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Abstract

The notion of an order domain is generalized. The behaviour of an order do-
main by taking a sub algebra, the extension of scalars and the tensor product
is studied. The relation of an order domain with valuation theory, Gröbner
algebras and graded structures is given. The theory of Gröbner bases for
order domains is developed and used to show that the factor ring theorem
and its converse, the presentation theorem hold. The dimension of an order
domain is related to the rank of its value semigroup.
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1 Introduction

The notion of an order domain came as a result of the aim to put the theory
of algebraic geometry codes on a more elementary foundation. With this
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notion it was possible to derive the parameters of these codes [12, 13, 14, 17]
and to give an efficient decoding algorithm with the help of the algorithm
of Berlekamp-Massey-Sakata [3, 16, 20, 35] due to [26]. Furthermore order
domains are rings that are suitable for the theory of Gröbner bases [2, 7, 9],
are closely related to Gröbner algebras [2] and the graded structures of [32]
as shown by [27]. The construction of new order domains with the help of
the factor ring theorem was found independently in the rank one case by
[22, 23, 24, 25] and [28]. The presentation of order domains was found in the
rank one case by [22, 23, 24, 25] and preluded by [34], and shown for arbi-
trary rank in [27]. Associated with an order domain we have a well-ordered
semigroup [17, 27]. The relation between order domains and valuation theory
[5, 11] was given in [27]. The dimension of an order domain with a finitely
generated semigroup is equal to the rank of the value semigroup. This was
shown in [27] under the extra assumption of the existence of a monomial
basis. Furthermore a surprising example of an order function on F[X, Y ] was
given with a sub semigroup of the rational numbers as value semigroup. The
notion of an order domain was generalized in [13] and the parameters of the
codes were determined.

The content of this paper is as follows. In Section 2 the notion of an or-
der function and an order domain is generalized. An order structure is a
triple (R, ρ, Γ) consisting of an order domain R, a well-order Γ and an order
function ρ : R → Γ ∪ {−∞}. A direct consequence is that a sub algebra
of an order domain is again an order domain. In Section 3 we introduce
the useful notion of a well-behaving basis [12, 18] and show a result on the
extension of scalars [27]. The value semigroup of an order structure and a
weight function of rank r are defined in Section 4. It is shown that every
finitely generated inverse-free semigroup appears as the value semigroup of
an order structure. The filtration, the associated graded algebra of an order
structure are defined and its relation with the graded structures of [32] are
given. In Section 5 it is proved that every order domain over F with a finitely
generated value semigroup is finitely generated as an algebra over F and has
a weight function. This will play a crucial role in the sequel in particular in
Sections 6, 8, 10 and 11. In Section 6 it is shown that the order function on
an order domain gives a valuation on the field of fractions. This result is used
to prove that a finitely generated order structure has a normalized basis, and
that the associated graded algebra is isomorphic with the semigroup algebra
of the value semigroup. In Section 7 we show that the tensor product of

2



order domains is again an order domain. We consider a generalization of the
theory of Gröbner bases on order domains due to [27] in Section 8, which
turns out to be vital for the following two sections. The factor ring theorem
is given in Section 9 in its full generality. This theorem is very useful for the
construction of new order structures. The result of [27] on the order function
on F[X, Y ] with a sub semigroup of the rational numbers as value semigroup
is derived in an alternative way, as a consequence of the factor ring theorem.
The presentation theorem is the converse of the factor ring construction,
as shown in [22] for numerical semigroups. This result is generalized in a
straightforward way in Section 10. Special attention is devoted to monomial
algebra’s. In Section 11 we will show using the theory of Hilbert functions
that the dimension of an order domain with a finitely generated semigroup is
equal to the rank of its value semigroup, without the assumption in [27] on
the existence of a monomial basis. As a corollary it is proved that an order
domain with a finitely generated semigroup has a monomial basis.

Notation and terminology. For the theory of monoids and semigroups
we refer to [4, 30, 32]. Let + be a binary operation on Γ. Let 0 ∈ Γ. Then
(Γ, +, 0) is called a commutative monoid if + is associative, commutative
and has 0 as the neutral element. A commutative monoid (Γ, +, 0) is called
a semigroup if it is cancellative. A numerical semigroup is a sub semigroup
of (N0, +, 0). Let (Γ, +, 0) be a commutative monoid. A partial order ≺ on
Γ is called admissible if 0 � α for all α ∈ Γ; and if α ≺ β, then α+γ ≺ β +γ
for all α, β, γ ∈ Γ. A commutative monoid with an admissible total order is
cancellative and hence a semigroup. Now (Γ, +, 0, <) is called a (well)-ordered
semigroup, if (Γ, +, 0) is a semigroup and < is an admissible (well)-order on
Γ. A well-ordered semigroup is inverse-free, and hence torsion free. A subset
Σ of Γ is called an ideal if α + β ∈ Σ for all α ∈ Σ and β ∈ Γ.
Let (Γ, +, 0) be an inverse-free semigroup. Define ≤p by α ≤p β if and only
if β = α + γ for a unique γ ∈ Γ, and this γ is denoted by γ = β − α. Then
the relation ≤p is an admissible partial order on Γ.
The group of differences of a semigroup Γ gives a group and is denoted by
D(Γ). An admissible (total) order on Γ induces an admissible (total) order
on D(Γ), by defining α− β < γ − δ if and only if α + δ < β + γ.
If (Γ, +, 0) is a finitely generated inverse-free semigroup, then the set of
minimal elements with respect to ≤p of a nonempty subset of Γ is finite and
nonempty, by Dickson’s Lemma. See [1, Exercise 1.4.12] or [36, Proposition
1.3]. As a consequence, every admissible total order on a finitely generated
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semigroup is a well-order.
If Γ is a sub semigroup of Nr

0 such that D(Γ) = Zr = D(Nr
0) and if moreover

Γ is well-ordered, then this order has a unique extension to a total order on
D(Γ) = Zr, This total order can be restricted to an admissible total order
on Nr

0. The total ≤ order on Nr
0 is in fact a well-order.

A map w : Γ → Λ between semigroups is called a morphism of semigroups if
w(0) = 0 and w(α + β) = w(α) + w(β) for all α, β ∈ Γ. If moreover Γ and Λ
are ordered semigroups, then w is called a morphism of ordered semigroups
if it is a morphism of semigroups and w(α) ≤ w(β) for all α, β ∈ Γ such that
α ≤ β.
For the theory of commutative algebra we refer to [6, 10]. A ring will always
be a commutative ring with a unit. If F is a field, then an F-algebra is a
ring that contains F as a unitary subring. An affine ring over a field F is
by definition a ring isomorphic with F[X1, . . . , Xm]/I for some ideal I in
F[X1, . . . , Xm]. Let α = (α1, . . . , αm) ∈ Nm

0 . Then a monomial Xα1
1 · · ·Xαm

m

will be denoted by Xα.
For the theory of valuations we refer to [5, VI] and [11]. For the theory of
Gröbner basis we refer to [1, 9, 10].

2 A generalization of an order function

In this paper the minimal element of a well-order (Γ, <) is denoted by 0,
unless it is mentioned otherwise. If (Γ, <) is an order, then Γ−∞ = Γ∪{−∞}
is the order with −∞ as minimal element, and Γ∞ = Γ ∪ {∞} is the order
with ∞ as maximal element.
Consider the following definitions from [17, 28, 27].

Definition 2.1 Let (Γ, <) be a well-order. An order function on an F-
algebra R is a surjective function

ρ : R −→ Γ−∞,

such that the following conditions hold

(O.0) ρ(f) = −∞ if and only if f = 0
(O.1) ρ(af) = ρ(f) for all nonzero a ∈ F
(O.2) ρ(f + g) ≤ max{ρ(f), ρ(g)}
(O.3) If ρ(f) < ρ(g) and h 6= 0, then ρ(fh) < ρ(gh)
(O.4) If f and g are nonzero and ρ(f) = ρ(g), then there

exists a nonzero a ∈ F such that ρ(f − ag) < ρ(g).
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for all f, g, h ∈ R.

