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Chapter 1

Mathematical Modelling and
Perturbation Methods

Mathematical modelling is an art. It is the art of portraying a real, often physical, problem mathemat-
ically, by sorting out the whole spectrum of effects that play or may play a role, and then making a
judicious selection by including what is relevant and excluding what is too small. This selection is
what we call a model or theory. Models and theories, applicable in a certain situation, are not iso-
lated islands of knowledge provided with a logical flag, labelling it valid or invalid. A model is never
unique, because it depends on the type, quality and accuracy of answers we are aiming for, and of
course the means (time, money, numerical power, mathematical skills) that we have available.

Normally, when the problem is rich enough, this spectrum of effects does not simply consist of two
classes important and unimportant, but is a smoothly distributed hierarchy varying from essential
effects via relevant and rather relevant to unimportant and absolutely irrelevant effects. As a result, in
practically any model there will be effects that are small but not small enough to be excluded. We can
ignore their smallness, and just assume that all effects that constitute our model are equally important.
This is the usual approach when the problem is simple enough for analysis or a brute force numerical
simulation.

Figure 1.1: Concept of hierarchy (turbofan engine)

There are situations, however, where it could be wise to utilise the smallness of these small but im-
portant effects, but in such a way, that we simplify the problem without reducing the quality of the
model. Usually, an otherwise intractable problem becomes solvable and (most importantly) we gain
great insight in the problem.
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Perturbation methods do this in a systematic manner by using the sharp fil-
let knife of mathematics in general, and asymptotic analysis in particular.
From this perspective, perturbation methods are ways of modelling with
other means and are therefore much more important for the understand-
ing and analysis of practical problems than they’re usually credited with.
David Crighton [14] called “Asymptotics - an indispensable complement to
thought, computation and experiment in applied mathematical modelling”.

Examples are numerous: simplified geometries reducing the spatial dimen-
sion, small amplitudes allowing linearization, low velocities and long time
scales allowing incompressible description, small relative viscosity allow-
ing inviscid models, zero or infinite lengths rather than finite lengths, etc.

The question is: how can we use this gradual transition between models of different level. Of course,
when a certain aspect or effect, previously absent from our model, is included in our model, the change
is abrupt and big: usually the corresponding equations are more complex and more difficult to solve.
This is, however, only true if we are merely interested in exact or numerically exact solutions. But an
exact solution of an approximate model is not better than an approximate solution of an exact model.
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Figure 1.2: Compare “exact” and approximate models.

o

So there is absolutely no reason to demand the solution to be more exact than the corresponding model.
If we accept approximate solutions, based on the inherent small or large modelling parameters, we do
have the possibilities to gradually increase the complexity of a model, and study small but significant
effects in the most efficient way.

The methods utilizing systematically this approach are called perturbations methods. Usually, a dis-
tinction is made between regular and singular perturbations. A (loose definition of a) regular perturba-
tion is one in which the solutions of perturbed and unperturbed problem are everywhere close to each
other.

We will find many applications of this philosophy in continuous mechanics (fluid mechanics, elas-
ticity), and indeed many methods arose as a natural tool to understand certain underlying physical
phenomena. We will consider here four methods relevant in continuous mechanics: (1) the method of

8 09-02-2018
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slow variation and (2) the method of Lindstedt-Poincaré as examples of regular perturbation methods;
then (3) the method of matched asymptotic expansions and (4) the method of multiple scales (with
as a special case the WKB method) as examples of singular perturbation methods. In (1) the typical
length scale in one direction is much greater than in the others, while in (2) the relevant time scale is
unknown and part of the problem. In (3) several approximations, coupled but valid in spatially distinct
regions, are solved in parallel. Method (4) relates to problems in which several length scales act in the
same direction, for example a wave propagating through a slowly varying environment.

In order to quantify the used small effect in the model, we will always introduce a small positive
dimensionless parameter ¢. Its physical meaning depends on the problem, but it is always the ratio
between two inherent length scales, time scales, or other characteristic problem quantities.

9 09-02-2018
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Chapter 2

Modelling and Scaling

2.1 Theory

2.1.1 What is a model? Some philosophical considerations.

Mathematics has, historically, its major sources of inspiration in applications. It is just the unexpected
question from practice that forces one to go off the beaten track. Also it is usually easier to portray
properties of a mathematical abstraction with a concrete example at hand. Therefore, it is safe to say
that most mathematics is applied, applicable or emerges from applications.

Before mathematics can be applied to a real problem, the problem must be described mathematically.
We need a mathematical representation of its primitive elements and their relations, and the problem
must be formulated in equations and formulas, to render it amenable to formal manipulation and to
clarify the inherent structure. This is called mathematical modelling. An informal definition could be:

Describing a real-world problem in a mathematical way by what is called a model, such
that it becomes possible to deploy mathematical tools for its solution. The model should
be based on first principles and elementary relations and it should be accurate enough,
such that it has reasonable claims to predict both quantitative and qualitative aspects of
the original problem. The accuracy of the description should be limited, in order to make
the model not unnecessary complex.

This is evidently a very loose definition. Apart from the question what is meant with: a problem being
described in a mathematical way, there is the confusing paradox that we only know the precision
of our model, if we can compare it with a better model, but this better model is exactly what we
try to avoid as it is usually unnecessarily complex! In general we do not know a problem and its
accompanying model well enough to be absolutely sure that the sought description is both consistent,
complete and sufficiently accurate for the purpose, and not too formidable for any treatment. A model
is, therefore, to a certain extent a vague concept. Nevertheless, modelling plays a key role in applied
mathematics, since mathematics cannot be applied to any real world problem without the intermediate
steps of modelling. Therefore, a more structured approach is necessary, which is the aim of the present
chapter.

11
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Some people define modelling as the process of translating a real-world problem into mathematical
terms. We will not do so, as this definition is too wide to include the subtle aspects of “limited pre-
cision” (to be discussed below). Therefore we will introduce the word mathematising, defined as the
process of translating a real-world problem into mathematical terms. It is a translation in the sense
that we translate from the inaccurate, verbose “everyday” language to the language of mathematics.
For example, the geometrical presence and evolution of objects in space and time may be described
parametrically in a suitable coordinate system. Any properties or fields that are expected to play a role
may be formulated by functions in time and space, explicitly or implicitly, for example as a differential
equation.

Mathematising is an elementary but not trivial step. In fact, it forms probably the single most important
step in the progress of science. It requires the distinction, naming, and exact specification of the
essential relevant elementary objects and their interrelations, where mathematics acts as a language
in which the problem is described. If theory is available for the mathematical problem obtained this
way, the problem considered may be subjected to the strict logic of mathematics, and reasoning in this
language will transcend over the limited and inaccurate ordinary language. Mathematising is therefore,
apart from providing the link between the mathematical world and the real world, also important for
science in general.

A very important point to note is the fact that such a mathematised formulation is always at some
level simplified. The earth can be modelled by a point or a sphere in astronomical applications, or
by an infinite half-space or modelled not at all in problems of human scale. Based on the level of
simplification, sophistication or accuracy, we can associate an inherent hierarchy to the set of possible
descriptions. A model may be too crude, but also it may be too refined. It is too crude if it just
doesn’t describe the problem considered, or if the numbers it produces are not accurate enough to be
acceptable. It is too refined if it includes irrelevant effects that make the problem untreatable, or make
the model so complicated that important relations or trends remain hidden.

The ultimate goal for mathematising a problem is a deeper understanding and a more profound anal-
ysis and solution of the problem. Usually, a more refined problem translation is more accurate but
also more complicated and more difficult — if not impossible! — to analyse and solve than a simpler
one. Therefore, not every mathematical translation is a good one. We will call a good mathematical
translation a model or mathematical model if it is lean or thrifty in the sense, that it describes our
problem quantitatively or qualitatively in a suitable or required accuracy with a minimal number of
essentially different parameters and variables. (We say “essentially different”, in view of a reduction
that is always possible by writing the problem in dimensionless form. See Buckingham’s Theorem
below.) Again, this definition is rather subjective, as it greatly depends on the context of the problem
considered and our knowledge and resources. So there will rarely be one “best” model. At the same
time, it shows that modelling, even if relying significantly on intuition, is part of the mathematical
analysis.

12 09-02-2018
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2.1.2 Types of models

We will distinguish the following three classes of models.

e Systematic models.

Other possible names are asymptotic models or reducing models, and it is the most important
type for us here. The starting point is to use available complete models, which are adequate,
but over-complete in so far that effects are included which are irrelevant, uninteresting, or
negligibly small, making the mathematical problem unnecessarily complex. By using avail-
able additional information (order of magnitude of the parameters) assumptions can be made
which minimize in a systematic way the over-complete model into a good model by taking
a parameter that is already large or small to its asymptotic limit: small parameters are taken
zero, large parameters become infinite, an almost symmetry becomes a full symmetry.

Examples of systematic models are found in particular in the well-established fields of con-
tinuum physics (fluid mechanics, elasticity). An ordinary flow is usually described by a model
which is reduced from the full, i.e. compressible and viscous, Navier-Stokes equations.

An example is the convection-diffusion problem described by the “complete” model
oT

— +v.VT =aV?T,
ot

which is difficult to solve, but may be reduced to the much simpler

T
—4+v-VT =0
at

if we have reasons to believe that diffusion term « V2T is small compared to convection.
Another example is the (again difficult) nonlinear pendulum equation
d?e g

W = —Z Sin9,

which may be reduced to the much simpler linear equation

d29_ g

a2~ L
if we know or conjecture that angle 6 is small and sinf ~ 6.

e Constructing models

Another possible name is building block models. Here we build our problem description step
by step from low to high, from simple to more complex, by adding effects and elements
lumped together in building blocks, until the required accuracy or adequacy is obtained. This
type of model is usually the first if a new scientific discipline is explored.

An example is the 1D Euler-Bernoulli model of a flexible bar with small displacements and
where the bending moment is assumed to be a linear function of the radius of curvature.

a*y 9%y 9%y
El— —T— 2o
ot L pp2 T @M,
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e Canonical models.

Another possible name is characteristic models or quintessential models. Here an existing
model is further reduced to describe only the essence of a certain aspect of the problem.
These models are particularly important if the mathematical analysis of a model from one of
the other categories is lacking available theory. The development of such theory is usually
hindered by too much irrelevant details. These models are useful for the understanding, but
usually far away from the original full problem setting and therefore not suitable for direct
industrial application.

An example is Burgers’ equation, originally formulated as an “unphysically” reduced version
of the Navier-Stokes equations in order to study certain fundamental effects,
du n du 0%u
—dtu—=v—.
ot 0x dx?
Note that an asymptotic model may start as a building-block model, which is only found at a later
stage to be too comprehensive. Similarly, a canonical model may reduce from an asymptotic model
if the latter appears to contain a particular, not yet understood effect, which should be investigated in
isolation before any progress with the original model can be made.

The type of model which is most relevant in the context of asymptotic techniques, is the asymptotic
or systematic model. In the following we will explain this further.

2.1.3 Perturbation methods: the continuation of modelling by other means

We have seen above that a real-world problem described by a systematic model, is essentially de-
scribed by a hierarchy of systematic models, where a higher level model is more comprehensive and
more accurate than one from a lower level. Now suppose that we have a fairly good model, describing
the dominating phenomena in good order of magnitude. And suppose that we are interested in im-
proving on this model by adding some previously ignored aspects or effects. In general, this implies a
very abrupt change in our model. The equations are more complex and more difficult to solve. As an
illustration, consider the simple “model” x> = a2, and the more complete “model” x> +&x> = a?. The
first one can be solved easily analytically, the second one with much more effort only numerically. So
it seems that the relation between solution and model is not continuous in the problem parameters.
Whatever small ¢ we take, from a transparent and exact solution of the simple model at ¢ = 0, we
abruptly face a far more complicated solution of a model that is just a little bit better. This is a pity,
because certain type of useful information (parametric dependencies, trends) become increasingly
more difficult to dig out of the more complicated solution of the complex model. This discontinuity
of models in the parameter ¢ may therefore be an argument to retain the simpler model.

The (complexity of the) model is, however, only discontinuous if we are merely interested in exact
or numerically “exact” solutions (for example for reasons of benchmarking or validation of solution
methods). This is not always the case. As far as our modelling objectives are concerned, we have
to keep in mind that also the improved model is only a next step in the modelling hierarchy and
not exact in any absolute sense. So there is no reason to require the solution to be more exact than
the corresponding model, as an exact solution of an approximate model is not better than an
approximate solution of an exact model. Moreover, the type of information that analytical solutions
may provide (functional relationships, efc. ) is sometimes so important that numerical accuracy may
be worthwhile to sacrifice.

14 09-02-2018
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Let us go back to our “fairly good”, improved model. The effects we added are relatively small.
Otherwise, the previous lower level model was not fairly good as we assumed, but just completely
wrong. Usually, this smallness is quantified by small dimensionless parameters (see below) occurring
in the equations and (or) boundary conditions. This is the generic situation. The transition from a
lower-level to a higher-level theory is characterized by the appearance of one or more modelling
parameters, which are (when made dimensionless) small or large, and yield in the limit a simpler
description. Examples are infinitely large or small geometries with circular or spherical symmetry
that reduce the number of spatial dimensions, small amplitudes allowing linearization, low velocities
and long time scales in flow problems allowing incompressible description, small relative viscosity
allowing inviscid models, efc. In fact, in any practical problem it is really the rule rather than the
exception that dimensionless numbers are either small or large.

If we accept approximate solutions, where the approximation is based on the inherently small or large
modelling parameters, we do have the possibility to gradually increase the complexity of a model,
and study small but significant effects in the most efficient way. The methods utilizing this approach
systematically are called “perturbation methods”. The approximation constructed is almost always an
asymptotic approximation, i.e. where the error reduces with the small or large parameter.

Usually, a distinction is made between regular and singular perturbations. A (loose definition of a)
regular perturbation problem is where the approximate problem is everywhere close to the unper-
turbed problem. This, however, depends of course on the domain of interest and, as we will see, on
the choice of coordinates. If a problem is regular without any need for other than trivial reformula-
tions, the construction of an asymptotic solution is straightforward. In fact, it forms the usual strategy
in modelling when terms are linearised or effects are neglected. The more interesting perturbation
problems are those where this straightforward approach fails.

We will consider here four methods relevant in the presented modelling problems. The first two are
examples of regular perturbation methods, but only after a suitable coordinate transformation. The
other two methods are of singular perturbation type, because there is no coordinate transformation
possible that renders the problem into one of regular type.

The first method is called the Method of Slow Variation, where the typical axial length scale is much
greater than the transverse length scale. The second one is the Lindstedt-Poincaré Method or the
method of strained coordinates, for periodic processes. Here, the intrinsic time scale ( ~ the period of
the solution) is unknown and has to be found. The third one is the Method of Matched Asymptotic
Expansions (MAE). To render the problem into one of regular type, different scalings are necessary
in spatially distinct regions (boundary layers). The fourth method considered here is the Method of
Multiple Scales and may be considered as a combination of the method of slow variation and the
method of strained coordinates, as now several (long, short, shorter) length scales occur in parallel.
This cannot be repaired by a single coordinate transformation. Therefore, the problem is temporarily
reformulated into a higher dimensional problem by taking the various length scales apart. Then the
problem is regular again, and can be solved. A refinement of this method is the WKB Method, where
the coordinate transformation of the fast variable becomes itself slowly varying.

15 09-02-2018
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2.1.4 Nondimensionalisation
2.1.4.1 Buckingham’s [1T-Theorem:

Theorem: If a physical problem is described by n variables and parameters in » dimen-
sions, the number of dimensionless groups is at least' n — r.

Exactly n — r if all r dimensions play a role. More than n — r if some dimensions are redundant, or
occur in the same combination. In that case r is effectively smaller.

Note: mol, rad or dB do not count, because they are dimensionless units.

A way to see this theorem intuitively is as follows.

From the problem variables, parameters, and their combinations we can construct time, length, etc.
scales. They follow from the problem and are therefore called inherent (length, time) scales. For
example, from a velocity V and a length L we have a time L/ V. These new scales can be used for
measuring, instead of meters or seconds. In this way we can replace the original » dimensions by r
new dimensions from (combinations of) r variables. These r variables, when measured in the new
dimensions, are by definition equal to unity, and play no visible role anymore. The remaining n — r
variables, on the other hand, may be expressed in the new dimensions to constitute the essential (and
nondimensional) problem parameters.

Example. A problem with the 4 variables force F, length L, velocity V and viscosity 5 are expressed
in 3 dimensions kg, m and s by [F] = kg m/s?, [L] =m, [V] =m/s and [n] = kg/ms.

With the inherent unit of length L, inherent unit of time L/V and inherent unit of mass nL?/V, the
variables L, V and n become simply 1 (times L, V and 5, respectively). Only force F' becomes some
(dimensionless) number F times the new units as follows:

L2
ey F
F=5. .Y =F -LVn, in other words F=—.
(5)2 LVn
Vv

A more formal way to obtain this is by utilizing a bit linear algebra. We have for any dimensionless
quantity G the condition that it should satisfy for some combination of « = (o1, &, a3, 0t4)

[G] — [FotlLOQ Vot3 not4] — mOt1+Otz+Ot3fot4 kgot1+ot4 87201170[370[4 — mO kgo SO = 1.

In other words we have r = 3 equations for n = 4 unknowns
111 —1) | 0
1 oo 1 |[®]=]o
20 -1 -1 |% 0
0y

Since all equations are independent, this system has rank = 3, the number of equations r, and so
4 — 3 =1 linearly independent solutions. Therefore, there is one dimensionless variable G. (If some

I [1] it is incorrectly stated at most.
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rows are dependent, the rank would have been less than r and the number of independent solutions
more than n — r.) Solving this system yields the solution « = (1, —1, —1, —1), or any multiple of it.
The corresponding dimensionless number is then

which confirms the above result with G = ¥ . Note that other forms, like G2, v/G, 1 /G etc. are
equally possible dimensionless numbers, equivalent to G.

2.1.4.2 Weber’s Law.

Normally, we have in the problems studied several variables and parameters of the same unit (dimen-
sion), which act as each other’s reference to compare with. The opposite situation, when there is no
reference available, is also meaningful.

When a variable is perceived for which there is no reference quantity available to compare with, c.q. to
scale on, the actual value of the variable itself will be the reference. The resulting logarithmic relation
(see below) is known as Weber’s Law?.

Take for example the perceived loudness of sound. Since the range of our human audible sensitivity
is incredibly large (10'* in energy), the loudest and quietest levels are practically infinitely far away.
Therefore, we have no reference or scaling level to compare with, other than the actually perceived
sound itself.

As a result, variations in sound loudness dL are perceived proportional to relative variations of the

physical sound intensity d//I:

dr
dL = K—,
I
for a suitably chosen constant K. After integration we obtain that L varies logarithmically in /.

L=Ly+ Klogl

with L, a conveniently chosen reference level.

As the intensity (the time-averaged energy flux) [ is, for a single tone, proportional to the mean
squared acoustic pressure p2 ., we have the relation L = K log(p2,) + Lo. If

L=2 loglo(Prms/Po)

for a reference value py = 2 - 107> Pascal is taken, we call L the Sound Pressure Level in Bells. The
usual unit is one tenth of it, the decibel.

2Ernst Heinrich Weber, 1834
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2.2 Modelling, Nondimensionalisation and Scaling: Assignments

2.2.1 Travel time in cities

A simple model for the travel time by car between two addresses in a big city is: the time 7 in minutes
is equal to the distance L in kilometers plus the number N of traffic lights passed,

T=L+N.

a) What is this formula if time is measured in hours and distance in miles?
b) Generalise the formula for arbitrary units of time and length.
¢) Make this last version dimensionless in a suitable way.

2.2.2 Membrane resonance.

The resonance frequency w of a freely suspended membrane (like a framedrum, a skin stretched over
a frame without a resonance cavity) is determined by the membrane tension 7', membrane surface
density o, membrane diameter a, air density p, and sound speed c,. In other words, there is a relation

w=f(T,o,a, pg c).

According to Buckingham, this relation can be reduced to a relation between three dimensionless
groups:

frequency , dimension 1/s
2

1)
memb. tension T, kg/s?

o

a

. ’” 2
memb. d_ens1ty ’ . kg/m Buckingham: 6 — 3 = 3 dimensionless groups G
memb. diameter , m
air density Das ? kg/m?
air soundspeed ¢, , ? m/s

G — a)al Ta2o-a3aa4p215€g6

N (kg™ (kg \™ ,, (kg™ (mye
@=(1) (5) () = () )

— m*2a3+0!4*3015+0168*011*20!2*016kg012+0‘3+0¢5 — mOSOkgO

a) Give (mutually independent) examples of the 3 possible dimensionless numbers G.
b) Show that it is possible to write the functional dependence between the frequency and the other
parameters as
G, = F(Gy, G2)

where G, is the only parameter that depends on w. You may introduce for convenience cy =
i . . . . .
(T /o )2, the propagation speed of transversal waves in the membrane in the absence of air loading.
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2.2.3 Ship drag: wave and viscosity effects.

A ship of typical size L, moving with velocity V in deep water of density p and viscosity 5, feels a
drag D due to gravity waves and due to viscous friction, apart from density, velocity and geometry
effects. Symbolically, we have

D= f(g,n, p,V,L).

NHH HH/ V >
lg « L - - P

According to Buckingham, this relation can be reduced to a relation between three dimensionless
groups:

drag D, dimension kgm/s?

length L, ? m

V.eIOCIt.y v " ms Buckingham: 6 — 3 = 3 dimensionless groups G
viscosity n, kg/ms

gravity g, ” m/s?

water density p, ” kg/m?

G = D' L®2 V3% g% p%

a1- (57) o (3 ()" )" ()

— (X1+(xz+0l3—0l4+0l5—3a()s—20l1—0{3—0{4—20{5kg0l1+0l4+c{() — mOSOkgO

a) Give (mutually independent) examples of the 3 possible dimensionless numbers G.
b) Show that it is possible to write the functional dependence between the drag and the other param-
eters as
Gp = F(Gg, Gy)

where Gp is a parameter that depends on D but not on g or 1, G, depends on g but not on D or
n, and G, depends on 7 but not on D or g.
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2.2.4 Sphere in viscous flow

Work out in detail — using Buckingham’s theorem — scaling and non-dimensionalisation of the problem
of the viscous air resistance (drag D, velocity V) of a sphere (radius R) in a fluid (density p, viscosity
n). What would be a suitable scaling if viscosity dominates the resistance? And what if pressure
difference dominates?

v length R, dimension m
velocity V, ? m/s
D = V.n, R
viscosity 7, 7 kg/ms fo. Vo R)
density p, ? kg/m?

Sphere in viscous fluid

2.2.5 Cooling of a cup of tea.

The total amount of thermal energy in a cup of tea of volume V, water density p, specific heat ¢ and
temperature T attime ¢ is E(t) = pcV T (). According to Newton’s cooling law, the heat flux through
the surface A is ¢ = —hA(T — Ty,) with heat transfer coefficient 4. What is the dimension of #? Make
the problem dimensionless and determine the characteristic time scale of the problem.

Confirm this by solving the equation for the decaying temperature 7°(¢)

dE

— =g, TO) =Tp.
dr q 0) 0

2.2.6 The velocity of a rowing boat.

Determine the functional dependence of the velocity v of a rowing boat on the number n of rowers by
using the following modelling assumptions.

The size of the boat scales with the number of rowers (i.e. their volume) but has otherwise the same
shape. So if the volume per rower is G, the volume of the boat is V = nG. Furthermore, the volume
of the boat can be written as a length L times a cross section A = £2 and L = A for a shapefactor A.

The drag only depends on the water pressure distribution and is for high enough Reynolds numbers
givenby D = % pv2ACp, where p is the water density and C), the drag coefficient, which is a constant
as it depends only on the shape of the boat.

The required thrust is therefore ' = D, while the necessary power to maintain the velocity v is then
P = % Ik * F dx’ = Fv. The available power per rower is a fixed p.
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2.2.7 A sessile drop with surface tension.

The height & of a drop of liquid at rest on a horizontal surface with the effect of gravity being balanced
by surface tension is a function of liquid density p, volume L3, acceleration of gravity g, surface
tension y and contact angle 6. As [h] = m, [p] = kg/rn3, [L] =m, [g] = m/s%, [y] = kg/sz, and
[6] = 1, we have 6 — 3 = 3 dimensionless numbers. One is of course the already dimensionless 6.
The second dimensionless number is the Bond number, known to control this kind of problems, and
is given by
2
B =P8
14

The third is a dimensionless number containing #, leading to a functional relationship given by

h = (F(B,0),

where F is dimensionless and £ is an inherent length scale. We have practically two useful choices
for £. One is suitable when B is small (high relative surface tension) and the drop becomes spherical.
The other is the proper scaling when B is large (low relative surface tension), such that the drop will
spread out, flat as a pancake, and & < L. In particular, #/L = O(B~'/?)

Find these two (mutually independent) possible £; and £5,.

2.2.8 The drag of a plate sliding along a thin layer of lubricant.

Find a functional relation for the drag D of a plate of size L x W slipping with velocity V along a
thin layer of grease of thickness / and viscosity 1. Assume that the drag is linearly proportional to the

wetted surface.

length L, dimension m

width W, ” m
velocity V, ”? m/s
viscosity 7, ? kg/ms
thickness #, ” m

2.2.9 The suspended cable

A cable, suspended between the points X = 0, Y = 0and X = D, Y = 0, is described as a linear
elastic, geometrically non-linear inextensible bar® of bending stiffness EI and weight Q per unit
length.

At the suspension points the cable is horizontally clamped such that the cable hangs in the vertical
plane through the suspension points. The total length L of the cable is larger than D, so the cable is
not stretched.

In order to keep the cable in position, the suspension points apply a reaction force, with horizontal
component —H resp. H, and a vertical component V, resp. QL — V. From symmetry we already have

3 A so called Euler-Bernoulli bar.
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30L 1 t30L
—H «— — H
0, 0) (D, 0)

Figure 2.1: A suspended cable

V=QL—-VsoV = %QL is known. On the other hand, H, the force that keeps the cable ends apart,
is unknown.

Let s be the arc length along the cable, and v (s) the tangent angle with the horizon. Then the cartesian
co-ordinates (X (s), Y (s)) of a point on the cable are given by

X(s)=/scos1ﬂ(s’)ds’, Y(s)=/ssin1//(s/)ds/.
0 0

The shape of the cable ¥ (s) and the necessary force H, are determined by the following differential
equation and boundary conditions

2

d*y :
El— = Hsiny — (Qs — V)cos ¢
ds?

Yv(O0)=0, ¥v(L)=0, X(L)=D, Y(L)=0.

a. Make the equations and boundary conditions dimensionless by scaling all lengths on L.
How many (and which) dimensionless problem parameters do we have? How does this conform
to Buckingham’s Theorem?

b. Under what conditions can we approximate the equation by

0= Hsiny — (Qs — V)cos .

Can we keep all the boundary conditions? Which would you keep? Solve the remaining equation.
c. Under what conditions can we approximate the equation by
d>y
El— =Hy — (Qs — V).
ds?
Can we keep all the boundary conditions? Do we have to adapt any to bring it in line with the used
approximation? Can you solve the remaining equation (up to a numerical evaluation)?

2.2.10 Electrically heated metal

A piece of metal €2 of size L is heated, from an initial state 7 (x, t) = 0, to a temperature distribution
T by applying at ¢t = 0 an electric field with potential ¥ and typical voltage V (Fig. 2.2). This heat
source, the energy dissipation of the electric field, is given by the inhomogeneous term o |V|? in the
following inhomogeneous heat equation

aT ) )
Cor =k VT + 0 VY.
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Figure 2.2: A piece of metal heated by an electric field.

The edges are kept at 7 = 0, yielding a dissipation of thermal energy. As time proceeds, the tempera-
ture distribution will converge to a steady state corresponding to an equilibrium of heat production by
the source and heat loss via the edges. We are interested in the typical time this takes and the typical
final temperature.

If we introduce the formal scaling T = Tyu, t = fyt, x = L&, and v = V', then we get

CTodu _ «Top N av2|v e
—— = —Viu+— .
tn or L2 & L2 '%
a. If we take the final (steady state) situation as reference, what would then be our choice for 7j?
b. What is then the choice for the time #,?

Note that the boundary conditions are rather important. If the edges were thermally isolated, we would,
at least initially, have no temperature gradients scaling on L, and the diffusion term « V>T would be
negligible. Only the storage term C %T would balance the source term, and there would be no other
temperature to scale on than o V?#,/CL?. In other words, the temperature would rise approximately
linearly in time.

