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Exercise: Performance analysis of fork-join queues

In the big data era, more and more mainstream computing infrastructures become distributively

deployed, and inevitably recruit the notion of task replication to facilitate the storing and to

minimise errors in the processing of large-scale datasets. This notion of replication of tasks is

usually modelled using the so-called fork-join queueing systems: In a fork-join queueing system,

a job (upon arrival at a control node) is forked into n replica-tasks, and each replica-task is sent

to a single node to be served. Results of finished replica-tasks are summarised at a central join

node. When the job arrival rate λ is high, a replica-task may have to wait for service in the

corresponding queue node in a first-come-first-serve order.

For the purpose of this exercise, we only consider the following two versions of fork-join queues:

The (n, k)-purging one removes all the remaining replica-tasks of a job from all sub-queues and

service stations once the k-th replica-task is served. See Figure 1 for a visualisation of the (3, 1)-

purging fork-join queue. Contrary to the purging version, the non-purging one keeps queuing and

executing all remaining replica-tasks, this can be in short referred to as the (n, n) fork-join queue.

	
	
	

B. Log-concavity of F̄X

When the tail distribution F̄X of service time is either
‘log-concave’ or ‘log-convex’, we get clear insights into how
redundancy affects latency and cost. Log-concavity of F̄X is
defined formally as follows.

Definition 7 (Log-concavity and log-convexity of F̄X ). The
tail distribution F̄X is said to be log-concave (log-convex) if
log Pr(X > x) is concave (convex) in x for all x 2 [0,1).

For brevity, when we say X is log-concave (log-convex)
in this paper, we mean that F̄X is log-concave (log-convex).
An interesting implication of log-concavity is that if F̄X is
log-concave,

Pr(X > x + t|X > t)  Pr(X > x) (2)

The inequality is reversed if F̄X is log-convex1. Equality
holds for the exponential distribution, which is both log-
convex and log-concave. As a result the mean residual life
E [X � t|X > t] decreases (increases) with the elapsed time
t if F̄X is log-concave (log-convex).

The numerical results in this paper use the shifted expo-
nential, and hyper exponential as examples of log-concave
and log-convex distributions respectively. The shifted ex-
ponential, denoted by ShiftedExp(�, µ) is an exponential
with rate µ, plus a constant shift � � 0. The hyper-
exponential distribution, denoted by HyperExp(µ1, µ2, p). It
is a mixture of two exponentials with rates µ1 and µ2 where
the exponential with rate µ1 occurs with probability p.

If we fork a job to all r idle servers and wait for any 1 copy
to finish, the expected computing cost E [C] = rE [X1:r].
Lemma 1 below gives how rE [X1:r] varies with r for log-
concave (log-convex) F̄X . It is central to proving several key
results in this paper.

Lemma 1. If X is log-concave (log-convex), rE [X1:r] is
non-decreasing (non-increasing) in r.

The proof of Lemma 1 is omitted here and can be found in
the extended version [23]. We refer readers to [24] for other
properties and examples of log-concave distributions.

C. Relative Task Start Times

The relative start times of the n tasks of a job is an
important factor affecting the latency and cost. Let the
relative task start times be t1  t2  · · · tn where t1 = 0
without loss of generality and ti for i > 1 are measured
from the instant when the earliest task starts service. For
instance, if n = 3 tasks start at times 3, 4 and 7, then t1 = 0,
t2 = 4 � 3 = 1 and t3 = 7 � 3 = 4 respectively. In the case
of partial forking when only r tasks are invoked, we can
consider tr+1, · · · tn to be 1.

Let S be the time from when the earliest task starts service,
until any one task finishes. Thus it is minimum of X1 +

1The definition of the notion ‘new-better-than-used’ considered in [16] is
same as (2). Other names used to refer to new-better-than-used distributions
are ‘light-everywhere’ in [18] and ‘new-longer-than-used’ in [19].
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Fig. 3: Equivalence of the (n, 1) fork-join system with an
M/G/1 queue with service time X1:n, the minimum of n
i.i.d. random variables X1, X2, . . . , Xn.

t1, X2 + t2, · · · Xn + tn, where Xi are i.i.d. with distribution
FX . The tail distribution of S is given by

Pr(S > s) =
nY

i=1

Pr(X > s � tn) (3)

The computing cost C is given by,

C = S + |S � t2|+ + · · · + |S � tn|+. (4)

The relative task start times ti affect C in two opposing
ways. The negative part of each term in (4) increases with
ti, but the expected value of S increases (3) with ti. By
analyzing (4) we get several crucial insights in the rest of
the paper. For instance, in Section V we show that when
F̄X is log-convex, having t1 = t2 = · · · = tn = 0 gives
the lowest E [C]. Then using Claim 1 we can infer that it is
optimal to fork a job to all n servers when F̄X is log-convex.