Remark 2.2 let ρ be an order function on R. Suppose for instance that
ρ(f) < ρ(g) and ρ(f +g) < max{ρ(f), ρ(g)}. Then ρ(f) = ρ(−f) and ρ(g) =
ρ((−f) + (f + g)) ≤ max{ρ(f), ρ(f + g)} < ρ(g), which is a contradiction.
Therefore ρ(f + g) = max{ρ(f), ρ(g)} if ρ(f) 6= ρ(g) for f, g ∈ R.

Remark 2.3 This definition is more general than the one given in [17, 27] in
the sense that we have a map ρ from R to Γ−∞, where (Γ, <) is an arbitrary
well-order, instead of the nonnegative integers (N0, <). In [27] it is assumed
that the map ρ is surjective. In [17] the surjectivity is not assumed, and the
trivial case R = F is allowed. For an arbitrary well-order the surjectivity is
not a restriction, since we can take the well-order on the image of ρ.
The definition of a Gröbner algebra [2] is close to the definition of an order
domain, it is more general in the sense that the semigroup is not necessarily
commutative and that the total order on the semigroup is not necessarily a
well-order, and it is more restricted in the sense that the semigroup satisfies
some finiteness conditions such as the Noetherian property. Gröbner algebras
and finitely generated order domains are suited to develop the theory of
Gröbner basis as noted in [2].
Notice that the definition of an order function in this paper and [17, 27] is
distinct from the one given in [5, III 2.2].

We mention some facts that remain valid in this general setting.

A direct consequence of the definition is the following proposition on subal-
gebras.

Proposition 2.4 Let R be an F-algebra with order function ρ : R → Γ−∞.
Let S be a sub F-algebra of R. Let Λ = {ρ(f)|f ∈ S, f 6= 0}. Let σ(f) = ρ(f)
for all f ∈ S. Then σ : S → Λ−∞ is an order function on S.

Proof. One can generalize the proof in [27, Lemma 2.4]. �

Proposition 2.5 Let ρ be an order function on R. Then we have:
(1) If ρ(f) = ρ(g), then ρ(fh) = ρ(gh) for all h ∈ R.
(2) If f ∈ R and f 6= 0, then ρ(1) ≤ ρ(f).
(3) F = { f ∈ R | ρ(f) ≤ ρ(1) }.
(4) If f and g are nonzero and ρ(f) = ρ(g), then there exists a unique
nonzero a ∈ F such that ρ(f − ag) < ρ(g).
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Proof. One can generalize the proof in [17, Lemma 3.9]. �

Proposition 2.6 If there exists an order function on R, then R is an integral
domain.

Proof. One can generalize the proof in [17, Proposition 3.10]. �

Definition 2.7 Let F be a field. Let R be an F-algebra, Γ a well-order and
ρ : R → Γ−∞ an order function. Then (R, ρ, Γ) is called an order structure
and R an order domain over F.

3 Well-behaving basis

In this section we introduce the useful notion of a well-behaving basis [12,
17, 18] and show a result on the extension of scalars.

Definition 3.1 Let (Γ, <) be a well-order. Let R be an F-algebra. Let
(fα | α ∈ Γ) be a basis of R over F. Let Rγ be the subspace of R generated
by (fα | α ≤ γ). Define

l(α, β) = min{ γ ∈ Γ | fαfβ ∈ Rγ }.

The basis is called well-behaving, if l(α, γ) < l(β, γ) for all α, β, γ ∈ Γ such
that α < β.

Proposition 3.2 Let (R, ρ, Γ) be an order structure over F. Let (fα | α ∈ Γ )
be a sequence of elements in R such that ρ(fα) = α for all α ∈ Γ. Then this
is a well-behaving basis. So there exists a well-behaving basis.

Proof. The induction argument with respect to an arbitrary well-order is
similar to the one given for N0 in [17, Proposition 3.12]. �

Proposition 3.3 Let (Γ, <) be a well-order. Let (fα | α ∈ Γ) be a well-
behaving basis of the F-algebra R. Define ρ(f) = −∞, if f = 0. If f is not
zero define ρ(f) = γ, where γ is the minimal element of Γ such that f ∈ Rγ.
Then (R, ρ, Γ) is an order structure.
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Proof. The induction argument with respect to an arbitrary well-order is
similar to the one given for N0 in [17, Proposition 3.14]. �

A consequence of the propositions on well-behaving bases is the following
result on the extension of scalars.

Proposition 3.4 Let F be a subfield of G. Let (R, ρ, Γ) be an order structure
over F. Then (R⊗F G, ρ, Γ) is an order structure over G.

Proof. See [27, Proposition 1.18]. The F-algebra R has a well-behaving basis
(fα | α ∈ Γ) over F by Proposition 3.2. So (fα | α ∈ Γ) is a well-behaving
basis over G for R ⊗F G. Hence R ⊗F G is an order domain over G by
Proposition 3.3. �

4 The value semigroup

The value semigroup of an order structure and a weight function of rank r
are defined. It is shown that every finitely generated inverse-free semigroup
appears as the value semigroup of an order structure. The filtration, the
associated graded algebra of an order structure are defined and its relation
with the graded structures in [32] is given.

Remark 4.1 Let (R, ρ, Γ) be an order structure. We have seen in Propo-
sition 3.2 that R has a well-behaving basis, and with the help of this basis
the function l(α, β) was defined. But in fact this function does not depend
on the chosen well-behaving basis, since Rγ = { f ∈ R | ρ(f) ≤ γ } and
l(α, β) = min{ γ | RαRβ ⊆ Rγ }.

Definition 4.2 Let (R, ρ, Γ) be an order structure. Consider the following
definitions as in [17, 7.1] and [27, Definition 1.9]. The binary operation + on
Γ is defined by α + β = l(α, β). The minimum element of Γ is denoted by 0.
Then (Γ, +, 0) is called the value semigroup of the order structure.

Proposition 4.3 Let (R, ρ, Γ) be an order structure. Then (Γ, +, 0, <) is a
well-ordered semigroup.

Proof. See also [27, Proposition 1.10]. That 0 is the neutral element follows
from Proposition 2.5 and Condition (O.0) of Definition 2.1.
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The associativity and commutativity of + follow from the fact that multi-
plication in R is associative and commutative and properties of the order
function.
The well-order < is admissible, since l(α, γ) < l(β, γ) if α < β. �

Remark 4.4 From now on the well-order (Γ, <) of an order structure (R, ρ, Γ)
is a well-ordered semigroup. It follows directly from the definitions that

(O.5) ρ(fg) = ρ(f) + ρ(g)

for all f, g ∈ R. Here −∞ + α = −∞ for all α ∈ Γ−∞. It is clear that
condition (O.3) is a consequence of (O.5).

We generalize the definition of a ”weight function” [17, Definition 3.5] as
follows.

Definition 4.5 Let < be an admissible well-order on (Nr
0, +). Let R be an

F-algebra. A weight function on R is a function

ρ : R −→ Nr
0 ∪ {−∞},

such that it satisfies the conditions (O.0), (O.1), (O.2), (O.4) and (O.5).
Then Γ = { ρ(f) | 0 6= f ∈ R } is called the value semigroup of the weight
function.

Remark 4.6 Notice that we do not require that the weight function be sur-
jective.
Let ρ be a weight function. Then the order and the addition on Nr

0 induce a
well-ordered semigroup on Γ, and (R, ρ, Γ) is an order structure.
We will see in Corollary 5.7 that every order structure with a finitely gener-
ated value semigroup is induced by a weight function.
Remark that our use of the notion ”weight function” is distinct from [10,
§15.2, p. 327].

A second consequence of the proposition on well-behaving bases is the ex-
istence of order structures over F-algebras with a given well-ordered value
semigroup. This uses the well-known construction of semigroup algebras.
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Definition 4.7 Let (Γ, +, 0, <) be a well-ordered semigroup. By definition
the semigroup algebra F[Γ] has as basis ( Xα | α ∈ Γ ) over F. The multi-
plication is defined on the basis elements by

XαXβ = Xα+β

and extended linearly.

Proposition 4.8 Let (Γ, +, 0, <) be a well-ordered semigroup. Let F be a
field. Then there exists an order structure over F with (Γ, +, 0, <) as well-
ordered value semigroup.