2.2.11 Traffic waves

A simple (but nonlinear) one-dimensional wave equation, used (for example) to model traffic flow
density o at position x and time ¢, is

ap ap
— +C(p)— =0, p(x,0) = F(x).
ot ox

Since dimensional quantities must include an inherent scale, we can write (with dimensionless shape
functions g and f)

cwy=Cg(5).  Fo=nf ().

a. Make the problem dimensionless in a sensible way. What is the remaining dimensionless param-
eter?
b. Show that the solution p is implicitly given by

p=F@x —C(p)).

It is sufficient to consider the original equation. The dimensionless solution is similar.
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2.2.12 The Korteweg-de Vries equation

A version of the Korteweg-de Vries equation (an equation for certain types of water waves) is given
by
A;t + ngxx + C;é‘x =0

Rescale the { = Ao, x = az and ¢ = f7, such that the remaining equation has only coefficients equal
to 1.

2.2.13 An equation

x satisfies the following equation
) X
ax“+b (—) =0
f L
with parameters a, b and L, and dimensionless function f with dimensionless argument, while [x] =
meters and [b] = seconds.

a) What are the dimensions of ¢ and L?
b) Find, by scaling x = A X for some suitable A and collecting parameters in dimensionless groups
R, equivalent equations of the form

X’ 4+ Rf(X)=0, X*+ f(RX)=0.

¢) Under what conditions can the original equation be approximated by
r(z)=o
7)=

2.2.14 The pendulum

Consider a pendulum consisting of a bob of mass m, suspended from a fixed, massless support of
length L. The acceleration of gravity is g. Depending on time variable ¢, the pendulum angular dis-
placement ¢ () swings between angle —« and «.

angle ¢, dimension -

angle «, ” -
time f, ” S
mass m, ” kg
length L, ? m
gravity g, ? m/s?

a) What is the inherent time scale of the problem?
b) The motion is given by the equation

2

mLF +mgsing = 0.

Using a), make this equation dimensionless.
¢) Under what condition can we approximate the dimensionless equation by
d*¢

g T =0
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2.2.15 Heat convection and diffusion

Consider a steady flow field v = v(x) of air of uniform density o and specific heat capacity c, and
temperature 7 = T (x, t) at position x and time ¢. The heat is convected by the flow and diffused by
Fourier’s law for heat conduction, leading to the equations

aT
pc E-i—v-VT =—-V.q, q=—«VT,

where ¢ is the heat flux density and « is the coefficient of conductivity.

Assume that the typical velocity of the velocity field is Uy, and the length scale of the variation of
both the flow field and the temperature field is L. Neglecting transient effects we have thus a typical
time scale of L/ Uj.

temperature T, dimension K
length scale L, ” m
velocity Uy, ” m/s
density 0, ” kg/m?
heat flux density q. ” W/ m?
specific heat capacity c, ” J/kgK
conductivity K, ” W/mK

a) Under what conditions (i.e. for which small parameter) can the diffusion be neglected, such that

we obtain the simplified equation

oT
— 4+ v-VT =0
ot

b) Show that (under these conditions) the temperature is constant along any streamline x = &(¢),
given by
_ %

V= .
dr
2.2.16 Heat conduction in a long bar

A semi-infinite isolated metal bar, given by 0 < x < 00, is heated by a uniform heat source of constant
flux density Q at x = 0, starting from # = 0. Assume that the initial temperature 7 = 0, such that T
is linearly proportional to Q. The bar metal has a specific heat capacity c, density p and conductivity
k. Due to the uniform source and the isolation, the temperature along a cross section is uniform.

temperature T, dimension K
length X, ? m
time t, ” S
density 0, ? kg/m?
specific heat capacity ¢, ”? J/kgK
conductivity K, ? W/mK
heat source 0, ” W/m?2
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a) According to Buckingham’s IT theorem, there are 6 — 4 = 2 dimensionless groups possible (note
that 7 o« Q, so T/ Q is to be considered as one variable). Give examples of such groups.
b) Show, by using a), that the most general form for T'(x, ) is*

2
T(x.1) = QxF( al pc).

K Kt

c) Assume that T satisfies the equation

aT 3*T
c— =Kk—,
P T
and define the similarity variable n = \/x%pc/kt. Derive the (ordinary) differential equation in
the variable 5 for function F(n) of b). Use the chain rule carefully when differentiating 7" to x and
t. Make sure that the final equation only depends on 7 and contains no x or ¢ dependence anymore.

The solution of this equation is not standard but can be found (for example) by Mathematica or
Wolfram Alpha.

2.2.17 A Simple Balloon

A balloon rises in the atmosphere of density p, such that it is at height 4 (¢) at time ¢. The balloon
of mass m, fixed volume V and cross sectional surface A is subject to inertia —mh”, Archimedean
(buoyancy) force gp,V, weight —mg and air drag —% 0aCqA(h')?, where g = 9.8 m/s? is the acceler-
ation of gravity, and drag coefficient C,; depends on the geometry but is for a sphere (and high enough
Reynolds number) in the order of 0.5.

Together these forces cancel out each other, so altogether we have the following equation for the

dynamics of the balloon
d?h v 1 (dn\’ coa
m—s =gp,V —gm——p, | — .
a2 8P 8 2/0 ar d

Assume that 2(0) = 0 and 4'(0) = 0. The atmospheric air density will vary (in the troposphere, i.e.
for 0 < 2 < 11 km) with the height according to

h o
pa(h) = po (1 — Z) kg/m?, with py = 1.225kg/m>, L =44.33km, o = 4.256.

In practice a flexible balloon will grow in size with the decreasing atmospheric pressure, but we will
ignore this and assume that the material is very stiff.

Make the equation dimensionless on the inherent length and time scales. There are two natural length
scales in the problem (the atmospheric variation L and the diameter of the balloon ~ V3/2 ~ Al/2),
What seems to be the most sensible one? Try both if you hesitate. The suitable time scale can be found
by assuming that the dynamics is dominated by the balance between the buoyancy and the drag. When
is this possibly not the case?

4The seemingly different 7' (x, 1) = (Qt/pcx)G(\/xzpc/Kt) is in reality of the same form. Write F (1) = nsz(r]).
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Introduce convenient dimensionless parameters and (in the case of p,) shape function. Can you inter-
pret these parameters? For what conditions can we neglect the inertia term? Is this reasonable for a
balloon of m = 1kg, V =2 m’ and A = 1.9 m?. What about the initial conditions? The remaining
equation is still difficult, but can you solve it if you assume that m/pV is small, while 1 — & /L is not
small?

2.2.18 A pulsating sphere

The radially symmetric sound field of a pulsating sphere r = ag+a(¢) (with a small) in a medium with
mean density pp and sound speed ¢ is described by the following (linearised) equations for pressure
perturbation p, density perturbation p and velocity perturbation v.

ap v v
— + Po _+2; =O,

ot ar
dv  adp
,OOE + E =0,
p—cop=0.
while
v = 8_a at r = ayg.
ot

If the sphere pulsates harmonically with frequency w, we write for convenience
a =Re(ael®), p =Re(pel), v=Re(@e*), p =Re(pe).
leading to the equations (we eliminate p)
. A 5 (00 0
iwp + pocy | — +2-) =0,
or r

A

. 0
iwpov + &r _ 0.
or

with
U =1iwa at r = ay.

The proper solution of the equations can be shown to be

with constant A to be determined, and the acoustic wavenumber
w 2

o A
where A is the free field wavelength.

a. Determine A by applying the boundary condition at r = ay.

b. Scale p and ¥ on @/ap, and make dimensionless: p on pcj and 9 on co. Lengths can be scaled on
ag and on 1/k. Do both. Their ratio, dimensionless number ¢ = kay, is called Helmholtz number.

c. Simplify the formulas for small source size (known as a compact source), i.e. ¢ = kayg < 1. What
do you get in each case of scaling? Can you interpret the results?
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2.2.19 Similarity solutions for non-linear and linear diffusion

Consider the temperature 7' due to a heat source at r = 0 in a spherically symmetric environment of
specific heat capacity c,, density p and conductivity «.

All parameters are constant, except ¥ which is a function of the absolute temperature 7. We assume
here k = koT"'. For example, for diamond, ko = 27530 W/mK” and n — 1 = —1.26.

We have the equation

aT
'OCPE =V. (KVT)

a) Scale T = Tyu such that we obtain
ou

- VZMn
ot

b) Consider spherically symmetric similarity solutions of the form
u=u(rt)=1t"F(z), z=rt"? r=lx|

What are the restrictions on « and 8? What is the remaining equation for F'?
¢) Find a solution of the form F(z) = Cz™ for particular choice of m and C.

We continue with the more usual model of linear diffusion, i.e. where n = 1.

d) Scale time ¢ such that we obtain for T'(r, t) = u(r, t') (we skip the prime in the following)

ou

— =V
ot

e) Consider again spherically symmetric similarity solutions of the form
u=u(rt)=t"F@), z=rt"" r=|x|

What are the restrictions on o and 8?7 What is the remaining equation for F'? Find the general
solution by using Maple.
f) Assume that the heat source is a source of constant flux Q, which corresponds to a condition

d
/ —kVu-ndS = —47T82K—u =0
r=¢&

r lr=e¢

for any sphere r = ¢, in particular for e—0. For what value of « is this condition satisfied? (Use
Maple to find the behaviour of the integrand for small r.)

g) What is, for this choice of «, the resulting solution if we add the boundary condition that u—
constant for r—o00 ? (Use Maple.)
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2.2.20 Falling through the center of the earth

Although it is unlikely that such a tunnel will ever be excavated in the near future, we assume a
vacuum straight tunnel right through the center of the earth. It connects two opposite points on the
earth’s surface, separated by the earth’s diameter 2R. If the earth’s mass density p is uniform, then
according to Newton’s law of gravitation any object in the tunnel at radial position r is attracted only
by the part of the earth’s mass that is inside the concentric sphere of radius r. The proportionality
constant is the universal gravity constant G.

At time r = 0 at position r = R we drop a stone of negligible mass (compared to the mass of the
earth) with zero initial speed. We wait until the stone returns at time ¢t = 7' (about 84 minutes).

The problem parameters and variables, according to our model, are

radius R, dimension m
position r, ” m

time t, ” S

return time T, ” S
density 0, ? kg/m?
gravity constant G, ” m’/s’kg

Show by dimensional arguments that 7" depends only on p and G, and not on R. In other words, at
whatever depth we release the stone, the return time is the same.

2.2.21 Energy consumption of a car

Consider a car of mass m at position x(¢) and velocity v(t) = x'(¢) at time ¢, moving from x = 0
tox = Lintimet = 0 totr = T along a road of height &(x) at position x. The car is subject to
acceleration force mv’, gravity force —mgh’(x), air drag bv|v| = %,OAC pv|v| (where p is the density
of air, A is the car’s frontal area, and Cp, is its drag coefficient), internal friction cv, and engine thrust
F (). Assuming an always positive velocity, we have then the balance of forces

mv' + bv* + cv + mgh'(x) = F(¢).
We study the extra energy consumption due to velocity fluctuations. by comparing the energy con-
sumption for a steady velocity v(t) = Vy = L/T with a velocity fluctuating around average Vj.

The necessary energy is the work done from x = 0 to L, or the power Fv integrated from ¢t =0to T.

L T
E=/ Fdxz/ Fuvde.
0 0

Check (by integrating the equation) that, if v(0) = v(T) and h(0) = h(L), the energy only depends
on the friction terms, i.e. b and ¢, and therefore not on m.

Make time dimensionless as t = T't and position as x = Ls. Since m plays no role, we make masses
dimensionless on bL, and the other variables similarly. Assume v(¢) = V(1 + eu(r)) with & small,
u(0) = u(1l) = 0, and u normalised by (without normalisation of u, ¢ is not defined)

1
/ w>dr = 1.
0

Find the extra energy consumption due to the fluctuating velocity, in dimensionless form, to leading
order in €.
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Chapter 3

Asymptotic Analysis

3.1 Basic definitions and theorems

It is sometimes of interest to analyse the behaviour of a function near a particular point yg, say y — yo,
especially when this point is a singularity of some kind. We distinguish between the behaviour on the
right side (y | yo) and on the left side (y 1 yo) if yo is finite, and y — =+ oo if yy is infinite. By a
simple coordinate transformation y, can always be assumed to be 0, approached from the right. If
Yo is finite, we can transform ¢ =y — yp or ¢ = yo — y. If it is &= 0o, we can transform ¢ = 1/y or
& = —1/y. In general, we consider therefore f(¢) or f(x, ¢) fore | 0.

1. O (Big O)
f(e) = O(p(e)) as ¢ — O if there are a fixed constant K > 0 and an interval (0, ;) such that

|f (&) < Klp(e)| for 0 <& <eé.

Intuitive interpretation: f can be embraced completely by |¢| (up to a multiplicative constant)
in a neighbourhood of 0. A crude estimate (for example sine = O(1/¢)) is not incorrect, but a
sharp estimate is more informative.

Examples: sine = O(e), (1 —¢)~! = 0(1), sin(1/e) = O(1), (e +&>)~' = 0(™),
In((1 4 &)/e) = O(Ine).

2. o (small o)
f(e) =o(p(e)) as € — 0 if forevery § > O there is an interval (0, &;) such that

|fe)] < 8lp(e)] for 0 <& <&y,

Intuitive interpretation: f is always smaller than any multiple (however small) of |¢| in a neigh-
bourhood of 0. Again, a crude estimate is not incorrect, but a sharp estimate is more informative.

Examples: sin(2e) = o(1), cose = o(e™"), e7%/* = o(¢") for any a > 0 and any n.
3. Oy, (sharp O)
f(&) = Os(p(e)) as ¢ > 0 if f(e) = O(p(e)) and f(e) # o(p(e)).

Intuitive interpretation: f behaves exactly the same (up to a multiplicative constant) as ¢ in a
neighbourhood of 0.

Examples: 2sine = O,(¢), 3cose = O,(1), but there is no n such that Ine = Oy (e").
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4. Similar behaviour.

(1) If f=o(p) then f = O(yp).
. SRV _
@) If 181{51 m =0 then f = o(p).
i) 1f 1im| 29| =L c[0.00)  then f = 0(p).
el0 | ()
) I im|2 € =L c©.00) then f=0.(0).
el0 | ()

(V) If f=0(p) and ¢ = O0(f) then f = Os(p).

The reverse is certainly not true: (i) sine = O(g) but sine # o(¢). (ii)) If f = 0and ¢ =0 on
an interval containing ¢ = 0, then f = o(¢) but lim | f/¢| does not exist. (iii,iv) € sin(1/e) =
O, (&), but lig}l | sin(1/€)| does not exist. (V) sin(lfé)(): O, (1) but 1 # O(sin(1/¢)).

5. Asymptotic approximation.
¢ (&) is an asymptotic approximation to f(g) as ¢ — 0, denoted by f ~ ¢, if

fe) =) +olp(e)) as e —0,
Intuitive interpretation: If lirr(l) f/o =1then f ~¢. Note: f ~ 0 isonly possible if f = 0.
Examples: sine ~ ¢, (¢ +¢&2)~!' ~ 1/¢, In(ag) ~ Ins for any a > 0.

6. Pointwise asymptotic approximation.
¢ (x, &) is a pointwise asymptotic approximation to f(x, ¢) as & — 0 if

f(x,e) ~q@(x,e) forfixed x.

Intuitive interpretation: f(x, €) is approximated asymptotically better and better by ¢ (x, &) for
& — 0 and x fixed. We don’t know anything yet if we allow x to become small or large (within
the domain).

Examples: sin(x + €) ~ sinx and sinx # 0, 1/(¢ + x) ~ 1/x and x # 0. Note that in the last
example the approximation fails if we would scale x = ¢"¢ forany n > 1.

7. Uniform asymptotic approximation.
The continuous function ¢(x, ¢) is a uniform asymptotic approximation to the continuous func-
tion f(x,¢) forx € O as ¢ — 0, if the way ¢ approaches f is the same for all x.
More precisely: if for any positive number § there is an &; (independent of x and &) such that

[f(x,&) —p(x,e)] <Slpx,e)] for x e D and 0 < e < ¢;.

Intuitive interpretation:

f(x, ¢) is approximated uniformly by ¢(x, ), if the approximation is preserved with any scal-
ing of x = a(e) + b(e)t, valid in the domain of f. In formulas (with a scaling x = et € [0, K]
as an example):

if f(x,e) ~p(x,e) and @(et,e) ~ g(t,e), thenalso f(et,e) ~ g(t, €).
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10.

Examples:
cos(e) +e ¥/ ~ 1 only pointwise for x € (0, o). Not uniform: take x = et.
cos(e) +e ¥/~ 1 pointwise and uniformly for x € [a, o0),a > 0.

cos(¢e) +e! ~1+4e" uniformly for¢ € [0, 00).

sin(ex + &) ~ e(x + 1) only pointwise for x € (—00, 00). Take x = t/e.
sin(ex + &) ~ e(x + 1) uniformly for x € [—a, a], 0 < a < .

2+ sin(t +¢&) ~ 2+ sin(¢) uniformly for t € (—o0, 00).

2 4 e®sin(t + et) ~ 2 + sin(¢) only pointwise for ¢t € R. Note that sin(t + et) = sint + O(et).
2 +e®sin(t) ~ 2 + sin(t) uniform for T € R. Note that we rescaled T = (1 + &)z.

Uniform implies pointwise, but the reverse is not necessarily true. See the above examples.

. If f and ¢ are absolutely integrable, and f(x, &) ~ ¢(x, &) uniformly on a domain D, while

[ leldx = O(f, @dx), then [ f(x,)dx ~ [, ¢(x, &) dx.

Asymptotic sequence.
The sequence {u,(e)} is called an asymptotic sequence, if u,.; = o(un,) as e — 0 for each
n=0,1,2,--. . This is denoted symbolically

o > Uy > U > > Uy > ..

Common examples are u, = &", or more generally u, = §(¢)" if 6(¢) = o(1). Combinations
of ¢ and In(¢) yield the sequence i, ; = &" In(e)*, where k = n, - - -, 0 and

Ine> 1> eln(e) > > e*ln(e)> > &21In(e) > 2> ...

Asymptotic expansion.
If {i, ()} is an asymptotic sequence, then f(¢) has an asymptotic expansion of N + 1 terms
with respect to this sequence, denoted by

N
£~ anun(e),
n=0

where the coefficients a, are independent of ¢, if foreach M =0, ..., N
M
£(&) = anpn(e) = o(uuu(e)) as & — 0.
n=0

W, () is called a gauge function or order function.

If u,(e) = &", we call the expansion an asymptotic power series. Any Taylor series in & around
& = ( is also an asymptotic power series.
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Asymptotic expansions, based on Taylor expansions in &”, of elementary functions:
e =1+e+3+...
sin(e):s—%83+...

cos(e):l—%sz—i—...

=1+e+se>+...
1—¢

3

2 E — ...

1
2 3
ln(1+8)=s—%82+%83—...

(1+8)a=1+Ol8+%0l(0l—1)82+...

In(l —¢) = —¢ — 1¢

Examples of combinations (which are sometimes not Taylor expansions in &)

e =e"=1+¢elne+ %82(1118)2 + ...
In(sine) = Ine — %82 +...

In(cose) = —%82 — ﬁs‘l +...

G = O S i S = o).

11. How to determine the coefficients.
The coefficients a, of an asymptotic expansion can be determined uniquely (for given w,(¢))
by the following recursive procedure
. f(&) —aomo(e)
m e —

N-1
ag = lim f(g) , 1 =1 . ... ay = lim f(g) B Zn=0 anﬂn(g)
e—0 MO(S) e—>0 Ml(g) e—0 MN(g)

provided u, are nonzero for & near 0 and each of the limits exist.

’

12. Convergent and asymptotic.
Let {11, ()} be an asymptotic sequence, with o = 1 and & > 0, and let

N
F(&) =" antin(e) + Ry (&),

n=0

If the series converges for N — o0, then limy_, o, Ry(¢) = 0. If the series is an asymptotic
expansion for ¢ — 0, then lim,_,y Ry (¢) = 0. A convergent power series (like a Taylor series)
is also an asymptotic expansion. An asymptotic expansion is not necessarily convergent.

13. Asymptotically equal
Two functions f and g are asymptotically equal up to N terms, with respect to the asymptotic
sequence {1, ), if f — g = o).

14. The fundamental theorem of asymptotic expansions [10]
An asymptotic expansion vanishes if and only if the coefficients vanish, i.e.

{aomo(e) + arpi(e) + azpa(®) +...=0 (¢ >0} & {ag=a=a=...=0}.

PROOF. < Is trivial. = For any § there is an interval with || < §|rol. It follows that
lagmol = laipr + ... | < |28a; 40|, which is only possible if ay = 0. The same for a4, etc.
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15.

16.

17.

18.

Poincaré expansion.
Let {11, (&)} be an asymptotic sequence of order functions. If f(x, £) has an asymptotic expan-
sion with respect to this sequence, given by

N
fx )~ an(x) (o),
n=0

where the shape functions a, (x) are independent of ¢, then this expansion is called a Poincaré
expansion. Note: a Poincaré expansion is never Poincaré anymore after (nontrivial) rescaling x.

Regular and singular expansion.
If a Poincaré expansion is uniform in x on a given domain & this expansion is called a regular
expansion. Else, the expansion is called a singular expansion.

Note: A typical indication for non-uniformity is a scaling, such that the asymptotic ordering of
the terms is violated. In other words, a scaled x = x (&) with a; (x) ;1 (e) &K ag(x)uo(e), etc.

Role of scaling.
A Poincaré expansion and its region of uniformity depends (among other things) on the chosen
scaling x = xy + §(&)& and the domain D.

For example, e */¢ 4 sin(x + &) = sin(x) + O(e) is regular on any positive interval [a, b] with
a,b = O(1) but is singular on (0, b], while e +sin(st +¢&) = e~ +e(t+1)+ O(&?) is regular
on any finite fixed interval.

Manipulations of asymptotic expansions.
Let f(x, ¢) and g(x, &) have Poincaré expansions on & with asymptotic sequence {u, (&)}

fx, &) = po(e)ag(x) + pi(e)ar(x) + -

g(x, &) = po(e)bo(x) + pu1(e)by(x) + - -
Addition. Then the sum has the following asymptotic expansion

S+ & =wolao+ bo) + pi(ar +by) +---

Multiplication. If {u, ., } can be asymptotically ordered to the asymptotic sequence {y,}, with
Yo = M(z), Y1 = KoM, Y2 = O(uops + M%), etc., then the product has the asymptotic expansion

fg = (noao + pray + - - )(pobo + p1by + - - -) = yoaobo + yi(aoby + aibg) + yo(---) + -+

Integration. If the approximation is uniform, f, ag, a;, etc. are absolute-integrable on D, while
f p an dx # 0, then we can integrate term by term and obtain the asymptotic expansion

/;Df(x,e)dxz,uo/@ao(x)dx+m/al(x)dx+---

D
Differentiation. This is the least obvious. Consider the counter example

flx,e) = %xz + scos(’si) = %xz + 0(e), but f'(x,8) =x — sin(f) # x4+ O(e).
However, if both f and f’ have asymptotic expansions with asymptotic sequence {u, ()}, say

fx,e) = po(®)ao(x) + wi(®ai(x) +---,  f(x, &) = pole)go(x) + pi(e)qi(x) + - -
then the derivative of the expansion of f is the expansion of derivative f’, and satisfy

/ /
ao = 4o, al =dq1, etc.
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3.2

Asymptotic Expansions: Applications

3.2.1 General procedure for algebraic equations

The existence of an asymptotic expansion yields a class of methods to solve problems that depend on
a parameter which is typically small in the range of interest. Such methods are called perturbation
methods. The importance of these methods are two-fold. They provide analytic solutions to otherwise
intractable problems, and the asymptotic structure of the solution provides instant insight into the
dominating qualities.

If x (&) is implicitly given as the solution of an algebraic equation

Fx,e) =0 3.1

we may solve this asymptotically for ¢ — 0 in the following steps.

@

(ii)

(iii)

First we prove, make plausible, or check in one way or another that a solution exists, and try to
find out if this solution is unique or there are more. This is not really an asymptotic question,
but important because the approximations involved later in the solution process may fool us: the
approximated equation may have no solutions while the original has, or the other way round.
Sometimes the existence of solutions is obvious straightaway, but sometimes global arguments
should be invoked.

Then we have to find the order of magnitude of the sought solution, say x(¢) = y (¢) X (&) with
X = O4(1). Unless we have scaled the problem already correctly, the solution is not necessarily
O(1). Often, we cannot decide with certainty, and we have to make a suitable assumption that
is consistent with all the information we have, and proceed to construct successfully a solution
or until we encounter a contradiction.

Another point of concern is the fact that there may be more solutions with different scalings.

The scaling function y (¢) is found such that it yields a meaningful X = O4(1) in the limit
& — 0. This is called a distinguished limit, while the reduced equation for X (0), i.e. Fo(X) = 0,
is called a significant degeneration (there may be more than one.) We can rescale & and x such
F (x, &) = 0 becomes (X, e) = 0 while §(X,0) = O(1).

The final stage is to make an assumption about an asymptotic expansion of the solution X for
small &
X(e) = Xo+ u1(e) X1 + n2(e)Xo + ...

This is only an assumption, based on a successful and consistent construction later. If we en-
counter a contradiction, we have to go back and correct or alter the assumed expansion.

If both X (¢) and (X, ¢) have an asymptotic series expansion with the same gauge functions,
X (¢) may be determined asymptotically by the following perturbation method. We expand X,
substitute this expansion in §, and expand § to obtain

(X, e) = Go(Xo) + m1(e)G1(X1, Xo) + n2(6)$2(X2, X1, Xo) +...=0.

From the Fundamental Theorem of asymptotic expansions (3.14) it follows that each term §,,
vanishes, and the sequence of coefficients (X,,) can be determined by induction:

Go(Xo) =0, g1(X1, Xo) =0, G2(X2, X1, Xo) =0, etc. (3.2)
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It should be noted that finding the sequence of gauge functions () is of particular importance.
This is in general done iteratively, but sometimes a good guess also works. For example, if § is
a smooth function of ¢, in particular in &¢ = 0, then in most cases an asymptotic power series
will work, i.e. u,(g) = &".

We have to realise that a successful construction is not a proof for its correctness. Strictly math-
ematical proofs are usually very difficult, and in the context of modelling not common. Suc-
cessfully finding a consistent solution is normally the strongest indication for its correctness we
can obtain.

3.2.2 [Example: roots of a polynomial

We illustrate this procedure by the following example. Consider the roots for ¢ — 0 of the equation

¥} —ex? +2°x + 265 = 0.
Since the polynomial is of 3¢ order, and is negative for x = —1 (and & small), positive in x = &2,

negative in x = —%8, and positive in x = 1, there are exactly 3 real solutions xV, x®, x®,

From the structure of the equation it seems reasonable to assume that the order of magnitude of the
solutions scale like a power of . We write

x=&"X(), X=0,(1)

We have to determine exponent #n first. This is done by balancing terms, and then seek such »n that
produce a non-trivial limit under the limit ¢ — O: the distinguished limits of step (ii) above.
We compare asymptotically the coefficients in the equation that remain after scaling

e X — !XT 4 23X +26% = 0.
Consider now the order of magnitude of the coefficients:
3n 1+2n 3+n 6

g, e T, g™ gv,

By dividing by the biggest coefficient (this depends on n), we can always make sure that one coeffi-
cient is 1 and the others are smaller. For example, if n = 0 we have

If n = 2 we have
If n = 4 we have

If none balance (like for n = 0 and n = 4), the asymptotically biggest, with coefficient 1, would
be zero on its own, which thus implies to leading order that X = 0. However, this is not O,(1) and

therefore not a valid scaling. So at least two should be of the same order of magnitude and dominate
(like with n = 2).
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Figure 3.1: Analysis of distinguished limits.

In other words: in order to have a meaningful (or “significant”) degenerate solution X (0) = O,(1), at
least two terms of the equation should be asymptotically equivalent, and at the same time of leading
order when ¢ — 0.

So this leaves us with the task to compare the exponents 3n, 14-2n, 3+n, 6 as a function of n. Consider
the Figure 3.1. The solid lines denote the exponents of the powers of ¢, that occur in the coefficients
of the equation considered. At the intersections of these lines, denoted by the open and closed cir-
cles, we find the candidates of distinguished limits, i.e. the points where at least two coefficients are
asymptotically equivalent. Finally, only the closed circles are the distinguished limits, because these
are located along the lower envelope (thick solid line) and therefore correspond to leading order terms
when ¢ — 0. We have now three cases.

n=1.
X3 —3X2 42X +25=0, or XP—X>+2eX 42 =0.

From the structure of the equation it seems reasonable to assume that X has an asymptotic
expansion in powers of ¢. If we assume the expansion X = Xy + X + ..., we finally have

X;—X;=0, 3XIX;—2XoX; +2X,=0, etc

and so Xy = 1, and X; = —2, etc. leading to x(¢) = & — 2¢> 4 ... Note that solution Xy = 0
is excluded because that would change the order of the scaling!

