
CHAPTER 6

Polynomial identity testing and global minimum cut

In this lecture we will consider two further problems that can be solved using probabilistic
algorithms. In the first half, we will consider the problem Polynomial Identity Testing (PIT),
and in the second half we will consider the problem of finding a global minimum cut in a graph.

1. Polynomial identity testing

1.1. Polynomials and polynomial identity testing. You will all know what a polyno-
mial of a single variable, X say, is: it is simply an expression of the form

p(X) = c0 + c1X + c2X
2 + . . .+ cdX

d, (6.1)

where the coefficients are taken from some field F. If cd 6= 0, then d is called the degree of the
polynomial. A polynomial of more than one variable is defined similarly: a monomial in the
variables X1, X2, . . . , Xn is defined as

Xα1
1 Xα2

2 . . . Xαn
n , (6.2)

where the αi are nonnegative integers. A polynomial (over F) is simply a finite F-linear
combination of monomials. There is an obvious way of defining addition and multiplication of
polynomials, and it can be shown that polynomials in the variables X1, X2, . . . , Xn over F form
a ring under this multiplication and addition, that is often written F[X1, X2, . . . , Xn].

The degree of a monomial Xα1
1 Xα2

2 . . . Xαn
n is just the sum of the exponents, i.e.

deg(Xα1
1 Xα2

2 . . . Xαn
n ) = α1 + α2 + . . .+ αn. (6.3)

The degree of a polynomial p(X1, X2, . . . , Xn) is simply the maximum degree over its constituent
monomials.

If p(X1, X2, . . . , Xn) is a polynomial in which all coefficients are equal to 0, then it is
called the zero-polynomial. Every polynomial p(X1, X2, . . . , Xn) gives rise to a polynomial
function p : Fn → F in an obvious way.

Remark. Note that the polynomial function p may be the zero-function, even though the
polynomial p(X1, X2, . . . , Xn) is not the zero-polynomial. For example, over the binary field F =
GF(2), the polynomial p(X) = X2 + X evaluates to zero for all values of X, but it is not the
zero-polynomial. It can be shown that if the size of the field is larger than the degree of p, being
the zero-function and being the zero-polynomial is actually equivalent.

Polynomials are not always given as a sum of finitely many monomials. For example, the
polynomial p(X1, X2) = (X1+X2)(X1−X2) is equal to the polynomial q(X1, X2) = X2

1−X2
2 . In

general, two polynomials p(X1, X2, . . . , Xn) and q(X1, X2, . . . , Xn) are said to be equal if their
difference is equal to the zero-polynomial (or equivalently, if the coefficients after expanding
match).

Hence, we are interested in deciding whether a given polynomial is the zero-polynomial or
not. This is the problem Polynomial Identity Testing (PIT).

Problem: Polynomial Identity Testing (PIT)
Input: Polynomial p(X1, X2, . . . , Xn)
Output: YES, if p ≡ 0; NO otherwise.
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The problem PIT is not as trivial as it may appear at first sight. One might be tempted
to take the polynomial p, expand it, and then check if all of the coefficients are equal to 0.
However, expanding the polynomial may take exponential time, as illustrated by the following
example.

Example. If A is an n× n-matrix, then its determinant is defined as the polynomial

det(A) =
∑
σ∈Sn

sgn(σ)
n∏
i=1

Ai,σ(i), (6.4)

where the sum is over the permutations of [n]. The n× n-Vandermonde matrix is the matrix

V (n) =


1 X1 X2

1 . . . Xn−1
1

1 X2 X2
2 . . . Xn−1

2
...

...
...

...
1 Xn X2

n . . . Xn−1
n

 . (6.5)

It is known that the determinant of the Vandermonde matrix is given by
∏

1≤i<j≤n(Xj −Xi).
Therefore, the polynomial

∑
σ∈Sn

sgn(σ)
n∏
i=1

X
σ(i)−1
i −

∏
1≤i<j≤n

(Xj −Xi) (6.6)

is the zero-polynomial. Expanding the double product requires an exponential number of compu-
tations.

No polynomial time algorithm for solving PIT is known (and finding such an algorithm will
have important consequences in complexity theory, see [KI03]).