Proof. Consider the semigroup algebra R = F[Γ] with basis ( Xα | α ∈ Γ ).
Then l(α, β), the minimal element γ in Γ such that XαXβ ∈ F[Γ]γ, is equal
to α + β. Hence l(α, γ) < l(β, γ) if α < β, since < is admissible. Therefore
( Xα | α ∈ Γ ) is a well-behaving basis by Proposition 3.3, and F[Γ] is an
order domain with (Γ, +, 0, <) as well-ordered value semigroup. �

Remark 4.9 Every well-ordered semigroup is inverse-free, and therefore tor-
sion free. A torsion free semigroup has an admissible linear order by [36,
Proposition 1.3]. An admissible linear order on a finitely generated inverse
free semigroup is a well-order. Hence every finitely generated inverse free
semigroup appears as the value semigroup of an order structure.

Remark 4.10 The orders on Nr
0 and Zr are classified in [31, Theorem 5]

and [32, Theorem 2.5]. That is to say we can find a1, . . . , ar in Rr such that
for a,b ∈ Nr

0: a < b if and only if there exists a t such that a.ai = b.ai for
all i < t and a.at < b.at. Here a.b means the standard innerproduct.

Definition 4.11 Let (R, ρ, Γ) be an order structure. Let Rγ = { f ∈
R | ρ(f) ≤ γ }. Define R<γ = { f ∈ R | ρ(f) < γ }. Then ( Rγ | γ ∈ Γ )
defines a filtration of R , that means that [5, III.§2]

RαRβ ⊆ Rα+β

for all α, β ∈ Γ. Define the associated Γ- graded algebra by

Gr(R) =
⊕
γ∈Γ

Rγ/R<γ
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Remark 4.12 Let Γ be a well-ordered semigroup. Let R = F[Γ]. Then
clearly the graded ring Gr(R) of the order structure (R, ρ, Γ) is isomorphic
with R. We will see in Proposition 6.5 that for every order domain R with a
finitely generated semigroup Γ we have that Gr(R) is isomorphic with F[Γ].

Remark 4.13 Let (R, ρ, Γ) be an order structure. Let (fα | α ∈ Γ) be
a well-behaving basis. Let gα be the coset of fα modulo R<α. Define the
map F : R → Gr(R) by F (0) = 0 and F (f) = aρ(f)gρ(f) for every nonzero
f ∈ R such that f =

∑
α≤ρ(f) aαfα. Let D(Γ) be the totally ordered group of

differences of Γ. Then (R,D(Γ), ρ, Gr(R), F ) is a graded F-structure in the
sense of [32].

5 Finitely generated order structures

It is shown that every order structure over F with a finitely generated value
semigroup is finitely generated as an algebra over F and has a weight function.

Definition 5.1 An order structure (R, ρ, Γ) over a field F is called finitely
generated or Noetherian if (Γ, +) is a finitely generated semigroup.

Proposition 5.2 Let (R, ρ, Γ) be a finitely generated order structure over a
field F. Then R is a finitely generated algebra over F.

Proof. The semigroup is finitely generated, so there exist γ1, . . . , γm ∈ Γ such
that for all γ ∈ Γ there exist α1, . . . , αm ∈ N0 such that γ = α1γ1+· · ·+αmγm.
The order function ρ is surjective, so there exist x1, . . . , xm ∈ R such that
ρ(xi) = γi for all i = 1, . . . ,m. We claim that F[x1, . . . , xm] = R. The
proof is by induction on ρ(f). The minimal element of Γ−∞ is −∞ and
0 ∈ F[x1, . . . , xm] is the only element of R that maps to −∞. Let γ ∈ Γ.
Suppose that g ∈ F[x1, . . . , xm] for all g ∈ R such that ρ(g) < γ. Let
f ∈ R such that ρ(f) = γ. Then there exist α1, . . . , αm ∈ N0 such that
γ = α1γ1 + · · · + αmγm. Hence ρ(f) = ρ(xα1

1 · · ·xαm
m ). So there exists a

nonzero a ∈ F such that g = f − axα1
1 · · ·xαm

m and ρ(g) < γ. Therefore
g ∈ F[x1, . . . , xm] by the induction assumption, so f ∈ F[x1, . . . , xm]. Hence
R = F[x1, . . . , xm] is finitely generated as an algebra over F.
The proof of Proposition 5.2 in case Γ is a sub semigroup of N0 is given in
[29, Theorem 1]. �
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Definition 5.3 Let (Γ, +, 0) be a semigroup. The rank of Γ is defined by

dimQ D(Γ)⊗Z Q,

where D(Γ) is the group of differences of Γ.

Remark 5.4 Let (Γ, +, 0) be a finitely generated semigroup. Then D(Γ) is
a finitely generated abelian group. Hence D(Γ) is isomorphic with the direct
sum of a finite group and Zr for some nonnegative integer r, by the structure
theorem of finitely generated abelian groups [19, §10]. So D(Γ)⊗Z Q ∼= Qr,
where r is the rank of Γ.

Remark 5.5 If an order domain over a field F is finitely generated as an
algebra over F, then it is not necessarily so that the semigroup Γ is finitely
generated. In Example 9.6 from [27, Example 5.2] an order function is given
on F[X, Y ] which has a semigroup in {a/2n|a ∈ Z, n ∈ N0} of rank one that
is not finitely generated.

Theorem 5.6 Let (Γ, +, 0) be an inverse-free semigroup. Suppose that Γ is
finitely generated and of rank r. Then there exists an embedding ϕ : Γ → Nr

0

of semigroups. Furthermore the rank r of Γ is the smallest integer such that
there exist an embedding of Γ in Nr

0.

Proof. The semigroup is finitely generated and inverse-free, and therefore
torsion free. So Γ is embedded in D(Γ) which is isomorphic with Zr, where r
is the rank of Γ, by Remark 5.4. Identify the embedding and the isomorphism
as a subset and an equality, respectively, as follows

Γ ⊆ D(Γ) = Zr ⊆ Rr.

Let g1, . . . ,gm be generators of Γ. Let C(Γ) be the cone of Γ defined by

C(Γ) = { x ∈ Rr | x =
∑

aigi, ai ∈ R, ai ≥ 0 for all i = 1, . . . ,m }.

Then C(Γ) is convex, and an inverse-free sub semigroup of Rr.
The cone C(Γ) is the intersection of finitely many halfspaces H1, . . . , Hm, by
[41, Theorem 1.3], where Hi = { x ∈ Rr | hi · x ≥ 0 }. We may assume that
the hi have integer coefficients, since the generators g1, . . . ,gm have integer
coefficients.
Moreover the hi generate Rr as a vector space over R, since C(Γ) is inverse
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free.
Therefore we may assume that h1, . . . ,hr generate Rr. The intersection
of H1, . . . , Hi−1, Hi+1, . . . , Hr is a halfline. Let bi be a vector with integer
coefficients in this halfline. Then b1, . . . ,br are independent. Let Λ be the
sub semigroup generated by b1, . . . ,br. Then the cone C(Λ) is equal to the
intersection of the halfspaces H1, . . . , Hr, which contains C(Γ). Hence the gi

are a linear combination of the bj

gi =
r∑

j=1

αijbj

with αij nonnegative real numbers. The αij are in fact rational numbers,
since the coefficients of the gi and the bj are integers. Divide the bj by the
least common multiple of the denominators of the αij. Then we may assume
that the αij are nonnegative integers. Let ai = (αi1, . . . , αir). Then the map
ϕ(
∑

αigi) =
∑

αiai is well-defined and is an embedding of semigroups of Γ
in Nr

0.
If Γ is embedded in Ns

0 as semigroups, then D(Γ) ∼= Zr is embedded in Zs as
groups. Hence r ≤ s, and the rank of Γ is smallest number s such that Γ has
an embedding in Ns

0.
Notice that in [6, Proposition 6.1.5] it is shown that Γ has an embedding in
Nm

0 , where m is the number of halfspaces that have the cone C(Γ) as common
intersection. �

Corollary 5.7 Let (R, ρ, Γ) be a finitely generated order structure of rank
r. Then there exists an admissible well-order on Nr

0 and an embedding of Γ
in Nr

0 of well-ordered semigroups such that ρ : R → Nr
0 ∪ {−∞} is a weight

function and r is the rank of the value semigroup.