X3 X2 429X +265=0, or eX?—X>4+2X +2¢=0.

From the structure of the equation it seems reasonable to assume that X has an asymptotic
expansion in powers of ¢. If we assume the expansion X = Xy 4+ ¢X + ..., we finally have

—X;+2X0=0, X;—2XoX;+2X;+2=0, et

and so Xg =2, X; = 5, etc. , leading to x(¢) = 262 4+ 53+ ...
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X3 —e"X? 42X +265=0, or £XP—eX?4+2X+2=0.

From the structure of the equation it seems reasonable to assume that X has an asymptotic
expansion in powers of ¢. If we assume the expansion X = Xy 4+ ¢X + ..., we finally have

2Xp+2=0, —X)+2X,=0, et

andso Xg = —1, X| = —%, etc. , leading to x(¢) = —&> — %84 +... O

It is not always so easy to guess the general form of the gauge functions. Then all terms have to be
estimated iteratively by a similar process of balancing as for the leading order term. See the exercises.
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3.3 Asymptotic Expansions: Assignments

3.3.1 Asymptotic order
3.3.1.1

Prove, for functions in € | 0, that

(@) If f = O(¢) and g = o(V), then fg = o(¢).
(b) If f = O(¢) and g = 0(¢), then f + g = O(¢).
() If f = O(¢) and ¢ = o(V¥), then f = o(y).

(d) If f = o(¢) and ¢ = O(¥), then [ = o(V).

() If f = O(¢) and ¢ = O(f), then f = O,(¢).

3.3.2 Asymptotic expansions in ¢
3.3.2.1
What values of o, if any, yield (i) f = O(e%), (i) f = o(%), (iii) f = O,(¢) as e—0?
@ f=+v1+e
(b) f = esin(e)
© f=0-e)"!
(d) f=In(l+e)
(e) f =¢ln(e)
(f) f =sin(1/¢)
(g f=+x+e where0 <x <1

(h) f=e*¢ wherex >0

3.3.2.2

Determine asymptotic expansions for ¢ — 0 with respect to {¢"(In &)} of
(a) €/tane,
(b) e/(1 — &%),
(¢c) 1/In(sine),

(d 1—e+¢e’lne)/(1 —elne — e+ &%Ine).
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3.3.2.3

Assuming f ~ ag® +bef + ..., find a, B (with @ < B) and nonzero a, b for the following functions:

(@ f=1/0-¢)
(b) f =sinh(y/1 4 ex) for 0 < x < oo.

© f = [, sin(x + ex?)dx

3.3.3 Asymptotic sequences

3.3.3.1

Are the following sequences asymptotic sequences for e— 0. If not, arrange them so that they are or
explain why it is not possible to do so.

@ ¢g,=0—e*)"forn=0,1,273,...

(b) ¢, = [2sinh(g/2)]"/? forn =0,1,2,3, ...

©) ¢, = 1/81/" forn=1,2,3,...

d) 1 =1.¢r =¢,¢5 =% ¢y =eln(e), s = £2In(e), ¢ = £ In°(¢), 7 = £* In’ ().
(e) ¢, =" forn=0,1,2,3,...

) ¢ =" forn=0,1,2,3,...

3.3.4 Asymptotic expansions in x and ¢

3.34.1

Find a one-term asymptotic approximation, for e—0, of the form f(x,&) ~ ¢(x) that holds for
—1 < x < 1. Sketch f(x,¢) and ¢, and then explain why the approximation is not uniform for
—-1l<x <l

(@ f(x,e) =x+exp((x — 1)/e)
(b) f(x,e) =x + tanh(x/¢)
(©) f(x,e) =x+1/cosh(x/e)
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3.34.2
Determine, if possible, uniform asymptotic expansions for ¢ — 0 and x € [0, 1] of
(a) sin(ex),
(b) 1/(e +x),
(¢) xlog(ex),
(d) e sinCe,
(e) e~ sin(/e

() 2log(1 + x)/(x* + &2).

3.3.5 Solving algebraic equations asymptotically
3.3.5.1
Find a two-term asymptotic expansion, for e—0, of each solution x of the following equations.
(@ ex’?=3x+1=0,
(b) x> —x+2=0,
(c) x*¢ =1/(x +2¢), (x > 0).
(d) x> —1+etanh(x/e) =0
(e) x =a+ ex¥ forx > 0. Consider 0 < k < 1 and k > 1.

) 1 —2x+x2—ex’>=0.

3.3.5.2

Derive step by step, by iteratively scaling x(¢) = uo(e)xo + p1(e)x; + n2(e)x2 + ... and balancing,
that a third order asymptotic solution (for ¢ — 0) of the equation

In(ex) +x = a,

is given by
x(e) =Ine”' —In(lne™") +a +o(1).

Find a more efficient expansion based on an alternative asymptotic sequence of gauge functions by
combining e “ &.

3.3.5.3

Analyse asymptotically for ¢ — 0 the zeros of e/ “4x—e.
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3.3.54

Solve asymptotically, for large n, the n-th positive solution x = x, of
X =tanx.

Hint: for large n and x, > 0, x, = tan(x,) is large, and so x, must be near (in fact: just before) a
pole of tan. If we count the trivial first solution as xo = 0, then x, >~ (n + %)71. Write e~ = (n + %)71,
and x, = e ' — y(e) with0 < y < %TL’ such that tan(x) = cot(y). Solve asymptotically for small ¢.
Generalise this result to the solutions of

X =oatanx

for @ > 0. Note that solution x; seems lost for « > 1. Do you see where it disappeared to?

3.3.5.5 The pivoted barrier

Consider a horizontal barrier of length L, free on one end and pivoted at the other end, such that it can
swivel horizontally around a vertical pivot. The hinge is constructed in such a way that the barrier is
fixed perpendicularly to the upper end of a vertical hollow cylinder of diameter B and length H. This
upper end is closed, the other end is open. With this open end the cylinder is placed over a vertical
axis which is firmly anchored in the ground. Of course, the length of the axis is more than H and the
diameter of the axis, b, is less than B.

Figure 3.2: Slightly tilted barrier

Depending on the clearance between cylinder and axis, and the length of the cylinder, the free end
of the barrier (which is otherwise perfectly stiff) will lean down from the exactly horizontal position.
The question is: how much will this be.

You may assume that the construction is reasonable. In other words, the clearance will be small but
not very small, and the length of the cylinder is ample.

Try to solve the problem geometrically exactly. It is possible to reformulate the problem as one of
finding a zero of a 4-th order polynomial equation in sinc«, where « is the angle of barrier with
horizon. Conclude that the solution is difficult and clumsy.

Then try to make reasonable approximations and construct an adequate and transparent approximate
solution.
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3.3.5.6
Find an asymptotic approximation, for e— 0, of each solution y = y(x, €) of

Vv +(A4+e4+x)y+x=0, for 0 <x <1,

and determine if it is uniform in x over the indicated interval.

3.3.5.7 The Lagrange points of the reduced three body problem

Consider the so-called Restricted Three Body Problem consisting of a very small object moving in the
gravity field of a system of two bodies, moving in a circle around their center of gravity. This gravity
field (in a co-rotating coordinate system) has 5 points, where the sum of gravities and centrifugal
forces cancel each other. Here, the small object could remain stationary (motionless in the co-rotating
coordinates). These points are called the Lagrange points or libration points. Two of them can be
given analytically exactly. If the mass ratio of both bodies is small, the location of the other three
Lagrange points can be given asymptotically.

Consider the three masses M; (big), M, (small) and M3 (negligible). The two masses M; and M, are
assumed to be in circular orbits around their center of mass. The third mass M3 is so small that it does
not influence the motion of M, and M,. We make dimensionless such that M; = 1 (the Sun, say)
and M, = p (Earth or Jupiter, say). u is small but not negligible (3.03591 - 10~ for the Earth-Sun
system). M3 = O (satellite, small planet) is negligibly small. Gravitational constant becomes G = 1
and the orbital period is 27r. The radii of the orbits around the center of gravity of M, is u, and of M,
is 1 — pu.

Introduce a coordinate system with the origin in the center of gravity, and co-rotates with M; and M,.
In this system, M, has fixed coordinates (—u, 0) and M, has (1 — u, 0). The equations of motion of
M; in (x, y, z) are now

. . 0Q o . 0 . 082
¥Fo2y=—., V42i=_— -

= —
ox ay 0z
where 1
—K M
Q=307 +y) + ——+ — +u —w),
R, R,
Ri=+/(x+ )2 +y2+ 22,
Ry=+/(x — 1+ )2+ y* + 22
and so
02 (1 )x-i—u x—14+pun
_:x_ - - b
ox Wr "R
082 y y
=y —(1l=-p)= — u—,
oy ( M)R? K3
852_ (1 z z
oz Wi Ry
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Figure 3.3: Sketch of restricted three-body problem with 5 Lagrange points and origin.

The 5 stationary points of this system are called “Lagrange points” or “libration points”. They are
given by the system V2 = 0, or

1 —u % 1 1
x(1- - —)-a- ——— ) =0,
( R Rg) ( M)M(R? RS)
l—u u)
(=
R R
(58
R} R}

All solutions are found in the plane z = 0, since (1 — w)R; S+ Ry 3 > 0. Lagrange points L, L,,
and Lj are located on the line y = 0 (see below), but these are not the only solutions. The second
factor of the y-equation may also vanish, in which case the x-equation simplifies to the condition
R, = R, = 1. This then gives rise to the points L4 and Ls, which are explicitly given by

Il
e

X435 = % — W, Y45 = i%\/g

The other three points, L, L, and L3, are located on the line y = 0, i.e. given by y; = y, = y3 =0
(the colinear libration points). The resulting x-equation can not be simplified further, but may be

solved asymptotically for small .. We have

X+uo x—1+p
FEN R T SN E

x— (I —w

Verify that the three coordinates x3, x4, and x5 are given asymptotically by

= 1-GW'"+3Gw" + 0w
n= 1+ GW'"7+ 3G+ 0w
x3=—1—Fu+ grgn’ + 0w
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3.3.6 Solving differential equations asymptotically

3.3.6.1

Find a two-term asymptotic expansion, for e—0, of the solution y = y(x, &) of the following prob-
lems.

(@ y'+e¢ey —y=1,where y(0) = y(1) = 1.

(b) ¥ 4+ y+ y? =0, where y(0) = 0 and y(%n) =¢g.

3.3.6.2 A car changing lanes

A car rides along a double lane straight road given by —oco < x < 00, —2b < y < 2b. The position
of the car at time ¢ is given by

x=£&@1), y=n().

A
|
|
I
/

|

|

|

.
—b 0 b
Figure 3.4: The trajectory of a car that changes lane

For x— — o0, the car is at y = —b, but near x = 0 it changes lane and shifts smoothly to y = b
according to a trajectory given by

n(r) = F(&@)),

where F is given and & = £(r) is to be found under the condition that all along the trajectory, the car
travels with the same speed V, so

&:(I)z +10(1)* = V2, andso S.(t)2 + F’(.s;)zé(t)2 =V

Note that both F and its argument x have dimension “length”, so if F describes a changes of the order
of b over a distance of the order of L, we should be able to write F as

F(x) =bf(x/L)
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for f = O(1). Take for definiteness £(0) = 0, and
f(z) =tanh(z) where f'(z)=1— f(2)*

We assume that the change of lane happens gradually, such that

b<<1
&= — .
L

a. Make the problem dimensionless by the inherent length scale b and corresponding time scale b/ V.
Write § = bX. Note the appearance of the small parameter €. Do you see the appearance of a term
of the form f’(eX)? If we expand this for small € we obtain something like

fleX)=fO0)+eXf'(0)+...

which is already incorrect for X = O(1/¢), the order of magnitude we are interested in! Therefore
this choice is NOT clever. Indeed, b is not the typical length scale for &.

b. Make the problem dimensionless by the inherent length scale L and corresponding time scale
L/V.Write§ = LX andt = (L/V)t.

c. By separation of variables we can write T as a function, in the form of an integral, of X. Otherwise,
it is impossible to find an explicit expression for X. Therefore, we will try to find an asymptotic
expansion for small & by assuming the Poincaré expansion

X(z,8) = Xo(v) + £°X1(7) + O(&?),
and substitute this in the equation, and expand the equation also asymptotically. Find the first two

terms. Do you see why we can expand in powers of &2 rather than (for example) &?

Hint: note that for small § we approximate (1 + 8)¢ = 1+ as + 0(8%), and
/tanh(x)zn dx = x —tanh(x) — %talnh()c)3 - %tanh(x)5 — = Tl—l tanh(x)?"~!
such that

/ (1 — tanh(x)?)! dx = tanh(x)
/ (1 — tanh(x)*)* dx = tanh(x) — 1 tanh(x)’

/ (1 — tanh(x)*)’ dx = tanh(x) — £ tanh(x)’ + 1 tanh(x)’

3.3.7 A water-bubbles mixture

A mixture of water and air (in the form of bubbles) with volume fraction « air and volume fraction
1 — o water, has a mean density p and sound speed ¢ given by
1 o l -«
p =aps + (1 —a)py, — = >
pc PaCyq  PwCy,
Typical values are p,, = 1000 kg/m?, p, = 1.2 kg/m?, ¢,, = 1470 m/s, ¢, = 340 m/s. Develop
strategies to approximate c for values of «, based on an inherent small problem parameter. When is
¢ minimal? What is the effect of even a very small fraction of air (common in the wake of a ship’s
propeller, or in a fresh central heating system)?
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3.3.8 A chemical reaction-diffusion problem (regular limit)

A catalytic reaction is a chemical reaction between reactants, of which one — the catalyst — returns
after the reaction to its original state. Its r6le is entirely to enable the reaction to happen. An example
of a catalyst is platinum. The primary reactant is usually a liquid or a gas. As the catalyst and the
reactant are immiscible, the reaction occurs at the catalyst surface, which is therefore made as large
as possible. A way to achieve this is by applying the catalyst in the pores of porous pellets in a so-
called fixed bed catalytic reactor. The reactant diffuses from the surface to the inside of the pellet.
Meanwhile, being in contact with the catalyst, the reactant is converted to the final product.

Assume reactant A reacts to product B at the pellet pores surface via an nth-order, irreversible reaction
k
A— B

with concentration inside the pellet C = [A] mol/m?, production rate kC" mol/m?s and rate constant
k. This reaction acts as a sink term for A. Under the additional assumption of a well stirred fluid in
order to maintain a constant concentration C = Cp, at the outer surface of spherically shaped pellets,
we obtain the following unsteady reaction-diffusion equation:

aC
E—V-(DVC):—kC”, 0<7F<R,t>0, .C/:CR

Cr,00=0, O0<r <R,
0

C(R,1) = Cg, yC(O,t)=0, t >0,
r

where D is the diffusion coefficient of C inside the pellet. After sufficiently long time the concen-
tration C attains a steady state distribution within the pellet. Assuming spherical symmetry and a
constant diffusion coefficient D, we have the stationary reaction-diffusion equation
1d (~2 dc
- =\ 5=
Fr2dr\ dr

d
C(R) = Ckg, EC(O) =0.

):kC”, 0<7 <R,

The net mass flux into the pellet, an important final result, is given by 4x RzDs—rC (R) (Fick’s law).

We make the problem dimensionless as follows:

C

cC=——,
Cr

i;
r = —, )
R D

such that

1 d/,de 2

r—25<r 5):(}50, 0<r<l,

c()y=1, (0)=0,
where the prime (') denotes differentiation with respect to r, ¢ is called the Thiele modulus, and
reaction ordern =1,2,3,....

We are interested in the asymptotic behaviour of ¢ for & = ¢> — 0. Assume a regular Poincaré
expansion of ¢ in powers of ¢ and find the first three terms. Hint. Introduce y = rc.
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Chapter 4

Method of Slow Variation

4.1 Theory

The name Method of Slow Variation was coined relatively recently in 1987 by Milton Van Dyke [6].

4.1.1 General procedure

Suppose we have a function ¢(x, €) of spatial coordinates x € 'V and a small parameter ¢, such
that the typical variation in one direction, say x, is of the order of length scale ¢~!. For example,
p(x,e) =1+ e¢esin(ex + ¢€),or = rZXT along V = R.

Roughly speaking, this amounts to something like g’—x(p = O(eyp). However, if ¢ is zero, or much
smaller or larger than the varying part of ¢, this is not what we mean. Slightly more precise is therefore

0 -
8_¢ = O(ec(e)), where c = |p — @| while the overbar denotes average over V.
X
We can express this behaviour most conveniently by writing ¢(x, y, z,¢) = ®(ex, y, z, ). Now if
we were to expand ® for small ¢, we might, for example by some Taylor-like expansion in ¢, get
something like

D(ex,y,z,8) = D0, y,2;0) + e(x D, (0, y,2;0) + (0, y,2: 0)) + ...

which is only uniform in x on an interval [0, L] if L = O(1), while the inherent slow variation on the
longer scale of x = O(e~") would be masked. It is clearly much better to absorb the e-dependence in
&x into a new variable, and introduce the scaled variable X = ex. The (assumed) regular expansion
of d(X,y,z,¢8)

(X, y,z,8) = po®)po(X, y,2) + ... 4.1

now retains the slow variation in X in the shape functions of the expansion and remains valid for all X.
In other words, the scaled variable X in combination with order function i yields with lim,_,¢ 1, 'op
the distinguished limit or significant degeneration of ¢.

This situation frequently happens when the geometry involved is slender. The theory of one dimen-
sional gas dynamics, lubrication flow, or sound propagation in horns (Webster’s horn equation) are
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important examples, although they are usually derived not systematically, without explicit reference
to the slender geometry. We will illustrate the method both for heat flow in a varying bar, quasi 1-D gas
flow and the shallow water problem. A more advanced example, presented for illustration in section
8.4, is the weakly nonlinear theory for long water waves, resulting in the celebrated Korteweg-deVries
equation.

4.1.2 Example: heat flow in a bar

Consider the stationary problem of the temperature distribution 7" in a long heat-conducting bar, with
constant heat conductivity «, outward surface normal n, and slowly varying cross section . The bar is
kept at a temperature difference such that a given heat flux is maintained, but is otherwise isolated. As
there is no leakage of heat, the axial flux # along a cross section is constant. With spatial coordinates
made dimensionless on a typical bar cross section D and the temperature on a typical temperature ©,
we can write the flux in a dimensionless form like ¥ = «®¢D Q, and have the following equations
and boundary conditions

, aT
VT =0, [VT-n] . =0, (-5 )as=o.
A

(Note that only the derivatives of T play a role, so we may subtract any reference level and assume, for
example, that T is at one of the ends equal to zero.) After integrating VT over a slice x; < x < xa,
and applying Gauss’s theorem, we find that the axial flux Q is indeed independent of x.

We will assume here the cross section and the temperature field circular symmetric, but that is not
a necessary simplification for a manageable analysis. As a result we have in cylindrical coordinates
(x,r,0)

92T N 19 T 0 oT N T 0 5 fR T q 0
— t+——\|\r— ) =0, —ny +—n, =0, T r—ar =—0.
ax2  ror \ or 0x or 0 Ox

The typical length scale L of diameter variation is assumed to be much larger than a diameter D. We
introduce their ratio as the small parameter ¢ = D/L, and write for the bar surface

SX,r)=r—R(X)=0, X =c¢ux,

where (x, r, ) form a cylindrical coordinate system (see Figure 4.1). By writing R as a continuous

Figure 4.1: Slowly varying bar.

function of slow variable X, rather than x, we have made our formal assumption of slow variation
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explicit in a convenient and simple way, since R, = ¢Ry = O(e). From calculus we know, that V.S
is a normal of the surface S = 0. So we can write

n~VS, or n.e.+ne ~—cRxe, +e,.

The crucial step will now be the assumption that the temperature is only affected by the geometric
variation induced by R. Any initial or entrance effects are ignored or have disappeared. As a result, in
the limit of small ¢,

1

the temperature field 7' (x, r, €) = T(X , 1, €) has a regular expansion' in variable X,

rather than x — in other words: T yields the distinguished limit of 7" — and

L : aT T
its axial gradient scales on ¢,as — = e¢— = O(¢).
ax 0X

For simplicity we will write in the following T, instead of T'. If we rewrite the equations from x into
X, we obtain the rescaled heat equation

1
82TXX + ;(rT,)r =0. (*)
At the wall r = R(X) the boundary condition of vanishing heat flux is
— &’TyRy + T, =0. )

The flux condition, for lucidity rewritten with Q = 2w eq, is given by

This problem is too difficult in general, so we try to utilize the small parameter & in a systematic
manner. From the flux condition, it seems that T = O(1). Since the perturbation terms are O (g?), we
assume an asymptotic expansion of Poincaré-type, with shape functions of (X, r), not of (x, r)

T(X,r,e)=TyX,r)+&*Ti(X,r) + O(Y.

(Remember: this is a modelling assumption and not necessarily possible for every problem.) After
substitution in equation (x) and boundary condition (), further expansion in powers of £? and equating
like powers of ¢, we obtain to leading order the following equation in r

rTo)r=0 with Tp, =0 at r = R(X) and regular at r = 0.
An obvious solution is 7y (X, r) is constant in r. Since X is present as parameter we have thus
Ty = Tp(X).
We can substitute this directly in the flux condition, to find

o 3T _
2 ax = 1

1j e. on the whole bar
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and therefore
q

X
To(X) =T, — — dé&.
0(X) /O e

We can go on to find the next term 77, but this leading order solution contains already most of the
physical information.

In summary: we assumed that the slowly varying bar induces a slowly varying temperature distri-
bution. This is not always true, but depends on the type of physical phenomenon. Then we rescaled
the equations such that we used this slow variation. After assuming an asymptotic expansion of the
solution we obtained a simplified sequence of problems. The original partial differential equations
simplified to ordinary differential equations, which are far easier to solve.

It should be noted that we did not include in our analysis any boundary conditions at the ends of the
bar. It is true that the present method fails here. The found solution is uniformly valid on R (since
R(X) is assumed continuous and independent of ¢), but only as long as we stay away from any end.
Near the ends the boundary conditions induce x-gradients of O (1) which makes the prevailing length
scale again x, rather than X. This region is asymptotically of boundary layer type, and should be
treated differently (see below).
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4.2 Method of Slow Variation: Assignments

4.2.1 Heat flux in a bar

Consider the stationary two-dimensional problem of a long heat-conducting bar, slowly varying in
diameter, which is kept at both ends at a different temperature, and which is otherwise thermally
isolated. We will not consider the neighbourhood of the ends, and therefore we will not explicitly
apply boundary conditions at the ends. Instead, we will assume a given axial heat flux.

In dimensional form, we have

o1 + o 0 al 0 ¢, 0<y< Hh(¥)
—t— = alon <x</£,0<y< X
ax2 " 9y? g y L

with e = H/L is small, £ is large enough, i = O(1) is a smooth, strictly positive function, and a flux

Hh oT
—/ k—dy=Q
0 ax

is prescribed. Make the problem dimensionless on H and a suitable temperature. Write the boundary
condition of thermal isolation (lux ~ VT - i = 0) in terms of 4.

Apparently, the essential co-ordinate in x-direction is x /L, and significant changes in x-direction are
felt only on a length scale x = O(L™"), so we introduce a slow axial variable.

Assume that the field varies axially in this variable (€ is large enough so any end-effects are local and
assumed irrelevant here).

Solve the problem to leading order of an assumed asymptotic expansion of 7" in powers of €.

4.2.2 Lubrication flow

Lubrication theory deals with a viscous flow (not-large Reynolds number) through a narrow channel
of slowly varying cross section [38].

Consider steady flow in a two-dimensional narrow channel, with prescribed volume flux. In practice
this flux is created by a prescribed pressure difference or pressure gradient, but by using the flux here,
we can estimate the typical flow velocity and thus the Reynolds number.

If we make dimensionless on the channel height, and scale the pressure gradient such that viscous
forces are balanced by the (externally applied) pressure gradient, we obtain in dimensionless form
(check!)

b=, — = =0
dy  0x%2  9y? 9x  dy

b=,
ox  0x%z  9y?

ax ay

”ax ay

ou ou op  %u  d%u av av ap  *v % du  dv
Re( ) Re(u— +v )
for the velocity (u, v) and pressure p in the channel
—00 < X < 00, gex) <y < h(ex).
(End conditions in x are not important.) Boundary conditions are no slip at the walls:

u=v=0 aty=g(ex), and y = h(ex)
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such that 0 < h — g = O,(1). Furthermore, the flow is assumed to consitute the flux

h(ex)
/ u(, y)dy = 1.
g(ex)

(If required, we can fix the pressure somewhere, for example p(x = 0) = 0, but this is not important.)

Apparently, the essential co-ordinate in x-direction is €x, and significant changes in x-direction are
felt only on a length scale x = O(¢7!), so we rewrite X = ex.

Assume that the field varies slowly in X (any end-effects are local and irrelevant for the x’s consid-
ered).

How do we scale u, v, p? Do not forget the fact that Re < O(1), and that a pressure gradient is
necessary to have a flow, while further the crosswise velocity v will be much smaller than the axial
velocity u.

Assume for scaled u, v, p an obvious asymptotic expansion in &, and solve up to leading order.

4.2.3 Quasi 1D gas dynamics

Consider a compressible, subsonic inviscid irrotational steady flow through a slowly varying cylin-
drical duct, given dimensionless by r = R(ex). The flow is assumed nearly uniform. Because of
symmetry, it is assumed to be independent of the circumferential co-ordinate 6. As the flow is irro-
tational, we can assume a potential ¢ for the velocity v. Density p and pressure p are related via
thermodynamic relations of isentropy.

This type of flow is called: 1D gas dynamics. A better name would be: quasi-1D gas dynamics.

In dimensionless form, the flow is described by the following equations. Inside the duct 0 < r <
R(ex) = O(1) we have the mass equation, Bernoulli’s equation and the isentropic relation

0 10 A .
V-(pv) = a(pu) + ;a—r(r,ov) =0, where v =V¢ =(§—x¢)ex + (%q&)e, = ue, + ve,

C2

%lvlz—l— = E, aconstant O(1)

v

G=yi=pt=00)

The duct walls, with normal vector n, are impermeable, so

v.n=V¢-n=0 at r = R(ex),
while a mass flux F' is given by

R(ex)
271/ p(x,Nulx,r)rdr =F = O(1).

0
The thermodynamical properties are fixed by the Bernoulli constant E. The physical parameter y,
which is just a constant, is typically for air equal to 1.4. The auxiliary variable ¢ denotes the sound

speed, and is otherwise unimportant.
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Apparently, the essential co-ordinate in x-direction is ex, and significant changes in x-direction are
felt only on a length scale x = O(s™"), so we rewrite X = &x.

How do we scale ¢, u, v, p, p, c? Pay particularly attention to the fact that from the flux condition it
follows that u = O (1), while also u = (f—xq& Do not forget the fact that a pressure gradient is necessary
to have a flow, while further the crosswise velocity v will be much smaller than the axial velocity u.

Assume that the field varies slowly in X (any end-effects are local and irrelevant for the x’s consid-
ered).

Assume for scaled ¢, u, v, p, p, c an obvious asymptotic expansion in ¢, and determine the prevailing
equations to leading order. Solve the equations for the velocity. For density p we are left with an
algebraic equation that cannot be solved explicitly.

4.2.4 Webster’s horn

Consider acoustic waves of fixed frequency w through a slowly varying horn (duct). The typical wave
length A is long, i.e. of the same order of magnitude as the typical length scale L of the duct diameter
variations. For simplicity we consider a two-dimensional horn, with a constant lower wall given by
y = 0 and an upper wall given by y = Hh(x/L), where h = O (1) is dimensionless and H < L.

The sound field is given by the velocity potential ¢, where velocity is ¥ = V¢ (and pressure p =
—iwpo¢ but this is here unimportant), obeying the reduced wave equation ( Helmholtz equation)

V2 +k*¢ =0, in —oo<i<oo, 0<3<HhIGF/L),

where k = w/c is the free field wave number, which is equal to 2 /.

The wall (with normal vectors e, and n) are impermeable, so we have the boundary conditions
v-e, =0 aty=0, v.n=0 aty=Hh(x/L).

Assume that there is a sound field (the problem is linear, so it’s enough to assume that ¢ = 0).

Make the lengths in the problem dimensionless on the typical duct height H and ¢ on an (unimportant)
reference value ®. Verify that the equations remain the same. Introduce the small parameter ¢ = H/L.

Apparently, the x variations scale on L, and so the essential co-ordinate in x-direction is ex. Signifi-
cant changes in x-direction are felt only on a length scale x = O(e~!), and so we rewrite X = ex.

Note that the dimensionless k = O(¢g), so we scale k = &«.
Assume that the field varies slowly in X (any end-effects are local and irrelevant here).

