TU /e A oF Residue calculus
TECHNOLOGY Complex Analysis (2WAR80)

z cos(z)
sin(z) —1°

Question 1. Let f(z) =
(a) Determine the isolated singularities of f and their type.

(b) Compute the value of the integral / f(2)d=.
|z|=m

Solution.

(a) The isolated singularities are the zeros of sin(z) — 1, i.e., p = 7/2 + 2kw, k € Z. The zeros of
zcos(z) are ¢ =0 and ¢ = 7/2 + km, k € Z.

The zeros of sin(z) — 1 are of order 2, since
(sin(z) — 1)'|, = cos(p) =0, and (sin(z) —1)"|, = —sin(p) = —1 # 0,
while the zeros of zcos(z) are of order 1 since

(= cos(2))'], = cos(q) — qsin(q) # 0.

Hence, the isolated singularities of f in p are poles of order 1.

(b) The value of the integral can be determined by the residue theorem. Since p = 7/2 is the
only pole of f within the inner region of {|z| = 7}, we have that

e () — 9 iy (BT T/2)c08(2)
/_ﬁf(z)dz-eres%(f)—27mzh_>m% sn(s) —1 z

= omi <Zli_>n% %) (lemg Z)
.y <hm cos(z) — (2 — 7/2) Sin(z))

Py cos(z)
2 <lim —sin(z) — sin(2) - (z —m/2) cos(z)> P
25T — sin(z)
Question 2. Determine the integral / su;& dz.
o z(z+1)

Solution.  Set f(z) = 2= We first notice that f(—z) = f(), i.e., f is even. Therefore,

z(z241)
| twae=; [ )i

We further observe that f(z) has an isolated singularity at z = 0 that is removable. To avoid the
singularity, we will consider a deformed axis « that loops over the point z = 0. More specifically, we
consider v = (—o0, 1JUK U[1, 00), where K = {$e~"®=™ € C | 6 € (0, 7)}. Since f is holomorphic
in the strip between—¢ and ¢, and R and ~ are homotopic, we have due to homotopic invariance

B B Sln( ) B i eiz B i e—iz
/f dz = /f dz = / (z2+1)d2_2i 772(Z2+1)dz QiA—z(32+1)dZ
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T2 ,Yz(z—z)(z—i—z)dz 2 5 2(z — i) (2 +1)

dz.

For the first integral, we obtain

/ L dz = 2mi resé = 2mi lim ; = —mie !
L z2(z—i)(z+1) "2z —i)(z+14) i 2(z+1) '
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As for the second integral, we obtain

/761 — omifresy S e T
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Altogether, we obtain
> 1 1 -1
/0 f(w) do = /f -2 ( (e ™) — o (~2ri) (1 - %)) =Ta-e).

27 :

sin 0
Question 3. Determine the integral / e
o 2—cosf

Solution. ~ We simply apply the transformation cos() = (e’ +e79) /2, sin(9) = (e —e~")/(2i)

to obtain
2m : -1 2
3 1 — -1
/ sin 0 o :/ 1 z—z _ dz :/ 22 ds
o 2—cosf oBy(0) 14— (2 +271) iz a8, (0) 2(22 =4z +1)

*/ -1 dz *'/ f(z)dz
a8, (0) 2(2 = A1)(z — A2) " JoBy(0) ’

where \; = 2 ++/3 ¢ B1(0), Ao = 2 — /3 € B;(0). Using the residue theorem, we get

/ f(2)dz = 2mi (veso(f) + resy, (f)) = 2mi (hm L + lim z27—1>
9B1(0)
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Question 4. (a) Show that the function f(z) = SIII(Z)—Z—?)ZCOS(Z) is entire.

sin(z) — x cos(x) .

(b) Use (a) to determine the integral / =
R

Solution.

(a) From the definition of sin(z) and cos(z), we find
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Hence, f(z —+Z ( o + D! (( 2n))! ) 2(n=1) ig a power series with convergence radius

o0, and is therefore entlre
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(b) Since f is entire, we can choose a deformed axis « that loops over the top of z =0 to avoi(_l the
point z = 0, without changing the integral. Then we use the formulas cos(z) = (€' +e~"%)/2
and sin(z) = (e** — e~%*)/(2i) to obtain

1 eiz _ e—iz eiz + e—iz
/Rf(a;)das—Lf(z)dz_5[Y e = dz
1 1 - 1 .
:§/<—3—i2>€12d2—§/< )e_”dz
v 1z z v
z

1 1
:__/Z+Z ’de + /Z 3 7zde
2 5 23 2 y %

Notice that 2% e’* is holomorphic on the upper side of v with deg(2%’) < —2, and therefore
the first mtegral vanishes. Since deg( 2) < —2 and the only isolated singularity on the lower
side of 7 is z = 0, which is a pole of order 3, we obtain from a theorem from the lecture:

1 s ) . —1z
/Rf(:c)dacQ/WZZ?’Ze”dz7rireso(Z jge
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Question 5. Evaluate the integral / #s(x) dx.
o 2*(2®+1)
Solution. We begin by noticing that the integrand is even. Hence,

“1—cos(z) , 1 [ 1—cos(x)
/0 x2(x2 +1) de = 2 /]R x2(z2 4+ 1) dr.