Proof. The value semigroup Γ is a finitely generated semigroup, and Γ can
be viewed as a sub semigroup of Nr

0, where r is the rank of Γ, by Theorem
5.6. Now Γ is a well-ordered semigroup so this well-order has an extension
to an admissible well-order on D(Γ). Now D(Γ) is embedded in D(Nr

0) = Zr

and is also free of rank r. Hence D(Γ)⊗ZR = Rr. The orders Zr are classified
by Remark 4.10. That is to say we can find a1, . . . , ar in Rr such that for
a,b ∈ D(Γ): a < b if and only if there exists a t such that a.ai = b.ai

for all i < t and a.at < b.at. This defines an order on Rr and therefore an
well-order on Nr

0 that extends the order on Γ. Hence ρ : R → Nr
0 ∪ {−∞} is

a weight function and r is the rank of the value semigroup. �
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Remark 5.8 The value semigroup of a weight function of rank 1 is finitely
generated. Order domains with a weight function of rank 1 are classified
in [21, Theorem 1]. They are the affine coordinate rings of absolutely irre-
ducible (possibly singular) affine curves over F that have exactly one place
P at infinity, this place is rational over F and ρ(f) = −vP (f), where vP is
the valuation at P .
The value semigroup of a weight function of rank larger than 1 is not necessar-
ily finitely generated. Take for instance the sub semigroup Γ in N2

0 generated
by the elements (1, j) for all j ∈ N0. Then we have a weight function of rank
2 on the order domain F[Γ].

We will see in Theorem 11.9 that the rank of a finitely generated order
structure is equal to the dimension of the order domain as a ring.

6 The Krull valuation of an order structure

In this section it is shown that the order function on an order domain gives
a valuation on the field of fractions. This result is used to prove that a
finitely generated order structure has a normalized basis, and that the asso-
ciated graded algebra is isomorphic with the semigroup algebra of the value
semigroup. For the theory of valuations we refer to [5, VI] and [11].

Proposition 6.1 Let (R, ρ, Γ) be an order structure. Let D(Γ) be the totally
ordered group of differences of Γ. Let K be the field of fractions of R. Then
there is a unique way to extend the order function ρ : R → Γ−∞ to a map
ρ̃ : K → D(Γ)−∞ that satisfies the conditions (O.0), (O.1), (O.2), (O.3),
(O.4) and (O.5).

Proof. See also [27, Theorem 3.1]. Define ρ̃(0) = −∞ and ρ̃(f/g) = ρ(f)−
ρ(g) for f, g ∈ R and f 6= 0. Then ρ̃ is well-defined.
We will show condition (O.4). Let ρ̃(f/g) = ρ̃(h/k). Then ρ(f) + ρ(k) =
ρ(h)+ ρ(g). So ρ(fk) = ρ(gh). Hence there exists a nonzero a ∈ F such that
ρ(fk − agh) < ρ(fk). Therefore

ρ̃(f/g − ah/k) = ρ(fk − agh)− ρ(gk) < ρ(fk)− ρ(gk) = ρ̃(f/g).

The other conditions are straightforward to check and are left to the reader.
Condition ((O.5) gives that the extension ρ̃ is unique. �
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Remark 6.2 The map v = −ρ : K → D(Γ)∞ is a Krull valuation, with
Rv = { f ∈ K | v(f) ≥ 0 } as valuation ring , Mv = { f ∈ K | v(f) > 0 } as
the maximal ideal and with residue field F. This is shown in [27, Theorem
3.1].
The ring Rv is in a sense the opposite ring of the order domain R in the field
of fractions K that is to say Rv = { f ∈ K | ρ(f) ≤ 0 } and R ⊂ { f ∈
K | ρ(f) ≥ 0 } ∪ {0}.
The Krull dimension of Rv is equal to the height of D(Γ), that is the number
of isolated subgroups minus one. See [5, VI.4.3]. We will show in Section 11
a similar characterization of the Krull dimension of R as the rank of Γ.
In [27, Proposition 4.2] it is shown that three of the four cases in Zariski’s
[40] classification of valuations on function fields of algebraic surfaces give
rise to order domains and one does not. See also Remark 11.10.
Condition (O.4) is not part of the definition of a Krull valuation.
Similarly as for ρ one sees that also for ρ̃ the constant a in Condition (O.4)
is unique.

Definition 6.3 Let (R, ρ, Γ) be an order structure. A well-behaving basis
(fα | α ∈ Γ) is called normalized if

ρ(fαfβ − fα+β) < ρ(fα+β)

for all α, β ∈ Γ.

Proposition 6.4 A finitely generated order structure has a normalized basis.

Proof. Let (R, ρ, Γ) be a finitely generated order structure. Then D(Γ) = Zr,
where r is the rank of Γ, by Theorem 5.6. Let K be the field of fractions of
R. Consider ρ̃ : K → Zr

−∞. Choose ti ∈ K such that ρ̃(ti) = ei, the i-th
standard basis element of Zr. Let tα = tα1

1 · · · tαr
r . Let (fα | α ∈ Γ) be a

well-behaving basis. For every α ∈ Γ there is a unique nonzero aα ∈ F such
that

ρ̃(tα − aαfα) < ρ̃(tα),

by Proposition 6.1 and Remark 6.2. Then aαaβ = aα+β for all α, β ∈ Γ, since
the aα are unique. Define f̃α = aαfα. Then (f̃α | α ∈ Γ) is a normalized
basis. �
The following proposition gives an application of the existence of a normalized
basis.
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Proposition 6.5 Let (R, ρ, Γ) be a finitely generated order structure. Then
the graded algebra Gr(R) is isomorphic with the semigroup algebra F[Γ].

Proof. The order structure has a normalized basis ( fα | α ∈ Γ ) by Propo-
sition 6.4. Then fα ∈ Rα \R<α. Let gα be the coset of fα in Rα/R<α. Then
( gα | α ∈ Γ ) is a normalized basis of Gr(R), we even have that gαgβ = gα+β

for all α, β ∈ Γ. Hence the map gα 7→ Xα maps a basis of Gr(R) to a basis of
F[Γ] which gives an isomorphism of vector spaces from Gr(R) to F[Γ], which
is an isomorphism of F-algebras. �

7 Tensor product

A third consequence of the proposition on well-behaving bases is on the tensor
product of order domains. Before giving this result, we give the algebraic
geometric meaning of the tensor product and a preparation on the direct sum
of well-ordered semigroups.

Example 7.1 Let R and S be affine F-algebras, so R = F[X1, . . . , Xm]/I
and S = F[Y1, . . . , Yn]/J are the coordinate rings of the varieties X and Y .
Then the tensor product R⊗F S is given by

R⊗F S = F[X1, . . . , Xm, Y1, . . . , Yn]/(I + J).

It is the coordinate ring of X × Y . See [10, 39].

Definition 7.2 Let (Γ, +Γ, 0, <Γ) and (Λ, +Λ, 0, <Λ) be well-ordered semi-
groups. Let < be an admissible well-order on the direct sum Γ⊕Λ. Then <
is compatible with the well-orders on Γ and Λ if (α, δ) < (γ, δ) for all α, γ ∈ Γ
and δ ∈ Λ such that α <Γ γ; and (α, β) < (α, δ) for all α ∈ Γ and β, δ ∈ Λ
such that β <Λ δ.

Example 7.3 Let (Γ, +Γ, 0, <Γ) and (Λ, +Λ, 0, <Λ) be well-ordered semi-
groups. Define the lexicographic order <lex on Γ ⊕ Λ by (α, β) <lex (γ, δ)
if and only if α <Γ γ, or α = γ and β <Λ δ. Then <lex is an admissible
well-order on the direct sum that is compatible.

Example 7.4 Let (Γ, +Γ, 0, <Γ) and (Λ, +Λ, 0, <Λ) be well-ordered semi-
groups, that are embedded in (Nr

0, +Γ, 0, <Γ) and (Ns
0, +Λ, 0, <Λ), respec-

tively, as well-ordered semigroups. The degree of α ∈ Nr
0 is defined by
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deg(α) =
∑

αi. Define the total degree lexicographic order <dlex on Γ⊕Λ by
(α, β) <dlex (γ, δ) if and only if deg(α, β) < deg(γ, δ), or deg(α, β) = deg(γ, δ)
and (α, β) <lex (γ, δ). Then <dlex is an admissible well-order on the direct
sum that is compatible. Furthermore, if <Γ and <Λ are well-orders that are
isomorphic with the well-order on N0, then <dlex is also an well-order that is
isomorphic with the well-order on N0,

From now on we will omit the subscripts Γ and Λ in +Γ, <Γ, +Λ and <Λ.

