.41 
0.25 
0.15 
0.01 

0 
0 
4 

0.30 0.05 0 0 4 
0.24 0.20 0.15 

0.35 0.15 0.05 0 3 
0.20 0.04 0.10 0.05 2 
0.15 0 0.05 0.10 1 

0 0 0 0 0 
3 2 1 

As the correlation is significantly different than zero this 
means that Y can be well-predicted from X using a linear 
relationship… 
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Correlation of Independent R.V’s!
Proposition: 



38 

Uncorrelation IS NOT EQUIVALENT to Independence!

It’s important to note that the implication goes only in one 
direction: 
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Sums of Independent Random Variables!
As a side effect of our efforts we showed the following 
important result 

Proposition: 

It should not come as a surprise that this result also holds 
for more than two independent random variables ! 
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Sums of Independent Random Variables!
Proposition: 

We made use of this result several times already, when 
studying the binomial, negative binomial, and Erlang 
distributions. 
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Linear Functions of Random Variables!

Proposition: 

It is useful to generalize the result a bit: 
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Sums of Normal R.V.’s!
How about independent normal random variables? What 
happens when we sum them together? Surprisingly (or not) we 
also get a normal random variable, which is fully characterized 
by its mean and variance ! 

Proposition: 

The proof of this result is beyond the scope of our course, but 
it is not too hard… 
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Linear Functions of Normal R.V.’s!
Putting this result together with what we know about normal 
random variables and linear function of arbitrary random 
variables yields the following important result: 

Lemma: 
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Example!
The manufacturing a particular type of connector involves the 
assembly of three different parts, as shown in the figure 
below: 
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Example!
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Example!
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The Law of Large Numbers*!
This is a key fundamental result, which is so intuitive that it is at 
the heart of the frequentist interpretation of probability, and is 
essential to the field of statistics. 

Theorem: The Law of Large Numbers (LLN) 

In other words, if you repeat the same experiment in a 
independent way, the average of the outcomes is going to be very 
close to the mean !!! 
* - this  topic is not formally in the book, but it is part of the course. 
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Example!
Take a regular coin, and start flipping it several times, taking 
note if it falls heads or tails (flip the coin in such a way that you 
cannot predict the outcome of each trial). 

You see that the average is approaching very quickly the 
expected value, which is ½ in this case!!! 
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Example!
Take a regular coin, and start flipping it several times, taking 
note if it falls heads or tails (flip the coin in such a way that you 
cannot predict the outcome of each trial). 

You see that the average is approaching very quickly the 
expected value, which is ½ in this case!!! 
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Using Data to Estimate Probabilities!
The Law of Large Numbers is what allows us to use data to 
estimate probabilities. Suppose you stand in the main entrance of 
MetaForum and count the number of female and male individuals 
you see entering or leaving the building for a period of 2 hours. 

So provided you can make the assumption that the individuals 
entering/leaving MetaForum are a representative independent 
and identically distributed sample of Y we can use the LLN to 
estimate its distribution… 
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Estimating Probability Mass Functions!

(Bortkiewicz ‘1898) The number of fatalities 
resulting from being kicked by a horse was 
recorded for 10 corps of Prussian cavalry over 
a period of 20 years (200 corps in total) 
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Estimating Probability Density Functions!
If we are dealing with continuous random variables things get a bit 
trickier in general. There are many ways of estimating the density from 
i.i.d. samples of a random variable. For our purposes we are going to 
consider the simplest possible way, which involves a discretization of 
the real line… 
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The Central Limit Theorem!
When discussing the normal distribution we informally stated that the 
sum of independent random variables resembles a normal random 
variable. Let’s try to make this a bit more concrete 
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The Central Limit Theorem!

Theorem: The Central Limit Theorem  (CLT) 

The previous result was perhaps a bit sloppy (and technically not sound). 
More formally, we have the following important result 
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Approximation of the Binomial Dist. (§ 4.7 MR)!
We can use this result to approximate the binomial distribution. Let’s 
see why: 
 

It pays to be a bit more careful and use a continuity correction… 
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Approximation of Binomial Distributions!
Lemma: 
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Example!
Consider a situation where one is communicating data through the 
internet. The data is partitioned in packets, and these are sent through 
the network. Transmission errors occur with probability 0.01. Suppose 
12000 packets were sent. What is the probability that more than 140 
packets are transmitted with errors? 
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When Does it Work and When Does it Fail?!
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Approximation of the Poisson Dist. (§ 4.7 MR)!
We seen that the Poisson distribution can be viewed as the limit of a 
binomial random variables . There the following result shouldn’t be too 
surprising 
Lemma: 
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Illustration!
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Example (recall our silicon wafer example)!
Example: When manufacturing silicon wafers for IC there is 
always the risk of contamination by small particles in the 
atmosphere. There are on average two contaminating particles in 
an area of 100 cm2, and this contamination is well described by a 
Poisson process. 
 
Let X denote the total number of particles in 6 circular wafers 
with radius of 5cm. Calculate the probability that there are more 
than 12 contaminating particles in total. 
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Example (recall our silicon wafer example)!