Assume in scaled coordinates for ¢ an obvious asymptotic expansion in &, and derive the equation for
(leading order) ¢. This equation is called “Webster’s equation”.

Solve this equation for (z) = €.
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4.2.5 Shallow water waves along a varying bottom

Consider the following inviscid incompressible irrotational 2D steady water flow in (x, z)-domain
along a slowly varying bottom. The bottom is given by z = b(x/L), where L is a typical length scale
along which bottom variations occur. The water level is given by z = h(x).

The velocity vector v can be given by a potential ¢
v =Vo.
Conservation of mass requires
V¢ =0 for —oco<x <00, b<z<h.

Because of the assumptions we can integrate the momentum equation to Bernoulli’s equation and
obtain for pressure p

LWwer+ L 1ez=c,
Lo

where pg denotes the water density, g the acceleration of gravity, and C is a constant, related to the
chosen reference pressure level.

At the impermeable bottom we have a vanishing normal component of the velocity, yielding the

boundary condition
V¢-V(b—72) 0¢9b _ 99 0 at b
. — = — = — = al = 0.
¢ ox dx 0z ¢
Since the water surface z = h is a streamline, it follows that for a particle moving along (x(¢), z(¢))

with z(z) = h(x(¢)) we have g—f = dh _ dhdx leading to

dr ax dr°
0 oh o
—¢ = ——¢ at z = h.
0z dx 0x
Furthermore, the water surface takes the pressure of the air above the water, say p = p,, so
%|V¢|2+gh+%=c at z = h.
0

The water flow is defined by a prescribed volume flux F', which is the same for all positions x.

h
0
/ —¢dz:F.
b ax

By assuming far upstream a constant bottom level » = b, a constant water level 4 = hoo = boo+ Do
and a uniform flow with velocity Uy, = F /Dy, we can determine the Bernoulli constant in physical
terms

=204 102 4 gy
Lo
Introduce ¢ = D,/ L where ¢ is small.

a) Make the problem dimensionless. Scale lengths on D, velocities on Us,. Assume that the inverse-
squared Froude number (or Richardson number) y = gD,/ Ugo = 0(1).

b) Solve the problem to leading order for small ¢ by application of the Method of Slow Variation.
Note that both ¢ and A& are unknowns, and have to be expanded in e. Bottom variation » and
constants F and C — p,/pg, on the other hand, are given.

Note. The very last equation cannot be integrated explicitly.
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4.2.6 A laterally heated bar
A 2-dimensional slowly varying heat conducting bar is described by
—00 <X <00, Jo+HgK/L)<y<yo+ Hh(x/L),

where the geometries g and /& are smooth functions of their argument. The bar is kept along the
lower side at fixed temperature T'(%, jo + Hg) = 6y, and along the upper side at fixed temperature
T(X, Jo + Hh) = 6,. This constitutes a stationary temperature distribution T (X, 7), which satisfies
the heat equation
3T  8°T
e 3 52
a) Make the problem dimensionless. Scale lengths on H by x = Hx and y = yy + Hy, and temper-
ature by T = 6y + (61 — 6p) T . Introduce the geometric ratio ¢ = H /L. Assume that ¢ is small. As
the notation suggests, g(z) and h(z) do not depend on € and 0 < h(z) — g(z) = O(1).

b) Assuming that T is slowly varying with geometry g and % in x (no end effects), solve the problem
asymptotically for small ¢ to first and second order by application of the Method of Slow Variation.
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Chapter 5

Method of Lindstedt-Poincaré

5.1 Theory

5.1.1 General Procedure

When we have a function y, depending on a small parameter ¢, and periodic in ¢ with fundamental
frequency w(g), we can write y as a Fourier series

Yt o)=Y An(e)e" (5.1)

If amplitudes and frequency have an asymptotic expansion for small ¢, say
A, () =An0+ A +..., w(e) =wy+ew; + ..., (5.2)

we have a natural asymptotic series expansion for y of the form

00 00
y(t,e) = Z Anﬁ() gineot +¢& Z (An.l + inwltAn,()) ginot +... (5.3)

n=—oo n=—oo

This expansion, however, is only uniform in ¢ on an interval [0, T'], where T = o(¢™").Ona larger
interval, for example [0, e~'], the asymptotic hierarchy in the expansion becomes invalid, because
et = O(1). This happens because of the occurrence of algebraically growing oscillatory terms, called
“secular terms”. Secular = occurring once in a century, and saeculum = generation, referring to their
astronomical origin.

Definition. The terms proportional to ¢ sin(nwot), t™ cos(nwyt) are called “secular terms”. More
generally, the name refers to any algebraically growing terms that limit the region of validity of an
asymptotic expansion.
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It is therefore far better to apply first a coordinate transformation T = w(e)t, introduce Y (7, &) =
y(t, €), and expand Y, rather than y, asymptotically. We get

o o0 o
Y(r.,8)= Y Au)e" = Y Age"+e Yy A4 (5.4)

n=—oo n=—oo n=—oo

which is now, in variable 7, a uniformly valid approximation!

The method is called the Lindstedt-Poincaré method or the method of strained coordinates. In practical
situations, the function y(, ) is implicitly given, often by a differential equation, and to be found. A
typical, but certainly not the only example [40] is a weakly nonlinear harmonic equation of the form

Y +eh(y,y) +a’y =0,

where /1 is assumed to allow the existence of one or more periodic solutions for y = O(1) with
frequency w(e) &~ o for ¢ — 0. In view of the above, it makes sense to construct an asymptotic
approximation like Y = Y, + &Y} + £2Y, + - - - with a rescaled variable T = wt. However, except for
trivial situations, the frequency w is unknown, and has to be found too. Therefore, when constructing
the solution we have to allow for an unknown coordinate transformation. In order to construct the
unknown (&) we expand this in a similar way, for example like

T = (wy+ cwy + 826()2 + ..t (5.5

but details depend on the problem. Note that the only purpose of the scaling is to render the asymptotic
expansion of Y regular, so it is no restriction to assume for wy something convenient, like wy = «.
The other coefficients wq, w;, ... are determined from the additional condition that the asymptotic
hierarchy should be respected as long as possible. In other words, secular terms should not occur. We
will illustrate this with the following classic example.

5.1.2 Example: the pendulum
Consider the motion of the pendulum, described' by the ordinary differential equation

6 +K?*sin(0) =0, with 6(0) =¢, 6'(0) =0,

where 0 < ¢ < 1, K = O(1). By elementary arguments (see section 8.2) it can be shown that
periodic solutions exist. We note that & = O(g) so we scale & = ey to get (after dividing by ¢)

VKXY — L2y 4. =0, with y(0) =1, ¥/(0) =0.

If we are interested in a solution only up to O(e?) we can obviously ignore the higher order terms
indicated by the dots, to get a version of the Duffing equation.

Following the above procedure, we introduce the transformation T = wt to obtain

a)Zl//// + Kz(l// _ %82w3) — O,

IThe equation may be simpified by rescaling time by 7 = Kt, such that factor K 2 cancels out.
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where the prime indicates now differentiation to 7. Since the essential small parameter is apparently
&2, we expand
w=w)+ o +..., U=+ +...,

and find, after substitution, the equations for the first two orders

gy + K*¥o = 0, Yo(0) = 1, ¥4(0) =0,
wo¥r] + K>y = —2wom ¥ + :K°Y5,  ¥1(0) =0, ¥{(0) =0.

Note that we are relatively free to choose wy, as long as it is O(1). (It is only a coordinate transfor-
mation that would automatically be compensated in the equation.) Clearly, a good choice is wy = K
because this simplifies the formulas greatly. The solution v is then

Yo =cost, wy=K,
leading to the following equation for i/
V"' 4+ Y =2K 'w cos T + %cos3 7 =2K 'w cost + écosr —+ 2—14 cos 31,

using section (8.5) to expand cos’ T. At this point it is essential to observe that the right-hand-side
consists of two forcing terms: one with frequency 3 and one with 1, the resonance frequency of the
left-hand-side. This resonance would lead to secular terms, as the solutions will behave like 7 sin(7)
and t cos(t). This would spoil our approximation if we had no further degrees of freedom. However,
this is where our rescaled time comes in! We know that by scaling with the correct frequency w of the
system there will be no secular terms. So we have to choose w; such, that no secular terms arise.

Therefore, in order to suppress the occurrence of secular terms, the amplitude of the resonant forcing
term should vanish, which yields the next order terms w; and ;. We thus have

1
w) = —EK

leading to

/2 =Alcosr+Blsinr—lecos3r.

With the initial conditions this is
Y = ﬁ(cos T — Cos 31').

Altogether we have eventually

O0(t) =ecost + ﬁsg’(cosr — cos 3r) +0(), t= K(l - 1—1682 + 0(84))t.
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5.2 Method of Lindstedt-Poincaré: Assignments

5.2.1 A quadratically perturbed harmonic oscillator

Consider the following problem for y(¢, ¢)
Y +y—y"=0, with y©0) =¢e y(0)=0
asymptotically for small positive parameter &.

i) Show by phase plane considerations (section 8.1) that y is periodic for small ¢.
ii) Determine a three term straightforward expansion and discuss its uniformity for large ¢.
iii) Construct by means of the Lindstedt-Poincaré method (“method of strained coordinates™) a three
term approximate solution.

5.2.2 A weakly nonlinear harmonic oscillator

Consider the following problem for y(¢, ¢)
Y+ A +yHy=0 with yO0)=e y(©0)=0
asymptotically for small positive parameter &.

i) Determine a two term straightforward expansion and discuss its uniformity for large 7.
ii) Construct by means of the Lindstedt-Poincaré method (“method of strained coordinates”) a two
term approximate solution.

5.2.3 A weakly nonlinear, quadratically perturbed harmonic oscillator

Consider the system governed by the equation of motion
Y'+y+eay’=0, y0)=0, y(0) =84,
asymptotically for e—0, where « = O(1). Hint: rescale y := By and affe := ¢.
i) Show by phase plane considerations (section 8.1) that y is periodic for small ¢.
ii) Determine a three term straightforward expansion and discuss its uniformity for large ¢.

iii) Determine a three term expansion, valid for large ¢, by means of the Lindstedt-Poincaré method.

5.2.4 A coupled nonlinear oscillator

Determine a first-order uniformly valid expansion for the periodic solution of
u +u=ce(l—2)u
ez +z=u’

asymptotically for ¢ — 0, where ¢ = O(1) is a positive constant and u, z = O(1). You are free to
make the solution unique in any convenient way, as long as it is periodic.
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5.2.5 A weakly nonlinear 4th order oscillator
Determine a periodic solution to O (&) of the problem
u/// + u// + I/t/ +u= 8(1 _ uz _ (u/)z _ (u//)2)<u// + I/t/)

asymptotically for ¢ — 0, where u = O(1).

5.2.6 A weakly nonlinear oscillator
Use Lindstedt-Poincaré’s method to get a two-term asymptotic approximation y = y(¢) to the problem

Yi+y=eyy?: yO0)=1, y(0)=0.

5.2.7 The Van der Pol oscillator

Consider the weakly nonlinear oscillator, described by the Van der Pol equation, for variable y =
y(t,e)int:

Y +y—el—=y)y =0
asymptotically for small positive parameter .

Construct by means of the Lindstedt-Poincaré method (“method of strained coordinates’) a second-
order (three term) approximation of a periodic solution.

Note that not all solutions are periodic (see for example the phase portrait in figure 8.2), so you have
to make sure to start on the right trajectory. Apart from this, you are free to make the solution unique
in any convenient way. Take for example initial conditions

y(0) = A(e), ¥'(0) =0

with A(¢) to be determined.

5.2.8 A variant of the Van der Pol oscillator

The same as above for
Y'+y—e(l—yHy =0

5.2.9 Another weakly nonlinear oscillator

For parameter g = O(1)
Y+ y+e(y?+8y) =0
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Chapter 6

Matched Asymptotic Expansions

6.1 Theory

6.1.1 Singular perturbation problems

If the solution of the problem considered does not allow a regular expansion, the problem is singu-
lar and the solution has no uniform Poincaré expansion in the same variable. We will consider two
classes of problems. In the first one the singular behaviour is of boundary layer type and the solution
can be built up from locally regular expansions. The solution method is called “method of matched
asymptotic expansions”. In the other one more time or length scales occur together and a solution is
constructed by considering these length scales as if they were independent. The solution method is
called “method of multiple scales”.

6.1.2 Matched Asymptotic Expansions

Very often it happens that a simplifying limit applied to a more comprehensive model gives a correct
approximation for the main part of the domain, but not everywhere: the limit is non-uniform. This
non-uniformity may be in space, in time, or in any other variable. For the moment we think of non-
uniformity in space, let’s say a small region near x = 0. If this region of non-uniformity is crucial for
the problem, for example because it contains a boundary condition, or a source, the primary reduced
problem (which does not include the region of non-uniformity) is not sufficient. This, however, does
not mean that no use can be made of the inherent small parameter. The local nature of the non-
uniformity itself gives often the possibility of another reduction. In such a case we call this a couple
of limiting forms, “inner and outer problems”, and are evidence of the fact that we have apparently
physically two connected but different problems as far as the dominating mechanism is concerned.
Depending on the problem, we now have two simpler problems, serving as boundary conditions to
each other via continuity or matching conditions.
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Non-uniform asymptotic approximations

If a function of x and ¢ is “essentially” (we will see later what that means) dependent of a combination
like x /& (or anything equivalent, like (x — xo)/&?), then there exists no regular (that means: uniform)
asymptotic expansion for all x = O (1) considered. A different expansion arises when x = O(¢g), in
other words after scaling t = x /e where ¢t = O(1). If the limit exists, we may see something like

(D(x,e)zgo(%,x,s) ~ (00, x,0)+..., O(et,e) =(t,et,e) ~p,0,0)+....

where x is assumed fixed and non-zero.

Practical examples are

e /¢ +sin(x +&) =0 +sinx +ecosx +... on x € (0, 00)
e ' +sin(et+e)=e"+e(t+1)+... onte[0,L]

1
arctan(f>+tan(8x)=%+8( ——)—1—... on x € (0, 00)
€ x

arctan(r) + tan(s’t) = arctan(¢) + &°t +... on t € [0, L]

! ! 82+ € (0, o0)
— = — —— 4+ ... onx , 00
x2 462 x2  xt

1 L1
82[2+82:8 s on t €0, L]

where L is some constant. Of course, if x occurs only in a combination like x /e, the asymptotic
approximation becomes trivial after transformation, but that is only here for the example.

We call this expansion the outer expansion, principally valid in the “x = O(1)”-outer region. Now
consider the stretched coordinate

t=—.
&

If the transformed W (¢, e) = ®(x, &) has a non-trivial regular asymptotic expansion, then we call
this expansion the inner expansion, principally valid in the “s = O(1)”-inner region, or boundary
layer. The adjective “non-trivial” is essential: the expansion must be significant, i.e. different from the
outer-expansion rewritten in the inner variable ¢. This determines the choice (in the present examples)
of the inner variable ¢t = x/¢. The scaling §(¢) = ¢ is the asymptotically largest gauge function with
this property.

Note the following example, where we have three inherent length scales: x = O(1), x = O(¢),

x = 0(&?) and therefore two (nested) boundary layers x = ef and x = &1,

log(x/e + ¢) = —log(e) + log(x) +...... on x € (0, 00)
log(t + ¢) =log(t)+§+... on t € (0, L]
log(et + ¢) =log(e) +log(r +1) on 7 € [0, L]

An important relation between an inner and an outer expansion is the hypothesis that they match:
the respective regions of validity should, asymptotically, overlap (known as the overlap hypothesis).

Algorithmically, one may express this as follows, known as Van Dyke’s Rule. The outer limit of the
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inner expansion should be equal to the inner limit of the outer expansion. In other words, the outer-
expansion, rewritten in the inner-variable, has a regular series expansion, which is equal to the regular
asymptotic expansion of the inner-expansion, rewritten in the outer-variable.

Suppose that we have an outer expansion jo¢o + (1¢; + . .. in outer variable x and a corresponding
inner expansion A9 + A + ... in inner variable ¢, where x = §¢. Suppose we can re-expand the
outer expansion in the inner variable and the inner expansion in the outer variable such that

mo(&)po(8t)  + pm1()@1(81) + ... = ro(e)no(@) + Ar(e)m@) + ...,
ro(&)Yo(x/8) + A (e)Y1(x/8) + ... = po(&)bo(x) + 1)1 (x) + ...,

Then for matching the results should be equivalent to the order considered. In particular the expansion
of ny, written back in x,

Ao(&)no(x/8) + Ar(e)m(x/8) + ... = po(&)o(x) + pu1(e)61(x) + ...,

should be such that ¢, = 6, fork =0, 1, ---.

A simple but typical example is the following function on x € [0, c0)
f(x,e) =sin(x + &) + e */*cos x
with outer expansion with x = O (1)
F(x,e) =sinx +&cosx — %82 sinx — %83 cosx 4+ O(e*)
and inner expansion with boundary layer (i.e. inner) variable t = x/e = O(1)
G(t,e)=e'+e(t+1)—1e’e = 1+ 1) + 0(s*).
The outer expansion in the inner variable
F(et, &) = sin(et) + e cos(et) — %82 sin(et) — %83 cos(et) + O(e")
becomes re-expanded
Fu(t,e) =e(t+1) — 12 + 1)’ + 0(e")
which is, rewritten in x (and re-ordered in powers of ¢), given by
Fn(x/e, &) =x — %x3 +e(l — %xz) — %82)6 — %83 + 0.
The inner expansion in the outer variable
Gx/e,e) =x+e+(1—tx)e™ —Llx+e)’+ 0
becomes re-expanded
Gou(x,8) =x — éx3 +e(l — %xz) — %szx — %83 + 0(h.

Indeed is Gy (x, €) functionally equal to Fi,(x /¢, ¢) to the order considered.

Another way to present matching is via an intermediate scaling. Conceptually, this remains closer to
the idea of overlapping expansions than Van Dyke’s matching rule, but in practice it is more labori-
ous. Suppose we have an outer expansion F(x, ) in the outer variable x, and a corresponding inner
expansion G (¢, €) in the boundary layer variable ¢, where x = §¢ and §(¢) = o(1). Then for matching
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there should be an intermediate scaling x = n&, with! § <« n < 1, such that under this scaling,
the re-expanded outer expansion [F (n&, €)]exp is equal (to the orders considered) to the re-expanded
inner expansion [G(gé , €)]exp- Note that the result must not depend on the exact choice of 7, and the
expansions should be taken of high enough order.

With the above example we have with (for exampe) n ~ e
F(n&, &) = sin(n§) + & cos(§) — 37 sin(n§) — ¢’ cos(né) + O(e”)
— 0k +e— I — Lene? — Lotk — 16 + e+ ..
which is indeed to leading orders equal to
G(2E,0) =78/ o (26 + 1) — 4e2(26) e — Led(Ze + 1)) + 0.
=nE+e— tmE+e)’ 4. ..

The idea of matching is very important because it allows one to move smoothly from one regime into
the other. The method of constructing local, but matching, expansions is therefore called “Matched
Asymptotic Expansions” (MAE). An intermediate variable is typically used in evaluating integrals
across a boundary layer (see below).

Constructing asymptotic solutions

The most important application of this concept of inner- and outer-expansions is that approximate so-
lutions of certain differential equations can be constructed for which the limit under a small parameter
is apparently non-uniform.

The main lines of argument for constructing a MAE solution to a differential equation satisfying some
boundary conditions are as follows. Suppose we have the following (example) problem.
d*p  dg
8@4‘& —2x =0, 0) = (1) =2. (6.1)
Assuming that the outer solution is O (1) because of the boundary conditions, we have for the equation
to leading order

d
0 _ 9y —o,
dx
with solution
0o = x>+ A.

The integration constant A can be determined by the boundary condition ¢3(0) = 2 at x = 0 or
@o(1) = 2 at x = 1, but not both, so we expect a boundary layer at either end. By trial and error
we find that no solution can be constructed if we assume a boundary layer at x = 1, so, inferring a
boundary layer at x = 0, we have to use the boundary condition at x = 1 and find

(p0=x2+1.

n other words, § = o(n) and n = o(1).
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The structure of the equation indeed suggests a correction of O(e), so we try the expansion
g =90 +ep+o+---.

For ¢; this results into the equation

do doo _ 0
dx  dx2
with ¢; (1) = 0 (the O(e)-term of the boundary condition), which has the solution
Y = 2 —2x.
Higher orders are straightforward:
0 _ 0. with g(1) =0
= ’ W1 n = ’
i @
leading to solutions ¢,, = 0. We find for the outer expansion
p=x>+142e(1—x)+ 0(M). (6.2)

We continue with the inner expansion, and find near x = 0, an order of magnitude of the solution
givne by ¢ = A, and a boundary layer thickness given by x = &7 (both A and § are to be determined)

edxd®y  Ady

—— 4+ —-—— =26t =0.

8% dr? + 8 dt
Both from the matching (@ouer — 1 for x | 0) and from the boundary condition (¢(0) = 2) we
have to conclude that @i = O(1) and so A = 1. Furthermore, the boundary layer has only a

reason for existence if it comprises new effects, not described by the outer solution. From the heuristic
correspondence principle we expect that (i) a meaningful rescaling corresponds with a distinguished
limit or significant degeneration, while (ii) new effects are only included if we have a new equation;
in this case if (d*v/d¢?) is included. So £§~2 must be at least as large as !, the largest of 6! and §.
From the principle that we look for the equation with the richest structure, it must be exactly as large,
implying a boundary layer thickness § = ¢. Thus we have the inner equation

d? d

d_tf + d_ltﬂ — 2%t =0.
From this equation it would seem that we have a series expansion without the O (¢g)-term, since the
equation for this order would be the same as for the leading order. However, from matching with the
outer solution:

Gouter — 1 +28 +2(t* =2t)+---  (x=st, t = O(1)),
we see that an additional O (¢)-term is to be included. So we substitute the series expansion:
o =Yo+ev+eYr+ - (6.3)
It is a simple matter to find
>y dio
— 242, 0)=2 — =2+ Ag(e™" 1),
™ ” ¥0(0) Yo =24 Ag(e )
d*yy dy
— 4+ =0, 0)=0 — =A (e =1),
2 T ¥1(0) Vi 1(e )
>y, dyn
L Y 0)=0 — =1* =2t + Ay(e' —1),
™ ” ¥2(0) 5 + Aa(e )
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where the constants A, Ay, Aj, - -+ are to be determined from the matching condition that inner and
outer solution should be asymptotically equivalent in the region of overlap. We follow Van Dyke’s
matching rule, and rewrite outer expansion (6.2) in inner variable ¢, inner expansion (6.3) in outer
variable x, re-expand and rewrite the result in x. This results into

241421 —x)4+ 0@ ~ 1426 +x*—2ex + 0(&?) (6.42)
2+ Ag(e™ =) +eAj(e —1) + (17 — 2t + Ay(e™ —1)) + O(&?)
~2— Ay —eA| +x%—2ex — 2A, + O(&d) (6.4b)

The resulting reduced expressions (6.4a) and (6.4b) must be functionally equivalent. A full matching
is thus obtained if we choose Ag = 1, A| = =2, A, = 0.

Composite expansion

If the boundary layer structure is simple enough, in particular if we have just a simple boundary layer
with matching inner and outer expansions, it is possible to combine the separate expansions into a
single uniform expansion, called a composite expansion.

Suppose we have an outer expansion ¢ = oo + (1¢; + ... in outer variable x € (0, 1) and a
corresponding inner expansion ¥ = Ag¥ + A1 + ... in inner variable ¢ € [0, o0), where x = §¢
and §(e) = o(1). In view of matching, the overlapping parts

Pp(x) = [p(0)],_ s = = [mo(&)po(81) + 1 (&)1 (1) + .| _ /s = [Xo(&)no(®) + A1 ()i (1) + . ]t:x/(s
¥ (x) = ¥ (x/8) = Ao(e)Po(x/8) + A ()Y (x/8) + ... = 110(e)8o(x) + 111 (8)01 (x) + . ..

are functionally equivalent to the order considered, i.e. (13 o~ @(x). This means that the combined
expression

¢(x) + ¥ (x/8)

is for x = O(1) asymptotically equal to ¢(x) + 1//(x) and for x = 0(8) asymptotically equal to
vx) + qb(x) In both cases it is the overlapping part d)(x) (or equivalently w(x)) which is too much.
The combined expansion

O(x) = ¢(x) + ¥ (x/8) — $(x)
is thus valid both in the boundary layer and in the outer region.

As an example we may consider the previous problem (6.1), with solution (reformulated)

d(x) = x2+ 14 2e(1 —x) + O

Y =1+e" =26 —1) + 82 — 2) + O(s)
$() = 1+2¢ +2° — 2ex + O(eY)

(x) =x7 + 1 +e 7/ +2e — 2ex — 2e e/ +0(e?)
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Approximate evaluation of integrals

Another application of MAE is integration. We split the integral halfway the region of overlap, and
approximate the integrand by its inner and outer approximation. Take for example

log(1
f(x,8)=M, 0<x<o0, O<exl,
x2 4 g2
with outer expansion
log(1 log(1 log(1
Flxoe) = og(l +x) _ og(1+ x) _ 2 og(l+ x) L 0@Eh

x2+ g2 x2 x4

and inner expansion in boundary layer x = &t

_log(1+er) 1 (8t - %821‘2 + 0(83)> 1ot %ﬂ

fe)= —— " = — = _ _
flet &) 2 +1 et?4+1 241

2(124+1) g2 +0().

If we introduce a function n = n(¢) with ¢ <« n < 1 (note that eventually the detailed choice of 7 is
and should be immaterial), and split up the integration interval [0, co) = [0, n] U [, c0), we find

* Jog(1 + x) /"/8 t /00 log(1 + x) s
—  Cdx O(g) dt — T 4+ 0(¢H)dx
/0 x% 4+ &2 o 1?1 +O@Edr+ x2 +0E)

n

n/e oo

14+ x
X

= [% log(1 + %) + O(e)] + [logx - log(1 +x) + 0(82/)62)}

0 n

+0@H#Q
~ —loge+ 1.

log(1 +
= <logn + %log(l +&2/n*) —loge + 0(n)) + (log(l +n) —logn + #

Implicit matching subtleties

An interesting detail in the matching process of boundary layer problems where the inner equation is a
form of Newton’s equation (for example exercises 6.2.11, 6.2.12, 6.2.23, and others) is the following.
Consider a boundary layer equation in Y (f) = Yy(¢) +...,0 <t < 00, of the form

" Yo+ F'(Yp) =0,

a2

which may be integrated to
3(HY0)? + F(Yo) = E.

If Y, should be matched for t — oo to an outer solution y(x) of O (1) with x = &t, then the integration
constant £ may be found by observing that y, ~ £~'Y; = O(1), so the leading order Yy, should vanish
for large ¢. Hence E = F(y(0)). An important condition for consistency is that the final integral

Yo 1
4y =4V2
x/Yo(O) Y% E — F(’?)

diverges (no square root singularity but at least a simple pole) at n = y(0), in order to have t — oo.
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We illustrate this by the following example. The singular boundary value problem
2.1 2 __ — —
ey +y =K(x), y0)=0, y1)=0

where K (x) > ¢ > 01is O(1) and sufficiently smooth, has boundary layers of O(g) near x = 0 and
x = 1. We consider x = 0. (The other is analogous.)

An outer approximation y = yo + ... is readily found to be
Yo(x) = £y K(x),

with sign to be decided. Write for notational convenience K (0) = k. The leading order inner equation
for y(x) =Y(t) =Yy+ ..., where x = &t, is

Yy + Y5 =k, Yo(0) =0.
As argued above, for matching it is required that Y(t) — £k and Y; — 0. We integrate
LYYP+ 1Y) — kYo =E=+(GkK — k) = 2k

Since Y, is small for t — 0 and (¥})? > 0, the sign of E can only be positive, and thus outer solution
yo(x) must be negative. Furthermore

2 — 1Y + Yy = 1(Yo + k)* 2k — o).

Noting that Y] has to be negative, we can finish as usual to find explicitly

0 1 2k — Y,
dn = 2./3 | artanh — artanh ( g) =/ 2kt
/YO (n+k)2k —n 3 3k \/; 3

such that
Yo(t) = 2k — 3k tanh? (,/%kt + artanh (\@))

Logarithmic switchback

It is not always evident from just the structure of the equation what the necessary expansion will look
like. Sometimes it is well concealed and we are only made aware of an invalid initial choice by a
matching failure. In fact, it is also the matching process itself that reveals us the required sequence of
scaling functions. An example of such a back reaction is known as logarithmic switchback.