Let (R, ρ, Γ) and (S, σ, Λ) be order structures. The F-algebra R has a
well-behaving basis (fα | α ∈ Γ) over F, and S has a well-behaving basis
(gβ | β ∈ Λ), by Proposition 3.2. Then the elements fα ⊗ gβ, α ∈ Γ, β ∈ Λ
form a basis of R⊗F S by [39, Theorem 33].

Let < be an admissible well-order on Γ ⊕ Λ that is compatible. Define the
map

ρ⊗ σ : R⊗F S → (Γ⊕ Λ)−∞,

by

ρ⊗ σ
(∑

λαβfα ⊗ gβ

)
= max{ (α, β) | λαβ 6= 0 },

where the maximum is taken with respect to the well-order < on Γ⊕ Λ.

Proposition 7.5 Let (R, ρ, Γ) and (S, σ, Λ) be order structures over F. Then
(R⊗F S, ρ⊗ σ, Γ⊕ Λ) is an order structure over F.

Proof. We have that α1 + α2 = min{ γ ∈ Γ | fα1fα2 ∈ Rγ } for α1, α2 ∈ Γ,
and β1 + β2 = min{ δ ∈ Λ | gβ1gβ2 ∈ Sδ } for β1, β2 ∈ Λ,which are strictly
increasing in both arguments. Define the function l by

l((α1, β1), (α2, β2)) = min{ (γ, δ) ∈ Γ⊕Λ | (fα1⊗gβ1)(fα2⊗gβ2) ∈ (R⊗FS)(γ,δ) }.

There exist aα1α2γ ∈ F such that

fα1fα2 =
∑

γ≤α1+α2

aα1α2γfγ,

and for every α1, α2 ∈ Γ: aα1α2α1+α2 6= 0. Similarly, there exist bβ1β2δ ∈ F
such that

gβ1gβ2 =
∑

δ≤β1+β2

bβ1β2δgδ,

16



and for every β1, β2 ∈ Λ: bβ1β2β1+β2 6= 0.
Now

(fα1⊗gβ1)(fα2⊗gβ2) = (fα1fα2)⊗(gβ1gβ2) =
∑

γ≤α1+α2

∑
δ≤β1+β2

aα1α2γbβ1β2δfγgδ,

and aα1α2α1+α2bβ1β2β1+β2 6= 0.
Furthermore, (γ, δ) ≤ (α1 + α2, β1 + β2) if γ ≤ α1 + α2 and δ ≤ β1 + β2

and the first inequality is strict if γ < α1 + α2 or δ < β1 + β2, since < is
compatible with the well-orders on Γ and Λ.
Hence l((α1, β1), (α2, β2)) = (α1 +α2, β1 +β2). Therefore l is strictly increas-
ing in both arguments, since < is admissible. So (fα ⊗ gβ | α ∈ Γ, β ∈ Λ)
is a well-behaving basis of R⊗F S. By Proposition 3.3 we have that ρ⊗ σ is
an order function. �

Remark 7.6 Similarly one shows that if ρ : R → Nr
0 ∪ {−∞} is a weight

function of rank r and σ : S → Ns
0 ∪ {−∞} is a weight function of rank s,

then ρ⊗ σ : R⊗F S → Nr+s
0 ∪ {−∞} is a weight function of rank r + s.

Remark 7.7 If the well-orders on Γ and Λ of the order domains R and S
are finitely generated and both are isomorphic with (N0, <), then <dlex is an
admissible well-order on Γ⊕ Λ that is isomorphic with (N0, <), by Example
7.4. Hence Proposition 7.5 is also true in the old sense of order domains
[17, 27] in case they are finitely generated.

8 The theory of Gröbner bases for order do-

mains

We consider the following generalization of the theory of Gröbner bases [1,
7, 9, 36] on order domains due to [27], which is closely related to the work of
[2].

Definition 8.1 Let (Γ, +, 0, <) be a well-ordered semigroup. Let ≤p be the
partial order defined by α ≤p β if and only if β = α + γ for some γ ∈ Γ. Let
Σ be a subset of Γ. Define

min Σ = { α ∈ Σ | if β ∈ Σ, β ≤p α, then β = α },

the set of minimal elements of Σ.
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For every β ∈ Σ there exists an α ∈ min Σ such that α ≤p β, see [27, Lemma
1.12].

Definition 8.2 Let (R, ρ, Γ) be an order structure. Let I be an ideal in R.
Define

Σ(I) = { ρ(f) | f ∈ I, f 6= 0 }.
σ(I) = min Σ(I).

The footprint or delta set of I is by definition

∆(I) = Γ \ Σ(I).

A subset G of I is called a Gröbner basis of I if σ(I) ⊆ { ρ(g) | g ∈ G }. A
Gröbner basis G of I is called minimal if for every γ ∈ σ(I) there is exactly
one g ∈ G such that γ = ρ(g).

Theorem 8.3 Let (R, ρ, Γ) be an order structure over F. Let I be an ideal
in R and G a Gröbner basis of I. Then Σ(I) is an ideal in Γ and G generates
I in R. Let ( fα | α ∈ Γ ) be a well-behaving basis. Then every f ∈ R is
equivalent modulo I to ∑

α∈∆(I)

aαfα

with aα ∈ F for all α, and this expression is unique. In particular, the
dimension of R/I over F is equal to the number of elements of ∆(I). If Γ is
finitely generated, then σ(I) is finite.

Proof. Generalize the proof of [27, Proposition 1.13]. See also [2]. �

Definition 8.4 A minimal Gröbner basis G of I is called reduced with re-
spect to a given well-behaving basis (fα | α ∈ Γ) if for every γ ∈ σ(I) the
unique g ∈ G such that γ = ρ(g) can be written as g = fγ −

∑
α∈∆(I) aαfα

with aα ∈ F for all α.

Proposition 8.5 Let (R, ρ, Γ) be an order structure over F. Let I be an ideal
in R. Then there exists a unique reduced Gröbner basis of I with respect to a
given well-behaving basis. If moreover the order structure is finitely generated,
then for a given ideal I one can choose a normalized basis (fα | α ∈ Γ) in
such a way that fα ∈ I for all α ∈ Σ(I) and the reduced Gröbner basis of I
is equal to (fα | α ∈ σ(I)).
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Proof. Generalize the proof of [27, Proposition 1.15] for the first part.
For the second part. Choose elements fα ∈ R for all α ∈ Γ such that fα ∈ I
for all α ∈ Σ(I). Then (fα | α ∈ Γ) is a well-behaving basis by Proposition
3.2. We may assume that the basis is normalized by multiplying all the basis
elements with a suitable constant, as shown in Proposition 6.4. We still have
that fα ∈ I for all α ∈ Σ(I). The reduced Gröbner basis of I are now
elements of this well-behaving basis, by the first part of the proposition. �

Remark 8.6 We refer to [2, Theorem 12] for the generalization of the algo-
rithm of Buchberger to obtain a Gröbner basis. The algorithm of Berlekamp-
Massey-Sakata [3, 20, 35] can be generalized for order domains [17, 16, 26, 27].
For both algorithms one has a generalization of the notion of S polynomials:
the set of S-elements S(f, g). To be of practical use one has to assume that
the value semigroup is finitely generated. Then the set of S-elements and
min Σ(I) are finite.

9 The factor ring construction

The factor ring theorem will be given. It turns out to be very useful for the
construction of new order structures.