1.2. Schwartz-Zippel lemma. The following result, due to Schwartz [Sch80] and Zip-
pel [Zip79], forms the core of the probabilistic algorithm for solving PIT.

Theorem 6.1 (Schwartz-Zippel lemma). Let p(X1, X2, . . . , Xn) be a polynomial over a
field F that is not the zero-polynomial, and let S ⊆ F be a finite set of field elements. Let R1,R2, . . . ,Rn

be chosen uniformly and independently at random from the elements in S, then

P (p(R1,R2, . . . ,Rn) = 0) ≤ deg(p)

|S|
. (6.7)

Proof. We will prove this theorem by induction on the number n of variables. For the
base case, n = 1, it is well-known that a polynomial of degree d has at most d roots, and the
claim follows.

Now suppose that the theorem holds for polynomials on at most n variables. We will show
that it holds for polynomials on n + 1 variables as well. So let p be a polynomial on n + 1
variables, and let K be the largest power of Xn+1 in p. This allows us to write

p(X1, X2, . . . , Xn+1) = XK
n+1p̂(X1, X2, . . . , Xn) +ˆ̂p(X1, X2, . . . , Xn+1), (6.8)

where p̂ is a polynomial of degree at most deg(p)−K that does not depend on Xn+1, and is not
the zero-polynomial. Let A be the event that p̂(X1,X2, . . . ,Xn) = 0. Then, by the induction
hypothesis,

P (A) ≤ deg(p)−K
|S|

. (6.9)
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Conditioning on A, we find that

P (p(R1,R2, . . . ,Rn+1) = 0) = P (p(R1,R2, . . . ,Rn+1) = 0 | A)P (A)

+ P
(
p(R1,R2, . . . ,Rn+1) = 0 | Ā

)
P
(
Ā
)

≤ P (A) + P
(
p(R1,R2, . . . ,Rn+1) = 0 | Ā

)
≤ deg(p)−K

|S|
+
K

|S|
=

deg(p)

|S|
,

(6.10)

where we use (6.9) to bound P (A), while the second term can be bounded by conditioning
on R1,R2,Rn as well as Ā, noting that after this conditioning p is a polynomial of degree K
in the variable Xn+1 only, so that we can apply the n = 1-case. �

The Schwartz-Zippel lemma immediately gives a probabilistic algorithm for PIT: draw ran-
dom elements R1,R2, . . . ,Rn uniformly at random from a large set |S| and compute p(R1,R2, . . . ,Rn).
If the polynomial evaluates to 0, return YES; otherwise return NO.

Note that the algorithm always returns YES if the polynomial p is the zero-polynomial. If p
is not the zero-polynomial, then the probability that the algorithm mistakenly returns YES is
at most d

|S| . There are two ways of making the error probability smaller: making S larger, or

repeating the algorithm a number of times.

1.3. Two further complexity classes. In this section, we introduce three new complex-
ity classes: RP (for randomised polynomial time), co-RP, and ZPP (zero-error probabilistic
polynomial time).

Definition 6.2. A decision problem is said to be in RP if there exists a polynomial time
algorithm such that

• if the correct answer is NO, it always returns NO;
• if the correct answer is YES, it returns YES with probability at least 1/2.

This means that if the algorithm returns YES, we are sure that this is the right answer. On
the other hand, if the algorithm returns NO, it may be the case that the answer actually should
be YES. The class co-RP is similar to RP, but with the roles of YES and NO reversed.

Definition 6.3. A decision problem is said to be in RP if there exists a polynomial time
algorithm such that

• if the correct answer is YES, it always returns YES;
• if the correct answer is NO, it returns NO with probability at least 1/2.

Using the Schwarz-Zippel lemma, it is easy to show that PIT is in co-RP, provided that the
underlying field is large enough.

Definition 6.4. A decision problem is said to be in ZPP if there exists a polynomial time
algorithm that returns either YES, NO, or DO NOT KNOW, such that

• it outputs DO NOT KNOW or the correct answer;
• it outputs DO NOT KNOW with probability at most 1/2.