IV. (n, 1) SYSTEM WITH AND WITHOUT EARLY
CANCELLATION

We now analyze the latency and cost of the (n, 1) fork-join
and (n, 1) fork-early-cancel systems defined in Section II.
We get the insight that it is better to cancel redundant tasks
early if F̄X is log-concave and traffic is high. But if F̄X is
log-convex, retaining the redundant tasks is always better.

A. Latency-Cost Analysis

Lemma 2. The latency T of the (n, 1) fork-join system is
equivalent in distribution to that of an M/G/1 queue with
service time X1:n.

Proof. Consider the first job that arrives to a (n, 1) fork-join
system when all servers are idle. Thus, the n tasks of this
job start service at their respective servers simultaneously.
The earliest task finishes after time X1:n, and all other tasks
are immediately. So, the tasks of all subsequent jobs arriving
to the system also start simultaneously at the n servers as
illustrated in Fig. 3. Hence, arrival and departure events, and
the latency of an (n, 1) fork-join system is equivalent in
distribution to an M/G/1 queue with service time X1:n.

Theorem 1. The expected latency and computing cost of an
(n, 1) fork-join system are given by

E [T ] = E
h
TM/G/1

i
= E [X1:n] +

�E
⇥
X2

1:n

⇤

2(1 � �E [X1:n])
(5)

E [C] = n · E [X1:n] (6)

Fig. 7: For the (4, 1) system with service time X ⇠
ShiftedExp(2, 0.5) which is log-concave, early cancellation
is better in the high � regime, as given by Corollary 5.

where E
⇥
WM/M/n

⇤
is the expected waiting time in an

M/M/n queueing system with load ⇢ = �E [X] /n. It can
be evaluated using the Erlang-C model [26, Chapter 14]. We
now compare the latency and cost with and without early
cancellation given by Theorem 2 and Theorem 1. Corollary 4
below follows from Lemma 1.

Corollary 4. If F̄X is log-concave (log-convex), then E [C]
of the (n, 1) fork-early-cancel system is greater than equal
to (less than or equal to) that of (n, 1) fork-join system.

In the low � regime, the (n, 1) fork-join system gives lower
E [T ] than (n, 1) fork-early-cancel because of higher diversity
due to redundant tasks. By Corollary 1, the high � regime,
the system with lower E [C] has lower expected latency.

Corollary 5. If F̄X is log-concave, early cancellation gives
higher E [T ] than (n, 1) fork-join when � is small, and
lower in the high � regime. If F̄X is log-convex, then early
cancellation gives higher E [T ] for both low and high �.

Fig. 7 and Fig. 8 illustrate Corollary 5. Fig. 7 shows a
comparison of E [T ] with and without early cancellation of
redundant tasks for the (4, 1) system with service time X ⇠
ShiftedExp(2, 0.5). We observe that early cancellation gives
lower E [T ] in the high � regime. In Fig. 8 we observe that
when X is HyperExp(0.1, 1.5, 0.5) which is log-convex, early
cancellation is worse for both small and large �.

In general, early cancellation is better when X is less
random (lower coefficient of variation). For example, a
comparison of E [T ] with (n, 1) fork-join and (n, 1) fork-
early-cancel systems as �, the constant part of service time
ShiftedExp(�, µ) varies indicates that early cancellation is
better for larger �. When � is small, there is more random-
ness in the service time, and hence keeping the redundant
tasks running gives more diversity and lower E [T ]. But as
� increases, task service times are more deterministic and
the diversity benefit of having redundant tasks is smaller.