Theorem 9.1 Let (Γ, +, 0, <) and (Λ, +, 0, <) be well-ordered semigroups.
Let w : Γ → Λ be a surjective morphism of well-ordered semigroups. Let
(R, ρ, Γ) be an order structure. Let ( fα | α ∈ Γ ) be a well-behaving basis.
Let I be an ideal in R with Gröbner bases G. Suppose that the restriction
w : ∆(I) → Λ of w to the footprint of I is injective. Suppose that every
element g of G has exactly two terms of the same maximal w-value, that is
to say g is of the form

g = afα + bfβ +
∑

w(γ)<δ

cγfγ,

where a, b ∈ F∗, α 6= β and δ := w(α) = w(β). Let S = R/I. Let gα be the
coset of fα modulo I in S. Then ( gα | α ∈ ∆(I) ) is a well-behaving basis of
S. Let σ : S → Λ−∞ be the the associated order function. Then (S, σ, Λ) is
an order structure and σ has the property that σ(gα) = w(fα) for all α ∈ Γ.
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Proof. This theorem is the fourth consequence of well-behaving bases. It is
a generalization of [13, Theorem I.7.1] for weight functions of arbitrary rank,
and of [28, Theorem 5.11] [23, Theorem 1], [24, Theorem 5.17], [25, p.1411]
and [22, Theorem 3.11] for weight functions of rank 1. In all these cases
R = F[X1, . . . , Xm] and Γ = Nm

0 . The above proofs can be generalized in a
straightforward manner using the Gröbner basis theory of Theorem 8.3.
From the above references it might not be clear that the assumptions imply
that the map σ : S → Λ−∞ is surjective. But is assumed that the map
w : Γ → Λ is surjective. Hence for every α ∈ Λ there is a β ∈ Γ such that
w(β) = α. Now using the appropriate generalization of [28, Lemma 5.10] one
shows that

fβ ≡ afδ +
∑

δ 6=γ∈∆(I)

aγfγ ( mod I),

for some δ ∈ ∆(I) and aγ ∈ F and a ∈ F∗ such that w(β) = w(δ) > w(γ)
for all γ with δ 6= γ ∈ ∆(I). Hence σ(fδ + I) = w(δ) = α. Therefore
σ : S → Λ−∞ is surjective. �

Definition 9.2 Let
w : Nm

0 → Nr
0

be a morphism of semigroups. Let < be an admissible order on Nr
0. Let ≺

be an admissible order on Nm
0 . Define ≺w by α ≺w β if and only w(α) <

w(β), or w(α) = w(β) and α ≺ β. Then ≺w is an admissible well-order
on Nm

0 and w is a morphism of ordered semigroups. This map induces a
map on the monomials by w(Xα) = w(α) and on the nonzero polynomials,
by w(

∑
aαXα) = max{w(α) | aα 6= 0}, where the maximum is taken with

respect to <.

Example 9.3 Let a1, . . . , am−1 and b1, . . . , bm−1 be positive integers such
that gcd(ai, bj) = 1 for all 1 ≤ i ≤ j < m. Let w : Nm

0 → N0 be the
morphism of semigroups defined by w(α) =

∑m
i=1 αia1 · · · ai−1bi · · · bm−1. Let

I be the ideal in F[X1, . . . , Xm] generated by

Fi = Xai
i −Xbi

i+1 + Gi for i = 1, . . . ,m− 1,

where Gi ∈ F[X1, . . . , Xi+1] and w(Gi) < a1 · · · aibi · · · bm−1. Then the
ring S = F[X1, . . . , Xm]/I has a weight function σ, such that σ(xi) =
a1 · · · ai−1bi · · · bm−1 for all i. See [17, Example 3.22] and [28].
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Example 9.4 Let R(m, n) = F[Xij|1 ≤ i ≤ m, 1 ≤ j ≤ n] be the polyno-
mial ring in the variables Xij, the entries of an m× n matrix. Let I(m, n, r)
be the ideal in R(m, n) generated by the r × r minors of this matrix. The
ring R(m, n, r) = R(m,n)/I(m, n, r) is called a generic determinantal ring.
In [13, Example I.6.6] and [13, Example I.7.9] it is shown that R(2, n, 2) and
R(m, m,m) are order domains as a consequence of Theorem 9.1. We leave it
as an open question which generic determinantal rings are order domains.

Example 9.5 The admissible well-orders on Nm
0 are classified in [32]. In this

way we get a family of order functions on F[X1, . . . , Xm] ∼= F[Nm
0 ]. But not

all order functions on F[X1, . . . , Xm] are of this type. Consider the morphism
of semigroups w : N3

0 → N2
0 defined by w(α1, α2, α3) = α1(3, 0) + α2(4, 0) +

α3(0, 1). Let Λ be the numerical semigroup generated by (3, 0), (4, 0) and
(0, 1). Let G = X4

1 −X3
2 + X3. Let I be the ideal generated by G. Then the

conditions of Theorem 9.1 are fullfilled. Hence we have an order structure
(S, σ, Λ), where S = F[X1, X2, X3]/I ∼= F[X1, X2] and a value semigroup that
is not isomorphic with N2

0. See [13, Example I.7.8]. We leave it as an open
question to classify all the order functions on polynomial rings.

Example 9.6 Here we derive an alternative way of the surprising result in
[27, Example 5.2] by using the factor ring construction. In [27] the theory of
[40] on valuations of the field of rational function on algebraic surfaces and
an infinite sequence of blowing ups is used.
Define by recursion the following sequence of rational numbers:

λ1 = 1, and λi+1 = 2λi − 2−i for all i ∈ N.

Then
λi = 1

3
(2i + 2−i+1) for all i ∈ N.

Let Λ be the semigroup generated by all the λj, j ∈ N. Let Λi be the
semigroup generated by all the λj, j ≤ i+1. We have the following relations
between the generators

2λi+1 = 3λi +
i−1∑
j=0

λj.

The semigroup 2i−1Λi is a sub semigroup of N0 and is telescopic, see [17, 18],
as we can see from the above relations. Hence the semigroup is a complete
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intersection, by [15], that is to say the above relations generate all the rela-
tions.
Let R = F[X1, X2, . . . , Xn, . . .], the polynomial ring with infinitely many
variables. Take the lexicographic order on the monomials with

1 < X1 < X2 < · · · < Xn < · · ·

By definition N(∞)
0 is the set of all sequences of nonnegative integers such

that at most finitely many of them are nonzero. So R = F[N(∞)
0 ]. Let w be

the morphism of semigroups from N(∞)
0 to Λ defined by w(α) =

∑
i αiλi. Let

≺w be the monomial order on N(∞)
0 associated to w and the lexicographic

order on N(∞)
0 . Then the image of this map is Λ. Let ρ be the order function

on R associated with ≺w. Let

Gi = X2
i+1 −X3

i

∏
j≤i−1

Xj + Xi+2

for i ∈ N. Then

w(X2
i+1) = 2λi+1 = 3λi +

i−1∑
j=0

λj = w

(
X3

i

∏
j≤i−1

Xj

)
> w(Xi+2).

Let G = {Gi | i ∈ N}. Then G is a Gröbner basis. This is a consequence of
the fact that the semigroups Λi are complete intersection, but it also follows
from the fact that the S-polynomials reduce to zero under G.
Let I be the ideal in R generated by G. Then

∆(I) = { α ∈ N(∞)
0 | αi ≤ 1 for all i ≥ 2 }.

Notice that λi = ni2
−i+1, where ni is a positive odd integer. Define l(α) =

max{i | αi 6= 0} for α ∈ N(∞)
0 . Then w(α) = n(α)2−l(α)+1 for all α ∈ ∆(I),

where n(α) is a positive odd integer. Hence the restriction of w to ∆(I) is
injective.
In this way we get by Theorem 9.1 an order structure (S, σ, Λ), where S =
R/I. Now S is isomorphic with F[X1, X2] and Λ is a sub semigroup of Q2,
the localization of Z at the prime 2, that is to say the rational numbers with
only powers of 2 in the denominator. Therefore S is an example of an order
domain of dimension 2 with a value semigroup of rank 1.
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10 The presentation of order domains

The factor ring construction has a converse as shown in [22] for numerical
semigroups. This result can be generalized in a straightforward way. That
is to say every order domain of a finitely generated order structure can be
constructed as a factor ring of the order structure (F[X1, . . . , Xm], ρ, Nm

0 ),
where ρ(Xα) = α and ≺w is an appropriate order on Nm

0 . Special attention
is devoted to monomial order domains.