Consider the following problem for y = y(x, &) on the unit interval.
ey +x(y —y)=0,0<x <1, v(0,8) =0, y(l,¢) =e.
The outer solution appears to have the expansion
y(x,€) = yox) +eyi1(x) + e2y2(x) + O(e?).
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By trial and error, the boundary layer appears to be located near x = 0, so the governing equations
and boundary conditions are then

Yo — Yo =0, yo(l) =e,

—1_.7

Yo = ¥n=—% Y1 Ya(1) =0,
with general solution
Yn(x) = A, €' + /1 ey (2)dg,
such that
Yo(x) = e,

yi(x) = —e* In(x),
Y(x) = ex(% In(x)? + % -2+ %xfz),

etc. The boundary layer thickness is found from the assumed scaling x = ¢t and noting that y =
O (1) because of the matching with the outer solution. This leads to the significant degeneration of

m =1 orx = eIt The boundary layer equation for y(x, &) = Y (, ¢) is thus

2’
Y +1Y —e3ty =0,  Y(0,8) =0.

. . . . L, .

The obvious choice of expansion of Y in powers of &2 is not correct, as the found solution does not

match with the outer solution. Therefore, we consider the outer solution in more detail for small x.
1 .

When x = £2t, we have for the outer solution

vt e) =1+elt+e(—tne+ 12 e+ 1724 ..) + O3 Ine) 6.5)
(The dots indicate powers of ¢ 2 that appear with higher order y,.) So we apparently need at least
Y(t,8) = Yo(t) + £2 Y1 (1) + £ In(e) Yo (1) + £¥3(1) + 0(e),

with equations and boundary conditions

Y! + 1Y) =0, Yo(0) = 0,
Yl//—f-tYl/:lY(), Y,(0) =0,
Y/ + 1Y) =0, Y>(0) = 0,

Yy + 1Y, =tYy, Y;(0) =0,
etc. Hence, the inner expansion is given by

Yo(t) = Agerf(J5).
Yi(r) = Ay erf() + Ag[rerf(%) +2(2)7 2" = 1)],
Vo) = Ar erf( L),

Va(t) = Aserf() + /O et /O e} £y, (&) d& dz.
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Unfortunately, Y3 cannot be expressed in closed form. However, for demonstration it is sufficient to
derive the behaviour of Y3 for large 7. As erf(z) — 1 exponentially fast for z — o0, we obtain

1
Yi(t) = Aot + A; — 2(%) 2 Ao + exponentially small terms.

If Y5 behaves for large  algebraically, then 1Y} > Yy, so Y, = Y, — t7'Y] >~ Aot. By successive
substitution it follows that

1
Y3(t) = 3 Aot” + (A — 2(2)2 At — AgIn(®) + ..

For matching of the inner solution, we introduce the intermediate variable n = ¢ *x = 2%t where
O<a< %, and compare with expression (6.5). We have

1
A() + 8% (Al — 2(%)2140) + SO[A()?] + & ln(s)A2 + %820(140772
1
+ et (A —2(2)2 Agn — sAgInn + (3 — @) AgIne
=148+ %820[772 —¢elnn —asln(e) + %8272‘17772.

Noting that 2 — 2« > 1, we find a full matching with

1
Ag=1, A =2(3), A =-1

This problem is an example where intermediate matching is preferable.

Prandtl’s boundary layer analysis.

The start of modern boundary layer theory is Prandtl’s analysis in 1904 of the canonical problem of
uniform incompressible low-viscous flow of main flow speed U, viscosity u and density pg, along a
flat plate of length L. Consider the stationary 2D Navier-Stokes equations for incompressible flow for
velocity (u, v) and pressure p

Uy + Vy = 0, pO(uux + Ul/ly) =—px+ M(uxx + uyy)v ,O()(I/tl)x + UUy) = —Dy + M(Uxx + Uyy)’

subject to boundary conditions u = v = 0aty = 0, 0 < x < L. Make dimensionless u := Uyu,
v := Uy, p := poU2 p, x := Lx, y := Ly. (The scaling of the pressure may not be evident, but is
due to the fact that the low-viscous problem is inertia dominated, so the pressure gradient, which is
really a reaction force, should balance the inertia terms.) We are left with the dimensionless Reynolds
number Re = poUs L/ . Since Re is supposed to be large, we write ¢ = Re ~! small. We obtain

uy +v, =0, wuu, +vuy =—pc+e(Uc +uyy), uvy +vv, = —py+ (Ve + vy,),

subject to boundary conditions u = v =0at y = 0,0 < x < 1. The leading order outer solution for
y = O(1) is given by (u, v, p) = (1, 0, 0), but this solution does not satisfy the boundary condition
u = 0 at y = 0 along the plate. So we anticipate a boundary layer in y, such that the viscous friction
euy,y contributes. When wescalex = X,y =¢"Y,u =U,v =¢"V,and p = P, we find
Ux +&""Vy =0, UUx+e""VUy = —Px +eUxx + &' " Uyy,
e"UVx + & "VVy = —e"Py + &' ™ Vyx + " Vyy.
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This yields the distinguished limitm = n = % with the significant degeneration
Ux+VY=O, UUx+VUy=Uyy, Py=0,

known as Prandtl’s boundary layer equations. Since P = P (X) has to match to the outer solution p =
constant (for this particular flat plate problem), pressure gradient Py = 0 and disappears to leading
order. Very quickly after Prandtl’s introduction of his boundary layer equations, Blasius (1906) was
able to reduce the equation to an ordinary differential equation by means of a similarity solution for
the stream function ¥, with U = ¥y and V = —x, of the form

— Y
V2X
leading to Blasius’ equation

f/// + ff// — 0

Prandtl’s boundary layer equations, but with other boundary conditions, are also valid in the viscous
wake behind the plate x > 1, y = O(¢'/?) (Goldstein, 1930). The trailing edge region around x =
1, y = 0, however, is far more complicated (Stewartson, 1969). Here the boundary layer structure
consists of three layers y = 0(&7/%), 0(e*?), O(¢*/®) within x — 1 = 0(&*/®). This is known as
Stewartson’s triple deck.

The role of matching

It is important to note that a matching is possible at all! Only a part of the terms can be matched
by selection of the undetermined constants. Other terms are already equal, without free constants,
and there is no way to repair a possibly incomplete matching here. This is an important consistency
check on the found solution, at least as long as no real proof is available. If no matching appears to
be possible, almost certainly one of the assumptions made with the construction of the solution has to
be reconsidered. Particularly notorious are logarithmic singularities of the outer solution, as we saw
above. See for other examples [13].

Summarizing, matching of inner- and outer expansion plays an important role in the following ways:

i) it provides information about the sequence of order (gauge) functions {u;} and {A;} of the
expansions;
ii) it allows us to determine unknown constants of integration;

iii) it provides a check on the consistency of the solution, giving us confidence in the correctness.
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6.2 Matched Asymptotic Expansions: Assignments

6.2.1 Non-uniform approximations and boundary layers

Determine on [0, co) the outer approximation and all inner approximations (the boundary layers,
corresponding scaling and asymptotic expansions) of

1
x 42+ ¢’

6.2.2 Boundary layers and integration

Consider the function

fx,e) =e*(1+x) +mwcos(mx +¢) for 0<x <.
a) Construct an outer and inner expansion of f with error O (&?).
b) Integrate f from x = 0 to 1 exactly and expand the result up to O(&?).

¢) Compare this with the integral that is obtained by integration of the inner and outer expansions
following the method described in section 6.1.2 (or Example 15.30 of SIAM book).

6.2.3 Friedrichs’ model problem
Friedrichs’ (1942) model problem for a boundary layer in a viscous fluid is
ey =a—y for 0 <x <1,

where y(0) = 0, y(1) = 1, and «a is a given positive constant of order 1 and independent of ¢. Find a
two-term inner and outer expansion of the solution of this problem.

6.2.4 Singularly perturbed ordinary differential equations

Determine the asymptotic approximation of solution y(x, &) (1st or 1st+2nd leading order terms for
positive small parameter e— 0) of the following singularly perturbed problems.

« and B are non-zero constants, independent of ¢.

Provide arguments for the determined boundary layer thickness and location, and show how free
constants are determined by the matching procedure.

a)
ey’ — vy = 2x, v(0,8) =a, y(l,¢e)=8.

b)
ey’ + y* = cos(x), y(0,e) =0, 0<x<1.

C)
ey + Q2x + 1)y +y> =0, v0,8) =a, y(,s) =§8.
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6.2.5 A hidden boundary layer structure
The problem for ¢ = ¢(x,e) ande > 0, x >0
¢~ F)$p =0, ¢0)=a, ¢O0)=b
is difficult to analyse asymptotically for small ¢ (why?). We therefore transform the problem.

a) Rewrite the problem for y(x) given by

1 X
$(x) = aexp (g /O y(z)dz)

b) Assume that F is sufficiently smooth (analytic), and F(x) > ¢ > 0 along the interval of interest.
Formulate a formal asymptotic solution of y = y(x, &) for small ¢ up to and including O (¢).

What is the initial condition?

c) Apply this to the asymptotic solution for F'(x) = e*.

d) What changes when we apply the transformation

1 X
P(x) = aexp <—;/0 y(z)dz).

Explain why we obtain, in the end, the same result.

6.2.6 A singularly perturbed nonlinear problem
Find a composite expansion along 0 < x < 1 of the solution of the following boundary value problem

ey +2y +y =0, y©0) =0, y) =1

6.2.7 A singularly perturbed linear problem
Find a composite expansion of the solution of the following boundary value problem along 0 < x < 1
ey" = f(x) —y’, where y(0) =0 and y(1) = 1.

The function f is continuous, independent of ¢ and of order 1.

6.2.8 A boundary layer problem
(a) Show that the problem

ex™y +y*>=cosx along x€[0,1], y0) =0

with 0 < m < 1, has a boundary layer near x = 0. Give the corresponding scaling of x.
(b) The same question if the right-hand side of the equation is sin x.
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6.2.9 Sign and scaling problems

A small parameter multiplying the highest derivative does not guarantee that boundary or interior lay-
ers are present. After solving the following problems directly, explain why the method of matched
asymptotic expansions cannot be used (in a straightforward manner) to find an asymptotic approxi-
mation to the solution.

@ &y +w’y=0 along 0<x <1 and w #0.
(b) ey’ =y along 0 <x < 1, while y'(0) = —1 and y(1) =0.

6.2.10 The Michaelis-Menten model

A classic enzyme-reaction model, for the first time proposed by Michaelis en Menten (1913), consid-
ers a substrate (concentration S) reacting with an enzyme (concentration E) to an enzyme-substrate
complex (concentration C), that on its turn dissociates into the final product (concentration P) and the
enzyme. The reaction of the substrate to the complex is described in time ¢ by the system

dE
EZ—klES‘f’k,lC‘f‘sz,
ds

— =—-kiES+k_C,

dr

a© _ kiES —k_1C —kC
dr - 1 -1 24,
dpP

— = kC,

dr

with initial values S(0) = Sy, C(0) =0, E(0) = Ey and P(0) = 0. The parameters k;, k_, and k, are
reaction rates: k; of the forward reaction, k_; of the backward reaction, and k, of the dissociation.

a. If [S] = [C] = [E] = [P] = mol/m?, and [T] = s, what are the dimensional units of k;, k_,
and k,?

b. Expressed in de problem variables S, C, E, P en ¢, and the problem parameters Ey, So, k1, k_;
and k,, how many dimensionless quantities has this problem?
Note: “mol” is already dimensionless and does not count as separate unit.

c. Show that E = Ey — C. Ignore the equation for P. Make S, C and ¢ dimensionless such that
we obtain a system of the form

ds

— = —s +sc+ Ac,
dr

de

e— = §—5§C— uc,
dr H

with s(0) =1, ¢(0) = 0.

d. Consider the resulting problem asymptotically for e—0. We see that there are two time scales
(which?). The short one corresponds with the transient switch-on effects, which behave math-
ematically like a boundary layer in time. Solve the problem asymptotically to leading and first
order in €. Hint: it may be convenient to introduce the parameter v = p — A.
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6.2.11 Groundwater flow

Through a long strip of ground of width L between two canals (water level /o and /) the ground
water seeps slowly from one side to the other.

Select a coordinate system such that the Z-axis is parallel to the long axis of the strip and the canals,
the Y-axis is vertical, and the X-axis perpendicular to both. X = 0 corresponds with canal 0, and
X = L with canal 1. Assume that the groundwater level is constant in Z-direction.

Assume that the layer of ground lies on top of a semipermeable layer at levelY = 0, while the ground
water level is given by ¥ = h(X).

The water leaks through the semi-permeable layer at a rate proportional to the local hydrostatic pres-
sure. As this pressure is on its turn proportional to water level 4, this yields a flux density o/, where
o is a constant.

Water comes in by precipitation (rain). Fluctuations in precipitation are assumed to be averaged away
by the slow groundwater flow, such that the flux density N from this precipitation is constant in time.
Assume that variations in overgrowth and buildings may result into a position dependent N = N (X).

Between two neighbouring positions X and X + dX there exists a small difference in height and
therefore in pressure. According to Darcy’s law this creates a flow with a velocity proportional to the
pressure difference, and dependent of the porosity of the ground. As the pressure difference is the
same along the full height, the flow velocity is uniform, and we have

p(X) — p(X +dX) ~ h(X) — h(X +dX) ~ v(X)dX,

and the horizontal flux density is proportional to

dh
v=—-D—
dX

where D is in general a function of position.

The flux balance along a slice dX is then given by [Dh %]?rdx = (eh — N)dX, or
d dh
—(Dh) =ah =N
dx dx

a. We consider the situation with 2y = 0, andD is constant. Make dimensionless with L, | and
a: X = Lx, h(X) = hi¢(x), N(X) = ahK(x), and introduce the positive dimensionless

parameter
Dh,

&= 20L?

b. Assume heavy rain, such that K(x) = O(1). solve the resulting problem asymptotically for
e—0.

c. Assume little rain, such that K(x) = ex(x), with k = O(1). Solve the resulting problem
asymptotically for e—0. Take good care at x = 1. The boundary layer is rather complicated
with a layered structure.

d. What changes when we take the slightly more general case of D = D(X)?
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6.2.12 Stirring a cup of tea

When we stir a cup of tea, the surface of the fluid deforms until equilibrium is attained between
gravity, centrifugal force and surface tension. This last force is only important near the wall.

Consider for this problem the following model problem.

A cylinder (radius a, axis vertically) with fluid (density p, surface tension o) rotates around its axis
¢. (angular velocity ) in a gravity field —gé.. By the gravity and the centrifugal force the surface
deforms to something that looks like a paraboloid. Within a small neighbourhood of the cylinder wall
the contact angle « is felt by means of the surface tension.

Because of symmetry we can describe the surface by a radial tangent angle i with the horizon,
parametrized by arc length s, such that s = 0 corresponds wit the axis, and s = L with the wall of the
cylinder. L is unknown.

Select the origin on the axis at the surface, such that he vertical and radial coordinate are given by
Z(s) = / siny(s") ds’
0
R(s) = / cos ¥ (s") ds’.
0

The necessary balance between hydrostatic pressure and surface tension yields the equation

%+ simﬂ>

—0gZ + Lp?R? = - (
po—pgZ+ip (o + %

with unknown pg. Other boundary conditions are

Yv(0)=0, Y¥(L)=oa, R(L)=a.

a. Make dimensionless witha: s = at, R = ar, Z = az, L = al, and introduce

o Po Q%a
82:—2, /3:— /,L:—
pga pga g

Identify the dimensionless constants in terms of standard dimensionless numbers.

b. Solve the resulting problem asymptotically for e—0. Assume that © = O(1). Note that 8 and
A are unknown and therefore part of the solution.

6.2.13 Fisher’s travelling wave problem

Derive an approximate solution for large c¢ of the Fisher travelling-wave problem (Book eq. 15.19,
(10.70))
U'+c*U' + U1 -U) =0,
(a) on (—o00, o0) with U (—o0) = 1, U (oc0) = 0. It is no restriction to assume that U (0) = %
(b) on [0, 00) and U (0) = 0, while the previous solution is the outer solution.
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6.2.14 Nonlinear diffusion in a semi-conductor

A simple model for the nonlinear diffusion of a substitutional impurity in a certain type of semi-
conductor is given by the following nonlinear generalisation of the linear diffusion equation.

v, - p L (X _ 2
oY ax\ox  Cox

v dc 9%v

ar ot "ox?
in spatial coordinate 0 < x < oo and time ¢ > 0. Here ¢ denotes the concentration of impurity atoms,
v the concentration of vacancies, Vo, the equilibrium vacancy concentration, and D, and D, represent
vacancy and impurity diffusivities respectively. The quantities V,, D, and D, are all assumed positive
constants. The appropriate boundary and initial conditions are

ac 0 dc ov
Do )

c=Cy, v=Vy; onx=0
c—0, v—>Vs as x—oo

c=0, v=V,x att=0

where Cy and V, are positive constants.

Make the problem dimensionless by introducing
c:=c/Cy, v:i=v/Vy, t:=t/T, x:= x/\/ﬁ
where T is a timescale (does it matter which one ?). Introduce the problem parameters
e =Dy/De; 1=0Co/Voor 1=Vo/Veo

Typically, ¢ is small (the literature gives an example of &2 ~ 1/36.

Derive, for small €, a boundary layer-structured asymptotic expansion of the solution of the problem.

Tip: We saw above that the problem remains exactly the same if we scale time and space such that
t =Tt,x = L& with T = L?. From Buckingham’s I1-theorem it then follows that the combination
x2/t is a dimensionless group. Therefore, we can conclude that ¢ and v must be functions of the
similarity variable n = x/+/t alone.

Before attempting to construct an approximate solution, first rewrite the set of partial differential
equations into a set of ordinary differential equations (and boundary conditions) for v = v(n) and
¢ =c(n)along 0 < n < oo.

6.2.15 Heat conduction

Consider steady-state heat conduction in the rectangular region 0 < x’ < L, —D < y’ < D. Assume
that the temperature is prescribed along the edges x’ = 0 and x’ = L and that the edges y/ = £D
are insulated. We are interested in the problem for a slender geometry, i.e. ¢ = D/L < 1. If we
normalize x with respect to L and y with respect to D, we need to solve on the rectangle 0 < x < 1,
—1 < y < 1 the equation

T+ Ty =0, TO,y,¢)=f(), T, ye =gy, Tx xl,e=0
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1. Construct an outer expansion in the form
T(x,y,€) = To(x,y) + & Ty (x, y) + O(e*)

2. Construct appropriate inner expansions along the edges x = 0 and x = 1.

Hint: Solve the Laplace equation on a semi-infinity strip by means of a trigonometric-exponential
(Fourier) series expansion.

Verify that matching is possible and determine the unknown constants.

w

4. Solve the problem exactly and compare this with the results found.

6.2.16 Polymer extrusion

Extrusion of a polymer through a circular capillary is described by the pressure P(t) in the vessel,
from which the polymer is pressed, and the flow rate Q(¢) through the capillary.

The extrusion process is determined by the compressibility equation for the polymer in the vessel
and the equation of axial momentum conservation for the flow through the capillary. In linear ap-
proximation and after neglecting the inertial effects, we obtain the following dimensionless system
O<e<

d$0=—Q®, P(0) = 0;
dom 1 B
= —g@m—Qm) 0(0) = 1.

Determine the first term in:

the outer expansion;

the inner expansion;

the composite expansion.

Compare the composite expansion with the exact solution. Can you improve the composite ex-
pansion?

e

6.2.17 Torsion of a thin-walled tube

Torsion of a thin-walled tube produces a relatively large camber of the cross section. For a clamped
tube this is blocked at the clamped cross section. This blockage mechanism plays locally (near the
clamped cross section) an essential role in the distortion and stress distribution of the tube.

Consider a one-sided (at x = 0) clamped tube (here is x the axial co-ordinate, where 0 < x < [.)
De cross section at the other end x = [ is loaded by a torsional moment M, but is otherwise free.
The global (i.e. per cross section) distortion variables are: the torsion angle 6(x) (in radians), the
camber factor B(x) (in m~!) and the cross sectional shear « (x) (dimensionless). These three variables
satisfy the following set differential equations (they follow from global equilibrium conditions for the
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tube) and boundary conditions (where a; ... a4 are constants representative of the rigidity of the cross
section)

aB’ — af + a0’ —arx’ =0,
azB — a0” + azk” =0,

B — a0 + arx” —aye =0,

and

opx=0: B0)=0(0)=«(0) =0,

opx=1: BI)=0, aaB()+ayx'(l) —az0'(1) =0, a6'(l) =M.
The first set boundary conditions describes the tube being fully clamped at x = 0, while the second
tells us that the end cross section x = [ is free, apart from the prescribed torsional moment M.

For a rectangular tube with wall thickness 7, cross sectional width and height 26 and 4b, respectively,
and length [ (with t < b < [ but (t//b*) = O(1)) we have
6E 2E 4E13
3, a3 = ——bt, ap = ———.
1+v) (1+v) 3(1—v3)b
Introduce ¢ = ¢/b, 0 < ¢ < 1, and note that then also /] = O(¢).

a; = 4Eb5l, a, =

1. Make the formulation dimensionless. Reduce the system to 1 equation for 1 unknown (for exam-
ple B) plus boundary conditions.

Determine the first term of the outer expansion, asymptotically for e—0.

The same for the inner expansion (where is the boundary layer?).

The same for a composite expansion.

Compare the composite expansion with the exact solution. Can you improve the composite ex-
pansion?

A

6.2.18 A visco-elastic medium forced by a piston

A linear visco-elastic medium (Maxwell model) is contained in a rigid cylindrical vessel, closed by
a freely movable piston. As of time ¢t = 0, a constant (compressive) force is applied to the piston.
The vertical (i.e. in z—direction) displacement at a material point of the visco-elastic medium is w =
w(z,t). With 0 < ¢ <« 1, we have for w the following normalised, dimensionless system:

0%w 3w 02w

£>0, 0 - _ _ 2% o,
~ =i= o T a2ar | 022

Jw
t=0, 0O0<z<l1: w(z,O):E(z,O)zO,

t >0, z=0 : w(,t) =0,

ow 92w
t >0, =1 : —(,¢ —(1,1) = —1.
~ ¢ az( )+8z8t( )

i) Determine asymptotically for small ¢ (all to leading order) an outer expansion of w.
ii) Determine position and thickness of the boundary layer, and an inner expansion of w.
iii) Determine a composite expansion of w.
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6.2.19 Heat conduction in fluid flow through a slit

Vit

An inviscid fluid flows with constant, uniform velocity V into a 2-dimensional slit. The slit has height
2h and length L, where h/L <« 1 (see figure). At the entry plane of the slit, the temperature of the
fluid is 7;. The upper and lower wall have temperature T, (T, < T;). The straight front of the flow,
that is at time ¢ located at x = V¢, is thermally isolated from the environment.

1) Consider the temperature T = T (x, y, t) for:
O0<x<Vt<L, —h <y <h, O<t<L/V.

Formulate the equation for 7" with the corresponding boundary and initial value conditions.
2) Make dimensionless.

3) Consider the “thin-layer-approximation” (method of slow variation) for this problem, and give
the solution.

4) What condition is not satisfied by the solution found under 3)? So where do you expect a
boundary layer? Calculate the correction to the solution of 3) as a result of this boundary layer
(accurate up to O(h/L)).

6.2.20 The sag of a slender plate supported at the ends

A long, slender, strip shaped plate, of width 2a and length 2b where a/b < 1, is along its long sides
(x = Za) supported, while the short sides (y = £b) are free. The plate is positioned in the horizontal
(x, y)-plane and is loaded by its own weight (loading per unit surface ¢ measured in N/m?, in the
z—direction). The sag w(x, y) of the plate satisfies the following differential equation

—a<x<a 0*w 02w d*w q
Viw = AAw = — +2 + =—,
—b<y<b dx ax29y?2  9y* D
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(A=V?% Disa plate constant, measured in Nm), plus boundary conditions

92w
x = *ta w=——=0,
9x2
1p 9w n 9w 0 3w s ) 3w 0
= —_— V——ms = U, —_— —V)——— =0,
Y 02 U axe 0y 9x20

(v is Poisson’s ratio, v &2 0.3 (dimensionless)).

i) Scale the spatial coordinates like x = ax and y = by, and the sag like w = (ga*/D)w, and
introduce ¢ = a/b K 1.
ii) Determine asymptotically for small ¢ (to leading order) an outer expansion wg of w.
ii1) Argue why boundary conditions can be applied at x = £1 but not at y = +£1.
iv) Determine position and thickness of the boundary layers y = +1 + §(¢)n, and formulate the
equations for an inner expansion of w. Solve this to leading order by splitting w = wo + W and
assuming the Fourier representation W = Z;io fa(n) cos(r,x), where A, = (n + %)7‘[.

(Splitting off wy from w is advantageous because this avoids non-uniform convergence problems
of the Fourier series near x = +1.)

6.2.21 Heat conduction along cylinder walls

A circular infinitely long cylinder is applied with a thin thermally conducting outer layer, with inner
radius R; and outer radius R, (R = %(Rl + Ry), 6 = %(Rl — Ry),d/R = § < 1). The interface
between the cylinder and the layer is thermally isolated. r and 6 are polar co=ordinates in a cross
sectional plane of the cylinder. z is the axial co-ordinate. The cylinder rotates with constant angular
velocity w (measured in rad/sec) along the z-as.

The purpose of this layered cylinder is to transport heat from one place to another. While the outer
layer is heated at one side, the same amount of heat is removed at the opposite side. This is modelled
as follows:

e at the outer wall r = R; is along the part of the boundary givenby 0 < 6 < y, (y € (0, %n) a
positive, constant and uniform heat flux g prescribed;

e at the outer wall r = R, is along the part of the boundary given by 7 < 0 < 7w + y a negative,
constant and uniform heat flux —g prescribed;

e along the rest of the outer wall the flux is zero.

At ¢t = 0 the layer has a uniform temperature 7.

The temperature 7 we are looking for is independent of z,so T = T (r, 6, z) and satisfies the following
equation with initial and boundary conditions:

aT T <a2T 197 1 9%T

Y30 " arz ' roor | r?ap?

— ):O,R1<r<R2,O<9<2n,t>0;
at a0
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(k = k/pc is the thermal diffusion coefficient, measured in m?/sec)

T(r,0,0)= T, Ri<r <Ry, 0<£60 <2m;

oT
a—(R1,9,5)= 0, 0<6 <2m, t>0
-

oT
ka—(Rz,G,t)= q, 0<6 <y,
r

= —q, T<0<m+y,
0, y<bO<m, V wm4+y<0<2m;

(k measured in kg m/K sec?), plus the condition of periodicity
T, 0+2m,t)=T(,0,t).

As we are mainly interested in the temperature variation in @, rather than in r, we introduce the mean

temperature T
Ry

- 1
T@O,t)= 4R rT(r,0,t)dr.
R

Show that integration in r-direction of the above system (after multiplication by r) after neglecting of
O (8)-terms, yields

oT 9T  «k 0°T
— tw— — ——— = 0(0), 0<0 <2m, t>0;
o "%  mae 2@ st
with
Rq
Q) = —h(0),
oc
and . . .
T@®,0) =T,, TOA+2r)=T(@,1).
Non-dimensionalisation according to
n A pcw K
t = wt, T:R—q(T—To), en mzc‘?,
eventually leads to
T 8T 9T
— 4+ — —s—— = h(9), 0<6 <2m, t>0,
or "0 Faer 'O R

and
T@®,0) =0, TO+2m,t)=T@,1),

with

h@)= 1, 0<0 <y,
= —1, T<0<m+y,

= 0, y<bO<m V m+y<6<2m.

Assume in the following 0 < ¢ < 1.
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i) Determine to leading order the outer expansion of 7' (= f). Where do we observe in this

solution irregularities? Hint: consider the gradient in 6-direction of 7. So where do we expect
boundary layers?

ii) Determine for one of these boundary layers (the other is similar) its thickness and the corre-

sponding inner expansion.

6.2.22 Cooling by radiation of a heat conducting plate

Consider the stationary 2D-problem of a heat conducting semi-infinite plate, which is being heated at
the short side, while along the long sides the heat disappears slowly by weak radiation (see figure).

T, = —eT*
y=1

S T -
120 —0

y=-1

We make lengths dimensionless by half of the thickness of the plate, and the (absolute!) temperature
by a characteristic temperature at the short side.

From symmetry we consider only the upper half. In dimensionless variables the problem is then given
by
O<x, —l<y<l: VT=0

x=0, T =f(%=0()
oT 4
y:l, — = —¢T (0<8<<1)
dy
oT
y =0, — =0
ay
X—> 00 T—0

i) As the radiation is small, the temperature decays slowly in positive x—direction. Assume that the
corresponding length scale is X = §(¢)x. Determine é(¢) by assuming a “thin layer” approxima-
tion, and balancing the radiation with the changes in x—direction.

ii) Rewrite the problem in X en y. This is a singularly perturbed problem with a boundary layer of
thickness O(8) at x = 0.

iii) Finish i), by determining the leading order outer solution (up to a constant). Use the fact that
T —0 for X—oo.

iv) Determine the boundary layer problem, and determine the leading order boundary layer solution
in the form of a Fourier expansion. (Assume for simplicity that f(y?) = Z;OZO a, cos(nmwy).)
Determine by matching the unknown constant of iii).

v) What is the second order scaling function of the boundary layer solution, in other words, what is
A in T = Ty + A T,. Write down the equation and boundary conditions for 7. The solution is
very simple.

