
Homework 3 Graphs and Algorithms

Date: 28/5/2013 Due: 13/6/2013

Topic: Non-bipartite Matching, Dynamic Programming, Chernoff Bounds

1. (10 pts) Use the Tutte-Berge formula to show that any 2-edge connected cubic graph
G = (V,E) (i.e., each vertex has degree 3 and min-cut has size at least 2) has a perfect
matching.

[Hint: For any subset U ⊂ V , show that the number of odd components in G \ U is at
most |U |. You will heavily need to use that G is cubic and 2-edge connected.]

2. (15 pts) Use dynamic programming to solve the following problems in time polynomial in
n:

(a) (5 pts) Given n coins where coin i has probability of appearing heads pi. For any
integer k ≤ n, compute exactly the probability that exactly k coins appear heads.

(b) (5 pts) Given an unlimited supply of coins with values x1, x2, . . . , xn, we wish to
make change for a value v; that is, we wish to find a set of coins whose total value
is v. This might not be possible: for instance, if the values are 5 and 10 then we
can make change for 15 but not for 12. Give an O(nv) time dynamic-programming
algorithm to determine if exactly value v can be achieved.

(c) (5 pts) Given a tree T with n vertices, give a polynomial time algorithm to compute
the total number of valid independent sets of T .

3. (15 pts) For any two graphs G = (V,E) and H = (V ′, E′), let us define their graph
product G×H as follows. The vertices of G×H are all the pairs (u, u′) where u ∈ V and
u′ ∈ V ′. There is an edge from (u, u′) to (v, v′) if either (u, v) ∈ E or (u′, v′) ∈ E′.

(a) (8 pts) If α(X) denotes the size of maximum independent set in a graph X. Show
that for every G,H

α(G×H) = α(G)× α(H).

(b) (7 pts) Recall that computing a maximum independent set is a NP-Hard problem in
general. But suppose you have a polynomial time (approximation) algorithm than
can find a independent set of size ≥ α(G)/100 for any graph G.

Use the previous part to design a (much better) algorithm that also runs in polyno-
mial time and can compute an independent set of size at least (say) 0.999 α(G).

[Hint: Consider running the weak algorithm on G′ = G× . . .×G where the product
is taken a few times.]

4. (10 pts) Use color coding to find a randomized algorithm that runs in time 2O(dk) for the
following problem. Given a graph G = (V,E) with maximum degree d, is there a subset
S of at most k vertices such that the number of edges in the subgraph induced by S is at
least m (i.e. at least m edges (s, s′) ∈ E with s, s′ ∈ S).

[Hint: Pick each vertex randomly with probability half. What is chance that in this
reduced graph all the vertices of S are picked, and all the neighbors of S in G \ S are not
picked. Assuming this happens, what can you say about S in this reduced graph. Use the
knapsack problem on the components of this reduced graph to assemble the set S.]



5. (15 pts) In the class we saw that if we throw n balls in n bins at random, then the
maximum load is O(log n/ log log n) with high probability. Now we will show that this is
close to the truth. In particular, with high probability (say, probability at least 1−1/n10),
some bin contains at least Ω(log n/ log log n) balls.

(a) (5 pts) Imagine first throwing n/ log n balls. Show that with high probability at least
n/(10 log n) bins contain at least 1 ball.

(b) (5 pts) Now throw the next n/ log n balls. Show that with high probability at least
n/(20 log2 n) balls end up in the previously non-empty bins. Now argue that with
high probability at least n/(100 log2 n) bins have load at least 2.

(c) (5 pts) Give a convincing argument why you can iterate this process for Ω(log / log log n)
steps, and hence ensure that with high probability, there are bins with Ω(log n/ log log n)
balls (you can skip working out precise constants, but the argument should be math-
ematically sound).

6. (15 pts) For n = 2k, let Hn be the Hadamard matrix, and A = 1
2(Hn + Jn) as defined

in the scribe notes of lecture 15. We will show that A is an n × n 0-1 matrix with large
discrepancy. That is, for any vector x with ±1 entries, some entry of Ax has absolute
value at least Ω(

√
n).

(a) (5 pts) Show by induction that any two columns of Hn are orthogonal. Also show
that the first column of Hn consists of all 1, and hence each other column of Hn is
orthogonal to the all 1’s vector.

(b) (5 pts) Show that ATA = n
4 (In +Jn +Vn +V T

n ), where In is the identity matrix, and
Vn in the n × n matrix whose first column has all entries equal to 1, and all other
columns have all entries 0.

(c) (5 pts) Recall that for a vector v = (v1, . . . , vn), its length squared is ‖v‖2 =
∑

i v
2
i =

vT v where vT denotes the transpose of v. Show that for any n×n matrix B and any
n× 1 vector x, xTBx =

∑n
i=1

∑n
j=1 xibijxj .

Use this to show that for any vector x

‖Ax‖2 = (n/4)(‖x‖2 + (x1 +
∑
i

xi)
2 − x21) ≥ (n/4)(

∑
i>1

x2i ).

Argue why this implies that A has the claimed high discrepancy.