It is not hard to show that ZPP = RP ∩ co-RP.

1.4. Application: Perfect matchings in bipartite graphs. A matching in a graph G
is a subset of the edges, such that no two edges share an end point. A matching is called a
perfect matching or 1-factor if it does not leave any vertex unmatched, i.e. every vertex is
incident to exactly one edge in the matching.

In this section, we will look at perfect matchings in bipartite graphs. If G is a bipartite
graph with bipartition classes A and B, then a necessary condition for the existence of a perfect
matching is that A and B contain the same number of elements (in which case the graph is
called equibipartite). Indeed, a perfect matching can be seen as a bijection φ : A → B, such

35



that each {a, φ(a)}, a ∈ A is an edge. The decision version of bipartite perfect matching is the
following.

Problem: Bipartite Perfect Matching (Decision)
Input: An equibipartite graph G
Output: YES, if G contains a perfect matching; NO otherwise

We will relate the decision version of Bipartite Perfect Matching to Polynomial Identity
Testing.

Given a equibipartite graph G with bipartition classes A and B, construct the (square)
matrix M in which the rows are indexed by A and the columns are indexed by B, and

Mi,j =

{
xi,j if {i, j} ∈ E
0 otherwise

(6.11)

The relationship of bipartite perfect matching to PIT is contained in the following lemma.

Lemma 6.5. A perfect matching exists if and only if det(M) is the zero-polynomial.

Hence the randomised algorithm for solving PIT can be turned into an algorithm for solving
the decision version of bipartite perfect matching that always answers NO if G does not contain
a perfect matching, and incorrectly answers NO with probability at most 1/2 if G does contain
a perfect matching.

Proof of Lemma 6.5. For convenience, we will assume that the vertices on both sides are
labelled 1, 2, . . . , n. As in (6.4), the determinant of M can be written as

det(M) =
∑
σ∈Sn

sgn(σ)
n∏
i=1

Mi,σ(i). (6.12)

Note that every permutation σ ∈ Sn can be interpreted as a possible perfect matching,

M(σ) = {(i, σ(i)) : i ∈ A} ⊆ A×B, (6.13)

which is only an actual perfect matching if each of the pairs (i, σ(i)) is in fact an edge in G. If
some pair (i, σ(i)) is not an edge in G, the corresponding Mi,σ(i) = 0, and so all the summands
corresponding with permutations that do not give perfect matchings evaluate to 0. It follows
that if G does not contain any perfect matchings, det(M) is the zero-polynomial.

On the other hand, if a perfect matching P exists, this gives rise to a summand

±
∏

(i,j)∈P

Ai,j = ±
∏

(i,j)∈P

xi,j , (6.14)

so det(M) cannot be the zero-polynomial. �

2. Global minimum cut

Let G = (V,E) be a graph with n vertices and m edges. A cut in G is a partition of the
vertices of G in two non-empty sets S and V \S. We will write ∇(S, V \S) for the set of edges
crossing the cut, i.e. the edges with one end in S and the other end in V \S (we will often refer
to the set of edges crossing the cut simply as the cut). The size of a cut is the number of edges
crossing it, i.e. the size of the cut (S, V \ S) is |∇(S, V \ S)|.

A cut is a minimum cut (or min-cut) if it is of minimum size among all cuts in G. Note
that there is not necessarily a unique min-cut.

Problem: Min-Cut
Input: A graph G
Output: A cut of minimum size in G

We have seen min-cuts before in the context of minimum s, t-cuts. In that variant of
the problem, we distinguish two vertices s and t (often called the source and the sink), and
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the objective is to find a cut (S, V \ S) of minimum size that separates s and t (i.e. s ∈ S
and t ∈ V \ S). By replacing each edge in G by two directed edges, the min-s, t-cut problem
can be solved easily by relating it to a max-flow problem on the same graph.

The global min-cut problem can be solved efficiently by fixing some vertex s, varying t over
the remaining vertices, and solving the corresponding min-s, t-cut problems.

Lemma 6.6. Min-cut can be solved in polynomial time.

In this lecture, we will see a randomised algorithm for solving Min-cut, known as Karger’s
min-cut algorithm, which was first published in [Kar93].