Now set f(z) = (1 —cos(z))/(2%(22 +1)). Then

Loour) 1 (1 -y (‘”fﬂ) =1 (1-(1-2/2+0(Y) = +0(=Y),

and f is therefore meromorphic with simple poles z = +i. Choosing the deformed axis v =
(—o00,1/2]UK U[1/2,00) that avoids z = 0 from above, where K is the semi-circle with radius 1/2
and centred in z = 0, and noticing that

f( ) 1 ) eiz + e—iz 1 1 eiz 1 e—iz
z) = — = _Z _Z
22(z2+ 1) 2 2(224+1)  222(2241)  222(z2+1)

we have that
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Since the rational function 1/(z2(2% + 1)) has degree < —2, we can apply the theorems from the
lecture to deduce

1 1
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m[dz(z2+1) + 21’} m{ r 21'} m2+e™)

eiz
————dz = 2mires;
2(2+1) z Wzres(
22+1

/
[ =

z=0



TU /e A oF Residue calculus
TECHNOLOGY Complex Analysis (2WAR80)
Altogether, we obtain

1 — cos(x 1 me~ 7(2+eh) 1
/0 x2(a:2—|—1 /f 5( Tty Ty )‘5”6 '

1 —cos(z) — 5 sin(z)
A

is entire.

Question 6. (a) Show that the function f(z) =

dx.

0 1 _ I
(b) Use (a) to determine the integral / cos(xl I 3 $in(7)
0

Solution.

(a) Using the series definition of cos and sin, we have that

n=0
1, 1 001
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a” 7;3( ) ((2n) 2(2n — 1) >Z

R N G 1\ ona_ 1 o~ (D7 L\ an
f(z)_ﬂ_gmnl)!(”%)z _I_;%%H)!(Hnm)z’

which is a power series with the convergence radius of R = 0o, and is therefore entire.

(b) We begin by noticing that f is even. Therefore,

/Ooof<x)da:= 3 S

Since f is entire, we can choose a line v that goes over x = 0, without changing the integral.

In this case, we have

1 1 eiZ+e—iz 1 eiz_e—iz

Since 1/z* and 1/2® are holomorphic on the upper side of v with degree < —2, we have from

the lecture that . )
1 e’LZ eZZ
S v v ?

As for the other terms, we obtain

e "? _ e "? 1 dd 2mi, 4 27
[y i dz = —2miresy = —27rz§$e |.=0 = —?(—z) =3

et , e 1 a2 2mi, 9 2mi
‘/Y 23 dz = —271'11‘880? = _27”5@6 |z:0 = _7(—2) = ?

Altogether, we have
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Question 7. Let f be holomorphic on the upper half plane, and on the real axis. Suppose that
there exist real positive constants M, Ry and « such that |f(w)| < M|w|~® for all |z| > Ry.

(a) For a positive real R > 0, consider the Jordan curve

v = [-R,R]U K}, where K}; is the semi-circular arc Im
in the upper half plane with centre 0 and radius R, i.e.,
K} ={2€C:|z| =R, Im(z) > 0}. Kf
Show that
lim (—w)dw — 0, > >
Rooo Jpof w — 2 -R R Re

for any point z in the upper half plane.

(b) Use (a) to conclude that

for any z in the upper half plane.
Solution.

(a) Let z be any point in the upper half plane. Choosing R > Ry large such that |z| < R/2, we

have
R=w| = [w—2+2 < |z —w| +|2 < |z — w| + R/2,

for all w € K}, and therefore, |z — w| > R/2. Hence,

fw)

+w—z
KR

Wi =

as R — oo, thereby proving the statement.

(b) Since v = [~ R, R|U K};, we can write

/ Mdt:/ EACONFT B (C)
[,RVR]t—z Np W2 KjpW—2

For R large such that |2| < R, we have that z € 77;. On the other hand, we know that f is
analytic on the upper half plane. Therefore,

Sfw) dw = 2mi reszM =2mi lim f(w) = 2wif(2),
VW2 w—z w—z

due to the residue theorem. Passing to the limit R — oo in the equality above gives

J

which concludes the proof.

IO 4 — i / ) 4y - 2mif(z) — lim T gy — 9riy (2),
t—=z [-R,R]

R—o0 t— =z R—o0 K;w—z



