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We consider the class of nearest neighbour random walks (NNRW) 

NNRW
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Main results

NNRW

We consider the class of nearest neighbour random walks (NNRW) and 
we connect the
• Boundary value method approach
• Compensation approach
• Matrix geometric approach

Theorem 1

We extend the drift condition of Neuts for NNRW

Theorem 2
We consider the class of NNRW and we calculate the eigenvalues and 
eigenvectors of 𝑹𝑹 recursively, 𝐴𝐴1 + 𝑹𝑹𝐴𝐴0 + 𝑹𝑹2𝐴𝐴−1 = 0

Theorem 3
For the class of NNRW the infinite dimension rate matrix 𝑹𝑹 is 
“diagonalizable” and we can numerically approximate 𝑹𝑹 using 
spectral truncation.
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Stability condition
Let 𝐴𝐴 = 𝐴𝐴−1 + 𝐴𝐴0 + 𝐴𝐴1 and 𝑥𝑥 be the unique 
solution  to

𝑥𝑥𝐴𝐴 = 0
such that 𝑥𝑥1 = 1, with 1 a column vector of ones. 

The stability condition is given by
𝑥𝑥𝐴𝐴11 < 𝑥𝑥𝐴𝐴−11

NNRW

level

phase

Let �̃�𝐴 = �̃�𝐴−1 + �̃�𝐴0 + �̃�𝐴1and 𝑥𝑥 be the unique 
solution  to

𝑦𝑦�̃�𝐴 = 0
such that 𝑦𝑦1 = 1, with 1 a column vector of ones. 

The stability condition is given by
𝑦𝑦�̃�𝐴11 < 𝑦𝑦�̃�𝐴−11

NNRW

phase

level
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Stability condition
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Nearest neighbour random walk
We consider the class of nearest neighbour random walks (NNRW):
• 1st quadrant
• Homogeneous nearest neighbour 
• No transitions to N, NE and E 

Then,
𝜋𝜋 𝑚𝑚,𝑛𝑛 ~𝑐𝑐𝛼𝛼𝑚𝑚𝛽𝛽𝑛𝑛 as 𝑚𝑚,𝑛𝑛 → ∞

More concretely,

𝜋𝜋 𝑚𝑚,𝑛𝑛 = �
𝑖𝑖

𝑐𝑐𝑖𝑖𝛼𝛼𝑖𝑖𝑚𝑚𝛽𝛽𝑖𝑖𝑛𝑛,𝑚𝑚,𝑛𝑛 > 0

NNRW
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Boundary value method approach
First, introduce

Π 𝑥𝑥,𝑦𝑦 = �
𝑛𝑛=0

∞
�

𝑚𝑚=0

∞
𝜋𝜋 𝑚𝑚,𝑛𝑛 𝑥𝑥𝑚𝑚𝑦𝑦𝑛𝑛

then
𝐾𝐾 𝑥𝑥,𝑦𝑦 Π 𝑥𝑥,𝑦𝑦 = 𝐴𝐴 𝑥𝑥,𝑦𝑦 Π 𝑥𝑥, 0 + 𝐵𝐵 𝑥𝑥, 𝑦𝑦 Π 0, 𝑦𝑦 + 𝐶𝐶 𝑥𝑥,𝑦𝑦 Π 0,0

where 𝐾𝐾 𝑥𝑥,𝑦𝑦 ,𝐴𝐴 𝑥𝑥,𝑦𝑦 ,𝐵𝐵 𝑥𝑥, 𝑦𝑦 ,𝐶𝐶 𝑥𝑥, 𝑦𝑦 are known quadratic functions.
Choose 𝑦𝑦 = 𝑓𝑓(𝑥𝑥), e.g. 𝑦𝑦 = �̅�𝑥, and set 𝐾𝐾 𝑥𝑥, 𝑓𝑓(𝑥𝑥) = 0

0= 𝐴𝐴 𝑥𝑥, 𝑓𝑓(𝑥𝑥) Π 𝑥𝑥, 0 + 𝐵𝐵 𝑥𝑥, 𝑓𝑓(𝑥𝑥) Π 0, 𝑓𝑓(𝑥𝑥) + 𝐶𝐶 𝑥𝑥, 𝑓𝑓(𝑥𝑥) Π 0,0
The above equation can be solved as a Riemann-Hilbert boundary value problem.