Compare now the influx at x = 0 with the outflux at y = 1.
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6.2.23 The stiffened catenary

A cable, suspended between the points X = 0, Y = 0and X = D, Y = 0, is described as a linear
elastic, geometrically non-linear inextensible bar of weight O per unit length.

70L 1 1 30L
—H «— — H
0,0) (D,0)

Figure 6.1: A suspended cable

At the suspension points the cable is horizontally clamped such that the cable hangs in the vertical
plane through the suspension points.

The total length L of the cable is much larger than D, while the bending stiffness E[ is relatively
small, such that the cable is slack.

In order to keep the cable in position, the suspension points apply a reaction force, with horizontal
component H resp. —H, and a vertical component V, resp. QL — V. From symmetry we already have
V = %QL, but H is unknown.

With s the arc length along the cable, ¥ (s) the tangent angle with the horizon, and X (s), Y (s) the
cartesian co-ordinates of a point on the cable, the shape of the cable is given by

d2y )

El—- = Hsiny — (Qs — V)cosy
ds?

v(O0)=vy(L)=0

L
X (L) =/ cosy(s)ds = D
0

L
Y(L) = / siny(s)ds =0
0

a. Make dimensionless with L:s = Lt, X = Lx,Y = Ly, D = Ld, and introduce g = EI/QL3,
h=H/QL.

b. Solve the resulting problem asymptotically for e—0. Assume d = O(1), h = O(1).

As posed, d is known and 4 is unknown, and so 2 = h(e, d). It may be more convenient to deal
with the inverse problem first, where % is known, and d results. Of course, then is d = d (¢, h).
Finally, after having found the relation between d and % (asymptotically), we can solve this for
h and given d.
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6.2.24 A boundary layer problem with x-dependent coefficients

Suppose that y(x) with 0 < ¢ « 1 satisfies the boundary value problem
ey +ax)y +b(x)y=0, y0)=A, y()=B8B,

while a(x) and b(x) are analytic in [0, 1] (i.e. have convergent Taylor series in any point € [0, 1].

a. If a > 0, find an approximate solution and show that it has a boundary layer at x = 0.
b. If a < 0, find an approximate solution and show that it has a boundary layer at x = 1.

c. Finally, if a(xg) = 0 for xg € (0, 1), where a < 0 for x < xp and @ > O for x > x(, show
that no boundary layer at the end points can exist, and therefore an interior layer must exist at x.

b(xo)
a’(xo)

Define 8 = , and show that as x |1 xq, the outer solutions in x < Xy, resp. x > xo satisfy
y = c:l:l'x - -x0|7/3’

where the constants ¢ are known, but in general are not the same.

Hence show by rescaling x and y as

) v, x = (a,(“;o))éx,

y(x) = (

a’(xo)
the equation can be approximately written in the transition region as
Y'+ XY ' +B8Y =0

with matching conditions
Y ~ce|X|™P as X— =+ o0.

Solve this problem for 8 = —1. (Use Maple or Mathematica.)

6.2.25 A catalytic reaction problem in 1D

Consider the steady-state catalytic reaction problem of the book, section 16.8, but now in one dimen-
sion. This yields, for the concentration c, the scaled equation with boundary conditions

d’c c

— = A , 0<x <1

dx? a+c

c() =1, '(0) = 0.

Study carefully the 3D leading order asymptotic solution for «—0 while A = O(1), given in section
16.8.3, and determine the analogous solution for 1D.

Solve the inner solution (implicitly) and find integration constants by matching. See also the note on
page 546, above 16.6.5.
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6.2.26 A cooling problem

Consider a synthetic fibre, shaped like an infinite cylinder of radius R, with density oy, specific heat
capacity ¢y and thermal conductivity «y. At ¢ = 0 the fibre has uniform temperature 7 = T. Inside
the fibre the temperature 7} is described by

Ty
/"fcfa_tj — Kk V2T = 0.

Outside the fibre is air with corresponding parameters p,, ¢, and k,, and a temperature 7, given by

oT, )
PaCa—— — KoV Ty = 0.
ot
At t = 0 the air temperature is equal to T,. For r—o00, T,— T,. At the interface r = R, we have
continuity of temperature and heat flux:

Tr =T, kn-VT; =ken VT,

Assume that
Kq4 Kr aCa
b=l g= L Pl

Ky Prer K

Assume cylindrical symmetry, such that T = T'(r, t), while

0 ’ 1, 0
V:er—, \% :—(r—).
or r\ or

a) Scale T = Ty, + Tof, r = Rx, and t = (R?p,cq/Kk,)T, because we are interested in the behaviour
on the time scale of the heat diffusion in air.

b) Make a suitable choice to express § = §(e). Note: it is very hard to completely analyse a multi-
small parameter problem asymptotically. Therefore it is always wise to reduce the problem to a
single parameter problem by expressing one into the other.

¢) Find an asymptotic approximation of 6, and 6y for e—0.

6.2.27 Visco-elastic fibre spinning

The continuous stretching of viscous and elasto-viscous liquids to form fibres is a primary manufac-
turing process for textiles and glass fibres. The melt spinning process for the manufacture of fibres is
shown schematically in the figure. Molten material is extruded through a small hole into cross-flowing
ambient air at a temperature below the solidification temperature of the material. The solidified poly-
mer or glass is wound up on a reel moving at a higher speed than the mean extrusion velocity, resulting
in thinning of the filament.
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- Mean axial speed Wy at z =0

. Solidification point z = L

Spinline force F

Conservation of momentum for a Maxwell model, ignoring inertia, surface tension, air friction and
gravity, yields

dt dw dw
T, + A |:u) dzz 2‘Ezzd—Z:| = 27]d_z,
4 dz,, N dw dw

Trr w Trr—— N
d d "4z

where w is the cross-wise averaged axial velocity, n denotes the coefficient of dynamic viscosity, A
denotes the coefficient of elastic relaxation, and w(0) = W, is the initial axial velocity. Note that in
practice W, is not given but a result from the drawing force F applied at an end position z = L (the
solidification point).

We may assume that, due to surface tension, the cross-sectional shape of the fibre is circular, of radius
(say) R = R(z). We define Ry = R(0).

The normal components of the stress tensor n - o vanish at the surface »r = R(z), leading to
oy, — R,0,,=0, o0, —R0,,=0 atr=R.

For small R, (the assumption of a slowly varying diameter) it follows that o,, = (R.)%0,. =~ 0.
Furthermore, when we integrate along a cross section

2 3011
<rt,r) rdrdd = 271— azzr dr + 2R, [—ro.. +ro,.| =R~
r ror ”

2w — dr=0
ndZ/o o rdr

For o, practically constant along a cross section this leads to
2 —
nRo, =F.
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To make the problem tractable we ignore possible entrance effect and assume 7, = 0 at z = 0.
Altogether we have

F
7 R?’
Oy = —p+frr =0.

Oy =—P+7T,;=

Conservation of mass of incompressible flow yields the axial volume flux
Q = 7 R*w = TR W,.

We make dimensionless

W L T F F
w = v, = s Ty =1 —, Trr = L —
0 y 44 7TR3 JTRS
and introduce the dimensionless parameters
nm RZWo AWy
q =, E = ——
FL L

where ¢ = O(1) is the ratio between viscous and axial forces and ¢ is called the Weissenberg number.
We will analyse asymptotically the problem of small ¢.

Noting that R(Z)/R2 = w/ Wy = v, we have

T—P =v,
dv dv
T+ ¢ [v— —2T—:| =2q—,
y dy dy
Py P+Pdv dv
elv— — | =—q—
dy dy qdy

with
v(0)=1 and P(0) =0.

a) Eliminate P and din to find
v+ ev'(Qu — 3T) = 3qv’

where v = div.
)7

b) Eliminate T to find the single equation for v
s(vzv” - v(v’)z) +2e20(0)} — v’ +3¢()* =0

Note that this is a 2d-order autonomous ordinary differential equation.

¢) Introduce ¢(x) = v/(y) and x = In(v) and reformulate the equation for v into a 1st-order non-
autonomous ordinary differential equation with boundary conditions, for ¢ = ¢ (x, €).

d) Solve this equation by matched asymptotic expansions for small ¢ up to and including terms of
O(e). It is more work, but it is possible to get also the O(&?)-terms. Note that a boundary layer at
x = 0 may be anticipated.

e) Rewrite the leading order outer solution into a solution for v. This is the solution for a purely
viscous fibre, with negligible elastic effects.
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6.2.28 The weather balloon

In this exercise we will consider a simple model of the dynamics of a weather balloon in a non-uniform
but stationary atmosphere. In order to make analysis possible, we consider the Standard Atmosphere
which is explicitly given. We start with some preliminary information.

Ideal Gas

In the ideal gas model the relation between pressure p, density p and absolute temperature 7' is
approximated by
p = pRT

where R is constant, the so-called gas constant.

From known reference values at a pressure of p = 101.325 kPa we can derive the respective gas
constants for air, helium and hydrogen as follows

Air: T =288.15K, p=1.22500g/l - R, = p/pT = 287.053
Helium: T =273.15K, p=0.1786 g/l — R, = p/pT =2076.99
Hydrogen: 7T =273.15K, p =0.08988 g/l — R, = p/pT =4127.17

Table 6.1: Gas constants

Standard Atmosphere

A simplified model of the atmosphere, know as the Standard Atmosphere, is useful as reference. It
starts with a simple relation between temperature 7' and height 2 (above sea level), the assumption of
hydrostatic equilibrium dp/dh = —gp and the ideal gas law.

In the troposphere (0 < 4 < 11 km) the air temperature 7" is assumed to decay linearly, such that
pressure and density at height 4 above sea level are given by

h
T=T (1 — Z) K with Ty =288.15K, L =10°T,/6.5=44331m

= — aP ith po = 101325 P = 9.81 m/s? = 5=
= a, wi = a, g=09. 7, a=
P = Do T Po 8 o TR

= 5.256

T a—1
0= po (F) kg/m®, with py = 1.225 kg/m°.
0

The Balloon

A balloon of mass m and negligible own weight is filled with a gas of density p, (helium or hydrogen).

The volume of the balloon is V. = m/p,. We assume that the balloon is made of arbitrarily flexible

and extensible material such that it always attains a spherical shape. If the radius is r, the volume is
2

V = ‘3—‘771’3 and the cross sectional surface A = mr-.
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The weight of the balloon is gm, while the Archimedean upward force is go, V. The balloon is released
at time ¢+ = 0 from stationary state at sea level 4 = 0 in a steady atmosphere, describable by the

Standard Atmosphere. We are interested in its height 4 and velocity h at time 7.

As the balloon surface is perfectly flexible, it does not add extra pressure, and the pressure inside and
outside the balloon are equal: p, = p,. (In reality, no balloon is of course perfectly flexible, and at
some point the surface will not expand further. This is where the balloon stops rising.)

The temperature inside the balloon will be the temperature outside with some delay, to be modelled by
a temperature diffusion model which we will not include here. One extreme is to model 7, = T for
very fast balloons and the other extreme is to model T, = T, for very slow balloons. For mathematical
convenience we will consider the second assumption, but the other case is similar.

The Forces

. .2
The balloon is subject to inertia —m k, buoyancy force gpo,V — gm and air drag —% pah CyA, where
drag coefficient C; is for a sphere (of not too low and not too high Reynolds number) in the order of
0.5 [Batchelor 1967, p. 341].

Together these forces cancel out each other, so altogether we have the following equation for the
dynamics of the balloon

d2hn v 1 dh 2C 4
m— =gp,V—gm——=-p, | — .
57 = 8P g A P

Simplifying the problem to obtain a model

By using the above relations we find

d2h Oa . 3V\*? (dh\?
m— =gm— —gm— =7 a | — —
T L S R R dr

£y (o) (2 (2
dr? Pg m "\ 4mp, dr
1 (8 )t (3) s (@)
dr? g m!/3 \ 4x p§/3 dr

Now we use the equal pressures inside and outside

_ pa _ :OaRaTa _ /OaRa

1 = =
Pe PgR Ty peRy

such that

If we further introduce g = %(a — 1) = 0.7093, we have

d*h R, 1 3R, \* /pa\1/3 (dh\?
Eh_ (R 1)~ lac, ()" (2,
dr? R, 2 47 R, m dr
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and eventually an equation in &
d2h R, 1 3R, \*" /po\1/3 R\ (dh\?
Eh (B 1)L, ()" (11" (&
dr? R, 2 47 R, m L dt

Non-dimensionalisation

We make dimensionless by assuming

such that

(H" R, 1 3R, \*" /po\1/3 ¢ N\ (eH'\?
—g(=2-1)-zrcy (—) |- ~H .
72 R, 2 47 R, m L T
A possible lengthscale could be a radius r, for example at ¢ = 0, but this is obviously for the global
dynamics only relevant in a very indirect way. The most natural, inherent, length scale for /4 is obvi-

ously £ = L. A reference time scale is less obvious. If the buoyancy and drag are dominating for most
of the time, we choose 7 such that these forces balance:

1 R, 3R, \*? L? /po\1/3
T=,=-nCy — (—) .
2 R, — R, \47 R, g \m
For 1 kg helium this characteristic time is T = 6235.47 s or 104 minutes. For 1 kg hydrogen, it is
T = 5352.07 s or 89 minutes.

The relative importance of inertia against the other forces is characterised by the parameter

L 2 (471Ra)2/3 1 (m)1/3
& = = J— ,
g (% _ 1) nCy \ 3R, L\ po

which amounts here to ¢ = 1.86 - 107> for 1 kg helium and ¢ = 1.18 - 1073 for 1 kg hydrogen. So ¢
is a small parameter and most of the time inertia is unimportant. Hence, 7 is the typical time it takes
for h to vary by an amount comparable with L.

We finally obtain the model in its most transparent form
eH"=1— (1 — H)*(H')?

with initial conditions H (0) = H’(0) = 0. Because of these we may assume that H'(s) > 0.

This dimensionless form of the problem confirms that the inertial forces ¢ H” are negligible during
most of the balloon’s flight. Neglecting this term altogether, on the other hand, reduces the order of
the differential equation from two to one, which is not possible since we have two initial conditions.
The answer is of course that there exists a boundary layer near the starting time s = 0. We will solve
this problem therefore by application of the Method of Matched Asymptotic Expansions.

Asymptotic analysis
Solve this problem asymptotically for small ¢ up to first and second order.
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6.2.29 A chemical reaction-diffusion problem (singular limit)

Reconsider the chemical reaction-diffusion problem of problem 3.3.8 (page 49)

1 d/,de 2
r—za(ra>_¢c, O0<r<l,
c(l)=1, ) =0,

but now for the asymptotic behaviour of ¢ when ¢ = ¢~! — 0. Solve first the exact solution for n = 1
to guess the general structure. Find the leading order inner and outer solution.
Hint. Introduce y = rc.

6.2.30 An internal boundary layer (Oxford, OCIAM, 2003)

The function y(x, €) satisfies the equation
ey’ +yy —y=0 for x e (0,1)

Consider the following singularly perturbed boundary value problems for ¢ — 0.

a) Suppose that y(0) =0 and y(1) = 3. Show that a solution can be found with a boundary layer
at x = 0. Give leading order approximations for the inner and outer expansions.

b) Suppose that y(0) = —% and y(1) = %. Show that a solution is possible having an interior
layer where y jumps from —M to M, for some M. Find the leading order matched asymptotic
expansions.

6.2.31 The Van der Pol equation with strong damping
By a suitable coordinate transformation we can write Van der Pol’s equation with strong damping as
ey +y—(1—y)y =0 &—0.

We are interested in a periodic solution, so the choice of the initial conditions is part of the problem.
By seeking appropriate “outer” and “transition” layers, show that an approximate periodic solution
can be constructed to leading order in the form of matched asymptotic expansions. Show that the
period is approximately 3 — 21In 2.

6.2.32 A beam under tension resting on an elastic foundation

An elastic beam of bending stiffness E [/ is resting on an elastic foundation of modulus k(s), while it
is under tension 7" and under a distributed downward force per length p(s). The distance along the
beam is s. The small vertical deflection w of the beam satisfies the ordinary differential equation

Assume that there is an inherent length scale L, such that we can scale s = Lx. Assume that k is
typically of order K, i.e. k(s) = Kk (x), p is typically of order P, i.e. p(s) = Pf(x), and w is
typically of order W, i.e. w(s) = Wy(x).
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a) Show, by choosing suitable lengths L and W that the above equation can be written in dimension-
less form as

82(y//// +Ky) . y// — f

b) Suppose that the beam rests on a foundation with modulus that varies linearly along the length of
the beam, i.e. k(x) = 1 + mx. Other than the tension, there is no external forcing, i.e. f(x) = 0.
Model the beam as semi-infinite along x € [0, co), with a horizontally clamped, prescribed
deflection at x = 0 and (due to the increasing foundation modulus) no deflection for x — oo.
We arrive then at the differential equation and boundary conditions

"+ A +mx)y)—y' =0, yO) =1, Y0 =0, yx),yx =0 (x— o0).

If m = O(1) and ¢ — 0, find a first-order asymptotic approximation of y based on a boundary
layer structure near x = O.

HINT. Don’t be fooled by the form of the equation. The outer variable is not necessarily x, and
should be found from a judicious balancing of terms of the equation.
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Chapter 7

Multiple Scales, WKB and Resonance

7.1 Theory

7.1.1 Multiple Scales: general procedure

Suppose a function ¢(x, ¢) depends on more than one length scale acting together, for example x,
ex, and &%x. Then the function does not have a regular expansion on the full domain of interest,
x < O(e7?) say. Itis not possible to bring these different length scales together by a simple coordinate
transformation, like in the method of slow variation or the Lindstedt-Poincaré method, or to split up
our domain in subdomains like in the method of matched asymptotic expansions. Therefore we have
to find another way to construct asymptotic expansions, valid in the full domain of interest. The
approach that is followed in the method of multiple scales is at first sight rather radical: the various
length scales are temporarily considered as independent variables: x; = x, x, = ex, x3 = &”x, and the
original function ¢ is identified with a more general function ¥ (x;, x, x3, &) depending on a higher
dimensional independent variable.

o(x,e) = A(e) e cos(x — 6(¢g)) becomes Y (xi, xp,8) = A(e) e 2 cos(x; — 0(¢g)). ]

Since this identification is not unique, we may add constraints such that this auxiliary function v does
have a Poincaré expansion on the full domain of interest. After having constructed this expansion, it
may be associated to the original function along the line x; = x, x, = ex, x3 = &’x.

The technique, utilizing this difference between small scale and large scale behaviour is the method
of multiple scales. As with most approximation methods, this method has grown out of practice,
and works well for certain types of problems. Typically, the multiple scale method is applicable to
problems with on the one hand a certain global quantity (energy, power), which is conserved or almost
conserved, controlling the amplitude, and on the other hand two rapidly interacting quantities (kinetic
and potential energy), controlling the phase. Usually, this describes slowly varying waves, affected by
small effects during a long time. Intuitively, it is clear that over a short distance (a few wave lengths)
the wave only sees constant conditions and will propagate approximately as in the constant case, but
over larger distances it will somehow have to change its shape in accordance with its new environment.
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7.1.2 A practical example: a damped oscillator

We will illustrate the method by considering a damped harmonic oscillator

¢y  dy dy(0)
— 42— =0 (=0, 0)=0, —==1 7.1
a2 Tty (t=0) y(0) o (7.1)
with 0 < ¢ < 1. The exact solution is readily found to be
sin(+/1 — &2 ¢
y(t) =e sin(V1—e7r) ). (7.2)
V1 —¢g2
A naive approximation of this y(¢), for small ¢ and fixed ¢, would give
y(t) = sint — et sint + O(e?), (7.3)

which appears to be useful for r = O (1) only. For large ¢ the approximation becomes incorrect:

1) if# > O(¢™") the second term is of equal importance, or larger, as the first term and nothing is left
over of the slow exponential decay;

2) if t > O(e~?) the phase has an error of O(1), or larger, giving an approximation of which even
the sign may be in error.

We would obtain a far better approximation if we adopted two different time variables, viz. T = &t
and T = +/1 — £2¢, and changed to y(z, &) = Y(z, T, &) where
_r sin(7)

V1—¢2

It is easily verified that a Taylor series of Y in € yields a regular expansion for all ¢.

Y(t,T,e) =e¢

If we construct a straightforward approximate solution directly from equation (7.1), we would get the
same approximation as in (7.3), which is too limited for most applications. However, knowing the
character of the error, we may try to avoid them and look for the auxiliary function Y, instead of y.
As we, in general, do not know the occurring time scales, their determination becomes part of the
problem.

Suppose we can expand
Yt &) = yo(t) + ey (1) + 2y2(0) + -+ . (7.4)

Substituting in (7.1) and collecting equal powers of ¢ gives

d?yg dyo(0)
0% : — =0 ith y,(0) = 0, =1,
(e”) a2 T with yo(0) o
d?y, dyy dy(0)
o) : — = —2— with y;(0) =0, =0.
(e") 2 T . Vith il ) o
We then find
yo(t) = sint, yi(t) = —tsint, etc.

which reproduces indeed expansion (7.3). The straightforward, Poincaré type, expansion (7.4) breaks
down for large #, when et > O(1). It is important to note that this caused by the fact that any y, is ex-
cited in its eigenfrequency (by the “source”-terms —2dy,_;/df), resulting in resonance. We recognise

102 09-02-2018



2MMA30 - STORINGSMETHODEN EN MODELLEREN - LENTE 2018

the generated algebraically growing terms of the type ¢" sint and ¢" cos t, called secular terms (defi-
nition 5.1.1). Apart from being of limited validity, the expansion reveals nothing of the real structure
of the solution, and we change our strategy to looking for an auxiliary function dependent on different
time scales. We start with the hypothesis that, next to a fast time scale ¢, we have the slow time scale

T = st. (7.5)

Then we identify the solution y with a suitably chosen other function Y that depends on both variables
tand T

Y, T,e)=y(t,e).

There exist infinitely many functions Y (¢, T, ¢) that are equal to y(¢, &) along the line T = e&f in
(t, T)-space. So we have now some freedom to prescribe additional conditions. With the unwelcome
appearance of secular terms in mind it is natural to think of conditions, to be chosen such that no
secular terms occur when we construct an approximation.

Since the time derivatives of y turn into partial derivatives of Y, i.e.
dy dY aY
—_— = + &—,
dr at oT
equation (7.1) becomes for Y

Y Ly 4o (8Y+ 82Y)+ 2(82Y+28Y) 0 (7.6)
— el — e\— +2—)=0. .
012 ot 0tdT T2 oT

Assume the expansion
Y(t,T.e) = Yo(t, T) + Y1 (t, T) + &’Va(t, T) + - - (7.7)

and substitute this into (7.6) to obtain to leading orders

9%Y,

— +Y,=0,

92 + Yy

9%Y aY, 9%Y,
S iy =220 70
ot? ot 0toT

with initial conditions 5
YO(O’ 0):()7 5Y0(07 O): 17

a 0
Y1(0,0) =0, —Y1(0,0) = ——Y;(0, 0).
1(0,0) o7 1(0,0) Ta 0(0, 0)
The solution for Y is easily found to be
Yo(t, T) = Ao(T) sin(t — 6o(T)) with  Ag(0) =1,6,(0) = 0.
This gives a right-hand side for the Y;-equation of
0A 06
—2( 4o+ 8_TO> cos(t = 60) + 2Ao = sin(t — ).
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No secular terms occur (no resonance between Y| and Y)) if these terms vanish:

d0A 06,
Ao+ a—TO —0 vyielding Ag=e7, a—]‘f =0 vyielding 6, =0.

Together we have indeed constructed an approximation of (7.2), valid for t < O(e~!).
y(t, &) =e *'sint + O(e).

Note (this is typical of this approach), that we determined Y, only on the level of Y;, but without
having to solve Y; itself.

The present approach is by and large the multiple scale technique in its simplest form. Variations on
this theme are sometimes necessary. For example, we have not completely got rid of secular terms.
On a longer time scale (f = O(e~?)) we have again resonance in Y> because of the “source” e 7 sinz,
yielding terms O (e?t). We see that a second time scale T, = &t is necessary. From the exact solution
we may infer that these longer time scales are not really independent and it may be worthwhile to try
a fast time of strained coordinates type: T = w(e)t = (1+&%w; +&*ws+. . .)t. In the present example

we would recover w(¢) = /1 — &2

7.1.3 The air-damped resonator.

In dimensionless form this is given by

d’y  dy

d
&y dy|dy
dr? dr

dr

dy© _

:0, .th 0 = 1,
+y with  y(0) "

0. (7.8)

By rewriting the equation into the form
S[3007 + 357 = —e()?1Y'|

and assuming that y and y’ = O(1), it may be inferred that the damping acts on a time scale of O (s7!).
So we conjecture the presence of the slow time variable 7 = et and introduce a new dependent
variable Y that depends on both # and 7. We have

dy ay , oy

T = t’ t’ :thTva — 4. =}
‘ v =y e g =g tear

and obtain for equation (7.8)

oY

— +Y+e +—
ot

o2 otoT ot

9%y 9%y oY
(2

>+ 0(*) =0

9 3
Y(0,0,¢) = 1, (5 + sﬁ)Y(o, 0.¢) =0.

The error of O(g?) results from the approximation g—tY + S%Y = g—tY + O(¢), and is of course only
)

valid outside a small neighbourhood of the points where £-Y = 0. We expand

Y(t,T,¢)=Yy(t,T)+eYi(t, T) + O(e?),
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to find for the leading order

T +Yy=0, with Y,(0,0) =1, %YO(O, 0) =0.
The solution is given by
Yo = Ap(T) cos(t — 6y(T)), where Ay(0) =1, 6,(0) =0.
For the first order we have the equation
RSN
ar? rdT ot

aYy
ot

| = —

=2——sin(t — 6y) — 2A0— (t — 6y) + Ag sin(t — 6y)| sin(t — 6p)|

Sin CcOosS -+ sSin Sin s

Ta 0 0 Ta 0 0 0 0

with corresp()nding initial conditions. The secular terms are suppressed if the first harmonics of the

right-hand side cancel. For this we use the Fourier series expansion

sin(2n + 1)t
@2n—1)Q2n+1)2n +3)

sin(t) | sin(r)| = —; >
n=0

We obtain the equations

dAg 8 déy

2— +—A;=0 and =0,
ar 3x 0 e
with solution 6y(7) = 0 and
1+-T
Altogether we have the approximate solution
cos(t)
i, &) = ——5—+ 0(e).
1+ 58

This approximation appears to be remarkably accurate. See Figure 7.1 where plots, made for a parame-
ter value of ¢ = 0.1, of the approximate and a numerically “exact” solution are hardly distinguishable.
A maximum difference is found of 0.03.

1

0.5

—1 ' ' ' '
0 20 40 60 80 100

Figure 7.1: Plots of the approximate and a numerically “exact” solution y(¢, &) of the air-damped
resonator problem for ¢ = 0.1.
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7.1.4 The WKB Method: slowly varying fast time scale

The method of multiple scales fails when the slow variation is caused by external effects, like a slowly
varying problem parameter. In this case the nature of the slow variation is not the same for all time,
but may vary. This is demonstrated by the following example. Consider the problem

X 4+k)’x =0, x(0,&)=1, x(0,¢) =0,

where k = O(1). It seems plausible to assume 2 time scales: a fast one O(x~') = O(1) and a slow
one O(e~1). So we introduce next to ¢ the slow scale T = et, and rewrite x(¢,¢) = X(¢, T, ). We
expand X = Xo+¢eX; +...,and obtain Xy = Ay(T) cos(k (T)t — 6y(T)). Suppressing secular terms
in the equation for X requires A = «’t — 6, = 0, which is impossible.

AN OUTRAGEOUS SUGGESTION {
BUT IT DOES SEEM TO BE THE
ONLY SOCLUTION | ,

Here, the fast time scale is slowly varying itself
and the fast variable is to be strained locally by a
suitable strain function. This sounds far-fetched,
but is in fact quite simple: we introduce a fast time
scale via a slowly varying function.

Often, it is convenient to write this function in the
form of an integral, because it always appears in
the equations after differentiation. For a function
o to be found

t 1 T
T =/a)(8t’, g)dt = —/ w(z,e)dz, where T = et,
0 € Jo
while for x (¢, &) = X(t, T, ¢) we have

x=wX; +eXr and X= a)zXn +ewrX; +2ewX.r + 82XTT.

