
CHAPTER 3

Alterations

1. Introduction

In the proof of Theorem 2.5, we could not apply Markov’s inequality directly to show that
the random graph does not have small cycles (with positive probability). Rather, we showed
that, although there may be small cycles, the number of such small cycles is not too large. This
allowed us to break all small cycles by removing a limited number of vertices, thus obtaining a
large subgraph of the original random graph which does not contain any small cycles.

This is the first example of a probabilistic argument with alterations. In general, the
probabilistic argument with alterations works similarly. When trying to construct a random
object satisfying a number of properties, we can sometimes get an object that satisfies all the
requirement, apart from a limited number of obstructions. By altering the random object, we
can remove these obstructions, thus obtaining an object that satisfies all the required properties.

In this section we will see a number of examples of the probabilistic method with alterations.

2. Independent sets

As a first example of the probabilistic method with alterations, we will prove a lower bound
on the independence number of a graph in terms of its average degree. Note that the bound
that we prove here is in general weaker than that of Theorem 1.4. On the other hand, the
current proof is easier as well.

Theorem 3.1. Let G be a graph on n vertices and average degree d ≥ 1. Then α(G) ≥ n
2d .

Proof. Let I be a subset of the vertices of G, obtained by including every vertex of G with
probability p, independently of all other vertices. The set I is in general not an independent
set: it may span a set of edges that we will call Y. For each of the edges in Y, we remove one
of its end points from I. In this way, we obtain an indepenent set I′ satisfying |I′| ≥ |I| − |Y|.
Taking expectations, we find

E
[
|I′|
]
≥ E [|I|]− E [|Y|] = np− 1

2
dnp2. (3.1)

The expression in the right-hand side is maximised for p = 1/d, which yields E [|I′|] ≥ n
2d . Hence

there exists an independent set of size at least n
2d , which proves the theorem. �

3. Ramsey numbers, revisited

Recall that the Ramsey number R(k, l) is the smallest n such that every edge-2-colouring
of Kn (using red and blue, say) contains either a red Kk or a blue Kl. In the first lecture of this
course, we proved that the diagonal Ramsey numbers, R(k, k), are at least exponential in k. In

particular, Theorem 1.9 shows that R(k, k) ≥ b2k/2c.
Using the probabilistic method with alterations, we can give a slightly stronger bound on

general Ramsey numbers.

Theorem 3.2. For all integers n and 0 ≤ p ≤ 1, we have

R(k, l) > n−
(
n

k

)
p(

k
2) −

(
n

l

)
(1− p)(

l
2).
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Proof. Colour each edge in Kn red with probability p and blue with probability 1 − p,
independenty of all other edges. Let Xred be the number of red Kk, and let Xblue be the number
of blue Kl in this colouring. Then the total number of “bad cliques” is X = Xred + Xblue. The
expected value of this number is easily computed to be

E [X] =

(
n

k

)
p(

k
2) +

(
n

l

)
(1− p)(

l
2).

It follows that there is an edge-2-colouring with at most E [X] “bad cliques”. By removing one
vertex from each such clique, we obtain a graph on at least n − E [X] vertices, that does not
contain any “bad cliques”, thus proving the theorem. �

Let us now again restrict our attention to the diagonal Ramsey numbers, R(k, k). Taking p =
1/2 in Theorem 3.2, and maximising over n, we obtain

R(k, k) > max
n

(
n−

(
n

k

)
21−(k2)

)
≥ max

n

(
n−

(en

k

)k
21−(k2)

)
.

(3.2)

By taking n =
⌈

1
ek2k/2

⌉
, we obtain the following result.

Theorem 3.3. R(k, k) ≥ 1
ek2k/2(1− o(1)) as k →∞.

4. 2-colourable hypergraphs

Hypergraphs generalise graphs in the sense that edges do not necessarily connect two ver-
tices, but may connect any number of vertices. Formally, a hypergraph is a pair H = (V,E)
consisting of a finite set V of vertices, and a set E of subsets of V . The elements of e are called
hyperedges, or sometimes simply edges.

If H is a hypergraph in which all its edges have cardinality r, then H is called r-uniform.
For example, ordinary graphs are 2-uniform hypergraphs.

The hypergraph H is called 2-colourable if its vertex set can be coloured by two colours
in such a way that none of the hyperedges in H is monochromatic. Note that this generalises
the notion of 2-colourability in ordinary graphs.

Erdős [Erd63] showed that r-uniform hypergraphs with few edges are always 2-colourable.

Theorem 3.4 ([Erd63]). Let H = (V,E) be an r-uniform hypergraph (r ≥ 2) with less
than 2r−1 hyperedges. Then H is 2-colourable.

Proof. Colour each vertex in H either red or blue, both colours equally likely, indepen-
dently of all the other vertices. For an edge e ∈ E, write Ae for the event {e is monochromatic}.
Then P (Ae) = 21−r. Using the union bound, we obtain

P (H contains a monochromatic edge) ≤
∑
e∈E

P (Xe) < 2r−121−r = 1, (3.3)

so there exists a 2-colouring without monochromatic edge. �

Next, we will improve upon the bound in Theorem 3.4. The random colouring may contain
some monochromatic edges. We may try to solve this problem by randomly recoloring the
vertices in this edge. If this random recoloring is done carefully, we can obtain a stronger result,
but we will have to work harder as well. The proof here is based on [AS08, Theorem 3.5.1].

Theorem 3.5 ([RS00]). If for some 0 ≤ p ≤ 1 the inequality k(1−p)r +k2p < 1 holds, then
every r-uniform hypergraph on at most k2r−1 edges is 2-colourable.
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Proof. Let H = (V,E) be an r-uniform hypergraph containing m = k2r−1 hyperedges.
Order the vertices randomly, and write v ≺ w if v comes before w in this random ordering. We
colour the vertices of H in a two-step procedure.

