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1 Introduction

Last lecture we have looked at the sparsification of graphs. These scribe notes will be devoted to
the concept of Exact Algorithms.

Already we have seen many problems for which no polynomial time algorithm exist. However
we can try to find an algorithm to find a solution for which the running time is as low as possible.

2 Vertex cover

Recall the NP-hard problem of finding a minimal vertex cover in a graph (VC). That is, given a
graph G = (V,E) with n = |V |, find a set S of vertices with cardinality as small as possible such
that all edges has an endpoint to at least one vertex v ∈ S. Naively we can try all 2n possible
subsets of G, check whether this corresponds to a valid vertex cover, and then pick a subset with
smallest cardinality. This algorithm will run in 2npoly(n) time. However we would like to improve
the running time.

Theorem 1 Given a graph G = (V,E) with n = |V | vertices, there exists an algorithm for finding
a minimal vertex cover that runs in O(1.618n) time.

Without loss of generality we can assume that G is connected. Before proving Theorem 1, we
will first make an observation on the vertices v ∈ V of degree one. The neighbour of v will have
degree higher then one (not considering the graph with two nodes and one edge), otherwise we will
have a disconnected graph. If v is chosen in the vertex cover we might have just as well chosen
its neighbour with higher degree. Therefore we can assume that in any optimal VC no vertices of
degree one are chosen. How can we use this observation to construct an algorithm with improved
running time?

Let n(v) be the set of neighbours of a vertex v ∈ V and let d(v) denote the degree of v ∈ V .

Algorithm: Let G = (V,E) be a graph with n = |V | vertices. Consider a vertex v ∈ V and

• if d(v) = 1, remove v and pick n(v), the neighbour of v,

• if d(v) 6= 1, then either pick v and recurse on G\{v} or do not pick v, but all n(v) (for which
none must have degree one) and recurse on G\{v, n(v)}.

With the described algorithm we can prove Theorem 1.

Proof: Let T (n) denote the (maximal) running time of the algorithm of finding a VC on a graph
with n vertices. Note that a vertex v ∈ V can only be picked when d(v) > 1 and then we recurse
on a graph with n − 1 nodes. Otherwise we pick all n(v) (for which none must have degree one)

1



and recurse on a graph with at most n − 2 vertices. Therefore we have the following recurrence
relation

T (n) ≤ T (n− 1) + T (n− 2).

We can solve this recurrence relation by trying the polynomial T (n) = α1x
n
1 + α2x

n
2 , where x1, x2

are solutions of the polynomial

1 = x−1 + x−2 =
1

x
+

1

x2

We have x1,2 = (1±
√

5)/2. Note that (1−
√

5)/2 < 0 and a negative number for the running time
can not occur. So

T (n) = α1

(
1 +
√

5

2

)n

≈ O(1.618n).

2

3 Parameterized Algorithm

In this section we will introduce the concept of a parameterized algorithm.

Definition 2 Let G = (V,E) be graph with n = |V | vertices and parameter k. An algorithm is
called a parameterized algorithm when the running time is of the form f(k)poly(n), where f(k) is
a (possibly exponential) function of k and poly(n) is polynomial in n.

Let us consider the following problems:

1. Vertex cover: Does there exist a vertex cover of size at most k?

2. Independent set: Does there exist a independent set of size at least k?

3. k-path: Does there exist a simple path, i.e. a path without cycles, of length at least k?

These problem are known to be NP-hard, but we can hope to find a parameterized algorithm
for these problem.

3.1 Vertex Cover

Consider all subsets of G of cardinality k. There are
(
n
k

)
≈ nk of such subsets. So we can trivially

solve the problem in
(
n
k

)
poly(n) time. With the algorithm given in the previous section we can

improve this to 1.618kpoly(n) time.

3.2 Independent Set

Let S ⊂ V . We have seen in previous lectures that S is a vertex cover if and only if S̄ := V \S is an
independent set. However this does not imply that there also exists a parameterized algorithm of
finding an independent set of size at least k, since we could only use the vertex cover algorithm on
n− k vertices. In fact, under the so called ETH-assumption we can prove that such an algorithm
does not exist.

To formalize this, we first need to view some definitions and state the so called ETH (Exponential
Time Hypothesis).
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Definition 3 A function f is f(k) = o(k) if limk→∞
f(k)
k → 0. On the other hand, a function f is

f(k) = ω(k) if for every constant c > 0, limk→∞
f(k)
k > c holds.

Assumption 4 ETH (Exponential Time Hypothesis): For the 3-SAT problem there does not exist
a 2o(n) running time algorithm, where n denotes the number of 3-clauses.

Now we can formally state the following theorem.

Theorem 5 Let G = (V,E) be a graph with n vertices. Assuming the ETH assumption, there does
not exist a no(k)-time algorithm for finding an independent set of cardinality ≥ k.

To proof this theorem we will use the following fact (given without proof).

Fact 1 Assuming the ETH, the 3-coloring problem cannot be solved in 2o(n) time.

Proof: Divide the vertices of graph G in k groups G1, ..., Gk of size n/k (randomly). From this we
construct a new graph G′ as follows. Let a vertex correspond to a valid 3-coloring for every group.
Then we created k groups G′1, ..., G

′
k with at most 3n/k vertices per group. Put an edge between all

vertices that are in the same group (so we have k cliques of size n/k). Also put an edge between
two vertices of different groups when two coloring are inconsistent (two inconsistent colorings occur
when this corresponds to an invalid/impossible coloring in the original graph G).

Claim 6 Graph G′ has an independent set of size k if and only G is 3-colorable.

(⇒) Within a group G′i, 1 ≤ i ≤ k there exist an edge between all vertices. So there can only
exist an independent set of size k if there is exactly one vertex in every group G′i. By
construction every vertex corresponds to a 3-coloring that and is not inconsistent with all the
other colorings in the other groups. So then we found a valid coloring of G itself.

(⇐) If we have a 3-coloring of graph G, we can simply pick the vertices in G′ corresponding to
this 3-coloring. By construction we will pick k vertices with no edges between them. So G′

has an independent set of size k.

We will use this claim to complete the proof of Theorem 5. Let N = k · 3n/k ≥ the number of
vertices in G′. Suppose that there exists an algorithm to find an independent set of size k in No(k)

time in G′. Then we have

No(k) = (k3n/k)o(k) ≤ (4n/k)o(k) = 4o(n) = 2o(n).

This implies that we can find a 3-coloring in G in 2o(n), contradicting the ETH-assumption. 2

3.3 k-path

An algorithm is known to determine whether there exists a simple path in a graph G of length ≥ k,
using a technique called color-coding. It is known we can solve this problem in ckpoly(n) time. For
example, when k = log n, then the algorithm reduces to a polynomial time algorithm.
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