𝑲𝑲(
𝟏𝟏
𝜶𝜶

,
𝟏𝟏
𝜷𝜷

)

𝜋𝜋 𝑚𝑚,𝑛𝑛 = �
𝑖𝑖

𝑐𝑐𝑖𝑖𝜶𝜶𝑖𝑖𝑚𝑚𝜷𝜷𝑖𝑖𝑛𝑛,𝑚𝑚,𝑛𝑛 > 0
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Compensation approach
Aims at solving directly the balance equations of a random walk in the quadrant using a series 
(infinite or finite) of product-form solutions
Key idea:
• Guess a product-form solution

𝛼𝛼𝑚𝑚𝛽𝛽𝑛𝑛

• Check if it satisfies the boundaries
• If not start compensating by adding new product-form terms

Solution

𝜋𝜋 𝑚𝑚,𝑛𝑛 = �
𝑖𝑖

𝑐𝑐𝑖𝑖𝛼𝛼𝑖𝑖𝑚𝑚𝛽𝛽𝑖𝑖𝑛𝑛 ,𝑚𝑚,𝑛𝑛 > 0

NNRW
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Matrix geometric approach
We know that

𝝅𝝅𝑚𝑚 = 𝝅𝝅𝑚𝑚−1𝑹𝑹
where 𝝅𝝅𝑚𝑚 = (𝜋𝜋 𝑚𝑚, 0 𝜋𝜋 𝑚𝑚, 1 … ) and 𝜋𝜋 𝑚𝑚,𝑛𝑛 = ∑𝑖𝑖 𝑐𝑐𝑖𝑖𝛼𝛼𝑖𝑖𝑚𝑚𝛽𝛽𝑖𝑖𝑛𝑛 ,𝑚𝑚,𝑛𝑛 > 0.
Then,

Π 𝑥𝑥,𝑦𝑦 = 𝝅𝝅0𝒚𝒚 + 𝝅𝝅1 𝑥𝑥−1𝑰𝑰 − 𝑹𝑹 −1𝒚𝒚
where 𝒚𝒚′ = (1 𝑦𝑦 𝑦𝑦2 … ).
Substituting in the functional equation reveals 

𝐾𝐾 𝑥𝑥,𝑦𝑦 Π 𝑥𝑥,𝑦𝑦 = 𝐴𝐴 𝑥𝑥,𝑦𝑦 Π 𝑥𝑥, 0 + 𝐵𝐵 𝑥𝑥, 𝑦𝑦 Π 0, 𝑦𝑦 + 𝐶𝐶 𝑥𝑥,𝑦𝑦 Π 0,0 ⇒

𝝅𝝅1 𝑥𝑥−1𝑰𝑰 − 𝑹𝑹 −1[𝐾𝐾 𝑥𝑥, 𝑦𝑦 𝒚𝒚 + 𝐴𝐴 𝑥𝑥, 𝑦𝑦 𝒆𝒆]
= −𝝅𝝅0 𝐾𝐾 𝑥𝑥,𝑦𝑦 + 𝐵𝐵 𝑥𝑥,𝑦𝑦 𝒚𝒚′ + 𝐴𝐴 𝑥𝑥,𝑦𝑦 + 𝐶𝐶 𝑥𝑥, 𝑦𝑦 𝒆𝒆′

So 𝑥𝑥−1 = 𝛼𝛼 is an eigenvalue of matrix 𝑹𝑹.
The terms 𝑦𝑦−1 = 𝛽𝛽 are associated with the eigenvalues of 𝑹𝑹.

NNRW

𝐴𝐴
1
𝑥𝑥

,
1
𝑦𝑦

1/𝑥𝑥

1/𝑦𝑦
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Matrix geometric approach
Theorem 1
The terms 𝛼𝛼𝑖𝑖 constitute the different eigenvalues of the matrix 𝑹𝑹, 𝐴𝐴1 + 𝑹𝑹𝐴𝐴0 + 𝑹𝑹2𝐴𝐴−1 = 0. 
For eigenvalue 𝛼𝛼𝑖𝑖 the corresponding eigenvector of the matrix 𝑹𝑹 is 𝒉𝒉𝒊𝒊 with ℎ𝑖𝑖,𝑛𝑛 = 𝑐𝑐𝑖𝑖(𝛽𝛽𝑖𝑖−1𝑛𝑛 +
𝑓𝑓𝑖𝑖𝛽𝛽𝑖𝑖𝑛𝑛).

Theorem 2
Spectral decomposition

𝑹𝑹 = 𝑯𝑯−𝟏𝟏𝑫𝑫𝑯𝑯

Truncated spectral decomposition
𝑹𝑹𝑰𝑰 = 𝑯𝑯𝑰𝑰

−𝟏𝟏𝑫𝑫𝑰𝑰𝑯𝑯𝑰𝑰

Remark
The latter is equivalent to truncating 

𝜋𝜋 𝑚𝑚,𝑛𝑛 = �
𝑖𝑖=0

𝐼𝐼

𝑐𝑐𝑖𝑖𝛼𝛼𝑖𝑖𝑚𝑚𝛽𝛽𝑖𝑖𝑛𝑛 ,𝑚𝑚,𝑛𝑛 > 0



Conclusion12

The issue at hand


	��Matrix geometric approach for random walks in the quadrant
	The issue at hand
	Slide Number 3
	Main results
	Stability condition
	Stability condition
	Nearest neighbour random walk
	Boundary value method approach
	Compensation approach
	Matrix geometric approach
	Matrix geometric approach
	The issue at hand