V. (n, r, 1) PARTIAL-FORK-JOIN SYSTEM

We now analyze the latency-cost trade-off for the (n, r, 1)
partial-fork-join system where an incoming job is forked to

Fig. 8: For the (4, 1) system with X ⇠
HyperExp(0.1, 1.5, 0.5), which is log-convex, early
cancellation is worse in both low and high � regimes,
as given by Corollary 5.
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Fig. 9: (4, 2, 1) partial-fork-join system, where each job is
forked to r = 2 servers, chosen according to the group-based
random or uniform random policies.

some r out n servers and we wait for any 1 task to finish. The
r servers are chosen using a symmetric policy (Definition 6).
Some examples of symmetric policies are:

1) Group-based random: This policy holds when r di-
vides n. The n servers are divided into n/r groups of
r servers each. A job is forked to one of these groups,
chosen uniformly at random.

2) Uniform Random: A job is forked to any r out of n
servers, chosen uniformly at random.2

Fig. 9 illustrates the (4, 2, 1) partial-fork-join system with
the group-based random and the uniform-random policies. In
the sequel, we develop insights into the best r and the choice
of servers for a given service distribution FX .

A. Latency-Cost Analysis

In the group-based random policy, each group behaves as
an (r, 1) fork-join system, the r tasks of a job starting service
simultaneously. Thus, the expected latency and cost follow
from Theorem 1 as given in Lemma 3 below.

2In the (n, r, 1) partial-fork-join with uniform random policy, we replicate
the task at r randomly chosen queues. Instead, in the power-of-r scheduling
[27], a job is assigned to the shortest of r randomly chosen queues. Power-
of-r is similar to early cancellation of r�1 out of r tasks, even before they
join the queues. Thus, by Corollary 5, we conjecture that for log-convex
F̄X , the (n, r, 1) partial-fork-join system gives lower latency than power-
of-r scheduling.

Figure 1: Visualization of the (3, 1)-purging fork-join queue (where X marks the random service

time at the queue).

For the purpose of this exercise, consider the following basic fork-join models:

The (2, 1) fork-join system: Each incoming job is forked into two replica-tasks and both replica-

tasks join a separate first-come first-serve queue with a single server. Thus, there are two

separate single-server queues, and one replica of a job enters the first queue and the other

replica the other queue. When the service of the first one of the two replica-tasks is finished,

the second one is canceled and abandons its queue immediately.

The (2, 2) fork-join system: Each incoming job is forked into two replica-tasks and each replica-

task joins a first-come first-serve queue with a single server. For this model, it is assumed

that both replica-tasks need to be served for a job to be completed.

Assume that jobs arrive to the system according to a Poisson process at rate λ and upon arrival

are forked into two replica-tasks, each joining a server that requires an exponentially distributed



service time at rate µ.

Note that the (2, 1) fork-join system can also be modelled as an M/M/1 queue with service rate

2µ. Furthermore, the (2, 2) fork-join system can be modelled as a two-dimensional stochastic

process by considering the corresponding two queue lengths, i.e. {(X1(t), X2(t)), t ≥ 0}, with

Xi(t) the number of customers in the queue (including the customer in service, if any) of the i-th

server, i = 1, 2. Note that the two-dimensional stochastic process {(X1(t), X2(t)), t ≥ 0} is a

Markov chain defined on N0 × N0. This modelling renders the Markov chain to a homogeneous

random walk in the quadrant.

Questions:

(a) Provide the stability condition, in terms of the system utilisation ρ, for the two fork-join

systems.

(b) For the (2, 2) fork-join system briefly comment on the whether the 1) compensation approach,

2) power series approach, 3) kernel method would be successful and what are the bottlenecks

you foresee.

(c) For the (2, 2) fork-join system, choose the most promising approach from Question (b) and

compute, for a few selected values of the parameters, the equilibrium distribution, say πx1,x2 ,

(x1, x2) ∈ N0 × N0.

(d) For the the (2, 2) fork-join system, write a fast (in terms of convergence) procedure to

compute the expected response time (viz the expected time to complete a job from the time

of arrival aka the sojourn time). Explain how/why your procedure converges fast to the

correct result.

(e) Consider now, the (2,1) and the (2,2) fork-join systems with hyperexponentially service

distributions, i.e., the service is with probability p = 0.5 exponentially distributed with rate

µ1 = 1/10 and with probability 1−p = 0.5 is exponentially distributed with rate µ2 = 1/20.

Compare these systems to the corresponding systems with exponentially distributed service

times with rate µ = 1/15. Which system is better? Intuitively motivate your results.


