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1 Introduction

Error-correcting codes with the rank distance were introduced by Gabidulin [4].
Recently they have gained a lot of interest because of their application to network
coding. In network coding, messages are not transmitted over a single channel, but
over a network of channels. This application induced a lot of theoretical research
to rank metric codes.
Many notions in the theory for codes with the Hamming metric have an equivalent
notion for codes with the rank metric. We studied the rank-metric equivalent of the
weight enumerator and several generalizations of it [6]. From this theory, a defini-
tion of the generalized rank weights follows. These are the rank metric equivalence
of the generalized Hamming weights.
This paper investigates the generalized rank weights of a code over L, where L is
a finite Galois extension of a field K. This is a generalization of the case where
K = Fq and L = Fqm of Gabidulin codes [4] to arbitrary characteristic as consid-
ered by Augot-Loidreau-Robert [1, 2].
We show equivalence to previous definitions, in particular the ones by Kurihara-
Matsumoto-Uyematsu [8, 9], Oggier-Sboui [10] and Ducoat [3].

2 Rank metric codes and weights

Let K be a field and let L be a finite Galois extension of K. A rank metric code is an
L-linear subspace of Ln. To all codewords we associate a matrix as follows. Choose
a basis B = {α1, . . . ,αm} of L as a vector space over K. Let c = (c1, . . . ,cn) ∈ Ln.
The m× n matrix MB(c) is associated to c where the j-the column of MB(c) con-
sists of the coordinates of c j with respect to the chosen basis: c j = ∑

m
i=1 ci jαi. So

MB(c) has entries ci j.
The K-linear row space in Kn and the rank of MB(c) do not depend on the choice
of the basis B, since for another basis B′ there exists an invertible matrix A such
that MB(c) = AMB′(c). The rank weight wtR(c) = rk(c) of c is by definition the
rank of the matrix MB(c), or equivalently the dimension over K of the row space of
MB(c). This definition follows from the rank distance, that is defined by dR(x,y) =
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rk(x−y). The rank distance is in fact a metric on the collection of all m×n matri-
ces, see [4, 1].

The following is from [6, Definition 1].

Definition 1. Let C be an L-linear code. Let c∈C. Then Rsupp(c), the rank support
of c is the K-linear row space of MB(c). So wtR(c) is the dimension of Rsupp(c).
Let D be an L-linear subcode of C. Then Rsupp(D), the rank support of D is the
K-linear space generated by the Rsupp(d) for all d ∈ D. Then wtR(D), the rank
support weight of D is the dimension of Rsupp(D).

Definition 2. Let C be an L-linear code. Then dR,r(C), the r-th generalized rank
weight of the code C is the minimal rank support weight of a subcode D of C of
dimension r.

The above is not the only proposed definition of the generalized rank weights.
The first proposal of a definition of the r-th generalized rank weight was given by
Kurihara-Matsumoto-Uyematsu [8, 9]. An alternative was given by Oggier-Sboui
[10] and Ducoat [3]. Both definitions were motivated by applications.

3 Some codes related to C

With respect to the Hamming distance and a k-dimensional Fq-linear code C, the
support of C is defined by supp(C) = { j|c j 6= 0 for some c∈C}. The subcode C(J)
is defined in [7] and [5, Definition 5.1] for a subset J of {1, . . . ,n}with complement
Jc by:

C(J) = { c ∈C | supp(c)⊆ Jc }.

Define C( j) =C({ j}) for j ∈ {1, . . . ,n}. Let J = supp(C). Then C( j) has codimen-
sion one in C for all j ∈ J.

For the definition of C(J) in the context of the rank metric we give the following
analogous definition as given in [6, Definition 2].

Definition 3. Let L be a finite field extension of the field K. Let C be an L-linear
code. For a K-linear subspace J of Kn we define:

C(J) = { c ∈C | Rsupp(c)⊆ J⊥ }

From this definition it is clear that C(J) is a K-linear subspace of C, but in fact it is
also an L-linear subspace.
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Lemma 4. Let C be an L-linear code of length n and let J be a K-linear subspace
of Kn. Then c ∈C(J) if and only if c · y = 0 for all y ∈ J. Furthermore C(J) is an
L-linear subspace of C.

Proposition 5. Let L = Fqm and K = Fq. Let C be an L-linear code.
If m≥ n, then there exists a c ∈C such that

Rsupp(c) = Rsupp(C).

4 Galois closure and trace

Before we can give the various definitions of the generalized rank weights, we
introduce the framework in which we study them.

Definition 6. Let L/K be a Galois extension. Let C ⊆ Ln be an L-linear subspace.
The trace map Tr : Ln → Kn is the component-wise extension of the trace map
Tr : L→ K. The restriction of C is defined by C|K = C∩Kn. The Galois closure
C∗ of C is the smallest subspace of Ln that contains C and that is closed under the
component-wise action of the Galois group of L/K. A subspace is called Galois
closed if and only if it is equal to its own Galois closure.
If C is a K-linear subspace, then we define the extension code C⊗L as the subspace
of Ln formed by taking all L-linear combinations of words of C.

Theorem 7. Let c ∈C. Then the rows of the matrix M(c) are elements of the trace
code Tr(C) and

Rsupp(C) = Tr(C)

.

Corollary 8. Let D be a subcode of the L-linear code C. Then

Rsupp(D) = Tr(D) and thus

dR,r(C) = min
D⊆C

dim(D)=r

wtR(D) = min
D⊆C

dim(D)=r

dimTr(C) = min
D⊆C

dim(D)=r

dimD∗

5 Equivalent definitions

We will now discuss previous definitions of the generalized Hamming weights and
to what extend they are consistent with Definition 2. The definition of Oggier-Sboui
in [10] is, in our notation, as follows:

3



Definition 9. Consider the field extension Fqm/Fq. Let C be an Fqm-linear code and
let m≥ n. Then the r-th generalized rank weight is defined as

min
D⊆C

dim(D)=r

max
d∈D

wtR(d).

Note that this definition is equivalent to Definition 2, since a subcode D contains a
word of maximal rank weight by Proposition 5. Kurihara-Matsumoto-Uyematsu [8,
9] define the relative generalized rank weights, that induce the following definition
of the generalized rank weights:

Definition 10. Consider the field extension Fqm/Fq. Let C be an Fqm-linear code.
Then the r-th generalized rank weight is defined as

min
V⊆Ln,V=V ∗
dim(C∩V )≥r

dimV.

Both of Definitions 9 and 10 have an obvious extension to rank metric codes over
the field extension L/K. Where possible, we will show the equivalence between
the definitions in as much generality as possible.
Ducoat [3] proved the following for m≥ n:

min
D⊆C

dim(D)=r

max
d∈D∗

wtR(d) = min
V⊆Ln,V=V∗
dim(C∩V )≥r

dimV.

The left hand side is almost Definition 9, but with D∗ instead of D in the maximum.
The proof of the following theorem is largely inspired by Ducoat; note that it works
more general over L instead of Fqm :

Theorem 11. Let L be a Galois extension of K. Let C be an L-linear code. Then
Definitions 10 and 2 give the same values, that is,

min
V⊆Ln,V=V ∗
dim(C∩V )≥r

dimV = min
D⊆C

dimD=r

dimD∗.

We now state the equivalence between Definitions 9 and the variation of 2 as used
before.

Theorem 12. Let L be a cyclic Galois extension of K of degree m. Let C be an
L-linear code in Ln with m≥ n. Then

max
d∈D∗

rk(M(d)) = dimD∗
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