2.1. Contractions. A multigraph is a graph in which it is possible to have multiple
edges between any pair of vertices. Karger’s min-cut algorithm that we will describe below, will
initially take a graph as input, but on the way might construct multiple edges. In a multigraph,
an edge that starts and ends at the same vertex is called a self-loop. In our setting, we will
only consider multigraphs without self-loops.

The central operation in Karger’s min-cut algorithm is called contraction. If G is a multi-
graph, and e is an edge with end points u and v then the multigraph G/e obtained by contract-
ing e is formed as follows:

1. Replace u and v by a single vertex w;
2. Replace all edges {x, u} and {x, v} by a new edge {x,w};
3. Remove all self-loops at w.

Note that the number of vertices decreases with every contraction. The following lemma provides
the central idea to Karger’s min-cut algorithm.

Lemma 6.7. Let e = {u, v} be an edge. There is a one-to-one correspondence between
cuts (S, V \ S) in G avoiding e and cuts in G/e.

2.2. Karger’s min-cut algorithm. We are now ready to state the algorithm.

Repeat until |V | = 2:

• Pick a random edge e;
• Replace G← G/e.

The idea of the algorithm is to contract random edges, until two vertices remain. By
Lemma 6.7, these two vertices correspond to a cut in the original graph, which is then output.
Hopefully, the output is in fact a min-cut in the original graph.

The key in the analysis is that we can find a lower bound on the probability that the output
in fact is a min-cut. By repeating the algorithm a suitable number of times, and taking the
smallest cut that is returned, we can make the probability of finding a min-cut as large as we
want.

Recall that if A1 and A2 are events, then

P (A1 ∩A2) = P (A1)P (A2 | A1) . (6.15)

The following lemma generalises this equality to intersection of more than two events.

Lemma 6.8. Let A1, A2, . . . , An be events, then

P

(
n⋂
i=1

Ai

)
= P (A1)P (A2 | A1)P (A3 | A1, A2) . . .P (An | A1, A2, . . . , An−1) . (6.16)

We can now prove the main result of this section. We say that a cut survives the procedure,
if none of its edges is contracted during the execution.

Theorem 6.9. Let C = (S, V \ S) be a minimum cut in G. The probability that C survives
the procedure is at least 1/

(
n
2

)
.
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Proof. LetAi be the event that the cut C survives the first i contractions, i = 1, 2, . . . , n−2.
Note that A1 ⊇ A2 ⊇ . . . ⊇ An−2. We are interested in the probability that C survives the
first n− 2 contractions, that is

P (An−2) = P

(
n−2⋂
i=1

Ai

)
= P (A1)P (A2 | A1) . . .P (An−2 | A1, A2, . . . , An−3) . (6.17)

We bound each of the probabilities on the right-hand side from below. To start with note that C
survives the first contraction if the randomly selected edge is not one of the edges crossing C.
Let κ = |C| be the size of the minimum cut. As the edges adjacent to a single vertex form a
cut, it follows that the degree of every vertex is at least κ. Therefore, the number of edges in G
is at least 1

2κn. It follows that

P (A1) ≥ 1− κ
1
2κn

=
n− 2

n
. (6.18)

Next, note that conditional on C surviving the first i contractions, C is still a minimum cut
in the multigraph. As the number of edges now is at least 1

2κ(n− i), it follows that

P (Ai+1 | A1, A2, . . . , Ai) ≥ 1− κ
1
2κ(n− i)

=
n− i− 2

n− i
. (6.19)

Upon combining (6.18)–(6.19) with (6.17), we obtain the desired bound

P (An−2) ≥ n− 2

n

n− 3

n− 1
. . .

1

3
=

2

n(n− 1)
=

1(
n
2

) . (6.20)

�

According to the theorem, each run of the algorithm produces a min-cut with probability
at least 1/

(
n
2

)
. By repeating the algorithm ln 2

(
n
2

)
times, and taking the smallest cut returned,

the success probability is improved to at least 1/2, as

1−

(
1− 1(

n
2

))ln 2(n2)

≥ 1− e− ln 2 =
1

2
. (6.21)
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