Let (R, ρ, Γ) be a finitely generated order structure. We may assume that
Γ is embedded in Nr

0 as well-ordered semigroup by Theorem 5.6 where r is
the rank of Γ. Let γ1, . . . , γm be generators of Γ as a semigroup. Choose
x1, . . . , xm ∈ R from a normalized basis, see Proposition 6.4, such that
ρ(xi) = γi for all i. Then R = F[x1, . . . , xm] by Proposition 5.2. Let
ϕ : F[X1, . . . , Xm] → R be defined by ϕ(Xi) = xi. Then the map is a mor-
phism of rings. Let I be the kernel of ϕ. Then ϕ induces an isomorphism ,
since ϕ is surjective. From now on we identify R with F[X1, . . . , Xm]/I.

Let A = {γ1, . . . , γm}. Define the map w : Nm
0 → Nr

0 by w(α) =
∑

αiγi. Let
< be the order on Nr

0. Let ≺ be an admissible order on Nm
0 . Let ≺w be the

admissible order on Nm
0 as in Definition 9.2.

Definition 10.1 Let

∆(A) = {α ∈ Nm
0 | if w(α) ≤ w(β), then α �w β }

as in [22, 23, 24, 25]. Let σ(A) be the set of minimal elements with respect
to the partial order ≤p of the set Σ(A) = Nm

0 \∆(A).

Lemma 10.2 The set { xα | α ∈ ∆(A) } is a basis of R over F.

Proof. See [23, Lemma 10], [24, Lemma 5.13], [25, p. 1410]. Generalize the
proof in [22, Proposition 3.4]. �

Lemma 10.3 We have that ∆(I) = ∆(A).

Proof. See [24, Section 5.4], [25, p. 1417]. Generalize the proof in [22,
Lemma 3.7]. �
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Theorem 10.4 With the above notation we have that σ(A) is finite and for
each α ∈ σ(A) there is a unique α′ ∈ ∆(A) such that w(α′) = w(α) and we
can write xα in a unique way as

xα′
+

∑
γ∈∆(A), w(γ)<w(α)

cαγx
γ,

where cαγ ∈ F for all γ. Given this representation, define the polynomial

Gα = Xα −Xα′ −
∑

γ∈∆(A), w(γ)<w(α)

cαγX
γ.

Then σ(I) = σ(A) and {Gα | α ∈ σ(A) } is a reduced Gröbner basis of I.

Proof. See [34, Propositions 13 and 14], [23, Lemma 14], [24, Lemma 5.16],
[25, p. 1410-1411] and [27, Proposition 1.15]. The proof in [22, Theorem
3.10] in the rank one case can be generalized to arbitrary well-ordered finitely
generated semigroups in a straightforward way. That the coefficient of xα′

can be chosen to be 1 is new and is a consequence of Proposition 6.4 on the
existence of a normalized basis. �

Remark 10.5 In Proposition 4.8 we have seen that every well-ordered semi-
group appears as the value semigroup of an order structure. In particular
F[Nr

0] which is isomorphic with F[T1, . . . , Tr], is an order domain. Let Γ be
a finitely generated sub semigroup of Nr

0, with generators γ1, . . . , γm. Then
F[Γ] is an order domain by Remark 4.9, but also by Proposition 2.4, since it
is a sub F-algebra of F[Nr

0].
The algebra F[Γ] is called a monomial algebra. We prefer this terminology
above toric algebra, since the exponents α have nonnegative integers as coor-
dinates, and the ring F[Γ] is not necessarily normal, see [38, Chap. 13]. Let
w : Nm

0 → Nr
0 be the morphism of semigroups defined by w(α) =

∑m
i=1 αiγi

as before. Define the ideal I(Γ) in F[X1, . . . , Xm] by

I(Γ) = { Xα −Xβ | w(α) = w(β) for α, β ∈ Nm
0 }.

Then I(Γ) is called the binomial ideal or toric ideal of the monomial algebra.
The following proposition states that F[X1, . . . , Xm]/I(Γ) is an order domain
isomorphic with F[Γ] ∼= F[T γ1 , . . . , T γr ] and with Theorem 10.4 we conclude
that I(Γ) has { Xα −Xα′ | α ∈ σ(I) } as a reduced Gröbner basis, but this
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theorem does not give an algorithm to compute σ(I). This will be the content
of the following proposition. Let <lex be the order on Nr

0 ⊕ Nm
0 defined in

Example 7.3 such that the order on Nr
0 is the lexicographic order and ≺w is

the order on Nm
0 .

Proposition 10.6 With the above notation we have that F[X1, . . . , Xm]/I(Γ)
is an order domain isomorphic with F[Γ] ∼= F[T γ1 , . . . , T γr ] with a weight
function σ such that σ(xi) = w(Xi) for all i, and value semigroup equal to
Γ. Apply Buchberger’s algorithm to produce a Gröbner basis G of the ideal
generated by

T γ1 −X1, . . . , T
γm −Xm

with respect to <lex. Let GX = G ∩ F[X1, . . . , Xm]. Then GX is a Gröbner
basis of I(Γ) with respect to ≺w.

Proof. See [13, Proposition I.6.2], and Lemma 4.1 and Algorithm 4.5 of [38].
It is used that <lex is a so called elimination order , see [9, Chap. 3 §3] and
[10, 15.10.4]. That F[Γ] has a finite presentation is also shown in [15]. �

Remark 10.7 Since we have a found in Theorem 10.4 a Gröbner basis
for the defining ideal of a finitely generated order domain, we can apply
Schreyer’s procedure, see [37] and [10, Theorem 15.5], to get the syzygies of
the order domain. See [8] for the syzygies of monomial algebras.

11 The dimension of order domains

The dimension of a ring can be given in many different ways, such as the
Krull dimension, by means of the transcendence degree or with the help of
Hilbert functions. For affine domains over a field these definitions all agree.
See [10, Chap. 8].

In this section we will show that the dimension of an order with a finitely
generated semigroup is equal to the rank of the value semigroup. Although
this theorem looks rather obvious at first sight, there are several pitfalls one
must circumvent.

Definition 11.1 Let R be a ring. Then the Krull dimension of R is the
length d of the longest chain

P0 ⊂ P1 ⊂ · · · ⊂ Pd
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of d + 1 mutually distinct prime ideals in R, and is denoted by dim R.

Let R be a ring, then

dim R = sup{ dim RP | P a prime ideal in R },

where RP is the localization of R at P . See [10, Ch. 8].

Definition 11.2 The transcendence degree tr.deg.FR of an affine domain R
over a field F is the transcendence degree of Q(R) over F, where Q(R) is the
field of fractions of R. See [10, Appendix A.1] and [9, Ch. 9, §5 Definition
8].

If R is an affine domain over a field F, then dim R = tr.deg.F. See [10,
Theorem A, page 286]

Proposition 11.3 The dimension of an order domain is at least the rank of
the value semigroup.

Proof. Let r be the rank of the value semigroup Γ of the order domain R.
Then we can find elements γ1, . . . , γr ∈ Γ that are independent in Q(D(Γ))
over Q. So N0〈γ1, . . . , γr〉 is isomorphic to Nr

0. Choose x1, . . . , xr ∈ R such
that ρ(xi) = γi for all i. Let S = F[x1, . . . , xr]. Then S is a subring of R and
is isomorphic to the polynomial ring F[X1, . . . , Xr]. Hence

r = tr.deg.FS ≤ tr.deg.FR.

�
The following proposition holds in greater generality as we will see in The-
orem 11.9. We have included this formulation since its proof is elementary.
The general proof needs the theory of Hilbert functions.

Proposition 11.4 Let (R, ρ, Γ) be a finitely generated order structure such
that the well-order on Γ is isomorphic with the natural numbers. Then the
dimension of R is equal to the rank of Γ.

Proof. We may assume by Theorem 5.6 that Γ is a sub semigroup of Nr
0,

where r is the rank of Γ, since Γ is finitely generated. The well-order <
on the value semigroup is induced by a well-order on Nr

0 and these are all
classified in [31, 32] and mentioned in Remark 4.10. That is to say we can
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find a1, . . . , ar in Rr such that for a,b ∈ Nr
0: a < b if and only if there exists

a t such that a.ai = b.ai for all i < t and a.at < b.at. Here a.b means the
standard innerproduct.
Now the order < is isomorphic to the natural numbers if and only if the
coordinates of a1 are all positive. See [27, Example 1.3].
Define

R(n) = {f ∈ R | ρ(f).a1 ≤ n}.