After expanding X = Xo+¢eX;+...and w = wy + €w; + ... we obtain

@y Xore + k7 Xo =0,

W Xire + K2 X1 = 20001 Xorr — wor Xor — 200 Xo:7- (7.9)

The leading order solution is Xg = Ao(T) cos(A(T)t — 6y(T)), where A = k /wy. The right-hand side
of (7.9) is then

2w Aogh(@1A + ArT — Oor) cos(AT — 6p) + (Aoh) ' (woAGA®) T sin(ht — ).

Suppression of secular terms requires A7 = 0. Without loss of generality we can take A = 1, or wy =
k. Then we need w; = Oyr, which just yields that A\t —6y =7 — 6y = ¢! fTa)(z) dz — fTa)l(z) dz =
g ! f Ta)o(z) dz 4+ O(e). In other words, we may just as well take w; = 0 and 8y, = y a constant.
Finally we have wgA3\*> = k A} = a a constant', or Ay = a//k. Altogether we have

a ! ’ ’
x(t) ~ WCOS</0 k(et')dt —y)

1A conserved slow-time quantity like KA% is called an adiabatic invariant.
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The introduction of a slow time scale together with the slowly varying fast time scale, is generally
associated with the WKB Method (after Wentzel, Kramers and Brillouin). Usually, the WKB As-
sumption (Ansatz, Hypothesis) is restricted to the context of waves, and assumes the solution to be of
a particular form. This is further explained below.

For linear wave-type problems we may anticipate the structure of the solution and assume the so-called
WKB Ansatz or ray approximation

y(t,€) = A(T, &) ei® hoomadr (7.10)

The method is again illustrated by the example of the damped oscillator (7.1), but now in complex
form, so we consider the real part of (7.10). After substitution and suppressing the exponential factor,
we get

A  dw 92A A
1— o)A '(2— iy 2A> 2(— 2-):0,
(I =) A+ ie{20m + gm A+ 20A) +e7( g7 + 257
Re(A) =0, Re(iwA+ecA)=0 at T =0.

Unlike in the multiple scales method the secular terms will not be explicitly suppressed, at least not to
leading order. The underlying additional condition here is that the solution of the present type exists
in the first place and that each higher order correction is no more secular than its predecessor. The
solution is expanded as

A(T, &) = Ag(T) + e A\(T) + *Ax(T) + - - -
o(T, &) = wy(T) + 2wy (T) + -+ .

Note that w; may be set to zero since the factor exp(i fOT w (7)dr) may be incorporated in A. By a
similar argument, viz. by re-expanding the exponential for small ¢, all other terms w;, ws, ... could
be absorbed by A (this is often done). This is perfectly acceptable for the time scale T = O(1), but
for larger times we will not be able to suppress higher order secular terms. So we will find it more
convenient to include these terms and use them whenever convenient.

We substitute the expansions and collect equal powers of & to obtain to O (&°)
(1—wd)A;=0
with solution wy = 1 (or —1, but that is equivalent for the result). To O(e') we have then
Ay + Ap = 0 with Re(Ag) =0, Im(wpAg) = —1atT =0,
with solution Ay = —ie~". To order O (e?) the equation reduces to
AL+ A = —i(3 +w) e ", with Re(4;) =0, Im(wpA;) = Re(Ay) at T =0,

with solution
wy = —%, A1 =0.

Note that if we had chosen w, = 0, the solution would be A| = — % T e~T. Although by itself correct
for T = O(1), it renders the asymptotic hierarchy invalid for 7 > O(1/¢) and is therefore better
avoided. The solution that emerges is indeed consistent with the exact solution.
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7.1.5 Weakly nonlinear resonance problems

Similar arguments may be applied to certain weakly nonlinear resonance problems. Consider first the
following slightly damped? harmonic oscillator with harmonic forcing

v 4+ @y + 2wy sinfy’ = ecos(wt), y(0) =y'(0) =0, (7.11)
(with sin® > 0 small) which has the solution

ot sind (w* — w%) cos(wot cos ) — tan O (w? + a)(z)) sin(wot cos 6)

(0? — w})? + (Qwwy sin H)2
2

y()=c¢e

— a)(z)) cos(wt) — 2wwy sin B sin(wt)

(0? — w3)? + Qwwy sin §)?

(w

When sin 6 is very small, we can distinguish an initial regime where the solution becomes approxi-
mately

cos(wgt) — cos(wt) sin (“’_2’”0 t) sin (%t)
y() ~ ¢ 5 =2¢ 5
w? — W w? — w;

and the steady state regime for t — oo where the solution becomes

cos(wt)

w* — wj
We are interested in the behaviour near resonance, when w ~ wq. Let us assume, for definiteness, that
w,wy = O(1) and @ — wy = O(¢e). Note that this implies that the factor v — a)(z) = 0(¢).

Initially, we have two time scales, viz. a fast time (w+wp)t = O(¢) and a slow time (w—wp)t = O(&t).
As long as (w — wg)t = O(g), solution y is of the order of magnitude of its driving force, namely
y = O(¢e). However, once we are in the steady state, the solution grows an order of magnitude higher
and becomes y = O(1).

It is important to realise that near resonance we are not able to assess the order of magnitude of y from
the driving force alone. We have to be more careful.

Consider these arguments to obtain (as a typical example) the steady state, near resonance solution of
the weakly non-linear, harmonically driven oscillator

v 4+ @iy +eay’ = eCcos(wt), o=wy(l+e0), w,wya,C,o=0() (7.12)

asymptotically for ¢ — 0. (Note that o and a do not need to be positive.)

In steady state, the solution will follow the periodicity of the driving force and will therefore be
periodic with frequency w. In other words, y will be a function f (wt) of e-dependent argument w (€)z.
Like in the Lindstedt-Poincaré and Multiple Scales methods, an asymptotic expansion in powers of &
(assuming a smooth f) will include secular terms like

f(wt) = f(wot) + eotf (wot) + ...

2By writing the friction coefficient 2w sin 6 in this way, the solution has a neater form.
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and so spoil any regular expansion on a time scale larger than O (1). It is therefore better to absorb the
e-dependent w into a new time variable T = wt. Next to this, it is convenient to rescale a and y

6

aw, C
T=wl, a= Fal () = w—%d’(f)
to obtain
(1+£0)*p,r + ¢ +cap® =ecost. (7.13)

Neglecting for the moment the non-linear term, we have seen above that away from resonance, y
follows the driving force and remains y = O(g), but near resonance it grows to become at steady
state y = O(e/(w — wy) = O(1). So we assume ¢ = O(1) and assume the Poincaré expansion

¢=¢0+8¢1+...

which we substitute in the equation. By collecting corresponding orders we obtain in the usual way

¢y + ¢o =0,
¢ + ¢ + 200, + ady = cost.

Initially, ¢ is totally undetermined, and we can say little more than the general solution
¢o(t) = AgcosT + BysinT.

We may see that Ay and By is determined at the next order, but it is not immediately clear how. First
order ¢, is driven by both the external force cos T and terms inherited from leading order ¢y, and we
need to know ¢, before we can proceed at all. So the situation looks rather hopeless.

There is, however, information that we haven’t used yet. While, on the one hand, ¢, is excited at
resonance (by the external force and the cos t and sin t terms from ¢y) leading to algebraic growth
by secular terms, we are, on the other hand, looking for a steady state solution such that e¢; remains
O (¢) and does not grow to O(1).

In other words, the secular terms of ¢»; should not be present and have to be suppressed. This provides
us with the consistency condition that yields the missing equations to determine Ag and By.

From the driving terms of ¢,

¢ + ¢ =cost —20¢] —apy
= [1+20 A9 — 3aA¢(Af + B)] cos T + [20 By — 2aBy(Aj + Bg)]sint
— 1a[Ao(A] — 3Bj) cos(37) + By(3A; — By) sin(37) ]

we obtain the conditions that suppress the secular terms
1+20A0 — 30A¢(Aj + By) =0,
20 By — 2aBy(Ag + Bj) = 0.
It is immediately clear that By = 0, while Ay is found from a (real) root of the 3"-order polynomial

3 2 12803
4" —=AGBx+1)=0, x=350Ap A=
8la

(7.14)
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We find 1 root for A < 1, 2 roots for A = 1 and 3 roots for A > 1.

Figure 7.2: Examples of intersection points of y = 4x> and y = A(3x + 1).

We can go on to determine ¢;. Again this will contain undetermined coefficients, which have to be
determined at the next order.
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7.2 Multiple Scales, WKB and Resonance: Assignments

7.2.1 Non-stationary Van der Pol oscillator

Consider the weakly nonlinear oscillator, described by the Van der Pol equation, for variable y =
y(t,¢e)int:

Y +y—e(l—yHy =0

asymptotically for small positive parameter €. (Check the phaseplane figure 8.2 in section 8.1.)

Construct by means of the method of multiple scales a first-order approximate solution. You are free
to choose convenient (non-trivial) initial values.

7.2.2 The air-damped, unforced pendulum

For sufficiently high Reynolds numbers, the air-damped pendulum may be described by

me+Cold|+Ksing=0, $O0) =e ¢ (©0) =0,

where ¢ > 0 is small and problem parameters m, K and C are positive. Assume that C/m = O(g).
Use the method of multiple scales to get an asymptotic approximation of ¢ = ¢ (¢, ¢) for ¢ — 0.

7.2.3 The air-damped pendulum, harmonically forced near resonance

When an oscillator of resonance frequency w is excited harmonically, with a frequency @ near wy,
the resulting steady state amplitude may be much larger than the forcing amplitude. Nonlinear effects
may be called into action and limit the amplitude, which otherwise (in the linear model) would have
been unbounded at resonance. In the following we will study an air-damped oscillator with harmonic
forcing near resonance. The chosen parameter values are such that the resulting amplitude is just large
enough to be bounded by the nonlinear damping.

a)

b)

Consider the damped harmonic oscillator with harmonic forcing
m (l) +K¢ = F cos(wt).

Parameters m, K and F are positive. Find the steady state solution, i.e. the solution harmonically
varying with frequency w.
Consider the air-damped version

m$+Cq.>|q.>|+K¢=Fcos(a)t),

where problem parameters m, K, C and F are positive. C and F are small in a way that F = ¢K
and C = emp where ¢ is small. The resonance frequency of the undamped linearised problem
is wy = /K/m, while w/wy = Q = 1 + ¢o with detuning parameter 0 = O(1). We are
interested in the (bounded) steady state, and initial conditions are unimportant. Use similar tech-
niques as used with the methods of multiple scales and Lindtedt-Poincaré to get an asymptotic
approximation of ¢ = ¢ (t) for e — 0.

Hint: make ¢ dimensionless by v = wt. Write the leading order solution in the form ¢y =
Ag cos(t — 19) and find A as a function of o from ¢;. Note that Ag(o) — 0if 0 — F00, which
is in agreement with (a).
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¢) The same problem as above but with a nonlinear restoring force K sin ¢, i.e.

mgl;+Cq.>|(2>|+Ksin¢=Fcos(wt),

while we now choose F = ¢*°K, C = emf and w/wy = Q = 1 + &’c. Note that we have to
rescale ¢.

The main difference with (b) is that Ay cannot be expressed explicitly in o, but if we plot o as a
function of Ay, we can recognise the physical solutions that satisfy Ag(o) — 0if 0 — Z£o0.

7.2.4 Relativistic correction for Mercury

The relativistic correction in the calculation of the advance of the perihelion of Mercury.
In the relativistic mechanics of planetary motion around the Sun, one comes across the problem of

solving

d’u ’

@+u=a(l+su) for 0 <6 < o0,
where u(0) = 1 and «#'(0) = 0. Here 0 is the angular coordinate in the orbital plane, u(0) = 1/r,
where r is the normalized radial distance of the planet from the Sun, and « is a positive constant. Note

that if & = 0 then one obtains the Newtonian description.
a) Find a first-term approximation of the solution that is valid for large 6.

b) Using the results of part (a), find a two-term expansion of the angle Af between successive peri-
helions, that is, the angel between successive maxima in u(6).

¢) The parameters in the equation are

=3() =
&= cr.) a_a(l—ez)’

where £ is the angular momentum of the planet per unit mass, r, is a characteristic orbital distance,
c is the speed of light, a is the semi-major axis of the elliptic orbit, and e is the eccentricity of the
orbit.

For the planet Mercury, h/c = 9.05 - 10 km, r, = a = 57.91 - 10° km, and ¢ = 0.20563
(Nobili and Will, 1986). It has been observed that the precession of Mercury’s perihelion, defined
as A¢ = A6 — 2w, after a terrestrial century is 43.11” 4= 0.45” (note that Mercury orbits the sun
in 0.24085 years). How does this compare with your theoretical result in (b)?

The problem is classic, and formed one of the famous experimental evidences of Einstein’s theory of
relativity. Make sure to do the deceivingly trivial calculations correctly. The results will agree!
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7.2.5 Weakly nonlinear advection-diffusion

Consider the following advection problem with weak diffusion:

ou ou 9%u
—+—=&—, for —o0o<x<oo, O0<t,
ot Ox ox2

where u(x, 0) = f(x). Using multiple scales, find a first-term approximation of the solution that is
valid for large r. Assume (and use) the fact that f is Fourier transformable:

~ e . 1 <, )
flo) = / f(x) e dx, fx)= E/ fle)e™ da.
Apply the formal result to

f)=e 2 fla)=~2me 2.

7.2.6 Golden Ten: an application of multiple scales

Golden Ten [35] is a modified version of Roulette, played with a small ball moving in a relatively large
conical bowl. At the end of the game the ball falls in one of 26 numbered compartments placed along
the number ring. In contrast to Roulette, Golden Ten is a so-called observation game: the players have
to stake only after the ball has reached a certain level at the bowl. It is claimed that the possibility to
observe a part of the orbit of the ball enables the player to make a better than random guess on the
outcome.

sphere (radius a)

Figure 7.3: The Golden Ten bowl; cross-sectional view

To construct a mechanical model (equations of motion) for the motion of the ball the following basic
assumptions are made:

i) the ball is a homogeneous sphere (mass m, radius a);

ii) the bowl is rotationally symmetric and purely horizontal (angle of inclination: o);
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iii) the ball rolls without slipping (the surface of the bowl is rather smooth, but rough enough to
prevent the ball from slipping);

iv) the motion of the ball is completely deterministic (of course, in reality there are, inevitably, ran-
dom effects, but they are not taken into account in our mechanical model);

v) the ball is launched along a vertical rim (radius R;;,,) at the top of the bowl (after rolling a few
laps alongside the rim the ball smoothly leaves the rim, and gradually spirals down the bowl).

Figure 7.4: Top-view of the bowl with moving sphere

A frame {Oe;e,e3}, moving with the ball, is introduced as shown in Fig. 7.4. The origin O is fixed
in the apex of the bowl, but the frame rotates with angular velocity ¢ about a vertical axis through O,
such that the point of contact P between ball and bowl is always on the e;-axis (distance O P = r).
Hence, the angular velocity of the frame is

Q =0 sinae;+ ¢ cosaes , (7.15)
(note that e;= & x e;) and the position vector of the centre o of the ball is
X, =re; +aes. (7.16)
For later use, we introduce the distance R from o to the vertical through O, i.e.
R =rcosa —asina . 7.17)

The velocity v, =x, and the acceleration @, =v,=xX, of o can now be expressed in the variables R
and ¢ and their derivatives (all further details of the derivations are omitted here).

The angular velocity w of the ball must be derived from the condition that the ball rolls, implying that
the velocity of the point P of the ball that is momentarily in contact with the bowl must be zero. This
yields

R® R

ert v es, (7.18)
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where 1&: (w, e3) is the so-called spin. So the ball rolls in e;-(radially, downwards) and e,-(tangential)
direction and spins about the normal on the drum surface.

The equations of motion for the ball follow from the law of momentum and the law of moment of
momentum (Newton-Euler equations), reading

p=m¥,=F, and D=1&=M,, (7.19)

where I = %maz, the central moment of inertia of the ball. Furthermore, F and M, are the total force

and the total moment about o on the ball, respectively.

Four distinct forces act on the ball:

i) the gravitational force in o

F, = —mgsinae; —mgcosaes ; (7.20)

ii) the resistive force in o due to air friction (a linear air resistance model is chosen here, so the
coefficient f is constant)
F,=—mfv,, (7.21)

(the coefficient of resistivity is written as: mf for convenience);

iii) the normal force in P
F, =Nes;, (N >0); (7.22)

iv) the frictional force in P due to dry friction
F,; = Die; + De; ; (7.23)
(here: N, D; and D, are unknown).
Note that of these four forces only F,; contributes to M, by a moment equal to
M, = (—ae3z x F;) =aD,e; —aDe, .
We neglect resistive moments due to rolling and spinning of the ball. Thus,
F=F,+F,+F,+F;,, M,=M,.

With use of the preceding results in the Newton-Euler equations (7.19) and after the elimination of
the unknowns N, Dy and D,, the following three equations of motion for R(¢), ¢(¢) and ¥ (t) emerge

. . .2 .
R = —%f R+R¢ cos’a + %a @ sino coso — %gcosa sina , (7.24a)
. 2 ..
5
<P=—7f§0—E R9, (7.24b)
. 1 ..
Y =—— Ry tana . (7.24¢)
a
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For the initial conditions we assume that the ball rolls along the rim for ¢ < 0, and looses contact with
the rim at + = 0 (smoothly). When the ball rolls along the rim, as well as on the bowl, the following
relation must hold .

aycosa+R¢ (1—sina)=0, (fort<0). (7.25)

At the moment of loosening ¢ = 0 there is no force acting between the ball and the rim. Hence, at
t = 0itis as if the ball moves, momentarily, in a circular orbit with

R=Ry=Rim—a, R=R=0, ¢=w, V=,

with wg and 2 still unknown.

From these considerations the following set of initial conditions can be derived (the details are left to
the student)

R(0) =Ry = Rim—a, R(0)=0,

) =0, ¢(0)=wy— Sgsina
=" 0= Ro(7cosa —2(1 —sin) tancw) (7.26)
, R
GO0 =2 =" (1-cosa).
acos o

Here, ¢(0) is arbitrarily chosen zero, because only the relative difference (¢(#) — ¢(0)) is relevant.

With (7.24) and (7.26) the motion of the ball is completely described. These equations can not be
solved analytically; only by numerical integration R(t), ¢(¢) and ¥ (¢) can be determined. Here, we
shall try to find some asymptotic results: one for the total path of the ball from the rim to the number
ring and a more local one, restricted to one orbit (“ellipse”) of the ball around the vertical axis.

parameter | value unit parameter | value unit
m 0.0383 kg a 0.0175 m
Riim 0.487 m Ry 0.469 m
Roum 0.205 m o 0.0831 rad
g 9.81 | m/sec? f 0.014 | sec™!
total time for one game 7, ~ 116 sec

Table 7.1: Numerical values for parameters of Golden Ten.

Normalization of the equations of motion
If f = 0 (no air resistance) the equations of motion (7.24) permit the following two first integrals:
R?>¢=C; = Rlwy, (7.27)

and
Ro wo

aV —R ¢ tana = C, = (7.28)

cosa
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(both are examples of conservation of moment of momentum, the first being Kepler’s law; also the
total mechanical energy is conserved, but we shall not use this here).

We should note that if f is positive but small, the changes in the functions introduced in the left-hand
sides of (7.27) and (7.28) will be small too. Therefore, we introduce the new variables

R2 ¢ —a gbcosa-i—Rsbsina R(1)
—— n() = , () = —. (7.29)
Roa)() R()a)() Ro

i) =
In observations of the real motion of the ball (i.e. in playing Golden Ten) the angle ¢ is the more

natural variable compared to the time ¢. Therefore, let us replace the variable ¢ by ¢, by use of

d d u* d

— =0 — = @y— — , 7.30
dt v do @ v do ( )

where | |
u(p) = —, and v(p) = —. (7.31)

Y3 Y1

Finally, we call y, = w(¢), and we introduce the new dimensionless parameters (which both are small

accordir 12 to Table 71)
5f
& =

= , d=sinu. (7.32)
76!)()

With all this (and with g sina cosa = w?Ro(7 — 2sina — 5 sin® &) /5) the system (7.24)-(7.26) can
be rewritten as

dv v?
— =—,
do u?
d
d—w = —de—,
u
d;Z ) (7.33)

v
i7" —(1=38%u+ (1 - 25— %52); + Zsvw ,

u(0) = v(0) = w(0) =1, d—”(O) =0.
de

In this form the system is adequate for asymptotics. However, in order to keep the now following two
exercises manageable (and only for that reason!) we shall neglect in (7.33) all terms containing §. This
results in the following reduced system, in which also the influence of the spin, represented by w(¢),
is disappeared,

d 2
d—”:g”—, vO0) =1,
(7} u
e - (7.34)

du
— —— =0, 0)=1 —(@©0) =0.
d¢2+u " u(0) d(p()

Although this system is a (too) strong simplification of (7.33), we will see that it still contains most of
the characteristic features of the motion of the ball in the bowl.

Solve the above system of equations by a multiple scales analysis (to leading orders only).
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7.2.7 Modal sound propagation in slowly varying ducts

Consider the problem of sound propagation in a cylindrical duct of slowly varying cross section and
slowly varying sound speed. The radius is given by r = R(ex), and the sound speed is given by
co = co(ex).

Note that sound speed ¢y, mean pressure py and mean density pg are related by poc% = 1.4- py (in air).
The mean pressure is under usual atmospheric circumstances constant. Therefore, the mean density is
also slowly varying.

The walls of the duct are soft and sound absorbing, as the wall is an impedance wall, also with (in axial
direction) slowly varying impedance. We consider sound waves of a fixed frequency w and rewrite the
sound pressure by introducing the complex pressure p as

physical sound pressure = Re(p(x, r, 9) e'“").
The modified reduced wave equation for p is

V. (C(Z)Vp) +w’p =0.
The impedance boundary condition is (rewritten to the pressure)

(Vp-ﬁ):—%p at r=R

with Z = Z(ex) the complex impedance of the wall, and the normal vector is given by

. e —&R'é,
n————
/1 + g2R”2
It is convenient to introduce the slowly varying function ¢ = —iwpy/Z.

i) Observe that for a straight duct with uniform mean flow and walls (¢ = 0) the sound field can be
written as a sum over modes, given by

1plm,u. = Jm(amur) eiimﬁ eiikmux

where m and «,,, are so-called eigenvalues (they are eigenvalues of the transverse Laplace prob-
lem, but this is not important here). m is an integer, while o, satisfies aJ) («R) = ¢ J,(@R).
The axial wave number k,,, can be expressed in w/cp and &, .

ii) Consider now the multiple scales problem for small ¢ of a slowly varying mode propagating
through the duct. Determine analogous to the example in the SIAM book the shape of such a
quasi-ductmode to leading order.

Eventually, the following integral of Bessel functions can be used:
m2
/ J(ar)?r dr = %(r2 - —2>Jm (ar)® + 312, (ar)’.
o
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7.2.8 A nearly resonant weakly nonlinear forced harmonic oscillator

Consider the system governed by the equation of motion
V' +y+ay’ =% coswt.

We are interested in the stationary solution due to the driving force, so initial conditions are not
important and solutions of the homogeneous equation are ignored. Find, asymptotically for e—0 and
o = O(1), the solution up to second order.

a) for > = 1+ O(1), i.e. away from resonance;

b) for w?> = 1 + &, i.e. near resonance.

Hint: For part (b), introduce the variable T = wt and use similar techniques as encountered with the
method of multiple scales and Lindstedt-Poincaré.

7.2.9 A non-linear beam with small forcing

The equation of a non-linear beam with a small forcing is
34 82 2
ﬁu — KWM + ﬁu = f(t)sin(mx)

82
xZ

1 '8 \2
=1 [ (5ou) ox
40 Bx

for 0 <x <1 and ¢t > 0, where u =
coefficient « is defined by

u=0 at x =0, x = 1. The (time dependent)

Assume u(x, t, &) = U(t, €) sin(mwx).

a) Find the first-term of an asymptotic expansion for small & of the solution for f(¢) = & sin(¢). We
do not apply any initial conditions but assume that the solution consists only of the part that is
driven by the source f(¢).

b) Using again f(¢#) = e sin(t), solve as multiple scales problem the first two terms of an expansion
of the solution, satisfying the initial conditions u(x, 0) = g—tu(x, 0) =0.
Hint: note that any combination of the type sin(?¢) sin(t) = %cos(yr2 - Dt — %cos(n2 + 1)t
will never be in resonance with vibrations of a frequency of any multiple of 72 because 72 is an
irrational number.

c) If we take for the driving force f(¢) = 8% sin(w? 4+ wpe)t, find the first-term of an asymptotic
expansion of the solution that valid for large ¢. The general solution of the slow variable problem
is difficult to find. Consider only stationary solutions. Can you determine the type of stability of
these stationary points?
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7.2.10 Acoustic rays in a medium with a varying sound speed

Show that acoustic rays follow circular paths if the sound speed varies linearly in space:

(a) Rewrite the eikonal equation (#f) of Example 15.37 in characteristic form by using Theorem (12.6).
(b) Prove that in a medium with a linearly varying sound speed the path of rays are circles.

Hint: make sure that the parameter s, along the curve x = &(s) that represents the ray, corresponds
with the curve arc length. In that case ¢ = %& is the unit tangent vector and k = C?—;E is the curvature
vector. Assume that ¢y varies linearly in direction n, i.e. co = g + a(x - n). Show that #x« is constant,
and conclude that the torsion is zero and the curve lies in one plane. Show that |k| is a constant, and
conclude that the curve is a circle.

7.2.11 Homogenisation as a Multiple Scales problem

Consider a slow flow (like groundwater) or diffusion of matter in a medium with a fine local structure,
of which the properties (porosity etc.) vary slowly on a larger scale. Usually we are eventually inter-
ested in the large scale behaviour. In this case it makes sense to separate the small and large scales,
and see if the effect of the small scale behaviour can be represented by a large scale medium property,
by way of a local averaging process of the small scale medium properties. This approach is called
homogenisation, and can be considered as an application of the method of multiple scales.

Take the following model-problem of diffusion of a concentration u in a medium with a fast varying
property a, driven by a slowly varying external source f.

d (1d \
& (;a”) = /0.

a varies quickly (in x /&) with a slowly (in x) varying averaged value. For definiteness we will assume
a to be of a particular form. Introduce the slow variable Z = x and the fast variable z = x/¢, such

that Z = ez. Hence
d 1 d )
— —u(z,e) ) =¢"f(ez
& (a(z’g) & ( )) f(ez)

A more general theory is possible for a(z, €) = a(Z) + B(z, Z) such that

z
/ B(t, Z) dt = integrable in z for z—o00.
0

For the moment we start with assuming « is constant and 8 = S(z). Assume the existence of the
regular (= uniform Poincaré) asymptotic expansion in the independent variables z and Z

u(z,e) =U(z,Z,¢) = Uy(z, Z) + eUi(z, Z) + €*Us(z, Z) + . ..

The crucial condition (a form of suppression of secular terms) is that regularity implies a uniform
asymptotic sequence of the terms, so Uy, Uy, U, --- = O(1) for Z < O(1) and z < O(1/¢).

Note: usually this is not uniform on an interval with boundary conditions. At the ends we will have
boundary layers x = O(e). These will be ignored here.
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Derive the following homogenised equation in the slow variable only
Uy(Z2) = af (Z).

Indicate how to proceed for higher orders.

7.2.12 The non-linear pendulum with slowly varying length

Consider a pendulum, moving in the (x, y)-plane, of a mass m that is connected to a hinge at (0, 0)
by an idealised massless rod of length L, which is varied slowly in time (slow compared to the typical
frequency of the fixed-length system). Denote by 6 the angle between the rod and the vertical.

At time ¢ the position (x, y), velocity (x’, ¥") and acceleration (x”, y”) of the mass are given by

x= Lsinf, x'=L0 cosh+ L'sind, x" =L6O"cosh +2L'0" cosd — LO?sin® + L" sinb,
y=—Lcosf, y =L0sinf — L cosf, y'=L0"sin0+2L'0 sind + LO*cos® — L" cosb.
The balancing forces are then inertia, equal to m times the acceleration, gravity gm in downward y-

direction, and a reaction force m R in the direction of the rod. If we regroup the forces in tangential
and longitudinal direction and divide by m, we obtain the equations

LO" +2L'0" + gsin6 = 0,
L' — LO? — gcos® = R.
In the following we will try to find 6(¢) as a function of time when L(¢) is given, i.e. the first equation.
Note that reaction force R(¢) then follows straightaway and is not part of the problem.

a) Assume that L is of the order of some Ly, 0 is of the order of /¢, where small parameter ¢ is
equal to the ratio between the inherent time scale of the pendulum /Ly/g and the inherent time
scale (say, A) of the variations of L. In other words:

i) o

Make the problem dimensionless, scale the variables in an appropriate way, and expand the equa-
tions up to and including terms of O(83).

b) Solve for 8 = 6(¢) asymptotically for small ¢ by the WKB method.
Note: don’t use the WKB-Ansatz given in equation (7.10) on page 107, because the problem is
not linear. Apply Multiple Scales with a slowly varying fast time scale.

