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Permutation Methods!
A simple but powerful non-parametric idea originating with 
Fisher and Pitman (1937): 
 
•  Before computers became pervasive these methods were 
viewed as computationally cumbersome - and were brushed 
aside for a long time. 

•   Provide a unified framework for the study of rank-based 
tests 
 
Bradley (1968, p. 85): 
Eminent statisticians have stated that the randomization test is 
the truly correct one and that the corresponding parametric 
test is valid only to the extend that it results in the same 
statistical decision. 



Permutation vs. Randomization Tests!
Typical Setting: We have observations from two different groups, or 
under two different conditions. 
Question: Is there a difference between the two groups or 
conditions? 
 
•  Randomization Model: available subjects are randomly assigned to 
treatments. The resulting inference pertains only the observed 
individuals (there is no concept of a population) 

•  Randomization Tests 
 
•  Population Model: subjects are randomly sampled from different 
subpopulations 

•  Permutation Tests 
 
Advantages: conceptually very easy, and results in exact inference 
procedures. 
Disadvantages: Cannot be used for every testing problem and is 
computationally intensive 



The Randomization Model - Example!
Basis: subjects are randomly assigned to different treatments (usual 
practice in medicine) 
 
•  The only random aspect of the model is the assignment of 
treatments 
•  Inference is limited to subjects under study (there is no population) 

Typical Setting: 
 
N patients are randomly assigned to treatment/control group. The 
effect to treatment/control is recorded: 



The Randomization Model - Example!

(control) 

(treatment) 
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The Randomization Model!

Lemma: 



The Randomization Model!

Bradley (1968, p. 85): 
Eminent statisticians have stated that the randomization test is 
the truly correct one and that the corresponding parametric 
test is valid only to the extend that it results in the same 
statistical decision. 



The Population Model!
Basis: 
 
•  Data is assumed to correspond to random samples from different 
populations. 
•  This is a stronger assumption than in the previous setting but… 
•  Conclusions can be generalized to populations. 



The Population Model!

The idea is that we are going to condition on the event that the 
order statistics are the ones we observed (event E) 



The Population Model!



The Population Model!

Lemma: 



The Population Model!
Lemma: 



The Population Model - Example!
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The Population Model - Example!

There are better ways to code this!!! 



The Population Model - Example!



Monte-Carlo Computations!



Monte-Carlo Computations!



Final Remarks!


