
Exact Algorithms 

Exponential time algorithms 

Dynamic programming 

Parameterized Algorithms 



Hamiltonian Cycle 

Naively:  n! 

 

Thm: It is possible to compute in 2𝑛 poly(n) time 

 

Hint: Dynamic programming 

Maintain [S,i]:  Path starting at 1, visiting S and 
ending at i ∈ S. 



Dynamic Programming 

Q. Given n coins, where coin i has probability 𝑝𝑖of getting 
heads. Compute probability that exactly k heads  appear (in 
time poly(n)) 
 
Q: Subset sum: Given +ve integets 𝑎1, … , 𝑎𝑛, each 𝑎𝑖 <= D, 
and target T. Find a subset that sums to exactly T.   
Time = poly(n) D 
 
Q: Given a directed acyclic graph (DAG). Find longest path 
from a to b.  Time = poly(n)    

 



Q: Find size of maximum independent set in a tree. Time = 
poly(n). 
 
Q. Count the number of independent sets in a tree 
 
Q. Given a graph G, for a set S of vertices let i(S) denote number 
of independent sets in G[S]. 
Compute all i(S)  in 2𝑛 poly(n) time. 
 
Q. Given a graph G, computer number of  “walks” of length n 
from a to b. Time = poly(n). 
(can you give 2 algorithms) 
 
 
 



Speeding up exponential search 

Search tree pruning and Recurrences: 
 
Max Independent set  (or min. vertex cover) 
Naïve: T(n) <= T(n-1) + T(n-1) 
 
Smarter: T(n) <= T(n-1) + T(n-4) 
About 1.38𝑛 
 
Master Formula. Thm: For 𝑇 𝑛 ≤  𝑇 𝑛 − 𝑎1 + … +  𝑇 𝑛 − 𝑎𝑘  
Consider characteristic polynomial p(x) = 1-   𝑥−𝑎𝑖𝑖   
If  𝛼  is the largest root of p(x) (in absolute value) 
Then 𝑇 𝑛 ≤ 𝛼𝑛  (up to polynomial factors)  
 
 



Divide things nicely 

Subset sum revisited. 

 

Suppose numbers arbitrarily large. 

Can we solve in 2𝑛/2 poly(n) time? 

 

Hint: Divide 𝑎1, … 𝑎𝑛 into two parts 

of n/2 each. Make two tables of size 2𝑛 and sort. 



Triangle Finding 

Can be done in matrix multiplication time 𝑛𝜔 
Current best known 𝜔 =  2.373 
 
Application: Finding Max-2-SAT  assignment. 
 
We saw that this can be reduce to finding max. 
weight triangle in a graph of size 𝑂(2𝑛/3) where the 
weights were at most poly(n) large. 
 
 Finding a triangle can be done using matrix mult. 
 



Inclusion-Exclusion 

Hamiltonian cycle in 2𝑛 time, poly(n) space. 

 

Inclusion-Exclusion Thm:  Given 𝐴1, … , 𝐴𝑛 ⊂ 𝑈 

∩𝑖 𝐴𝑖 =  (−1)|𝑋|𝑋⊂[𝑛]  | ∩𝑖∈𝑋 𝐴 𝑖|  

 

𝐴𝑖 = desirable objects with property i 

Want number of objects with all desirable properties 

 

Proof: Induction (HW) 

 



Hamiltonian cycles 

𝐴𝑖 = desirable objects with property i 
Want number of objects with all desirable 
properties 
 
𝐴𝑖:  Closed walks of length n starting at 1, that visit 
vertex i at least once. 
 
How to calculate  | ∩𝑖∈𝑋 𝐴 𝑖|  ? 
 
Actually we count number of hamiltonian cycles 
 



Finding a k-coloring 

Trivial:  𝑘𝑛 
Here is a 2𝑛 time algorithm 
 
K-Coloring = Covering of vertices by k independent sets 
Could try to count all such coverings  (but disjointness is a pain) 
 
Objects: 𝐽1, … , 𝐽𝑘            k independent sets, need not be disjoint 
𝐴𝑖: vertex  i lies in  𝐽1 ∪⋯ ∪ 𝐽𝑘. 
 
Is there a k-coloring reduces to  | ∩𝑖𝐴𝑖| = 0  or not   
What is | ∩𝑖∈𝑋 𝐴 𝑖|  ? 
 
 
 



Parameterized Algorithms 

Is there a vertex cover of size k? 
 
Any algorithm with running time  f(k) poly(n) could be 
great if k << n 
 
In general can try to understand how the complexity 
depends on some parameter k. 
(Can be viewed as refined notion of hardness) 
 
Algorithm for vertex cover: Branching… 
Simple 𝑐𝑘 poly(n)  algorithm. 
 
 
 
 



Independent set of size k? 

 

Finding best independent set = Finding best vertex 
cover 

 

Easy: O(𝑛𝑘) time algorithm  (exhaustive search) 

 

Will see later: Very unlikely there is an 𝑛𝑜 𝑘  time 
algorithm 