7.2.13 Asymptotic behaviour of solutions of Bessel’s equation

The equation
2

1 m
y//+_y/+(a2__2)y:0
r r

has solutions in the form of Besselfunctions of order m and argument or.
Find asymptotic solutions of WKB-type for « — oo and r = O(1) withr > m/a.
Consider (i) m* = O(1), (ii) m* = O(@) and (iii) m* = O (a?).
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7.2.14 Kapitza’s Pendulum

Denote the vertical axis as y and the horizontal axis as x so that the

motion of the pendulum happens in the (x, y)-plane. The following y
notation will be used: w and A are the driving frequency and amplitude
of the vertical oscillations of the suspension, g is the acceleration of A¢\ =

gravity, L is the length of the rigid and light pendulum, m is the mass
of the bob and wy = +/g/L is the frequency of the free pendulum.

Denoting the angle between pendulum and downward direction as ¢,
the position x = &, y = n of the pendulum at time ¢ is

E(t) = Lsing
n(t) = —Lcos¢p — Acos wt

The potential energy of the pendulum due to gravity is defined by its vertical position as

Epor = —mg(L cos ¢ + Acos wt)

The kinetic energy in addition to the standard term %mL2 (2)2 describing the velocity of a mathematical
pendulum is the contribution due to the vibrations of the suspension

Exin = imL? § + mALw sin(or) sin(@) ¢ +1imA%0? sin(wt)
The total energy is then E = Ey;, + Ej and the Lagrangian is £(7, ¢, d) = Epot — Exin. The motion
of the pendulum satisfies the Euler-Lagrange equations

d oL oL
dragp 98¢

which is

;;;: —L_l(g + Aw? cos wt) sin ¢.

Assume that the driving amplitude A is small compared to L and frequency w is large compared to the
free frequency wy, in such a way that Aw/Lwy = O(1). We make this explicit by writing ¢ = wp/w
and A/L = eu. If we rescale T = wt, we obtain

d2

—d) = —(e* + epcos ) sin .

dr?
From the structure of the equation we may infer that ¢ = ¢(z, T, ¢) has a fast timescale t and a
slow timescale T = e7. Finish the analysis by assuming that ¢» can be written as the sum of a slowly
varying large part and a fast varying small part

d(t, T, &) = ¢po(T) + e (v, T) + *po(z, T) + ...

Apply a consistency condition for ¢, being bounded for T — oo. Find an equation for ¢y and an
expression for ¢;. Under what condition on w are there two stationary solutions ¢? Try to analyse
the stability in ¢y = 7, the inverted pendulum.
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7.2.15 Doppler effect of a moving sound source

The observed pitch of a moving sound source of frequency wy is higher if the source approaches the
observer and lower if it recedes from it. This frequency shift, called the Doppler effect, occurs if the
time scale of the tone w, !'is much smaller than the time scale T of the motion, i.e. if wol > 1.

a)

b)

Consider for smooth amplitude A and phase wyT ¢ the slowly varying, almost harmonic signal p
p(t) = A(t/T) D T > 1.

Its Short Time Fourier Transform (STFT) P is given by

(0.¢]

P(w;t,0) = / w(t —1,0)p(t)e ™ dt,
—00

where window function w(%, o) is a non-negative real function symmetric in # around 0, such that

it tends to zero fast enough outside of an interval of characteristic width o. More precisely, we

will assume that w(¢,0) — 1 foro — oo and w(c&, o) — 0 for [§] — oo.

Numerically convenient is the rectangular window w(¢, o) = 1 for |t| < o and = 0 elsewhere.
We will use here the analytically more convenient choice, that avoids high-frequent artefacts in P,
of Gaussian window w(t, o) = et/ "2, for which the STFT is called the Gabor transform.

The idea is that for small, but not too small o we are able to filter out a time dependent Fourier-type
spectrum associated to the higher frequencies (~ wy) in signal p. In the present case, with a slow
time O(T) of the amplitude and a fast time O (w,, 1) of the phase, a suitable choice is 0 = /T /wy.

In order to single out in ¢ the relevant o -neighbourhood of v we transform ¢ = t + oz, where
z = O(1). Introduce the small parameter ¢ = (woT)~' and make times ¢ and t dimensionless
on the short time scale. Obtain a form of p reminiscent of the WKB Ansatz for slowly varying
almost harmonic functions. Find a small-¢ approximation of P, and understand why wy¢’ is indeed
sometimes called the instantaneous frequency.

If the sound field p(x, ¢) of a time-harmonic point source, of frequency w, and moving subsoni-
cally along the path x = x(¢), is given by the equation

—232 iy
¢y o p — Vip =4mgo e §(x — xs(1)),
then the solution in free field is given by the so-called Liénard-Wiechert potential

qO eia)()te
R.(1 — M, cosb,)

p(x,t) =

where f, = t,(x, t) is the emission time. This is the time of emission of the signal that travelled
along a straight line with the sound speed ¢y from the source in xg at time ¢, to the observer in x
at time 7. It is a function of x and ¢, implicitly given by the equation

t=t,+ |x —xs(t) |y "

For subsonically moving sources, this equation has exactly one solution. Furthermore, the distance
(at emission time) R, between source and observer, the Mach number M, of the source speed, and
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the angle 6, between the observer direction and the source velocity, are functions of 7, and given
by

|xs5(2) | (= xs5(2) - ¥s(t,)
_ 0s 6,

co T = x| s

Assuming that time variations due to the wy are much larger than those due to the varying source
position, what is the instantaneous frequency observed at position x and time 7?

R, = Hx — xs(2.)

|a ML’=

7.2.16 Vibration modes in a slowly varying elastic beam

Small lateral deflections u(s, t) of a slender beam (a so-called Rayleigh beam) of density o, Young’s
modulus E, slowly varying cross sectional area A(s) and slowly varying moment of inertia I (s), is
described by the equation

PR +Ea2 % _0
P T Pas U orzas 92 a2 ) T

Assume for convenience a beam with A(s) = D(s)? and I (s) = D(s)".

a) Consider a straight bar, i.e. a configuration without slowly varying geometry. Investigate the pos-
sible harmonic waves u(s, t) = U e ~*_ What is k, for given w?

b) Consider the varying bar. Assume a frequency w such, that the typical corresponding real wave
length is of the order of magnitude of a diameter. Verify that this corresponds with kDy = O(1)
and 0? = O(E/,OD(%).

Derive the differential equation for waves of the form u(s, t) = U (s) €'’ along the beam. Make the
problem dimensionless on p, E and a typical diameter Dy. Write s = Doz, A = D3a, I = Dja’.

¢) In axial direction, the beam parameters vary with length scale L which is much longer than Dj.
Introduce the slenderness ¢ = Dy/L < 1. We have thus the slowly varying a = a(ez). Find a
WKB approximation of U (z) = ®(ez) exp (ie‘l f e (g)de )

7.2.17 An aging spring

A mass M = M(t) is attached to a spring, with spring coefficient K = K (¢). The position u = u(t)
is given by the equation
(Mu') +Ku=0

—at

a) Assume that M = M, is constant and the spring is slowly aging according to K(t) = Kye
Make ¢ dimensionless on the inherent time scale 7 of the oscillator when ¢ ~ 0. In order to
concretise the (relative !) slowness of the aging, we assume that 7' is much smaller than 1/« and
introduce the small parameter ¢ = o T. Solve the resulting equation asymptotically for ¢ — 0 by
using the WKB method.

b) The same question for a constant spring coefficient K = K and a mass, slowly decaying accord-
ing to M(t) = Mye .
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Chapter 8

Some Mathematical Auxiliaries

8.1 Phase plane

Phase portrait and phase plots

A differentiable function ¢ (), defined on some (not necessarily finite) interval ¢ € [a, b], can be
portrayed by the parametric curve (x, y) in R?, where x = ¢(¢) and y = ¢’(¢). This curve is called a
phase portrait or phase plot of ¢, and the (¢, ¢’)-plane is called a phase plane.

Phase plots are particularly useful if ¢ is defined by a differential equation from which relations
between ¢ and ¢’ can be obtained, but exact solutions are not or not easily found.

Important examples are
d(1) = Acos(wt), ¢'(t) = —wAsin(wr), with w’¢? + ¢? = w?A?,
leading to an ellipse as phase plot. A variant is
o) = Ae “cos(wt), ¢'(t) =+ (0?+c?) Ae “ sin(wt — arctan(w/c) — %n)

leading to an elliptic spiral, converging to the origin if ¢ > 0 and diverging to infinity if ¢ < 0.

Phase plot to illustrate the solutions of differential equation
A differential equation like the harmonic equation
Y+ oy =0

is simple enough to be solved exactly by y(f) = A cos(wt)+ B sin(wt), leading to periodic (circular or
elliptic) phase plots (see above). More difficult, in particular nonlinear, differential equations cannot be
solved exactly, and solutions have to be found (in general) numerically. The plot of a single solution,
however, does not tell us much about the whole family of all possible solutions. In such a case it is
instructive to create a phase plot. Take for example the Van der Pol equation

Y +y—el—y)y =0.
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Figure 8.1: Elliptic (periodic) and spiral (damped) phase plots.

For small enough ||(y, ¥)||, the nonlinear term is on average negative and acts as a source leading to
an increase. For large enough ||(y, ¥')||, the nonlinear term is on average positive and acts as a sink
leading to a decay. From outside inwards and from inside outwards, these solutions converge to a
periodic solution with (for small ¢) an amplitude of about 2.

Figure 8.2: A phase plot of the Van der Pol equation, with ¢ = 0.1 and solutions starting form y’ = 0
with y = 1 (red) and y = 3 (blue), respectively.

126 09-02-2018



2MMA30 - STORINGSMETHODEN EN MODELLEREN - LENTE 2018

Stability of stationary solutions

One of the most important applications of the phase plot is the stability analysis of stationary solutions
of 2nd order autonomous ordinary differential equations. Consider the equation

y'=F(,y),

then we can rewrite this as a system by identifying x; = y and x, = y’ with

i X1 _ X2
dt |x2)  |F(xi,x2))°
If the system has stationary solutions, they satisfy x, = 0 and F(x;,0) = 0. Assume a stationary

solution (x1, x2) = (Xg, 0). Consider perturbation around it of the form x; = Xy + &, x, = n, where
II(€, n)|| is small. Then after linearisation

0 a
Fxi,x) =a§ +bn+..., a=_—F(Xo,0), b=_—F(X0),
ax ay

5 (3] = o] == () 1)+

The matrix has (possibly complex) eigenvalues

)\.112 = %bj:,/a + %bZ

The solutions of the linearised system are typically a linear combination of e*! and e*?'. Depending
on the signs of X ,, this results in local behaviour in the phase plane of ellipses (neutrally stable),
converging spirals (stable) or diverging spirals (unstable).

we have

At Aot

Van der Pol’s transformation

An interesting class of problems is the nonlinear oscillator
y// +k2y 4 8y/g(y, y/) —0.

With g(y, y’) = y?> — 1 is the Van der Pol equation a famous example. After transformation ¢ := kt
and x; = y, x, = y’ we have

X;=x
Xy = —x1 — £x3 8(x1, X2).
Considerable progress can be made if we write the solution in polar coordinates of the phase plane:
Xy =rsing, x; =rcosg.
This leads to
Fsing +r 7 COSQ =T1COS¢Q

FCosQp —r @ sing = —rsing — ercos g g(r, p).

127 09-02-2018



2MMA30 - STORINGSMETHODEN EN MODELLEREN - LENTE 2018

After eliminating r and ¢ we have
r=—ercos’pg(r,¢)
p=1+ esingcos @ g(r, ¢).

Since er cos> ¢ > 0, the growth (7> 0) or decay (7 < 0) of the solution depends entirely on the sign
of g. A consequence is that if g is positive for large » and negative for small » (like the Van der Pol
equation), the expanding and contracting phase plots, not being able to cross each other, have to result
in (at least) one closed contour (a so-called limit cycle), i.e. a periodic solution.

8.2 Newton’s equation

An interesting equation that we encounter rather often is Newton’s equation

Y+ V() =0, yO0) =y, Y0 =y,

where V (in mechanical context a potential) is a sufficiently smooth given function of y. The interest-
ing aspect is that the equation does not depend on y’ and therefore can be integrated to

L)+ V() =E = 1y] + V().

with integration constant E. In mechanical context this relation amounts to conservation of total en-
ergy E, being the sum of kinetic energy %(y/ )? and potential energy V ().

Note that this relation between y and y’ is sufficient to construct phase plots for various values of E.
For those values of E, where these phase plots correspond to closed curves, we know in advance that
the corresponding solutions are periodic, which is important information.

y =+V2JE = V(y).

Furthermore, we can even determine y implicitly formally

We can eliminate y’ and obtain

y 1 N
———ds = +v2¢
/yo VE =V (s) *

and with some luck we can integrate this integral explicitly. Note that a full integration may depend
on the value of E.
A simple but important example is
y// + k2 y = 0
with ellipses in the phase plane described by

1pon2 | 1222 1.2, 1,2.2
(V) + 3Ky = E =3y + 3k7y;

leading to
¥

=421

/y 1 q V2 ( ks )
— d§ = — arcsin
w [E — %kzsz k V2E
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The integral describes one period (+ for one half and — for another half), that can be extended. Hence
we obtain the expected y = yy cos(kt) 4+ y k! sin(kt).

Another, less trivial example is
Yi+y=y'=0
with
300+ -t =E
Elementary analysis (check when the zero’s of E — x + x? are positive and real) reveals that this

relation yields in the phase plane closed curves around the origin if 0 < E < %. Hence, there are
periodic solutions for those values of E.

8.3 Normal vectors of level surfaces

A convenient way to describe a smooth surface 4 is by means of a suitable smooth function S(x),
where x = (x, y, z), chosen such that the level surface S(x) = 0 coincides with 4. So S(x) = 0 if
and only if x € 4. (Example: x> + y? + z> — R? = 0 for a sphere; z — h(x, y) = 0 for a landscape.)

Then for closely located points x, x + h € § we have
S(x +h) = Sx)+h-VSx)+ O(h*) ~h-VS(x) =0.

Since h is (for h — 0) a tangent vector of 4, it follows that V.S at § = 0 is a normal of 4§ (provided
VS #0). We write n ~ VS| _.
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8.4 A Systematic derivation of the Korteweg-de Vries Equation

Introduction

The Korteweg-de Vries equation describes weakly nonlinear, weakly dispersive long water waves, i.e.
surface waves with gravity as the restoring force on a inviscid, incompressible, irrotational steady
mean flow with negligible surface tension and a constant horizontal bottom.

The derivation of the equation is not trivial and the number of assumptions is quite large. In most
derivations given in the literature these assumptions are not all or not explicitly given.

The problem

Consider the two-dimensional space —0o < x < ocoand 0 < y < h + n(x, t) filled with water with
velocity v = V¢, constant density oy, pressure p and water surface y = i + n. The dynamics of the
water is given by the equations

¢xx + ¢yy =0 (81)
pods + 3p0(d7 + #7) + p + pogy = C(1) (8.2)
and boundary conditions
¢, =0 aty =0 (8.3)
P = po aty=h+n (8.4)
d’y = nPx + M aty =h+n (8.5)

where py is the assumed constant atmospheric pressure above the water surface.

Equation (8.1) results from mass conservation; equation (8.2) is Bernoulli’s equation or integrated
momentum equation with arbitrary integration constant C(¢), which will be chosen here equal to
Po + pogh; condition (8.3) describes the hard walled bottom; condition (8.4) describes the conti-
nuity of pressure across the water surface; condition (8.5) describes the fact that the water surface
is a streamline. This last equation can be derived as follows. Assume a water particle with position
(x,y) = (X(#), Y(¢)) following the surface streamline, and thus satisfying

Y@&)=h+n(X(@),1). (8.6)
Then condition (8.5) follows by differentiation and noting that

dx dy
v(X(@), Y (@) = (E’ E) . (8.7)

Anticipating a smooth solution and relatively small perturbations, we expand the conditions at y =
h + n around n = 0 and convert them into conditions at y = h:

Dy + NPy + 307 Dyyy + = N + NPy -+ 1y (8.8)
¢t + 7]¢ty + %7’2¢tyy +---+ %(P)% + 77¢x¢xy + %Uz(ff’%y + ¢x¢xyy) + ...
+302 + ndydyy + 307 (5, + dyPyyy) + - +gn=0. (89
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Scaling and non-dimensionalisation

Assume that the typical length scale in x-direction of the waves to be considered is L, and the typical
amplitude of the perturbed surface is a. Assume that a is small compared to water depth £, and 4 is
small compared to L, in such a way that aL?/h* = O(1). In other words, if we introduce the small

parameters
a h\?

We further assume that variation of ¢ in y scale on 4. By trial and error it appears that typical variations
in time scale on

it is assumed that ¢ /5§ = O(1).

T=— (8.11)
for the waves considered. With the above considerations we scale our variables to dimensionless form
¢:=agTp, n:=an, x:=Lx, y:=hy, t:=Tt (8.12)

as follows. First we have the boundary conditions at y = 1.

Gy + endyy + 170 Py, + - = €81 + -+ + 51y (8.13)
G+ EnBry + 38N Pryy + -+ 3607 + ENPrdey + 387 (B1, + Pedryy) + - -
+3e87'py + 707 Py dyy + 38787 (05, + Pydyyy) +o -+ =0.  (8.14)

Then we have the equation in —oco < x < 00,0 <y < 1

Srx + d)yy =0 (8.15)
with boundary condition at y = 0
¢, =0. (8.16)
Asymptotic analysis
If we substitute the expansion
¢ = o+ 301 + 8 + ... (8.17)
we get
¢O,yy + 8(¢0,xx + ¢1,yy) + 82(¢1,xx + ¢2,yy) +---= 0 (818)

With the hard-wall boundary condition this results into

do =Y (x,1) (8.19)
¢ = Ar(x, 1) — 1y* P (x, 1) (8.20)
$r = Ao (x, 1) — 192 A1 ox + 5y W (0, 1) (8.21)

Substitute these results together with the expansion
n=mno+8m +8nm+... (8.22)
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into (8.13) and (8.14), then we obtain to leading orders

—VYrx — 8 A1 cx + 0% rrxx — EN0Vrx = EM0xWx + Mos + 871 (8.23)
Y+ 8A1, — 18U + 2oyl 4+ no + 8m1 = 0. (8.24)
For notational convenience we introduce
wx,t) =vx, 1) +8A1(x,1), ¢(x,t) =nolx,t)+n(x,1). (8.25)
Then we have to the same order of accuracy
L+ Wyy = ¢8Warxx — E{Wyx — EL Wy, (8.26)
4w, = %(Sw”t — %swi. (8.27)

Further assumptions

It is easily verified that to leading order both ¢ and w satisfy the wave equation
Cit — Cax = 0, Wy — Wxx = 0 (828)

with solutions any linear combination of right running wave F'(x —t) and a left running wave G (x +t).
For the nonlinear problem this is not productive because we look for slow modulations on a right or
left running wave, whereas a combination would produce kinematically non-essential fast variations.
So we limit ourselves to solutions of the form

:=¢(z,7), w:=w( 1), where z:=x—1t, t:=6t, (8.29)
We obtain to the same order of accuracy
=&+ 08 +wy; = %(Swzzzz —&lw,, —efwy, (8.30)
¢ —w, +dw, = —30w... — jew. (8.31)
Getting the equation
From (8.31) we have
w, = ¢ + dw; + 28w..; + sew? (8.32)
If we substitute this expression for w, into (8.30)
— &+ 86 + &+ dwy + %(Swzzzz + ew,w,, = %Swzzzz —&fw,; —ef;w; (8.33)
or
e+ wer + %wzzzz + 8571(wzwzz +{w, + gzwz) =0 (8-34)
and again use w, = ¢ + ..., we can eliminate w completely from the equation and obtain to the same

order of accuracy
&r + geze + 3687108, =0 (8.35)
which is (a version of) the celebrated Korteweg-de Vries equation. If we like clean equations, we can
transform in various ways
¢(z, 1) = Ao (az, BT) (8.36)

(for example A = %58_1, a=1,8= %) to get

O'2+(7111+O'(71=0 (8.37)
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8.5 Trigonometric relations

The real or imaginary parts of the binomial series (e™ £e )" = Y/ (+) (Z) el"=20x easily yield
trigonometric relations, useful for recognising resonance terms:

sin’x = 1(1 — cos2x), sin’x = 1(3sinx — sin3x),
sin x cos x = %sin 2x, sin’x cos x = %(cosx — cos 3x),
cos’x = %(1 + cos 2x), sin x cos’x = %(sinx + sin 3x),
cos’x = %(3 cos x + cos 3x),
sin*x = %(3 — 4 cos2x + cos4x), sin’x = %(10 sin x — 5sin 3x 4+ sin 5x),
sin’x cos x = %(2 sin 2x — sin4x), sin*x cos x = %(2 cosx — 3 cos 3x + cos Sx),
sin’x cos’x = %(1 — cos4x), sin’x cos’x = %(2 sinx + sin 3x — sin Sx),
sin x cos’x = %(2 sin 2x 4+ sin4x), sin’x cos’x = %(2 CcOs X — cos 3x — cos 5x),
cos’x = %(3 + 4 cos 2x + cos 4x), sin x cos*x = %(2 sinx 4 3 sin 3x + sin 5x),
cos’x = %(lOcosx ~+ 5 cos 3x + cos 5x).

Another way to understand these relations is as (finite) Fourier series expansions of the 2 -periodic
functions at the left hand side. In particular

fx) = Z a, cos(nx) + b, sin(nx)

n=0
where

2 21 21
ag = i fx)dx, a,=— f&x)cos(nx)dx, b,=— f(x)sin(nx) dx.
21 Jo 7 Jo T Jo
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8.6 Units, dimensions and dimensionless numbers

Basic units
Name Symbol | Physical quantity Unit
meter m length m
kilogram | kg mass kg
second S time S
ampere A electric current A
kelvin K temperature K
candela | cd luminous intensity cd
mole mol amount of substance | 1
hertz Hz frequency 1/s
newton N force, weight kgm/s?
pascal Pa pressure, stress N/m?
joule J energy, work, heat Nm
watt W power I/s
radian rad planar angle 1
steradian | sr solid angle 1
coulomb | C electric charge As
volt v electric potential kgm?/s’A
ohm Q electric resistance kgm?/s’A?
siemens | S electric conductance | 1/
lumen Im luminous flux cdsr
lux Ix illuminance Im/m?
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Basic variables

Quantity Relation Unit Dimensions
stress force/area N/m? =Pa | kgm!s?2
pressure force/area N/m? =Pa | kgm~!s72
Young’s modulus stress/strain N/m? =Pa | kgm!s2
Lamé parameters A and o | stress/strain N/m? =Pa | kgm~!s2
strain displacement/length 1 1

Poisson’s ratio transverse strain/axial strain 1 1

density mass/volume kg/m? kgm™?
velocity length/time m/s ms~!
acceleration velocity/time m/s’ ms~2
(linear) momentum mass X velocity kgm/s kgms™!
force momentum/time N kgms2
impulse force x time Ns kgms™!
angular momentum distance x mass X velocity kgm?/s kgm?s~!
moment (of a force) distance x force Nm kgm?s~2
work force x distance Nm=]J kgm?s~2
heat work J kgm?s~2
energy work Nm=]J kgm?s~2
power work/time, energy/time J/s=W kgm?s~3
heat flux heat rate/area W/m? kgs™?

heat capacity heat change/temperature change | J/K kgm?s 2 K™!
specific heat capacity heat capacity/unit mass J/Kkg m?s 2 K™!
thermal conductivity heat flux/temperature gradient W/mK kgms3K™!
dynamic viscosity shear stress/velocity gradient kg/ms kgm~!s™!
kinematic viscosity dynamic viscosity/density m?/s m?s~!
surface tension force/length N/m kgs™2
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Dimensionless numbers

Name Symbol Definition Description

Archimedes Ar gApL3/pv? particles, drops or bubbles

Arrhenius Arr E/RT chemical reactions

Biot Bi hL/k heat transfer at surface of body

Biot Bi hpL/D mass transfer

Bodenstein Bo VL/D, mass transfer with axial dispersion
Bond Bo pgl?/o gravity against surface tension
Capillary Ca uV/jo viscous forces against surface tension
Dean De (VL/v)(L/2r)'/? | flow in curved channels

Eckert Ec V2/CpAT kinetic energy against enthalpy difference
Euler Eu Ap/pV? pressure resistance

Fourier Fo at/L? heat conduction

Fourier Fo Dt/L? diffusion

Froude Fr V/(gL)'/? gravity waves

Galileo Ga gL3p?/u? gravity against viscous forces
Grashof Gr BATgL3 /v natural convection

Helmholtz He wL/c=kL acoustic wave number

Kapitza Ka gut/po? film flow

Knudsen Kn AJL low density flow

Lewis Le a/D combined heat and mass transfer
Mach M V/e compressible flow

Nusselt Nu hL/k convective heat transfer

Ohnesorge Oh w/(pLo)'/? viscous forces, inertia and surface tension
Péclet Pe VL/a forced convection heat transfer

Péclet Pe VL/D forced convection mass transfer
Prandtl Pr v/ia = Cpu/k convective heat transfer

Rayleigh Ra BATgL?/av natural convection heat transfer
Reynolds Re pVL/u viscous forces against inertia
Schmidt Sc v/D convective mass transfer

Sherwood Sh hpL/D convective mass transfer

Stanton St h/pCpV forced convection heat transfer
Stanton St hp/V forced convection mass transfer
Stokes S v/fL? viscous damping in unsteady flow
Strouhal Sr fL/V hydrodynamic wave number

Weber We pV2L/o film flow, bubble formation, droplet breakup
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Nomenclature
Symbol Description Units
c sound speed m/s
Cp specific heat J/kgK
D diffusion coefficient m?/s
Dax axial dispersion coefficient m?/s
E activation energy J/mol
f frequency 1/s
g gravitational acceleration m/s?
h heat transfer coefficient W/m? K
hp mass transfer coefficient m/s
k wave number = w/c 1/m
L length m
p, Ap pressure Pa
R universal gas constant J/mol K
r radius of curvature m
T, AT temperature K
t time S
Vv velocity m/s
oa=k/pCp thermal diffusivity m?/s
B coef. of thermal expansion K-!
K thermal conductivity W/mK
A molecular mean free path m
u dynamic viscosity Pas
v=pu/p kinematic viscosity m?/s
P, Ap density kg/m?
o surface tension N/m
) circular frequency =27 f 1/s
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8.7

10.

11.

12.

13.

14.
15.
16.

Quotes

. The little things are infinitely the most important. (Sherlock Holmes.)

Entia non sunt multiplicanda praeter necessitatem = Entities should not be multiplied beyond
necessity ~ Other things being equal, simpler explanations are generally better than more
complex ones. (W. Ockham.)

Formulas are wiser than man. (J. de Graaf.)
Nothing is as practical as a good theory. (J.R. Oppenheimer.)

An approximate answer to the right question is worth a great deal more than a precise answer
to the wrong question. (J. Tukey.)

An exact solution of an approximate model is not better than an approximate solution of an
exact model. (section 2.)

. Never make a calculation until you know the answer: make an estimate before every calculation,

try a simple physical argument (symmetry! invariance! conservation!) before every derivation,
guess the answer to every puzzle. (J.A. Wheeler.)

. The mathematician’s patterns, like the painter’s or the poet’s must be beautiful; the ideas, like

the colours or the words must fit together in a harmonious way. Beauty is the first test: there is
no permanent place in the world for ugly mathematics. (G.H. Hardy.)

Divide each difficulty into as many parts as is feasible and necessary to resolve it. (R. Descartes.)

You make experiments and I make theories. Do you know the difference? A theory is something
nobody believes, except the person who made it. An experiment is something everybody believes,
except the person who made it. (A. Einstein.)

It is the theory which decides what we can observe. (A. Einstein.)

As far as the laws of mathematics refer to reality, they are not certain, as far as they are certain,
they do not refer to reality. (A. Einstein.)

Science is nothing without generalisations. Detached and ill-assorted facts are only raw mate-
rial, and in the absence of a theoretical solvent, have but little nutritive value. (Lord Rayleigh)

We need vigour, not rigour! (anonym.)
It is the nature of all greatness not to be exact. (E.Burke.)

The capacity to learn is a gift; The ability to learn is a skill; The willingness to learn is a choice.
(F. Herbert.)
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