The colouring procedure: In Step 1, colour the vertices of H randomly as before, i.e. each
vertex is coloured either red or blue, with equal probability, and independently of all other
vertices. This random colouring may give rise to some monochromatic edges, and we let M be
the set of vertices contained in monochromatic edges.

In Step 2, consider the vertices in M in order. Each vertex that is considered in this step will
have to choose whether to keep its current colour, or change it. Suppose that we are currently
considering v.

If v is contained in an edge that was monochromatic after Step 1, and none of the vertices
contained in this edge has changed it colour so far, then v flips its colour with probability p
(independently of all other choices made so far). Otherwise, we will move on to the next vertex
in M.

After Step 2, the colouring is done. The colouring may still give rise to monochromatic
edges, and we wish to bound the probability that this happens. Monochromatic edges come
in two flavours: they are either red or blue, and by symmetry it is sufficient to bound the
probability that after Step 2, H contains a red edge.

A red edge may occur in two ways: either the edge was red after Step 1, and none of its
vertices changed colour during Step 2; or the edge was not completely red after Step 1, but it
became red in Step 2. For a fixed edge e, we will write A1

e for the first event, and A2
e for the

second event. We will now bound the probability of both events.
Bounding P

(
A1
e

)
: In order for the event A1

e to hold, during the first round, all vertices
must be coloured red, which happens with probability 2−r. In the second round, none of these
vertices can change colour, which happens with probability (1−p)r.1 By independence, we find

P
(
A1
e

)
= 2−r(1− p)r. (3.4)

Bounding P
(
A2
e

)
: The analysis of the event A2

e will require a bit more work. If A2
e holds,

than some vertex v ∈ e is the last vertex to change colour from blue to red in Step 2. This
vertex could only have changed its colour from blue to red if it was incident to another edge f
that was monochromatic (blue) after Step 1, and v is the first vertex in f to change colour. In
particular, this implies that e ∩ f = {v}. In this case, we say that e blames f .

The above discussion shows that A2
e implies that e blames some edge f with |e ∩ f | = 1.

Let us write Be,f for the event that e blames f . By the union bound

P
(
A2
e

)
≤

∑
f :|e∩f |=1

P (Be,f ) . (3.5)

Fix an edge f that intersects e in precisely one vertex, which we call v. Define

I = #{w ∈ e : w ≺ v}, and J = #{w ∈ f : w ≺ v}. (3.6)

The random variable I (resp. J) give the number of vertices that come before v in the random
ordering on e (resp. f).

If e blames f , then the following consequences hold. First, in Step 1, all the vertices in f
must be coloured blue, which happens with probability 2−r. In Step 2, the J vertices that come
before v in the random ordering may not change colour, which happens with probability (1−p)J.
The next vertex in f to be considered is v, and this vertex must change its colour, which happens
with probability p.

Similar results hold for vertices in e. The r − I − 1 vertices in e that come after v in the
random ordering must be coloured red in Step 1 which happens with probability 2−n+I+1. The I
vertices that come before v must either be coloured red in Step 1, or be coloured blue in Step 1

1We need to be a bit careful here. A vertex w is only allowed to change colour if it is contained in an edge
that is still monochromatic. This can be ensured by conditioning on the vertices in e coming before w in the
random ordering not flipping colour.
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and change colour in Step 2. This happens with probability at most (1/2 + p/2)I. Putting it
all together, we find that conditional on the ordering ≺,

P (Be,f |≺) ≤ 2−r(1− p)Jp2−r+I+1

(
1 + p

2

)I

= 21−2rp(1 + p)I(1− p)J,
(3.7)

and upon uncoditioning

P (Be,f ) ≤ 21−2rpE≺
[
(1 + p)I(1− p)J

]
, (3.8)

where the expectation is taken over the random ordering ≺. The expectation does not look
pretty, but we claim that it is at most 1, which we can prove by the following nice trick. Pick
an arbitrary matching P of the vertices in e \ {v} to the vertices in f \ {v}. Then

E
[
(1 + p)I(1− p)J

]
= E

 ∏
(x,y)∈P

(1 + p)1{x≺v}(1− p)1{y≺v}


=

∏
(x,y)∈P

E
[
(1 + p)1{x≺v}(1− p)1{y≺v}

]
,

(3.9)

which follows since the factors in the product are independent. It is easily verified that each of
the factors in the right-hand side is at most 1, and the claim follows. We thus find

P (Be,f ) ≤ 21−2rp. (3.10)

Wrapping it up: Upon combining this bound with (3.4)–(3.5), and bounding the number
of f such that |e ∩ f | = 1 by m, we obtain

P (e is monochromatic) ≤ 2
(
P
(
A1
e

)
+ P

(
A2
e

))
≤ 21−r(1− p)r +m22−2rp, (3.11)

and hence by the union bound

P (H contains a monochromatic edge) ≤ m21−r(1− p)r +m222−2rp

= k(1− p)r + k2p,
(3.12)

which proves the theorem. �

By carefully choosing the right values for k and p, we obtain the following strengthening of
Theorem 3.4.

Corollary 3.6. For all c < 2−1/2 there exists rc such that for all r ≥ rc all r-uniform
hypergraphs on at most c2r

√
r

ln r edges are 2-colourable.

Proof. We will use the slightly weaker result that if ke−pr+k2p < 1, then H is 2-colourable.
For fixed k and r, the left-hand side of the expression is minimised for p ≡ p− = 1

r ln(r/k), so
that we only need to show that

ke−p−r + k2p− =
k2

r

(
ln
( r
k

)
+ 1
)
< 1. (3.13)

This is true for k = c′
√

r
ln r whenever c′ <

√
2 and r is sufficiently large. �
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