
Supplementary material

25 March, 2020, 10:45 – 12:30

Consider the parameterised Boolean equation system depicted below, where the natural numbers
(with the usual operations defined on them) are represented by N and the Booleans (with the
usual operations defined on them) are represented by B , respectively.

νX(b:B , n:N ) = (¬b ∨ ∀m:N .Y (b,m+ n)) ∧ (b ∨ Z(b))
µY (b:B , n:N ) = (b ∧ Y (¬b, n+ 1)) ∨ Z(¬b)
νZ(b:B) = Z(b) ∧ (¬b ∨ Y (b, 0))

1. Compute the solution to X(true, 0) in the above PBES using symbolic approximation +
Gauß Elimination.

Solution. Using symbolic approximation, we first solve Z in the original equation system:

Z0(b) = true
Z1(b) = ¬b ∨ Y (b, 0)
Z2(b) = (¬b ∨ Y (b, 0)) ∧ (¬b ∨ Y (b, 0))

= Z1(b)

Consequently, we can substitute the solution to Z in the original equation system, yielding:

νX(b:B , n:N ) = (¬b ∨ ∀m:N .Y (b,m+ n)) ∧ (b ∨ ¬b ∨ Y (b, 0))
µY (b:B , n:N ) = (b ∧ Y (¬b, n+ 1)) ∨ b ∨ Y (¬b, 0)

which can be simplified further to yield:

νX(b:B , n:N ) = (¬b ∨ ∀m:N .Y (b,m+ n))
µY (b:B , n:N ) = b ∨ Y (¬b, 0)

Using symbolic approximation to solve Y , we obtain:

Y0(b, n) = false
Y1(b, n) = b
Y2(b, n) = b ∨ ¬b

= true

Finally, substituting the solution for Y in the equation for X, we obtain:

νX(b:B , n:N ) = (¬b ∨ ∀m:N .true)

which can be simplified further to yield:

νX(b:B , n:N ) = true

Since X is already solved, no further symbolic approximation is needed. The solution to
X(true, 0) is true.
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2. Compute the solution to X(true, 0) in the above PBES by applying:

(a) parameter elimination to the above PBES.

Solution. The marked influence graph consists of 5 vertices: (X, b), (Y, b), (Z, b), (X,n)
and (Y, n). We have (X, b)→ (Y, b) and (X, b)→ (Z, b), (Y, b)→ (Y, b), (Y, b)→ (Z, b)
and (Z, b) → (Z, b) and (Z, b) → (Y, b). Vertices (X, b), (Y, b) and (Z, b) are marked
since those represent the parameters that occur in simple expressions in the equations.
Observe that variable n of both X and Y is positively redundant: the only marked
variable occurring in simple expressions is the variable b (in all three equations), and
this variable is only affected by itself, and not n. Consequently, in the marked influence
graph, no n-variable can reach a marked b-variable. We remark here that concluding
that variable n is redundant without giving the explicit graph wil not earn you full
points; the full graph and its markings must be shown. Based on the analysis, we can
safely conclude that n in both X and Y is positively redundant, leading to the following
equivalent, simplified PBES:

νX(b:B) = (¬b ∨ Y (b)) ∧ (b ∨ Z(b))
µY (b:B) = (b ∧ Y (¬b)) ∨ Z(¬b)
νZ(b:B) = Z(b) ∧ (¬b ∨ Y (b))

The solution to X(true, 0) can now be obtained from the solution to X(true). In fact,
the solution to X(true, k) in the original equation system is equal to X(true) in the
simplified equation systems for any k.

(b) instantiating the simplified PBES Solution. The solution to X(true, 0) can now be
obtained from the solution to X(true) in the following equation system:

νX(b:B) = (¬b ∨ Y (b)) ∧ (b ∨ Z(b))
µY (b:B) = (b ∧ Y (¬b)) ∨ Z(¬b)
νZ(b:B) = Z(b) ∧ (¬b ∨ Y (b))

Since the above PBES ranges over finite data types only, we can use instantiation,
yielding the following BES:

νXtrue = Ytrue
µYtrue = Yfalse ∨ Zfalse

µYfalse = Ztrue

νZtrue = Ztrue ∧ Ytrue
νZfalse = Zfalse

Using Gauß Elimination, the above equation system is readily solved. In particular,
local solution of Zfalse yields νZfalse = true, and subsequently substituting this solution
in Ytrue leads to µYtrue = true. See the following Gauß Elimination scheme for full
details:

νXtrue = Ytrue Ytrue Ytrue Ytrue true
µYtrue = Yfalse ∨ Zfalse true true true true∗

µYfalse = Ztrue Ztrue Ytrue Y ∗
true −

νZtrue = Ztrue ∧ Ytrue Ztrue ∧ Ytrue Y ∗
true − −

νZfalse = Zfalse true∗ − − −

Note that we could have stopped early once we find νXtrue = Ytrue, since Ytrue is already
solved. Since Xtrue = true, we find that also X(0, true) = true.
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3. In case X(true, 0) has solution true, provide a proof graph to substantiate this; in case
X(true, 0) has solution false, provide a refutation graph to substantiate this.

Solution. Since we concluded in the previous question that X(true, 0) has solution true, we
must provide a proof graph containing vertex (X, (true, 0)). For simplicity of notation, we
omit parentheses and write (X, true, 0). Note that the graph that we must define is infinite
due to the necessary dependency of X(true, 0) on Y (true, k) for all k. Let G = (V,E, L) be
defined as follows:

• V = {(X, true, 0), (Y, true, k), (Z, false) | k ∈ N}
• E = {〈(X, true, 0), (Y, true, k)〉, 〈(Y, true, k), (Z, false)〉, 〈(Z, false), (Z, false)〉 | k∈N}
• L(X, true, 0) = 0, L(Y, true, k) = 1 and L(Z, false) = 2 for all k

First, observe that every infinite path reaches (Z, false); since from (Z, false), only (Z, false)
itself can be reached, and L(Z, false) = 2, these infinite paths are even dominated. Hence, it
suffices to prove that G is a true-dependency graph. We consider three cases:

• Pick vertex (X, true, 0); its set of immediate successors is {(Y, true, k) | k ∈ N}; conse-
quently, the environment η = (X, true, 0)•true is such that η(X) = ∅, η(Y ) = {(true, k) |
k ∈ N} and η(Z) = ∅. Then:

[[(¬b ∨ ∀m:N.Y (b,m+ n)) ∧ (b ∨ Z(b))]]ηε[b := true, n := 0]
= for all k ∈ N : (true, k + 0) ∈ η(Y )
= true

• Pick vertex (Y, true, k); its set of immediate successors is {(Z, false)}; consequently, the
environment η = (Y, true, k)•true is such that η(X) = ∅, η(Y ) = ∅ and η(Z) = {false}.
Then:

[[(b ∧ Y (¬b, n+ 1)) ∨ Z(¬b)]]ηε[b := true, n := k]
= (false, k + 1) ∈ η(Y ) or false ∈ η(Z)
= true

• Pick vertex (Z, false); its set of immediate successors is {(Z, false)}; the environment η
it induces is the same as for (Y, true, k). Then:

[[Z(b) ∧ (¬b ∨ Y (b, 0))]][b := false]
= false ∈ η(Z) or (false, 0) ∈ η(Y )
= true

From the above cases it follows that for each vertex in G, the true-dependency graph condition
is met. Hence, G is a true-dependency graph, and since we already concluded that this suffices
to prove that G is a proof graph, we are done.
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