Then R(n) is a vector space over F and its dimension is at most equal to the
number of integral points b ∈ Nr

0 such that b.a1 ≤ n.
Suppose that tr.deg.FR = s, then there exists a transcendence basis x1, . . . , xs

of R. Let
b = max{ ρ(xi).a1 | for all i = 1, . . . , s }.

Then R(b) contains x1, . . . , xs and R(bn) contains all monomials in x1, . . . , xs

of degree at most n. These are independent and the number of these is(
n + s

s

)
=

ns

s!
+ lower order terms in n

which is a polynomial in n of degree s. Hence the dimension of R(bn) is
bounded from below by a polynomial in n of degree s.
Now a1 is a vector with positive coordinates. Let c be the minimum of all
the coordinates of a1. Then c > 0.
The set of all b ∈ Nr

0 such that b.a1 ≤ bn is included in the multi-cube of all
all b ∈ Nr

0 such that bi ≤ bn/c for all i. The dimension of R(bn) is at most
the number of integral points in this multi-cube which is at most (1+ bn/c)r.
Hence the dimension of R(bn) is bounded from above by a polynomial in n
of degree r. Therefore s ≤ r. Proposition 11.3 gives s ≥ r. �

Definition 11.5 See [27, Definition 2.3]. Let R be an order domain with
order function ρ. A monomial basis is a set of elements x1, . . . , xr in R such
that x1, . . . , xr is a transcendence basis of R and the order of the monomials
in x1, . . . , xr are mutually distinct, that is to say ρ is injective on the set
{ xα | α ∈ Nr

0 }.

Remark 11.6 We want to show Theorem 11.9 that the dimension of an
order domain is equal to the rank of the value semigroup. In case R is a
semigroup algebra, this is well-known and not difficult to show. In general

27



we have to assume that the semigroup is finitely generated as Example 9.6
from [27, Example 5.2], of an order function on F[X,Y ] with a semigroup in
Q of rank 1 shows us.
One might think that any transcendence basis of an affine order domain is
monomial. But Example 9.5 shows us that this is not the case. If Γ has rank
r, then there exist elements γ1, . . . , γr that are independent. Take x1, . . . , xr

such that ρ(xi) = γi. Then the order of the monomials in x1, . . . , xr are mu-
tually distinct, by definition. Hence the sub ring F[x1, . . . , xr] is isomorphic
to the polynomial ring in r variables, as we have seen in Proposition 11.3.
But it is not clear whether x1, . . . , xr is a transcendence basis. If we could
choose x1, . . . , xr in such a way that R is finitely generated as a module over
the sub ring F[x1, . . . , xr], then Q(R) is a finite field extension of the field of
rational functions F(x1, . . . , xr), by [10, Corollary 4.5], thus we would have
shown the theorem. But it is not clear whether this is always possible.

We will show the theorem by means of the theory of Hilbert functions. In
our set up the existence of a monomial basis will be Corollary 11.11.

Definition 11.7 Let (A,M, F) be a local ring, that is to sayM is the unique
maximal ideal of the ring A and A/M = F is the residue field. The Hilbert
functions H and h of (A,M, F) are defined by

H(n) = dimF A/Mn+1,

h(n) = dimFMn/Mn+1.

Remark 11.8 Let (A,M, F) be a local ring with Hilbert functions H and
h, then H(n) =

∑
m≤n h(m) and then there exist (unique) polynomials

P (T ), p(T ) ∈ Z[T ] such that H(n) = P (n) and h(n) = p(n) for all large
n ∈ N. So the degree of H and h is well defined. We have that

dim A = deg P = 1 + deg p

whenever (A,M, F) is a Noetherian local ring. See [10, Theorem 12.1].

Theorem 11.9 Let (R, ρ, Γ) be a finitely generated order structure over a
field F. Then the dimension of R is equal to the rank of Γ.
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Proof. Let (R, ρ, Γ) be a finitely generated order structure. Then we may
assume that Γ is embedded in Nr

0 as an ordered semigroup, where r is the
rank of Γ by Theorem 5.6.
We may assume without loss of generality that F is algebraically closed by
Proposition 3.4 on the extension of scalars.
Let M be a maximal ideal of R. Then R/M = F by Hilbert’s Nullstellensatz
[10, Theorem 4.19].
Theorem 8.3 on Gröbner bases gives that the size of the delta set of M is
the dimension of R/M which is 1. Furthermore ρ(f) 6= 0 for all f ∈ M,
otherwise M contains a unit. Hence the delta set of M is equal to {0} and
Σ(M) = {ρ(f) | 0 6= f ∈M } = Γ \ {0}.
Let a1, . . . am be a set of generators of Γ. We can choose x1, . . . , xm ∈M such
that ρ(xi) = ai for all i. We proceed as in Theorem 10.4 on the presentation of
R. We identify R with F[X1, . . . , Xm]/I where I has Gröbner basis { Gα | α ∈
σ(A) } and ∆(A) is the delta set of I. Now the x1, . . . , xm generate the ideal
M. Hence the monomials xα with deg(α) = n generate the ideal Mn. So
the monomials xα with deg(α) ≤ n generate R/Mn+1 as a vector space over
F. Now the monomials xα such that α ∈ ∆(A) form a basis for R over F.
Therefore the monomials xα such that α ∈ ∆(A) and deg(α) ≤ n generate
R/Mn+1 as a vector space over F. The restriction of the weight function w
to ∆(A) is injective by definition of ∆(A). So the dimension of R/Mn+1 is
at most equal to the number of elements in the set

∆(A, n) = { w(α) | α ∈ ∆(A), deg(α) ≤ n }.

Let N = max{ aij | i = 1, . . . , r, j = 1, . . . ,m }. Then ∆(A, n) is contained in
the multi-cube {b ∈ Nr

0 | bi ≤ N for all i } which has (N(n + 1))r elements.
The dimension of RM/(MRM)n+1 is at most the dimension of R/Mn+1.
Hence H(n) ≤ (N(n + 1))r. So the degree of H is at most r, since N is
independent of n. Therefore the dimension of (RM,MRM, F) is at most r
for every maximal ideal of R. So the dimension of R is at most r, by [10,
Theorem 12.1]. We have already seen in Proposition 11.3 that the dimension
of R is at least r. �

Remark 11.10 The special case of Theorem11.9 where the transcendence
degree of R is at least 2 and Γ is a numerical semigroup is excluded by [27,
Proposition 4.2], [21, Theorem 1], and [13, Theorem I.9.1].

Corollary 11.11 A finitely generated order structure has a monomial basis.
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Proof. We have seen in Proposition 11.3 that we can find x1, . . . , xr ∈ R
such that ρ(x1), . . . , ρ(xr) are independent and F[x1, . . . , xr] is isomorphic to
the polynomial ring in r variables, where r is the rank of Γ. Hence they are
transcendent over F. Theorem 11.9 gives that the transcendence degree of
R is r. Hence x1, . . . , xr is a transcendence basis of R. The map ρ is injec-
tive on the monomials in x1, . . . , xr, since ρ(x1), . . . , ρ(xr) are independent.
Therefore they form a monomial basis. �

Remark 11.12 Let ρ be a weight function of rank r on an order domain R.
So the value semigroup Γ is a sub semigroup of Nr

0, but it is not necessarily
finitely generated. We leave it as an open question whether also in this case
the rank of Γ is equal to the dimension of R.
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[38] B. Sturmfels, Gröbner bases and convex polytopes, Univ. Lect. Series
vol. 8, Amer. math. Soc., Providence, Rhode Island, 1996.

[39] O. Zariski and P.Samuel, Commutative algebra, vol I, Van Nostrand,
London 1958.

[40] O. Zariski, “The reduction of singularities of an algebraic surface,” Ann.
of Math. vol. 40, pp. 639-689, 1939.

[41] G. Ziegler, Lectures on polytopes, Grad. Texts in Math. vol. 152,
Springer, New York 1995.

33


